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Previous research has produced valuable results on the transient dynamic response of tunnels buried in fullspace. However, a half-space model is of more practical interest because tunnels normally have ﬁnite buried
depths. In this paper, the dynamic response of a lined tunnel is studied where the surrounding soil is described
using Biot's theory and the lining is described by the theory of elastodynamics. The half-space straight boundary
is approximately represented by a convex arc of large radius. In accordance with Graﬀ's addition theorem, the
general solutions in a rectangular coordinate system are converted to ones in a polar coordinate system. The
solutions for displacements and stresses of both the soil and the lining as well as the pore pressure of the soil in
the Laplace transform domain are derived based on boundary conditions. Time domain solutions are then
obtained by the use of inverse Laplace transform. Numerical results are presented showing the distributions of
peak values of ground displacements, stresses and pore pressures of the soil.

1. Introduction
Underground lined structures are sometimes subjected to transient
dynamic loadings such as hydraulic fracture initiation, blasting loading
and sudden excavations, which can be simpliﬁed as a suddenly applied
constant load, a gradually applied step load or a triangular pulse load.
These transient loadings may cause failure of the underground
structures and their surrounding soil. Therefore it is very important
to investigate the stress and displacement of the lined structure and the
soil under the transient loadings.
Previous research has produced valuable results on the transient
dynamic response of underground structures. Senjuntichai and
Rajapakse [1] obtained transient solutions of a long cylindrical cavity
induced by a suddenly applied constant load, a gradually applied step
load and a triangular pulse load. The cavity was assumed to be buried
in an inﬁnite poroelastic medium and not to be lined. Kattis et al. [2]
obtained numerical solutions for dynamic response of both the unlined
and lined tunnels in an inﬁnite poroelastic saturated soil under a
harmonic wave diﬀraction by the boundary element method. Xie et al.
[3] studied dynamic response of a partially sealed circular tunnel in
viscoelastic saturated soil. Osinov [4] investigated the dynamic response of saturated granular soil induced by a blast loading on a tunnel
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lining. Gao et al. [5] obtained an analytical solution for transient
response of a cylindrical lined cavity in a poroelastic medium. Wang
et al. [6] investigated the inﬂuence of the degree of saturation on
dynamic response of a cylindrical lined cavity in a nearly saturated
poroelastic medium. Gao et al. [7] presented an exact solution for
three-dimensional dynamic response of a cylindrical lined tunnel in
saturated soil to an internal blast loading. All of these studies assumed
the tunnel to be buried in a full-space, whereas a half-space model
apparently is of more practical because tunnels always have ﬁnite
buried depths.
In this paper, the governing equations of the soil surrounding a
lined tunnel are given based on Biot's theory in a rectangular
coordinate system, and the governing equations of the lining are
presented based on the conventional theory of elastodynamics. The
general dynamic solutions of both the surrounding soil and the lining
are then obtained by the use of Laplace transform. A large radius arch
is used to approximately represent the free surface boundary of the
half-space. Then the general solutions in the rectangular coordinate
system are transformed into solutions in the polar coordinate system
by applying Graﬀ's addition theorem [8]. By matching boundary
conditions, the special solutions are derived. The peak value of ground
displacement, hoop stress in the lining and pore pressure distribution
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Ref. [5]):
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; t*=t/[a2(ρ/Gs)0.5], t is time.

φ1 = B3 (s ) I0 (β3 r *) + B4 (s ) K0 (β4 r *), φ2 = C3 (s ) I0 (β3 r *) + C4 (s ) K0 (β4 r *)
(8)

ψ1 = D5 (s ) K0 (β5 r *), →
ψ2 = m7 ψ1, m7 = −(ρ*s 2 )/(ρm*s 2 + b*s )

x1

a1

β52

As shown in Fig. 1, a circular tunnel with inﬁnite length is buried at
the depth of h1 in a saturated half-space. The outer and inner radii of
the tunnel are a1 and a2, respectively. The inner surface of the lining is
subjected to three types of transient loading (see Ref. [5]).
Treating the soil as a ﬂuid-saturated poroelastic medium, the
equilibrium equations of soil skeleton and the ﬂuid are as follows:

i, j = x, y

i, j = x, y

2)(ρm*s 2

s 2M *

m32 − 4m4
,
2
(10)

2αM *ρ*s 2

(λ c +

(11)

The lining of the cavity is treated as an elastic medium. The
governing equations can be obtained as follows by linear elastic wave
theory,

(1)
(2)

GuiL, jj + (λ + G ) ujL, ji = ρL uï L

(12)

where λ and G are respectively the lining elastic constants; ρL is the
mass density of the lining; uiL and üi L are respectively the lining
displacement and acceleration.
Similarly, the general solutions of the lining can be written as:

φ = A6 (s ) I0 (β6 r *) + B6 (s ) K0 (β6 r *)

(13)

ψ = A7 (s ) I0 (β7 r *) + B7 (s ) K0 (β7 r *)

(14)

where A6(s), A7(s), B6(s) and B7(s) are the undetermined coeﬃcients;
β6, β7 are the dimensionless wave numbers associated with the
compression wave and shear wave and can respectively be expressed
as β62=s2(c*)2 and β72=s2(cs*)2, in which (c*)2=(λ*+G*)/ρL*, (cs*)2=G*/
ρL*, λ*=λ/Gs, G*=G/Gs, ρL*=ρL/ρ. Here c* and cs* are the nondimensionalized velocity of compression wave and shear wave, respectively.

(3)

where φ1 (r1 , θ1), ψ1 (r1 , θ1) and φ2 (r1 , θ1), ψ2 (r1 , θ1) are the potential
functions of soil skeleton and the ﬂuid, respectively; eijk is the
permutation tensor in rectangular coordinates.
Substituting Eq. (3) into Eqs. (1) and (2), the equilibrium equations
as follows:

(λs + α 2M + 2Gs ) φ1, ijj + eijk ψ1k , ijj + αMφ2, ijj = ρ (φ1,̈ i + eijk ψ1k , j )
+ρf (φ2, i + eijk ψ2̈ k , j )

m3 +

+ b*s ) −
+
, m4
λs*M * + 2M *
2
2
2
4
(ρ *s + b*s ) s − ρ* s
ρ*s 2
= m
, m7 = −
λs*M * + 2M *
(ρm*s 2 + b*s )

m3 =

where λs and Gs are Lamé constants of the saturated soil; α and M are
the Biot's coeﬃcients; ui and wi are the displacement of the soil
skeleton and the displacement of the ﬂuid relative to the solid; ρ is the
mass density of saturated soil, ρ=(1-nf)ρs+nf ρf, nf is porosity of soils,
ρf and ρs are respectively the mass density of pore ﬂuid and solid
skeleton; b is the ﬂuid viscous coupling coeﬃcient; ρm is the ﬂuid
additional mass density, ρm=(nf ρf+ρa)/nf2, ρa is the mass density
induced by ﬂuid coupling.
By introducing potential functions：

ui = φ1, i + eijk ψ1k , j , wi = φ2, i + eijk ψ2k , j

m32 − 4m4
m3 −
, β4 2 =
2
(ρ *s 2 + b*s ) s 2 − ρ* 2 s 4
= m
(ρm*s 2 + b*s )

β32 =

2. Governing equations

(λs + α 2M + Gs ) uj, ji + Gs ui, jj + αMwj, ji = ρuï + ρf wï

(9)

where B3(s), B4(s), C3(s), C4(s) and D5(s) are undetermined coeﬃcients, I0 and K0 are the modiﬁed Bessel functions of the ﬁrst and
second kinds of order 0, respectively; s is the Laplace transform
parameter; β3, β4, β5 are the dimensionless wave numbers associated
with the two dilatational waves and shear wave, respectively. They can
be written as follows:

between the lining and the surrounding soil in time domain are
obtained by numerical inverse Laplace transform.

3. Coordinate transformation
(4)

For the half-space straight boundary, the boundary is represented
as a convex arc with a large radius a3 (a3=6000 a2), as shown in Fig. 1.
Using addition theorem by Graﬀ [8], a set of general solutions in the
rectangular coordinate system are transformed into solutions in the
polar coordinate system:

αMφ1, ijj + Mφ2, ijj = ρf (φ1,̈ i + eijk ψ1̈ k , j ) + m (φ2,
̈ i + eijk ψ2̈ k , j )
+ b (φ2,
̇ i + eijk ψ2̇ k , j )

ρm
;
ρ

∂2

Following the procedures in Gao et al. [5], the general solutions of
the governing Eqs. (6)–(7) can be derived as:

Fig. 1. Analytical model and straight boundary in the half space model.

αMuj, ji + Mwj, ji = ρf uï + ρm wï + bwi̇

(6)

where ∇2 =

1
¦È

a2

αM *∇2 φ1 + M *φ2 = ρ*s 2φ1 + (ρm*s 2 + bs ) φ2

(5)

Applying Laplace transform to both sides of Eqs. (4) and (5),
denoting φ1 = L [φ1], φ2 = L [φ2], ψ1 = L [ψ1], ψ2 = L [ψ2] as the Laplace
transform of φ1 (r1 , θ1), φ2 (r1 , θ1), ψ1 (r1 , θ1), ψ2 (r1 , θ1), the governing
equations of the soil can be written as (the non-dimensionalized
quantities with respect to length and time by selecting the inner radius
of the tunnel a2 as a unit of length and a2(ρ/Gs )0.5 as a unit of time, see

∞

Z n (βr2 )cos(nθ2 ) =

∑
n =−∞

Z n + m (βD ) Jm (βr1)cos(nθ1),

(r 2 < D )

(15)

where Zn(*) is the functions of In(*) or Kn(*); D is the distance between
two origins of the coordinate systems.
14
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By using coordinate transformation, the equations can be expressed
as follows in coordinate (r2,θ2 )

Table 1
Model parameters.

φ1 (r2, θ2 ) = [Jm (β3 r2 ) am + Jm (β4 r2 ) bm] cos mθ2,
φ2 (r2, θ2 ) = [Jm (β3 r2 ) cm + Jm (β4 r2 ) d m] cos mθ2

(16a)

nf

ρL*

ρs*

ρ*

α

M*

λ*

λs*

ρm

G*

Gs*

b*

0.3

1.5

1.2

0.6

0.98

20

100

2

3.5

100

0.005

100

ψ1 (r2, θ2 ) = Jm (β5 r2 ) em cos mθ2, ψ2 (r2, θ2 ) = m7 Jm (β5 r2 ) em cos mθ2
(16b)

φ (r2, θ2 ) = [Jm (β6 r2 ) fm + Jm (β6 r2 ) gm] cos mθ2,
ψ (r2, θ2 ) = [Jm (β7 r2 ) h m + Jm (β7 r2 ) im] cos mθ2

(16c)

where

⎡ B3 (s )⎤
⎡ B4 (s )⎤
⎡ bm ⎤
⎡ am ⎤
∞
∞
⎥;
⎥;
⎢ ⎥ = ∑n =−∞ Kn + m (β4 D ) ⎢
⎢ cm ⎥ = ∑n =−∞ Kn + m (β3 D ) ⎢
⎣ ⎦
⎣C3 (s ) ⎦
⎣ dm ⎦
⎣C4 (s ) ⎦
⎡ A 6 (s ) ⎤ ⎡ h m ⎤
⎡f ⎤
∞
∞
em = ∑n =−∞ Kn + m (β5 D ) D5 (s ); ⎢ m ⎥ = ∑n =−∞ Kn + m (β6 D ) ⎢
⎥; ⎢ ⎥
⎣ gm ⎦
⎣ B6 (s ) ⎦ ⎣ im ⎦
⎡
⎤
A (s )
∞
= ∑n =−∞ Kn + m (β7 D ) ⎢ 7 ⎥ .
⎣ B7 (s ) ⎦
4. The relations between dynamic response and potentials
In polar coordinates, the displacement-potentials and stress-potentials and pore water pressure-potentials relations of saturated soil can
be expressed as.

∂φ2
∂ψ
∂φ1
1 ∂ψ2
1 ∂ψ1
1 ∂φ1
+
, uθ =
− 1 , wr =
+
∂r
∂θ
∂r
r ∂θ
r ∂θ
r ∂r

(17a)

∂ 2ψ1
∂ 2φ
∂ 2φ
σr
+ α 2M *∇2 φ1 + αM *∇2 φ2
= (λs* + 2) 21 + λs* 21 + 2
∂r ∂θ
∂r
∂θ
Gs

(17b)

ur =

σθ
= (λs* + 2)
Gs

∂ 2φ1
∂θ 2

+

∂ 2φ
λs* 21
∂r

+2

∂ 2ψ1
∂r ∂θ

+ α 2M *∇2 φ1 + αM *∇2 φ2

→
∂ 2ψ1 σf
∂ 2ψ1
∂ 2φ1
σrθ
,
= −αM *∇2 φ1 − M *∇2 φ2
−
+
=2
∂r 2
∂θ 2
∂r ∂θ
Gs
Gs

(17c)

(17d)

The displacement-potentials and stress-potentials relations of the
lining can be written in the following forms:

ur =

∂ψ
∂φ
1 ∂ψ
1 ∂φ
+
, uθ =
−
∂r
r ∂θ
r ∂r
∂θ

⎛ ∂ 2φ
⎛ ∂ 2φ
∂ 2ψ ⎞
∂ 2ψ ⎞
σr
σ
= 2⎜ 2 +
⎟ + λ*∇2 φ , θ = 2 ⎜ 2 −
⎟ + λ*∇2 φ ,
G
∂
r
∂
r
∂
θ
G
∂
θ
∂
r ∂θ ⎠
⎝
⎠
⎝
→
∂ 2φ
∂ 2ψ
∂ 2ψ
σrθ
=2
+
−
2
G
∂r ∂θ
∂θ
∂r 2

(18a)

Fig. 2. Peak values of ground displacement at the diﬀerent buried depths of tunnel.

(18b)
where the superscripts S and L denote the variable quantities of
saturated soil and the lining, respectively.
Substituting the potential function Eq. (16) into potential functions
Eqs. (17) and (18), then substituting into boundary conditions Eq.
(19), and properly limited to n=12, the undetermined parameters in
Eq. (16) can be obtained.

5. Boundary conditions in polar coordinate
Assuming that the saturated soil and the lining structure are
completely continuous at the interface as shown in Fig. 1, the boundary
conditions in r1=a1 can be expressed as:

ur S = ur L , σr S = σr L

6. The eﬀect of buried depth on dynamic response of the
tunnel

(19)

The displacement of the ﬂuid relative to the solid equals to 0, that

In order to analyze the eﬀect of buried depth on dynamic response
of the tunnel, the depth can be set as h1*=h1/a2=1.0, 3.0, 5.0. Other
calculating parameters are given in Table 1 [1].
Under three types transient loads, the peak values of ground
vertical displacement of tunnel at diﬀerent buried depths are shown
as Fig. 2(a), (b) and (c).
It can be seen that the peak value of ground vertical displacement
signiﬁcantly decreases with the increase of buried depth. The peak
value of displacement reaches to maximum in the tunnel center. In
addition, the peak values for a suddenly applied constant load and a

is:

wr S = 0

(20)

The stress of the inner surface lining (r1=a2) can be expressed as:

σr L =

p0
s

(21)

When r2=a3
S

σr = 0, σf S = 0

(22)
15
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can be seen that pore pressure is minimal directly above the tunnel on
the surface between the soil and the lining and maximal right below the
tunnel. The pore pressure just above the tunnel decays to 0 rapidly with
the radial direction to the ground, while the pore pressure right below
the tunnel decreases gradually. The pore pressure induced by a
triangular pulse load indicates obvious vibration compared with that
induced by a suddenly constant load. The minimum value of the pore
pressure occurs not only over the tunnel but also on the incline of both
sides of the tunnel.

7. Conclusions
The main results of this study are summarized as follows:
Fig. 3. Amplitude of ground displacement of the tunnel at h1*=5 and t*=1.

(1) The peak values of vertical ground displacements tend to be
smaller with increasing the buried depth of the tunnel. The
maximum peak value appears along the center line of the tunnel.
The peak values and amplitude induced by a suddenly applied
constant load and a gradually applied step load are similar to each
other and far greater than that induced by a triangular pulse load.
The amplitude of ground displacement reaches the maximum
value in the center of the tunnel and gradually reduces outwardly.
(2) The displacement contour in saturated soil shows a heart shape
because the displacement above the tunnel is at its maximum.
Assuming the buried depth value is inﬁnite, the displacement
contour should be a circle. Displacement contour induced by a
suddenly applied constant load is much closer to a heart shape.
The displacement gradient is greater right over the lining of the
tunnel.
(3) The hoop stress distribution is far from uniform in the inner
surface of the lining. The maximum and the minimum hoop stress
values are at the top and bottom of the tunnel respectively. While
in full-space (deeply buried tunnel), hoop stress presents symmetric distribution and only decreases with the thickness of the
tunnel. Moreover the hoop stress in the half-space is greater than
that in full space.
(4) The pore pressure right above the tunnel on the interface between
the soil and the lining possesses minimum value and the maximum
one is right below the tunnel. The pore pressure induced by a
triangular pulse load indicates evident vibration compared with
that induced by a suddenly constant load. The minimum value for
the pore pressure occurs not only over the tunnel but also on the
incline of both sides of the tunnel.

gradually applied step load are very close. Furthermore, both values are
much higher than that induced by a triangular pulse load.
As shown in Fig. 3, the amplitude of ground displacement reaches
its maximum in the center of the tunnel and gradually reduces
outwardly. The amplitude of ground displacements induced by a
suddenly applied constant load is identical to that of a gradually
applied step load and much greater than that under a triangular pulse
load.
It has been observed that results corresponding to a gradually
applied step load are almost equal to the ones under a constant load. In
view of this, the solutions corresponding to a gradually applied load are
not presented here for sake of brevity.
Fig. 4(a) and (b) give the displacement contour of saturated soil at
h1*=5, t*=1 induced by a suddenly applied constant and a triangular
pulse load respectively. As shown in Fig. 4(a) and (b), the displacement
contour in saturated soil shows a heart shape because the displacement
above the tunnel presents the maximum value. Compared with
Fig. 4(a), the displacement contour induced by a suddenly applied
constant load in Fig. 4(b) is much closer to a heart shape, which
indicates that the displacement just over the tunnel is much higher
than that induced by a triangular load.
The hoop stresses (σθ/Gs) of the lining induced by a suddenly
applied constant load in half-space and full-space are presented in
Fig. 5(a) and (b), respectively. As shown in Fig. 5(a) for half-space, the
hoop stress distribution is far from uniform in the inner surface of the
lining. The maximum and the minimum hoop stress values are at the
top and bottom of the tunnel respectively. While in full-space (deeply
buried tunnel), the hoop stress is distributed symmetrically and only
decreases with the thickness of the tunnel. Moreover, the hoop stress in
the half-space is greater than that in full space.
Fig. 6(a) and (b) show the pore pressure distribution at the interface
between the soil and the lining for h1*=1 at t*=1 and t*=3 corresponding to a suddenly applied constant load and a triangular pulse load. It
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Fig. 4. Displacement contour in saturated soil at h1*=5 and t*=1.
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Fig. 5. The hoop stress (σθ/Gs) of the tunnel.

Fig. 6. The pore pressure distribution at the interface between the soil and the lining for h1*=1 at t*=1 and t*=3.
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