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Abstract: Assuming the most common control structure for zero and primary control of
inverter-based microgrids, i.e. three cascades with the highest one being droop control, the
potential benefit of optimizing the control parameters is investigated. A detailed nonlinear
plant model is derived that compactly describes the dynamics in local dg-coordinates. Then,
the design of the decentralized, cascaded controllers is converted into the problem of designing
one centralized static controller with structural restrictions. To tune the controller parameters,
a direct method for pole-assignment is used. The simulations show that the oscillations in the
transient response can be reduced greatly by choosing appropriate control parameters, while the
speed of the system is restricted due to the low-pass filtering of the power for primary control.
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1. INTRODUCTION

The stability analysis of electricity grids has been of
great research interest for a long time. Yet relatively few
textbooks or publications actually treat the selection of the
control parameters, and even fewer question the typically
used control structure. This might be due to the fact that
for large power systems the detailed model often is not
available. But when considering microgrids, this should
not be an issue. Another reason might be the difficulties
arising due to the decentralized nature of grid control. And
yet, the occurring problems have long been tackled by the
control society, e.g. Litz (1983), Konigorski (1988), Siljak
(1991), Lunze (1992).

Combining the modeling approaches broadly used in power
system stability analysis and the results from the control
society on the design of decentralized controllers, we tune
the controller parameters of a microgrid to improve its
transient behavior.

2. BASIC ASSUMPTIONS AND NOTATION

Assume a symmetrically constructed power system that is
symmetrically operated. Then, only symmetrical signals
occur. Let three-phase AC signals be written in vector
notation: Xape = (Ta Tp :EC)T. Let V be the set of vertices
and €y the set of edges of the network. Let J C Vy be
the set of vertices to which inverters are connected and
V. C Vi the set of vertices to which loads are connected.
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After power flow calculation, edges are added to represent
the loads. Denote the set of these edges €. They are
connected to the ground node, which is the only element of
V0. The sets of vertices and edges of the resulting network
used for the dynamical analysis are V = Vi UV and
& =ExUE,. Let | o] be the cardinality of the set o. We
assume following numbering of the busses

T={1,...,191}
Ve ={91+1....19+[Vel}
VN NI\ Ve = {[I]+ Vel +1,..., [V}
Veo =V\ Vo ={|Vx[+ 1} ={[V[}
and of the edges
Ex={V|+1,....|V|+ |Ex|}
Er=E\Ex={V|+|Ex]+1,...,|VI+|E]}.

With this consecutive numbering of nodes and edges,
currents injected into vertices and voltages at vertices,
which have a subscript ¢ € V, and voltages over edges
and currents flowing through edges, which have a subscript
1 € &, can easily be distinguished. Let the subscripts
3,V2, V5, V20, V, Ex, €, € denote ordered column vectors
from the corresponding set. For example, the voltages at

T
uabc,|V\} .
Define the function diag, which creates a diagonal ma-
trix from its argument. Let the Kronecker product be
denoted by ®, the Hadamard product by o and the inverse
Hadamard product by A°(=1) := (1/a;;). Define the dq-

transformation
qu(0) =
2 [ cos (9) cqs( — %) cos 6+ 2F) (1)
3 |—sin () —sm( — ?’T) —51n(9+ ?’T)
and the inverse dg-transformation
Tabe(0) = qu(e)T (2)

: T . T
the vertices are denoted uy;,. .y = |Uapeq ---

such that
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Xdq = [Ta Tq]" = Taq(0)Xane
Tabc(e)xdq = Xabc-

3. COORDINATE SYSTEMS

The coordinate systems are chosen as described in typ-
ical textbooks on the modeling of electricity networks,
e.g. Kundur (1994), Anderson and Fouad (2003), Sauer
and Pai (1997). The network will be described in dg-
coordinates revolving with the angular velocity @w. The
transformation angle is

0 = moda,(wt) € T, (4)
where T := {x € R|0 < z < 27} and the operator mods,
is used so that € € T. Signals in network dg-coordinates
will be underlined. Each inverter is described in its own
dg;eqg-coordinate system. The rotation frequencies wiey
of these local coordinate systems are set by the power
controllers of the respective inverters. Then, the angle
between the global network dg-coordinates and the local
dg;-coordinates can be tracked by integration

51(15) = 5072' + A (wi(T) — (:))d’r, 1 €7, (5)

where dg; is the value of 6; at t = 0. Since the signals
in the final equations will be in local coordinates, signals
in local coordinates will not specifically be marked. The
transformation from local coordinates of inverter ¢ to
global coordinates is a rotation by §;
T . |COS (6;) —sin (&;)
€77 Isin (6;) cos (6;)

Define the block-diagonal transformation matrix
Tj = diag (T17...,T|g‘) . (7)
Then, the voltages and currents at the inverter nodes can
be transformed from local to global coordinates by
(8)

(6)

iy = Tyig, uy; = Tyuy.

4. NETWORK MODEL

Let the electrical network be modeled by concentrated
parameters. Conduct a power-flow calculation for a given
operating point and compute the typical impedances as
load models. To derive a dynamical model of the network
with loads, we use the single-phase representation and
Matlab’s power_statespace command. This way, a state
space model with voltages as input u, g and currents as
output i, 7 is obtained:
).(a = Axa + Bua,j (9)
ia7j = CXa.
Denote the order of the model n. First, extend the model
to represent all three-phases

Xabc [A & 13] Xabe T [B ® 13] Uabc,J
iabc,ﬂ = [C & 13] Xabc-
Then, transform the model to global network dg-coordinates,

which we denote by an underline, c.f. section 3. To do so,
apply the inverse dg-transformation (3)

[A ® 13] [In ® Tabc] X
+ [B®I3] [Ij3) ® Tanc| uy
iabc,j = [C (24 IS] [In (24 Tabc] X

and multiply the first equation of (11) by I,, ® Tqq and the
second equation by Ij5 ® Tqq from the left. Considering

(10)

(11)

Xabc
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the mixed-product property of the Kronecker-product, this
leads to

[In ® qu] ).(abc [A & 12] X + [B ® 12] uy
i = [C & 12] X.
To compute [I, ® Tqq] Xabe consider
d [In (9 qu} Xabe
dt
0 @ .
= |:In &® |:_(:) O:|:| X+ [In & qu] Xabc-
Inserting (13) into (12) leads to
x= [A®Ig + 1, ® [Ow °5H x+Behlu, (14
ij = [C ® 12] X,
which is the network model in dg-coordinates. Since the
inverters will all be described in local dg-coordinates,

transform input and output of (14) to local coordinates,
too. Application of (8) yields

X = A§ + BTj((Sj)Uj
ij = T;l(dg)ég,
where we abbreviated

< 0 @
£ faoneno[% 5]

(12)

(13)

E:

(15)

B:=B®I], C=[C®I).
In this formulation, 5 is an input of the network model.
Since §5 will not be needed anywhere else, we augment the
model by (5) which results in a model of the network with
inputs wyg, ug and output is:

% [3;] _ {AX+BTJ(5J)W}

= N 16
wg — 1‘3|w ( )
ij = T;l(zsg)ég.

Xnet =

5. INVERTER AND PLANT MODEL

Fig. 1 shows the block diagram of the coupled inverters.
The coupling inductance has been modelled as a line of
the network. Therefore, the inverter node v;¢g is actually
inside the inverter and no loads are connected to these
vertices, which justifies our indexing. Subscript f is used
to denote the remaining filter parameters L¢;, Ct;, the
current flowing through the filter inductance iy and the
voltage over the filter us. Reference values given by the sec-
ondary controller are denoted with superscript o. Since the
secondary controller is not investigated, these inputs are
assumed to be constants corresponding to the operating
point of the network. Setpoints from inner control loops
are denoted by superscript *. The absolute value of the
voltage is denoted by 4. Subscript m is used to differentiate
low-pass filtered measured values from the actual values.

Before focusing on the controllers, the inverters must
be modeled. As customary in these kinds of models, we
neglect the switching process of the inverters: us = uy. The
relationship between voltage decline and current flowing
through the filter is described by

diabc,f,i

Uabc,f,i — Uabe,i = Rf,iiabc,f,i + Lf,i dt (17)

duabc,i _ 1

dt Cri

)

1€ 7.

(iabc,f,i - iabc,i) ) (18)
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Fig. 1. Block diagram of coupled inverters

Dg-transformation, transformation to local dg-coordinates
and summarizing the equations for all inverters yields

d(iiféj - (L;}(l) ® H) o (ug — uy) (19)
(s (meon ) o ]
+ diag(wsy) @ [_01 (1)] )im
% = <C§(—1> ® H) o (i — ig) (20)

+ <diag(wg) ® {_01 (1)} )uj.

Equations (19) and (20) constitute a nonlinear state space
model describing the filters with states i¢, us and inputs
wy, ug, ig. Connecting this nonlinear state space model
with the network state space model (16) as in Fig. 1
leads to a nonlinear model of the plant with input ul =
[wI ul] and state x5 = [x” 67 if ul]. For the control
of the inverters, we want the output to be ordered as
illustrated in Fig. 2: y£ = [if ul il PT QI]. The output
equations for if and ug are trivial since these outputs are
also states. The output equation for ij is as in (16). The
values of Py and Qg are derived from ug and ij:

~rfo-1],
Qi_ui |:1 0:|117

We reformulate (21) in one matrix equation:

P, = uli;, ic€d. (21)

ws
y e
w ur;
- o~ -
u?* § |
- = u; Plant
Pl?hf» LO" 4._.1_
o = 4_11_
ml 8 <_PZ xp = f (xp,up)
‘__Q_i_ yp g(XP)
°
L]
° Wi
T e et
w f,j
- '~ P T
ﬁq-’ 5 *lf,j Xp = [XT (SJT 1fT uJT}
¥ g
-9 = u; T
5] -2 _ [T T :T pT T
Pl & ey yp=[if uj ij Pj Qf]
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o | © P
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Fig. 2. Block diagram for controller design

Py = (I ®[1 1]) (ug o), (22)
01 .
Q5 = (Im ® [1 1]) |:<(Ig| & |:1 O:|> u;) o lg:| .
With this, the nonlinear plant model
xp = f (xp,up), yp = g(xp) (23)

has been derived as illustrated in Fig. 2.
6. CONTROLLER STRUCTURE
6.1 Cascaded Controller

From Fig. 2 it is evident that the task is to design
decentralized multiple-input multiple-output controllers.
Designing such controllers without consideration of the
industrial practice will be part of our future research. For
now, we assume the typically used, e.g. by Pogaku et al.
(2007), cascaded control structure shown in Fig. 3. The

Wi
w
N * * % )
g Power _u_z> Voltage _li Current Ilf;
Py Contr. Contr. Contr.
m,i
-
<
=
° w | B
e T P >
w
A0 u* i;‘ . U,
U Power | | Voltage | "J| Current [ |
O
Pm,j Contr Contr. Contr.
(e}
m,j

Fig. 3. Cascaded controller structure commonly used
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common way to design cascaded controllers is to design
the inner loops first and independently from the outer
ones. The outer loops are then designed considering the
inner closed loop. Here, we follow a different approach
and reformulate the control design problem such that all
the loops can be designed simultaneously. Then, the inner
loops are designed under consideration of the outer loops.

Commonly used current controllers are described by
(24)

Xce,i = Y — 1,
e
ur; = Kpci(if; — i) + Kic.iXcei

0 . .
— Lf’i [—(:) 0:| If 5, 1€
and commonly used voltage controllers by
Xve, = u; —u, (25)
pv,i(Uf — W) + Kiv,ixve, + Fpv,ili
0 & ,
—Cty {—d) O} u;, ied.

For the usage in the power controller, the active and
reactive power components are low-pass filtered:

o
e, =

P, =-w.oP, +w.oPy, (26)
Qm = —we 0 Qum +we 0 Q.
Then, droop control is applied
wyg=w—kpoP, +kpoPy (27)

* ~0 o 1
uJ:(uJ_kQOQm+kQOQm)® lio]

To summarize, there are the current controllers (24),
voltage controllers (25) and power controllers (27) with
the respective low-pass filters (26). The controllers are
all linear and from Fig. 3 it is evident that they can

be summarized to a linear state space model with in-
T

put ug = [1? u? i? PJT Q?L reference input rj =
|:(:JT ﬁ‘j’T Po’ Q?HT} and output yI = [w? uf]:

X4 = Aaxa + Bquq + Fiarg
ya = Caxq + Daug + Faqgrq.
With this, the design of the cascaded controllers has been
reformulated to the design of a structurally constrained,
dynamic output controller (28). From now on, the con-
troller (28) after coordinate displacement into the operat-
ing point of the plant
Axq = AgAxq + BgAug
Ayq = CgAxq + DgAuy
yd =Aya+ydao,  Ua=Auq+uqpo,
is considered, where constant reference inputs are assumed

and A denotes the difference of the signal to the corre-
sponding value in the operating point.

(28)

(29)

6.2 Reduction to the Design of a Static Controller

The design of (29) based on the linearized plant with the
system matrices Ap, Bp and Cp can be reduced to the
design of a static controller as described e.g. by Follinger
(2008). Doing so yields the augmented plant
X, = A,x, + Bau,
Va = CuXa,

(30)

where the abbreviations
_ |Axp A%y _ |Axq
Xa = |:AXd:| s u, = |:AUP] s Ya = |:Ayp] ,
_|Ap O 10 Bp 10 I
O IR o S

were used, and the static controller K that needs to be
designed

w = [Ad Bd} {Axd (31)

= Kya.
Cq Dg AYP} Y

It is easy to recognize that the system matrices of (30)
contain only matrices of the plant, while (31) contains the
matrices of the dynamic controller and therefore all the
tunable control parameters.

7. CONTROLLER DESIGN METHOD

The design of K must respect the fixed structure of the
matrices Aq, Bq, Cq, Dg that result from the decentralized
setup and from the usage of cascaded controllers with
predefined structure for each inverter. To tune the param-
eters of the controllers, the direct method of Konigorski
(1987b) for eigenvalue assignment is applied. Treating the
intricacies of the method is beyond this work, but the basic
principle will be described in what follows. The method is
based on the comparison of the characteristic polynomial
of the closed loop in dependence of the controller

Pk(\) = det (AL, — A, + B,KC,)

with the desired characteristic polynomial defined by the
desired eigenvalues Ak 1,..., Ak n

n
det (AL — A, + B,KC,) = [T (A - Mka).
i=1
This is, at least for single eigenvalues \k;, equivalent to
det (\g;ILn — A, + B,KC,) = 0,
But the eigenvalues cannot always be arbitrarily assigned,
especially in the case of decentralized control. Therefore,
the functions
e;(K) = det(Ak;I, — A, + B.KC,),
are combined into a vector
e(K) = [e1(K), ..., en(K)]
Then, the eigenvalue assignment problem can be solved at
least approximately by minimizing

1=1,...,n.

t=1,...,n

T

1
J = 5eTWe,

where W is a diagonal weighting matrix. The analytic
computation of the gradient g—i, where

K = k11, ki kot kags s Bty - - s K]

contains the entries of the controller matrix K, is given
by Konigorski (1988). Because of the cascaded controllers,
the parameters of the controller matrix K cannot be tuned
arbitrarily. Indeed, the optimization variables of the test
network are not entries of K, but entries of following vector
r:

T

r= [KT, KL, K7, K% F7y kL kY w!
The entries of K therefore are functions of r and the

gradient given by Konigorski (1988) needs to be adapted
accordingly:

}T
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Table 1. Controller parameters

No optimization

Optimization without power sharing

Optimization with power sharing

KT, [10.5 10.5 10.5]
KT, [16000 16000 16 000]
K7, [0.05 0.05 0.05]
K%, [390 390 390]
FT, [0.75 0.75 0.75
Kl 106 {94 94 94
kb 107413 13 13
Inverter 1 Ls Re Rys = 250
Ly =1.35mH ||'
Re=0.1Q
Cr=50puF | Liciso10y =035mHE; | ~ 032 mH

Ricig,9,10y = 0.03Q

Inverter 2

Lf = 1.35mH
R;=0.10Q
Cy =50 uF

Inverter 3

Ly =1.35mH
Ri=01Q COHI
Ci =50 uF Ry =209
Fig. 4. Test System
i] 0 Okny 0J Okio 0J 0kpq
87‘i o aku 87‘2‘ 8k12 ah‘ akpq 81@» '

8. APPLICATION AND SIMULATION

For comparability, the system described by Pogaku et al.
(2007) is used and displayed in Fig. 4. An operating point
close to the one used by Pogaku et al. (2007) is chosen. A
slight difference in operating points is unavoidable due to
the virtual resistors Pogaku et al. (2007) add between each
node and ground. Starting with the controller parameters
from Pogaku et al. (2007), the controller parameters are
tuned to achieve a better dynamical behavior of the
network. We display the resulting controller parameters

11.969 9.493 10.046
16957 15627 15474
0.0625 0.0508 0.0405
370.84 434.47 385.06
0.7683 0.7635 0.7296
1070 [12.2 5.8 38.4]
1074 [33.19 9.1 32.9]

11.560 9.943 10.002

18205 16161 14049

0.0645 0.0510 0.0324
272.17 510.11 380.29
0.7141 0.7507 0.7550
106 [18.2 18.2 18.2]
10~ [21.47 —2.3 11.9]

in Table 1. The corresponding closed loop eigenvalues are
shown in Fig. 5. Trying to shift the dominant eigenvalues
further to the left quickly shows that this can primarily be
achieved by choosing larger bandwidths for the filter (26)
parameters w,. as is clear intuitively. However, the filters’
task is to slow down the primary controllers such that they
don’t react to higher oscillations induced by the switching
processes of the inverters. Since we neglected this switching
process in the model, w. should not be changed. Fixing w,
and trying to dampen and accelerate the slow oscillatory
modes at the same time leads to the closed loop eigenvalues
denoted by triangles in Fig. 5. The corresponding control
parameters are given in the second column of Table I.
Because all entries of kp were changed, the better transient
behavior is achieved only by giving up on power sharing
after a load change. Repeating the procedure while keeping
the entries of kp equal, i.e. holding on to power sharing
behavior after load changes, resulted in the eigenvalues
denoted by squares in Fig. 5. The attempt to also dampen
the oscillatory modes of higher frequencies worsened the
locations of the slow oscillatory modes and was therefore
not further pursued.

To demonstrate the improvement in transient behavior,
the first experiment conducted by Pogaku et al. (2007) is
reproduced: A step change of about 3.8kW real power
of the load connected to vertex 4. We model this by
changing the load impedance from 25 Q) to 152 after 0.05s
simulation time. The simulations are conducted using the
nonlinear plant model, which is changed accordingly after
the incident. Unlike Pogaku et al. (2007), we do not display
the low-pass filtered powers P, Q.,, but Pq, Q.

Fig. 6 displays the real power output of the inverters for
all three cases. With the original controller parameters, the
inverters share the additional load. But, in the transition

200 x
5t
2
— B
3 Y
& & g 04
bO ]
: - ¥
]
5 —200 + x
| —E
—-1.2 —-0.55 —3000 —1000 —180
Real-10° Real

Fig. 5. Eigenvalues of the closed plant

A 50 + x
A
X
o X
O
O a x 0 ] B O A A ]
O
O x Original parameters | *
XA & No power sharing
A —50 | |o  Power sharing x

—-50 =50

Real
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Inverter 1
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~
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z
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g 5,000 |
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Fig. 6. Simulation of a step change of additional 3.8 kW
of the load connected to vertex 4

to the new steady state, the power output of the inverters
is oscillating considerably. In the second case, where the
controller parameters were optimized without restricting
the real power droops, the oscillations have clearly been
reduced and the system response is not much slower. As
discussed, the power is not shared anymore. In the third
case, where the parameters were tuned while still holding
on to the goal of power sharing, the system is also well
dampened. The response of the third controller in this
case is fairly slow, but since the goal of power sharing
is not very important for short time periods, but rather in
steady state, this is not much of a downside.

9. CONCLUSION AND OUTLOOK

It has been shown that the oscillations in a microgrid
can be reduced considerably just by tuning the controller
parameters. The overall system speed is restricted by the
low-pass filter parameters w., i.e. by the higher oscilla-
tions that were not modeled in this work. Still, it might
be possible to enhance the system behavior even further
by generating more degrees of freedom. To investigate
this possibility, the commonly used controller structure
with three cascaded controllers should be reconsidered.
Instead, the application of general multiple-input multiple-
output controllers, one for zero-level control and another
for primary control, should be investigated. Especially
breaking the structure of the zero-level controller seems
promising. First of all, there is no need for two cascaded

PI controllers. Therefore, the dynamical order of the con-
troller could be reduced. At the same time, the degrees
of freedom could easily be increased from the five control
parameter available with the common control structure
Ko, Kic, Kpv, Kiv, Fpy to twelve degrees of freedom of a
controller matrix with six inputs and two outputs plus the
degrees of freedom due to the dynamics of the controller.
Since the zero-level controller uses unfiltered measure-
ments, it is much faster than primary control. Therefore,
one might also be able do dampen the faster oscillating
modes, which should reduce the content of harmonics in
the network and might allow to raise the bandwidths w,
of the low-pass filters.

Also, the optimization of the control parameters had
predefined eigenvalue locations as objective, which often
are not crucial. Additional degrees of freedom from point
of view of the optimization can be generated, when an area
is specified in which the eigenvalues have to lie, instead of
precise locations, e.g. Konigorski (1987a).

We designed the controllers simultaneously. This has the
advantage that each controller is designed considering
the other controllers. And yet, this is not necessarily the
best approach, since the optimization problem that must
be solved for eigenvalue assignment is not convex. With
the size of the network, this drawback becomes more
severe. Considering this, a better approach might be to
design zero and primary controllers independently based
on matched models. Besides this time-scale decomposition,
other decomposition techniques like the e-decomposition
and the overlapping decomposition, e.g. Siljak (1991),
should be considered for larger networks.
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