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Abstract—All reactors in reality are not ideal plug flow reactor (PFR) or ideal continuous stirred tank reactor
(CSTR). They are difficult to differentiate. This study was to investigate the reactor analysis of PFR and
CSTR through tracer response curves, residence time distributions (RTD) and several hydraulic performance
indexes. We set up the differentiated value of each index. The tracer response curve showed that our labscale
CSTR was close to ideal CSTR and got 99.9% recovery. In the RTD curves, the results could significantly rec
ognize the PFR nature of high rate pond (HRP). With hydraulic performance indexes study, every selected
index demonstrated that the studied HRP was closer to PFR than the studied CSTR. Based on the labscale
study results, this study established the cutting point between the PFR and CSTR in each index; we were look
ing through the different types of reactors in literature and we confirmed the criteria with all literature reactors
with the “graphic method”. The method helped us to establish those important values to help us to differen
tiate the reactor types in practice and to understand the designs better.
DOI: 10.1134/S0040579513060122
1

INTRODUCTION

EXPERIMENTAL

High rate pond (HRP) was a remarkable design
which was developed by W. Oswald in Richmond field
station, U.C. Berkeley. Oswald tried to mimic the eco
system mechanisms to optimize the reactor efficiency.
Currently HRP has played a critical role for lots of
applications in field especially on algae production,
wastewater treatment, nutrition, food, pharmaceutical
material, aquaculture, biotech, biofuel, etc.

The research methodology is illustrated in Fig. 1.
The bench scale HRP and labscale CSTR reactor
were set up in the Sustainable Resources and Sustain
able Engineering research lab (SRSE–LAB), depart
ment of soil and water conservation, National Chung
Hsing University, Taichung, Taiwan. The bench HRP
was taken as a typical PFR [1] and the bench CSTR
could be treated as the conventional standard CSTR
reactor [3–6]. The labscale HRP design is shown in
Fig. 2. Both reactors operated at 4 h detention time
with spiking. Detention time is the theoretical time
required for an amount of water to pass through a reac
tor at a given rate of flow and calculated as reactor vol
ume divided by volumetric flow rate [2]. All other
operational factors are listed in table. The reactor
analysis of the tracer study was adopted and the results
including tracer response curves, RTD and the most
popular 5 hydraulic performance indexes were studied
as depicted in Fig. 1.

The original design of HRP was tried to imitate
plug flow reactor (PFR) in practice [1]. However, in
reality, most of reactors are not ideal, mixed between
ideal PFR and ideal continuous stirred tank reactor
(CSTR) in a certain degree. The differentiation of
reactor type was very difficult and there was only one
reference index in the literature: Morrill dispersion
index (MDI) which was induced from the engineering
field reactor designs by Metcalf and Eddy Inc. [2]. The
reactor differentiation was very significant to help the
evaluation of reactor designs and performances. Con
sequently, the primary objective of this research was to
focus on reactor analysis study such as: tracer response
curves, residence time distributions (RTD), hydraulic
performance indexes, etc. and to develop a cut off
value of the indexes to differentiate a reactor between
PFR and CSTR in reality.
1 The article is published in the original.

Based on the bench CSTR and HRP, we set up the
proper cutpoint for each index to differentiate the
reactor. For the confirmation and verification, the
reactor performance studies in literature were adopted
to calculate those indexes with the “graphic method”
if the index values were not obtainable. The basic
requirement for the calculation was tracer response
curve and we drew several lines in fixed intervals of the
curve to get tracer concentration at specific time we
wanted and then to calculate the specific index from
the paper. This was socalled the “graphic method”.
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Fig. 1. Flow chart of methodology in this study.

After collecting the data of those reactor performances
in each index from literature which was possibly
found, we checked and verified the cutpoint values by
those cases.
RESULTS AND DISCUSSION
Tracer response curves. The tracer response curve
of the CSTR is shown in Fig. 3. Mean retention time
(τmean) was equal to 258 min and was about same with
theoretical retention time (τ) of 240 min. Lab CSTR is
a “closed reactor” under a closed boundary condition
[7] therefore τmean should be equal to τ [8]. In Fig. 3,
the CSTR was very close to ideal CSTR. The major
reason was the limitation of the measure interval
which made the CSTR’s peak appeared in the first
measurement. Theoretically, the peak should be close
to ideal CSTR.
The duration of this experiment was 735 min
(3.06τ) and the final conductivity was 0.181 mS/cm.

For RTD studies, three retention time was needed to
obtain a steady state [9, 10]. And because of the back
ground conductivity of tapwater of 0.110 mS/cm, the
recovery rate was calculated as 99.9% and the result
was excellent. The HRP had a longer τmean of 292 min
than τ (240 min) and a reasonable good recovery rate
of 92.5%, better than the only literature data, 91 and
92% [11]. Because of the special designs of inlet/out
let, paddle wheel and retention wall in HRP as in Fig. 2,
HRP was formed the recirculation flow; would make
suspensions flow with recirculation current and could
not make the recirculation flow out completely at each
run. Consequently, those designs caused an extended
retention time and were the possible reasons why HRP
had longer τmean.
RTD curves. The RTD (E) curves of the CSTR, the
HRP and ideal reactors are shown in Fig. 4. Since E
curve standardized the area under the tracer response
curve to 1 [2], we could possibly make a comparison
among the different reactors. The CSTR’s and the
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clear that the CSTR was much closer to ideal CSTR
than the HRP as shown in following. The peak of
CSTR curve whose E of 0.0032 was obviously close to
ideal CSTR value of 0.0042 and HRP of 0.0027 was a
little off away from ideal CSTR. In short, the HRP
exhibited more PFR natures than CSTR in lab.

HRP’s curves exhibited that the hydrodynamic behav
iors were between ideal CSTR and PFR. Theoretically
the homogeneity of the CSTR reactor must be better
than HRPs’. For this reason the peak of CSTR reac
tors would be sooner and higher than HRPs’. Both the
peaks of the studied CSTR and the HRP showed in the
same time at the first measurement since both the
studied intervals were set as 15 min. However, it was

The E accumulated curves (socalled F curves)
could be illustrated as Fig. 5. We calculated the ideal

List of operational factors
Operational factor

HRP

CSTR

Scale

Lab

Lab

Detention time

4h

4h

Reactor design

Paddle wheel with recirculation

4 L upflow flask

Water level

15 cm

–

Water volume

199 L

4L

Inflow speed

820 mL/min

16.8 mL/min

Tracer

NaCl

NaCl

Inflow type

Spike

Spike

Mixing speed (surface speed)

10 cm/s

Magnetic mixer

Effluent measure interval

15 min

15 min
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CSTR mathematical equation (C = C0e )) [2] and we
found 66% tracer out at τ (CSTR of 56.2% vs. ideal
CSTR of 66% at τ). In this study, HRP 49.8% tracer
out at was close to the theoretical value of “PFR in
reality” of 50%. This further result proved the HRP
exhibited more PFR characteristics than the studied
CSTR.
Hydraulic performance indexes. Tanks–in–series
2
number N = t mean
σ 2 characterized the nonideal
flows through a series of equalsize ideal stirred tanks
[12]. They were 1.71 and 1.90 in our study for CSTR
and HRP respectively. The theoretical value of N is 1
for ideal CSTR [13] as shown in Fig. 6, N of 1.71 in our
labscale CSTR was closer to ideal CSTR compared to
HRP’s value of 1.90. Ouarghi et al. [11] concluded N
of 2 as PFR for HRP in field, and our lab N of 1.90 was
very close to this value. Consequently, we concluded
our HRP was approaching to PFR than CSTR math
ematically.
From the N values of 1.71 in our lab CSTR and 1.90
in our lab HRP, we set up the cut point as 1.8 to differ
entiate CSTR and PFR. In literature, the reported
results of N in different types of reactors are shown in
Fig. 6. All the reactors claimed as CSTR had N values
less than 1.8, such as N was 0.95–1 for the labscale
disinfection reactor [14]; N = 1 was studied in the field
Orbal activated sludge system [15]; N = 1.1–1.14 was
in the lab scale and 1.6 in the pilotscale membrane
bioreactor (MBR) claimed by Wang et al. [16]. Even
Wang’s design followed our criterion; conventionally
membrane process was the PFR and why were the
Wang et al.’s designs as CSTRs. We thought this was
the reason to explain: they put a strong air aeration
which was a mixer in fact, inside the reactors, conse
quently whole designs turned to be CSTRs. For
another lots of CSTRs’ cases in literature without N
values which were claimed by each author, we applied
the “graphic method” to calculate the N index as fol
lows: 1.26 in the benchscale activated sludge process
[17], 1.01–1.41 in lab electrochemical reactors [18],
0.64 in the pilot anaerobic fixbed [19], 1.44 in the
cyanidation tank [20], etc. All the available data con
firmed the 1.8 setup.
All data of PFRs in literature were higher than 1.90
of our lab HRP. The activated sludge baffled reactor
N = 4 which was claimed as PFR by Tizghadam et al.
[21]. In a water treatment plant clearwell, N was in the
range of 11.7–12.36 also as PFR apparently [22]. In
the benchscale anaerobic baffled reactor (ABR), N
was estimated of 9–11 by Krishna et al. [23] and obvi
ously it was PFR. All were larger than our setup point
1.8. So far, all CSTRs’ and PFRs values in literature
obeyed our established criterion; the cut point of 1.8 in
N could be the truth number to differentiate CSTR
and PFR in reality.
Hydraulic efficiency λ = e(1 – 1/N) is a metric that
combined existing flow uniformity (1– 1/N) and
effective volume ratio (e) [24, 25]. In this study, λ =
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Fig. 3. Comparison of tracer response curves between the
CSTR and ideal reactors: (1) CSTR; (2) ideal CSTR; (3)
ideal PFR.

E(t)
0.005
5

0.004

1 3
0.003 2

4

0.002
0.001
0

240

200

600

400

800
t, min

Fig. 4. Comparison of E curves among the CSTR, HRP
and ideal reactors: (1) CSTR; (2) HRP; (3) ideal CSTR;
(4) ideal PFR; (5) real PFR.

F(t)
1.0

5

3

4
0.8

1
2

0.6
0.4
0.2
0

240

200

400

600

800
t, min

Fig. 5. Comparison of F curves among the CSTR, HRP
and ideal reactors: (1) CSTR; (2) HRP; (3) ideal CSTR;
(4) ideal PFR; (5) real PFR.

THEORETICAL FOUNDATIONS OF CHEMICAL ENGINEERING Vol. 47

No. 6

2013

754

TSAI, CHEN
4
Lab electrochemical
reactor (CSTR):
1.01–1.41 [18]

3
Pilot MBR
(CSTR): 1.6
[16]

3
Field Orbal activated
4 sludge system (CSTR):
1 [15]

3
Bench anaerobic
baffled reactor: 9–11
[23]

2
Pilot anaerobic
3
2
Suggested criteria
Lab disinfection fixedbed (CSTR): Lab CSTR:
0.64 [19]
1.71
for PFR > 1.8
reactor (CSTR):
Field HRP (PFR): 2 3
0.95–1 [14]
[11]
3
Ideal
1
CSTR
Ideal
Lab MBR
1
∞
PFR
1
2
3
4
5
6
(CSTR): 1.1, 1.14
4
3
[16]
Lab activated sludge Water treatment plant
Field agitated
HRP: 1.90 baffled reactor (PFR): 4
clearwell (PFR):
Bench activated sludge
cyanidation tank
[21]
11.7–12.36
process (CSTR): 1.26
(CSTR): 1.44 [20]
2
[22]
[17]
4
4

Fig. 6. Comparison of tanksinseries number (N) among various types of reactors: (1) ideal values or official value for reactors in
reality; (2) results of this study; (3) directly quoted from the literature; (4) calculated by graphic method from the literature by
author.

3
Lab electrochemical
reactor (CSTR):
0.01–0.26 [18]

3

3
Field Orbal activated
sludge system (CSTR):
~0 [15]
1
3

Ideal
CSTR

Pilot MBR
(CSTR): 0.37
[16]
Pilot anaerobic
fixedbed (CSTR):
~0 [19]

Lab disinfection
reactor (CSTR): ~0
[14]

Lab MBR
(CSTR): 0.07, 0.09
[16]
3

Bench activated sludge
process (CSTR): 0.16
[17]
3

2

3
Field HRP (PFR): 0.81
[11]

3
Water treatment plant
clearwell (PFR):
0.95–0.96
[22]

Suggested criteria
for PFR > 0.5

3
0

0.5

2

Lab
CSTR:
0.45

Field agitated
cyanidation tank
(CSTR): 0.18 [20]
3

2
HRP:
0.58

Bench anaerobic baffled
reactor: 0.83–1.03 [23]

Ideal 1
PFR
3
Lab activated sludge
baffled reactor (PFR): 0.68
[21]
1

3

Fig. 7. Comparison of hydraulic efficiency (λ) among various types of reactors: (1) ideal values or official value for reactors in
reality; (2) results of this study; (3) calculated by graphic method from the literature by author.

0.45 for the CSTR and λ = 0.58 for the HRP were
computed in lab as shown in Fig. 7. For ideal CSTR
and PFR, those indexes would be equal to 0 and
1 respectively. The distance from ideal PFR was 0.42
of the studied HRP which was closer than the distance
of 0.58 of the CSTR to the ideal. As the result, the
HRP was closer to PFR than CSTR here again and we
could determine a criterion of 0.5 to categorize CSTR
and PFR from our reactor study.
Hydraulic efficiency λ could be a practical index to
sense the PFR natures in HRP. Examining through all
CSTRs’ values in literature were less than 0.45 of our
CSTR data and all PFR literature were higher than
0.58 of our lab HRP just like in Fig. 7, the criterion of

0.5 could be the applicable value to classify all reactor
designs into CSTR or PFR.
Morrill dispersion index (MDI) P90/P10 which is an
important index of dispersion behavior could be cal
culated by 10 and 90 percentile (P10 and P90) from a
logprobability plot of the time versus the cumulative
percentage of passing tracer [26]. In our study of the
CSTR and HRP, the results of MDI were 18.87 and
16.69 respectively in Fig. 8. Metcalf and Eddy Inc. [2]
claimed ideal PFR equal to 1 and 22 for CSTR in field
which was formed from the long time empirical data
and did not include the bench scale design; the value
of 18.87 for the studied CSTR was close to Metcalf and
Eddy Inc.’s number. And the bench HRP 16.69 which
was usually promoted by the high dispersion of strong
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mixing in lab scale was lower than the study CSTR’s
18.87 to differentiate the certain PFR natures in the
HRP.
We authenticated 18 as a criterion to screen PFRs
from CSTRs shown in Fig. 8. According to this value,
the only exception that did not follow this rule in liter
ature was 15.27 of the MBR in the pilot scale [16]
which was claimed as CSTR by authors. But looking
into the article of design and flow characteristics care
fully, in the pilotscale MBR the aerobic cell was sep
arated from the membrane unit [16]; accordingly the
membrane unit itself was a PFR process [30]. This only
exception case still obeyed our rule even the author
claimed it was CSTR by the special design incidentally.

The most important point here is that P90/P10 = 18 was
an adequate differentiator between CSTR and PFR.
As mentioned before, P90/P10 = 22 by Metcalf & Eddy
Inc., all the CSTRs followed this rule and it performed
reasonably well. However, this criterion is good for
large scale rather than lab scale. The criterion we stud
ied, P90/P10 = 18, might possibly be a better standard
for the reactors not only in field scale but also in lab
scale.
In general, volumetric efficiency Ve = P10/P90 was
used to estimate the proportion of the available reactor
volume effectively [2]. In this study, HRP and CSTR,
the values of Ve were 5.99 and 5.30% respectively. Cal
culated with theoretical MDI values and Ve will be
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100% in ideal PFR. 5.99% seemed to be a low value for
a HRP design in order to fulfill PFR purpose. This
phenomenon could be explained by the lab scale flow
characteristics and Ve index itself. Since there was the
high dispersion in the HRP encouraged by a strong
mixing with the enhancement of the recircula
tion/outlet effect, HRP would tend to lose more tracer
in high concentration to make an early P10, compared
to the ideal PFR in Fig. 5. For the same reasons, the
HRP would keep more tracer in the system to delay the
P90 in the low concentration of tracer. The tendency of
P10 came earlier to decrease the value t while P90 came
later to increase the t value; this phenomenon would
disguise the result into a smaller value and the studied
HRP had a low Ve.
To establish the differentiation criteria, we com
pared the study HRP and CSTR to suggest 5.6% as a
criterion of Ve. After calculating index values from the
literature either by direct quotation from paper or esti
mation by the “graphic method”, all the results are
showed in Fig. 9 and confirmed these data completely,
we confidently instituted the criterion of Ve = 5.6% to
separate the reactor type. The only exception of the
MBR [16] was not a real CSTR as we discussed before.
Dispersion number d = D/(uL) was proved as a
sensitive index to screen PFR natures: 0.54 of the lab
CSTR and 0.43 of HRP in our study. The index of d
approaching 0 theoretically was an ideal PFR and
approaching ∞ was an ideal CSTR [31]. For the dis
tance comparison, the studied HRP was close to PFR
in Fig. 10 and the figure also proved all the data among
different types of reactors in literature obeyed and fol
lowed the determined criterion (d = 0.5).

CONCLUSIONS
It is very difficult to separate a reactor in reality
between PFR and CSTR as we mentioned before. We
cannot find any criteria except Metcalf and Eddy
Inc.’s in literature which was for field only. This study
discovered the true values of the five most popular
reactor indexes to differentiate a reactor either in lab
scale or in field scale: N = 1.8, λ = 0.5, P90/P10 = 18,
Ve = 5.6%, d = 0.5 to help us to understand the reac
tors better.
NOTATION
C—concentration of the tracer in the reactor at time t,
mg/L;
C0—initial concentration of the tracer in the reactor,
mg/L;
D—axial dispersion coefficient, m2/s;
d = D/(uL)—dispersion number;
E—residence time distribution function;
e—effective volume ratio;
F—fraction of the tracer in the exit stream;
L—characteristic length, m;
2
N = t mean
σ 2 —tanks–in–series number;
P10—time at which 10% of the tracer has passed
through the reactor, min;
P90—time at which 90% of the tracer has passed
through the reactor, min;
P90/P10 —Morrill dispersion index;
t—time, min;
tpeak—time at which peak concentration of the tracer
is observed, min;
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u—fluid velocity, m/s;
Ve = P10/P90—volumetric efficiency;
κ—conductivity, mS/cm;
λ = e(1 – 1/N) = tpeak/τ—hydraulic efficiency;
σ2—variance of the response curve, min2;
τ—theoretical retention time, min;
τmean—mean retention time, min.
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