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a b s t r a c t
In this study, comprehensive study of laminar ﬂow and heat transfer of pseudo-plastic non-Newtonian nanoﬂuid
(Al2O3 + CMC) within the porous circular concentric region is presented. The effect of volume fraction of
nanoparticles, Reynolds number, Darcy number, thickness ratio is studied. Simulations for different Reynolds
numbers and Darcy numbers in the range of 100≤Re ≤300 and 10−4 ≤Da≤10−2 are done. The results show that
the effect of the porous layer on increasing the convective heat transfer coefﬁcient is larger than the Reynolds
number, since, at a given volume fraction, the porous medium plays a greater role in increasing the heat transfer
compared to the increasing Reynolds number. Also, at a given volume fraction and for a ﬁxed porosity, decreases
in the permeability leads to increased Darcy velocity and, consequently, velocity proﬁle. As the thickness of the porous layer increases at ﬁxed values of permeability and porosity, the velocity of the nanoﬂuid is also increased in a
constant Reynolds number, by increasing the thickness of the porous media, heat transfer coefﬁcient increases. In
addition, at a speciﬁed thickness and constant Reynolds number, by increasing the Darcy number, the heat transfer
coefﬁcient and the Nusselt number increases. Moreover, as the thickness of the porous layer increases at ﬁxed values
of permeability and porosity, the velocity of the nanoﬂuid is also increased; this consequently maximizes the
pressure drop.
© 2017 Elsevier B.V. All rights reserved.

1. Introduction
A non-Newtonian ﬂuid is a ﬂuid that does not follow Newton's law of
viscosity. Shear thinning is the non-Newtonian behavior of ﬂuids whose
viscosity decreases under shear strain [1,2]. In ﬂuid mechanics, ﬂuid ﬂow
through porous media is the manner in which ﬂuids behave when
ﬂowing through a porous medium. The concept of porous media is
used in many areas of applied science and engineering [3]. Nanoﬂuids
are ﬂuids containing nanoparticles. They are engineered colloidal suspensions of nanoparticles in a base ﬂuid. They exhibit enhanced thermal
conductivity and the convective heat transfer coefﬁcient compared to
the base ﬂuid [4–13].
Hatami and Ganji [14] analyzed heat transfer and ﬂow for nonNewtonian nanoﬂuid passing through the porous media between two
coaxial cylinders. They showed that increasing the thermophoresis parameter caused an increase in temperature values in whole domain.
Nield and Kuznetsov [15] studied the forced convection in a
channel occupied by a nanoﬂuid or a porous medium saturated by
a nanoﬂuid. They found that the combination of Brownian motion
and thermophoresis has the effect of reducing the Nusselt number.
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Uphill et al. [16] investigated ﬂow of nanoﬂuids through porous
media. They showed that nanoﬂuids containing particles smaller than
60 nm ﬂowed well through timber.
Bourantas et al. [17] studied heat transfer and natural convection of
nanoﬂuids in porous media. They found that higher Rayleigh number
values strengthen the natural convection ﬂows.
Sheremet and Pop [18] investigated the potential of nanoﬂuids to
enhance the heat transfer rate due to natural convection in a porous annulus. Their ﬁndings showed that Brownian motion parameter has the
minimum inﬂuence on Nusselt number.
Mahdi et al. [19] reviewed heat transfer and ﬂuid ﬂow in porous
media with nanoﬂuid. They investigated the effects of several parameters in porous media geometry and thermophysical properties of
nanoﬂuid, thermal boundary conditions and types of nanoﬂuids.
Kefayati [20] studied heat transfer and entropy generation of natural
convection on non-Newtonian nanoﬂuids in a porous cavity. He concluded that the addition of the nanoparticle enhances the average
Nusselt number.
Sivasankaran and Narrein [21] investigated the two-phase laminar
pulsating nanoﬂuid ﬂow in helical microchannel ﬁlled with a porous
medium. They observed that the presence of porous media led to improvement in heat transfer performance.
Ghalambaz et al. [22] studied free convection in a square cavity ﬁlled
by a porous medium saturated by a nanoﬂuid. They concluded that the
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Nomenclature
Re
T
U

Reynolds number
temperature (K)
dimensionless velocity

Greek symbols
ε
porosity
φ
volume fraction

ρ
density ½kg m3 
Super- and sub-scripts
f
ﬂuid
nf
nanoﬂuid
p
particle
bf
base ﬂuid
s
solid
ave
average
o
outer
i
inner

Cp
speciﬁc heat capacity ½ J kgK 
Da
f
fs
h
Di
Do
K
k
K⁎⁎
K⁎
keff
L
Nu
Nus
n
Pr

Darcy number
friction factor
friction factor in smooth pipe

heat transfer coefﬁcient ½W m2 K 
inner diameter [m]
outer diameter [m]
consistency index [Pa · sn]

thermal conductivity ½W m:K 
permeability [m2]
modiﬁed permeability [mn+1]

effective thermal conductivity ½W mK 
length [m]
Nusselt number
Nusselt number in smooth pipe
power law index
Prandtl number

increase of Lewis number and buoyancy ratio parameter, respectively,
increases and decreases the average Nusselt number.
Devakar et al. [23] simulated fully developed ﬂow of non-Newtonian
ﬂuids in a straight uniform square duct through porous medium. They
observed that, the velocity and volume ﬂow rate decrease with an increase in couple stress parameter and porosity parameter.
Kasaeian et al. [24] reviewed the latest developments Nanoﬂuid ﬂow
and heat transfer in porous media. They found that Tiwari and Das, and
Buongiorno models were the most popular models used to simulate the
nanoﬂuid ﬂow in porous media.
Selimefendigil et al. [25] simulated mixed convection in superposed
nanoﬂuid and porous layers in square enclosure. They found that the averaged heat transfer enhances almost linearly with nanoparticle volume
fraction for different cylinder sizes.
Solomon et al. [26] investigated natural convection enhancement in
a porous cavity with Al2O3-Ethylene glycol/Water nanoﬂuids. They
found that at a volume concentration of 0.05%, the heat transfer capability of porous cavity is enhanced to a maximum of 10% compared to the
base ﬂuids.
Reddy et al. [27] investigated boundary layer ﬂow, heat and mass
transfer over a rotating disk through porous medium saturated by CuWater and Ag-Water nanoﬂuid with chemical reaction. They concluded
that the temperature proﬁles elevated with the increasing values of
nanoparticle volume fraction parameter.
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Hashemi et al. [28] studied natural convection within a porous
enclosure occupied by Cu-Water micropolar nanoﬂuid at the
presence of the heat generated in both solid and ﬂuid phases of the
porous medium. They found that as external Darcy-Rayleigh number
increases, the strength of vortices formed and micro-rotation of
particles increases.
Aly [29] studied natural convection over circular cylinders in a porous enclosure ﬁlled with a nanoﬂuid under thermo-diffusion effects.
He found that, the size and formation of cells inside the enclosure
strongly depend on the Rayleigh number with Darcy parameter, and
sizes and locations of the inner circular cylinders.
The present study includes three key elements: nanoﬂuid, nonNewtonian ﬂuid, and porous medium. In this study, comprehensive
study of laminar ﬂow and heat transfer of pseudo-plastic nonNewtonian nanoﬂuid (Al2O3 + CMC) within the porous circular concentric region is presented.
2. Statement of the problem
Comprehensive study of laminar ﬂow and heat transfer of pseudoplastic non-Newtonian nanoﬂuid (Al2O3 + CMC (0.5% wt)) within the
porous circular concentric region is investigated numerically by using
of ﬁnite volume method. The schematic of the problem in this study
is shown in Fig. 1. The channel length L = 3 m, the outer diameter is
Do = 5 cm and inner diameter is Di = 4 cm. The walls of the channel
are under a constant ﬂux of q″ = 6000 W/m2. The inlet temperature
of the nanoﬂuid is Tin = 298 K. Water and Al2O3 nanoparticles (particle
diameter 20 nm) are in thermal equilibrium. The Reynolds and Darcy
numbers ranges are 100 b Re b 300 and 10−4 b Da b 10−2. The intended
range for Al2O3 nanoparticles volume fraction has been selected by
Hojjat et al. [33]. The minimum volume fraction considered in their
paper was 0% and the maximum volume fraction was 1.5%. So, In this
study the volume fraction of the nanoparticles is φ = 1–1.5% and the porous layer thickness range is 0 ≥ Rp ≥ 0.6,
3. Governing equations
In this study, a single-phase model has been considered to analyze
heat transfer and the ﬂow of the non-Newtonian nanoﬂuid within the
porous circular concentric region. The resulting equations over the
ﬂuid ﬂow include equations of conservation of mass, momentum and
energy.
Continuity equation:
ρnf
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(a) 3-D view

(b) 2-D view
Fig. 1. Schematic of the problem.

For calculating the density of nanoﬂuid and the speciﬁc heat capacity, the following equations are used [30,31]

Energy equation:
h

i

  
!
∇: ρnf ui Cp nf T ¼ ∇: keff ∇T−ð∑i hi Ji Þ þ τ̿: v

ð5Þ

The speculation of the dynamic viscosity behavior of the ﬂow in the
numerical solution ﬁeld is analyzed using the non-Newtonian powerlaw method in which the viscosity is deﬁned as,
η ¼ Kðγ_ Þ

n−1

ð6Þ

In this equation, K, γ_ and n are respectively consistency index, shear
rate and power-law index. Also, in the momentum equation we have,


η
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In the above equations, φ is the volume fraction of nanoparticle and
f, p and nf indexes are respectively the indicators of ﬂuid, solid and
nanoﬂuid. In order to determine the thermal conductivity of nanoﬂuid,
the following equations [32,33]. are used. Moreover, since the base ﬂuid
was non-Newtonian, instead of determining viscosity, values of n and K
at 25 °C were used for the aluminum oxide nanoﬂuid by Hojjat et al.
[33]. Given that n b 1, the non-Newtonian ﬂuid is pseudoplastic. The
thermo-physical of Al2O3 nanoparticle and base ﬂuid are shown in
Table 1 [94].
In order to describe Reynolds and Prandtle numbers for the nonNewtonian ﬂuid, coefﬁcient index and power-law index are very important in determining Reynolds number and initial velocity of ﬂuid
in the inlet of tube. Reynolds and Prandtle numbers are described for
the non-Newtonian ﬂuid as follow [33],

ð8Þ
Pr ¼
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þ
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Table 1
Thermophysical properties of the base ﬂuid and Al2O3 nanoparticles [94].
ρ ðkg

keff of porous material is obtained from the following equations,
keff ¼ εknf þ ð1−εÞks

ð10Þ

Water + CMC (%0.5)
Al2O3
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Darcy number is described for the non-Newtonian ﬂuid as follow
[98],
Da ¼

2
K 1þn

εn

ð15Þ

D2h

In this equation, n and K∗ are respectively power-law index and
modiﬁed consistency index [34]. K∗ is deﬁned such as follows,
K ¼

1
2ct



n 

nε
50K
3n þ 1
3ε

ð16Þ

where K∗∗ is permeability and ct is deﬁned such as follows [34],
1−n
ct ¼ 2:5  2ð 2 Þ

n

ð17Þ

Reynolds number in porous media is deﬁne such as follows [34],
RePorous

ð18Þ

where ε is porosity coefﬁcient and K∗∗ is permeability. The local heat
transfer coefﬁcient is deﬁned as [35],

Tw ðxÞ ¼

! !
Tρ u: d A
! !
ρ u: d A

1
A

ð20Þ

ð21Þ

TdA

hðxÞDh
knf

ð22Þ

π

D2o −D2i
4
4
Dh ¼
¼ Do −Di
πDo þ πDi

ð23Þ

In laminar ﬂow the pressure drop is typically proportional to velocity, the Darcy's law for porous media is obtained from the following
equation,
η !
u
K

ð24Þ

Hence, the pressure drop is expressed such as follow [36,37],
ΔP ¼ f

ΔPdA

ð27Þ

U¼

u
uin

ð28Þ

where uin is the inlet velocity. Non-dimensional thickness of porous
layer is deﬁned as follows,
Rp ¼

rp
r0

ð29Þ

where,
ð30Þ

where rp1and rp2are half-thickness of porous layer in outer and inner
tubes. Also, r′ is half distance between two tubes. R is deﬁned such as
follows,
r
r0

ð31Þ

where r0is radial component and is outer radius of tube. Nondimensional temperature is deﬁned such as follows,
θ¼

T−TC
TH −TC

ð32Þ

where TH and TC are hot and cold temperatures, respectively.
3.1. Thermophysical properties

where Dh is the hydraulic diameter and is the thermal conductivity of nanoﬂuid. Hydraulic diameter is deﬁned such as follows
[35],

∇P ¼ −

Z

Z

where A is cross section area, T is temperature proﬁle, ρnf is the
nanoﬂuid density and u is the velocity proﬁle. For calculating the local
Nusselt number, following equation is used [35],
NuðxÞ ¼

1
A

Non-dimensional velocity is deﬁned such as follows,

ð19Þ

W
where q} ¼ 6000 m
2 is the surface heat ﬂux. Where Tb(x) and Tw(x) is
the bulk temperature of the ﬂuid passing the channel at cross-section
x and wall temperature, respectively [36],

R

ΔPT ¼

R¼

q}
hðxÞ ¼
Tw ðxÞ−Tb ðxÞ

Tb ðxÞ ¼ R

where, L is the length of porous media, uin is inlet velocity, Dp is average
diameter of porous media and ε is porosity. Finally, we have,

rp ¼ rp1 þ rp2

  n =  2−n
ρ Kε 2 uε
¼
K
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Lρu2in
2Dh

ΔP 150η 1−ε2
¼
uin
L
ε3
D2p

for clear region

for porous region

ð25Þ

ð26Þ

In this study, Eqs. 11 and 12 were used to determine the density and
speciﬁc heat capacity of nanoﬂuids, respectively. Thermal conductivity
of nanoﬂuid is obtained from [32].
3.2. Solution procedure
The numerical simulation of this study has been done by using of ﬁnite volume method, which includes the following,
a) Divide the domain into separate control volumes by using a computational grid.
b) Integrating equations in each control volume to generate algebraic
equations or dependent variables such as velocity, pressure and
temperature.
c) Linearization of independent equations and solving this system of
equations in order to achieve new values of dependent variables.
Since the governing equations are not linear, several iteration in the
solving loop must be done before convergent solution would obtained. Fig. 2 illustrates the method of solving the governing equations.
For simulating the numerical solution, the coupled velocity and
pressure equation, are used. In this method, coupled systems including mass conservation and momentum equations are solved. Due to
the simultaneous solution of continuity and momentum equations,
the convergent amount, comparing to the other methods, increases
signiﬁcantly. However, the demanded memory for solution enhances, because in this method, for calculating the pressure and velocity, all variables and parameters of momentum and continuity
stored in memory, for obtaining the efﬁciency in the numerical solution, discrediting the second order upwind and SIMPLEC algorithm
[38] and non-Newtonian power-law method are considered. In all
of the deﬁned states, for different Reynolds numbers and volume
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surfaces subject to constant heat ﬂux, the Nusselt number is calculated
as follows:
Nuii

!
q}o 
1− } θi
qi

Nui ¼

Nuo ¼

Fig. 2. The method of solving the governing equations.

fractions, in order to less use of computer memory and consuming in
the numerical procedure, the maximum remaining of 10−6 has been
used.

ð33Þ

Nuoo
 }
q
1− }i θo
qo

ð34Þ

Given Di/DO = 0.8, the values of Nuii, Nuoo, θ∗i , and θ∗o are presented in
Table 4.
Moreover, in order to validate the employed numerical method for
non-Newtonian nanoﬂuids, the values of convective heat transfer coefﬁcient obtained through the numerical solution was compared with
that of [39] for carbon nanotube volume fraction of 1%. The employed
geometry in [39] was a pipe of 914.4 mm length with a diameter of
1.55 mm (Table 5). Presented in Table 6, the results of the present
study were compared to the numerical results of [39] at two different
pipe cross-sections. As shown, the results are in good agreement.
Employing air as the ﬂuid, the obtained numerical solution for a laminar ﬂow within a pipe composed of a porous material and subject to a
constant heat ﬂux is compared to the results of [40] in Fig. 3. As shown, a
difference of 2.34% is obtained between the two cases.
In the end, in order to fully assure the numerical solution method,
the present work is compared with the work of [96]. Fig. 3 Shows the
comparison of the present work with the [96] in 1% volume fraction.
Their geometry consisted of two 5-m horizontal pipes. They used a combination of water-Al2O3 nanoﬂuid and porous material under a laminar
ﬂow. The nanoparticles diameter used was 38 nm. The results obtained
in different Reynolds numbers show good agreement.

3.3. Grid independency
4. Results and discussion
In order to investigate the effect of number of cells on the computational grid, four types of grids were generated so that one can ﬁnally be
selected for the solution. The parameters of Nusselt number and dynamic pressure were considered as the stability criterion for the solutions of the problem. Tables 2 and 3 present the results of grid
independency for the thickness ratio and volume fraction of 0.2 and
1.5% at a Re = 100, respectively. As demonstrated, since the variation
in the Nusselt number is small switching from grid 3 to grid 4, the former was considered as the appropriate grid for the entire process.
3.4. Validation
The present study includes three key elements: nanoﬂuid, nonNewtonian ﬂuid, and porous medium. In order to validate the employed
numerical method, the result of the present study was compared to those
of different references. According to the results, the results were in good
agreement with the three considered references [35,38,and 39]. In the
initial stage, the values of Nusselt numbers are compared by considering
no porous medium and solving the problem with Water as the ﬂuid. According to [35], in the case of two inner and outer concentric annular

Fig. 3 demonstrates the dimensionless velocity proﬁle along the pipe
cross-section for different values of Darcy number at a thickness ratio of
0.6 and volume fractions of 0% and 1.5%. In the case of non-Newtonian
ﬂuids, the apparent viscosity depends on the consistency index and the
index of power-law. On the other hand, decreasing the index of powerlaw results in a more nonlinear relationship between stress and strain
rate. This increase in nonlinearity consequently leads to increased viscosity difference in the wall, porous medium and free-ﬂow region. The decreasing shear behavior is further intensiﬁed as the index of power low
decreases and the volume fraction increases. Presence of the porous
layer causes increased velocity gradient. Moreover, in the case of lower
permeability values, lower amounts of ﬂuid ﬂow can move from the porous region, i.e. the more resistant region, towards the clean region of
lower resistance. This, in turn, leads to increased values of maximum velocities and more non-ﬂat velocity proﬁles. Additionally, at a given volume fraction and for a ﬁxed porosity, decreases in the permeability
leads to increased Darcy velocity and, consequently, velocity proﬁle. For
a Darcy number of 0.01, the nanoﬂuid velocity increases by 18.2% as the
volume fraction increases from 0% to 1.5%.

Table 2
The grid independency for Nusselt number.
No.

Number of points
along the θ direction

Number of points
along the R direction

Number of points
along the Z direction

Number of elements

Nusselt Number

Percentage of variations

1
2
3
4

20
25
30
32

30
35
42
45

800
1000
1100
1200

480,000
875,000
1,386,000
1,728,000

13.6561
12.6119
12.3261
12.3196

–
7.65
2.27
0.05
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Table 3
Grid independency for dynamic pressure.
No.

Number of points
along the θ direction

Number of points
along the R direction

Number of points
along the Z direction

Number of elements

Dynamic pressure (Pa)

Percentage of variations

1
2
3
4

20
25
30
32

30
35
42
45

800
1000
1100
1200

480,000
875,000
1,386,000
1,728,000

88.48484
89.74097
89.73443
89.73221

–
1.42
0.007
0.002

Fig. 4 demonstrates the dimensionless velocity proﬁle along the radial direction of the pipe for different thickness ratios at a volume fraction of 1.5% and a Da = 0.1. A ﬂatter velocity proﬁle is observed due to
the absence of the porous layer and consequently a higher permeability,
which allows for reduced resistance against ﬂuid momentum. At a ﬁxed
permeability, a larger portion of the ﬂuid is rejected to the clean region,
i.e. the region of lower resistance, as the thickness of the porous layer increases. This, in turn, results in increased velocity proﬁle. Compared to
the non-porous case, a 10.27 increase was obtained at the medium
thickness of 0.2.
Fig. 5 shows the diagram of pressure drop along the pipe versus different thickness values at different values of Darcy and Reynolds numbers at
a volume fraction of 1.5%. The diagram demonstrates an exponential behavior. At a given thickness ratio, the pressure drop increases as the
Darcy number is decreased. This can be explained through the increased
resistance of the porous layer against the passing ﬂuid as the permeability
decreases. The ﬂuid considers this resistance as an obstacle along its ﬂow
path. Moreover, at a ﬁxed permeability, the pressure drop is increased as
the thickness of the porous layer increases. The pressure drop in the pipe
is distributed in two segments. The generated pressure drop by the porous layer is different than that of the clean region, and as the thickness
of the porous layer increases, the respective pressure drop in this layer begins to dominate that of the clear region. The effect of these variations is
highly evident at a thickness ratio of 0.6. Hence, in addition to improving
the heat transfer, employing a porous medium also increases the pressure
drop and consequently the required pumping power. The pressure drop
in Fig. 5 demonstrates the maximum pressure drop versus volume fractions of 1% and 0%. This increase in the pressure drop in the presence of
the porous layer is due to the viscosity and density of the nanoﬂuid.
Also, as the thickness of the porous layer increases at ﬁxed values of permeability and porosity, the velocity of the nanoﬂuid is also increased; this
consequently maximizes the pressure drop in the pipe for a volume fraction of 1.5%. For Darcy and Reynolds numbers of 0.0001 and 100, respectively, and at a thickness ratio of 0.2, a 50.97% increase is obtained in the
presence of a porous layer.
Fig. 6 demonstrates the diagram of pressure drop versus different
volume fractions at different Reynolds number in the absence of the porous layer. Increasing volume fraction leads to increased dynamic viscosity and density of the nanoﬂuid. This consequently changes the
nanoﬂuid velocity and causes increased generation of momentum as
well as pressure drop. This increase in the momentum is more evident
in high Reynolds numbers. In case of non-Newtonian ﬂuids, the diagram
of pressure drop demonstrates an interesting behavior. As the Reynolds
number and volume fraction of the nanoﬂuid increases, the velocity of
nanoparticles along the pipe wall is also increased, hence causing an increased shear stress between the ﬂuid and the adjacent wall. For a Reynolds number of 300, a 54.3% increase is observed in the pressure drop at
a volume fraction of 1.5% compared to the 0% volume fraction.

The dimensionless temperature proﬁle at the pipe cross-section is illustrated in Fig. 7. As shown, the peak of the temperature proﬁle is increased as the Darcy number increases. Increased permeability leads
to a better physical contact between the ﬂuid and the pipe wall, consequently increasing the heat transfer and maximizing the temperature
peak. On the other hand, as the permeability is decreased, the porous
material intensiﬁes its heat conductivity behavior, ultimately reducing
the temperature peak as it causes the temperature of the regions adjacent to the pipe to increase. For a Darcy number of 0.01, a 14.19% increase is obtained in the temperature velocity at the volume fraction
of 1.5% compared to that of 0%.
Fig. 8 shows the dimensionless temperature proﬁle along the radial
direction for different thickness ratios. At the ﬁrst glance, the behavior
of the diagrams seems to be somehow complex; however, in the absence of the porous layer, the temperature reaches its maximum at
the walls, dropping to a minimum as it approaches the center of the
pipe. Hence, there exists a high temperature different between the
wall and the center of the pipe. By applying the considered thickness ratios to the porous layer, i.e. increasing the thickness of the porous layer,
the temperature of the wall as well as the temperature difference between the wall and center of pipe begin to decrease. This decreasing
trend with its gentle slope can be seen in the thickness ratio of 0.6.
Moreover, an asymmetrically is present at the intersection of the curvatures as the temperatures of the upper and lower pipes are not equal. An
increase of 86.74% is obtained in the temperature proﬁle at the thickness ratio of 0.6 compared to the case where no porous medium is
present.
Figs. 9 to 14 demonstrate the value of local convective heat transfer
coefﬁcient along the pipe for different volume fractions and Reynolds
numbers. This coefﬁcient generally demonstrates a decreasing behavior
along the pipe axis. For a constant heat ﬂux and as the ﬂuid enters the
pipe, the temperature gradient is considerably large at the beginning
of the pipe, since the thermal boundary layer has not grown yet. As
the ﬂuid proceeds further and the thermal boundary layer grows, the
temperature difference between the channel wall and the bulk temperature of the ﬂuid is increased. The rate of this decrease is gradually decreased along the pipe, ultimately reaching a constant value under
fully developed conditions. It should be noted that due to the rheological properties of power-law non-Newtonian ﬂuids, the length of the
thermally developed region is considerably long. Unlike Newtonian
ﬂuids, such ﬂuids assume considerably high Prandtl numbers. Additionally, the values of the convective heat transfer coefﬁcient are increased
as the volume fraction increases. In fact, at a ﬁxed Reynolds number, increasing the viscosity is accompanied by an increase the concentration
of the nanoﬂuid in the denominator of the Reynolds number. Hence, increasing the volume fraction leads to increased thermal conductivity,
Table 5
Comparison of the obtained results in the present study with [35].
Nuo

Nui
Table 4
The effective parameters for the fully developed laminar ﬂow within the circular concentric region subject to constant heat ﬂux at both surfaces [35].
Nuii

Nuoo

θ∗i

5.58

5.24

0.401

Ref. [35]

Current study

Ref. [35]

Current study

9.35

9.21

7.48

7.46

θ∗o

Percent error (%)

Percent error (%)

0.299

1.5

0.27
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Table 6
Comparison of the present study with [39].
x
D

Reference [39] h (W/m2 K)

Current study h (W/m2 K

Percent error (%)

80
100

2276.7
2190.71

2399.33
2273.17

5.38
3.76

40

Siavashi et al.
Present work
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which, in turn, increases the convective heat transfer coefﬁcient.
Moreover, the convective heat transfer coefﬁcient is also increased by
increasing the Reynolds number. Since the Reynolds number is representative of the ratio of inertia to viscous forces, at a ﬁxed volume fraction of nanoparticles and hence ﬁxed viscous forces, increasing or
decreasing the Reynolds number leads to increased or decreased inertia
forces, respectively. Moreover, as the Darcy number increases, the convective heat transfer coefﬁcient is also increased. In case of applying a
layer of the porous material to the walls, the value of convective heat
transfer coefﬁcient as well as the thickness of the thermal boundary
layer are increased, the reason for which may be attributed to the increased conductive heat transfer from the channel wall towards the porous region, which ultimately increases the heat transfer. Considering
that the Darcy number is representative of permeability, increasing its
value enhances the ﬂuid penetrability within the porous medium, and
hence the ﬂuid can more easily move towards the pipe wall from the
porous region. On the other hand, given that the walls are subject to
constant heat ﬂuxes, as the permeability increases, the temperature difference is decreased between the pipe wall and bulk temperature along
the pipe, consequently leading to increased values of convective heat
transfer coefﬁcient. For a Re = 100, a 12.97% increase is achieved in
the local convective heat transfer coefﬁcient at the volume fraction of
0% compared to the case where no porous layer is present.
Figs. 15 and 16 demonstrate diagrams of local convective heat transfer coefﬁcient along the pipe axis for given values of the Darcy number
and volume fraction at different values of Reynolds numbers and thickness of the porous layer. As shown, in the case where the thickness of
the porous layer increases, the variation domain of convective heat
transfer coefﬁcient is broader than that of the case where the values of
the Darcy number vary at a given thickness. Moreover, the porous region reduces the temperature difference between the pipe wall and
the mean temperature of the ﬂuid. In addition, the effect of the porous
layer on increasing the convective heat transfer coefﬁcient is larger
than the Reynolds number, since, at a given volume fraction, the porous
medium plays a greater role in increasing the heat transfer compared to

Nu
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1200
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Fig. 4. Comparison of the present study with [96].

the increasing Reynolds number. The porous medium achieves this by
increasing the contact surface with the metal foam as a way to increase
the heat transfer.
Figs. 17 and 18 demonstrate diagrams of the Nusselt number versus
the thickness of the porous medium for the outer and inner pipes, respectively. The Nusselt number assumes the maximum values for
Rp = 0.6, the reason for which can be associated with the arrangement
of the porous material, its thermal conductivity, and the fact that a
large portion of the pipe is ﬁlled with the porous material. Since the porous material further increases the velocity gradient and ultimately the
mean velocity remains constant at a certain permeability, the heat
transfer is increased overall. In case no porous layers are present, the
maximum Nusselt number occurs at a volume fraction of 1.5%, which
can be due to the increased thermal conductivity in nanoﬂuids. Another
reason can be associated with the increased ﬂuid velocity according to
Eq. 6.6, which is caused by the increase in the consistency index. Since
the porous material is located on the walls, lower values of permeability

35
Present work
Bogdan et al.
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Fig. 3. Comparison of the present study with [40].

50
Fig. 5. Dimensionless velocity proﬁle along the radial direction for different Darcy
numbers as well as different volume fractions at a thickness ratio of 0.6.

P. Barnoon, D. Toghraie / Powder Technology 325 (2018) 78–91

85

0.8
Without porous
Rp=0.2
Rp=0.4
Rp=0.6

U

0.6

0.4

0.2

0
0.8

0.85

0.9

0.95

1

R
Fig. 8. Pressure drop versus the Reynolds number for different volume fractions.
Fig. 6. Dimensionless velocity proﬁle along the radial direction at a volume fraction of 1.5%
and a Da = 0.01.

cause smaller portions of the ﬂuid to move towards the free region, due
to which a thinner boundary layer is formed and the heat transfer is decreased at a given thickness. The Nusselt number increases as the thickness of the porous medium is increased. As shown, the value of Nusselt
number for the outer pipe is smaller than that of the inner, which is due
to the higher temperature of the latter than that of the former. In fact, in
case of similar ﬂuxes applied to both surfaces, a lower heating value is
ultimately absorbed by the surface of the inner wall as its area is
lower than that of the outer wall (the bulk temperature of both pipes
are similar). On the other hand, as the thickness of the porous layer increases, the occupied share of the clean region is gradually decreased
and hence the Nusselt number is abruptly increased. For a Darcy number of 0.0001 and at a volume fraction of 1.5%, a 23.78% increase is
achieved in the Nusselt number for the thickness ratio of 0.2 compared
to the case where no porous layers are present.

Incorporating porous media to enhance heat transfer of heat exchangers leads to signiﬁcant increase in the pressure drop and the
pumping power. Hence, a compromise between these two factors is to
be achieved so that the employed method for performance improvement can be evaluated more effectively. The variable employed in this
regard is deﬁned as the performance evaluation criterion (PEC) and is
expressed through the following eq. [95],
Nu

where Nu and f, respectively, represent the Nusselt number and coefﬁcient of pressure drop in the presence of a porous medium, and Nus and
fs are indicate the same parameters for a simple channel.
Fig. 19 demonstrates the diagram of PEC for a thickness ratio of 0.2.
As the volume fraction increases, the PEC increases due to the increased
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Fig. 7. Pressure drop versus different porous thickness ratios for different values of Darcy
and Reynolds numbers at a volume fraction of 1.5%.
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Fig. 9. Dimensionless temperature proﬁle along the radial direction of the pipe for
different volume fractions as well as Darcy numbers at a thickness ratio of 0.6.
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Fig. 12. Local convective heat transfer coefﬁcient along the axis of the inner pipe at Darcy
number and thickness ratio of 0.0001 and 0.2, respectively.

shear rate on the pipe walls. Generally, in case PEC b 1, the dissipated energy through pressure drop is less than that caused by the porous medium, which is an indication of a favorable efﬁciency. Hence, the PEC in
this case is higher than the case where no porous medium is present
in the pipe. In the mentioned form, we see a decreasing and increasing
behavior, the reason for this behavior can be due to the permeability
property of porous material with the non-Newtonian nanoﬂuid. This
behavior is obvious in the science of heat transfer, because in some studies researchers, In the ﬁeld of heat transfer also seen mixed convection,
which is within a certain range of Grashof number that may be decrease
or increase heat transfer and thermal performance [97]. Also, it should
be noted that the economic efﬁciency should also be taken into consideration. The best case occurs by assuming a Da = 0.01, for which and at
a volume fraction of 1.5%, the PEC increases by 7.29% compared to the

Darcy number and volume fraction of 0.0001 and 1.5, percent,
respectively.
Fig. 20 demonstrates the diagram of PEC versus the thickness of the
porous layer at different volume fractions of the nanoﬂuid. The qualitative descriptions are similar to of Fig. 19, with the exception of the PEC
varying in a broader range compared to the case where the Darcy number varies at a given thickness. Since the best performance is associated
with a thickness ratio of 0.6, use of the nanoﬂuid at any given volume
fraction of the base ﬂuid does not signiﬁcantly improve the performance. For a thickness ratio of 0.4 and at a volume fraction of 1.5%, an
increase of 38.6% was achieved compared to the thickness ratio of 0.2.
Two different thermal models can be used in the energy equation,
namely the local thermal equilibrium model and the local thermal
non-equilibrium model. The former assumes that at each point, the

Fig. 11. Local convective heat transfer coefﬁcient along the axis of the outer pipe at Darcy
number and thickness ratio of 0.0001 and 0.2, respectively.

Fig. 13. Local convective heat transfer coefﬁcient along the axis of the outer pipe at Darcy
number and thickness ratio of 0.001 and 0.2, respectively.

P. Barnoon, D. Toghraie / Powder Technology 325 (2018) 78–91

5000

5000
Without porous
Re=100 ,
Re=100 ,
Re=100 ,
Re=300 ,
Re=300 ,
Re=300 ,

4500
4000

Without porous
Re=100 ,
Re=100 ,
Re=100 ,
Re=300 ,
Re=300 ,
Re=300 ,

4500
4000
3500

hin (W/m .K)

3500
3000

3000

2

hin (W/m2.K)

87

2500
2000

2500
2000

1500

1500

1000

1000

500

500

0

0

0.5

1

1.5

2

2.5

0

3

0

0.5

1

1.5

2

2.5

3

Z (m)

Z (m)
Fig. 14. Local convective heat transfer coefﬁcient along the axis of the inner pipe at Darcy
number and thickness ratio of 0.001 and 0.2, respectively.

Fig. 16. Local convective heat transfer coefﬁcient along the axis of the inner pipe at Darcy
number and thickness ratio of 0.01 and 0.2, respectively.

temperature of the solid phase in the porous medium is roughly equal to
the temperature of the ﬂuid, meaning that the liquid and solid phases
are in thermal equilibrium at each point of the medium. This assumption is theoretically and numerically simple. Merely one energy equation is solved in this model. In fact, in this model Ts = Tf = T, where Ts
and Tf are, respectively, the solid and ﬂuid temperatures at each point.
Generally, no rules are available to determine the allowed ranges of
the parameters in the thermal equilibrium model, and the literature
studies have investigated different arrangements of the porous medium
by considering different geometries and values of thermal conductivity.
Fig. 21 demonstrates the diagram of Nusselt number along the pipe
axis for Darcy number and thickness ratio of 0.0001 and 0.2, respectively. Let us deﬁne the parameter Kr as the ratio of the effective thermal
conductivity of the ﬂuid and the porous environment to the ﬂuid

thermal conductivity. By assuming Kr = 1, the value of Nusselt number
is lower than that of the case where no porous layer is present. In such a
case, the porous medium acts as a thermal insulation and causes the
heat transfer to decrease. This is not economically beneﬁcial, since in addition to a decreased heat transfer; the pressure drop caused by the porous material is increased compared to the case where the porous
material is not present. Hence, use of a porous medium to increase
heat transfer is only justiﬁable in case a considerable improvement is
achieved in the heat transfer compared to the case where no porous medium is present. According to the ﬁgure, the value of Kr should be higher
than 5 to obtain a signiﬁcant increase in the heat transfer compared to
the case with no porous material. An increase of 1.91% is achieved in
the Nusselt number for Kr = 5 compared to the case where no porous
material is present (Figs. 22–23).
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Fig. 15. Local convective heat transfer coefﬁcient along the axis of the outer pipe at Darcy
number and thickness ratio of 0.01 and 0.2, respectively.

Fig. 17. Local convective heat transfer coefﬁcient along the pipe axis for different thickness
ratios at volume fraction and Reynolds and Darcy numbers of 1.5%, 100, and 0.0001,
respectively.
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5. Conclusion
In this paper, the comprehensive study of laminar ﬂow and heat
transfer of pseudo-plastic non-Newtonian nanoﬂuid (Al2O3 + CMC)
within the porous circular concentric is investigated. Simulations for different Reynolds numbers and Darcy numbers in the range of
100 ≤Re ≤ 300 and 10−4 ≤ Da≤ 10−2 are done. The following results can
be deduced from our simulation:
• At a ﬁxed permeability, a larger portion of the ﬂuid is rejected to the
clean region, i.e. the region of lower resistance, as the thickness of
the porous layer increases

2.3

Da=10-4 ,
Da=10-4 ,
Da=10-3 ,
-3
Da=10 ,
-2
Da=10 ,
Da=10-2 ,

2.25
2.2
2.15

PEC

Nuo

0.6

• At a given volume fraction and for a ﬁxed porosity, decreases in the
permeability leads to increased Darcy velocity and, consequently, velocity proﬁle. As the thickness of the porous layer increases at ﬁxed
values of permeability and porosity, the velocity of the nanoﬂuid is
also increased;
• As the thickness of the porous layer increases, the occupied share of
the clean region is gradually decreased and hence the Nusselt number
is abruptly increased.
• At a given volume fraction, the porous medium plays a greater role in
increasing the heat transfer compared to the increasing Reynolds
number.
• An increase of 1.91% is achieved in the Nusselt number for Kr = 5
compared to the case where no porous material is present.
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Fig. 20. Average Nusselt number versus porous thickness ratios for different values of
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Fig. 18. Local convective heat transfer coefﬁcient along the pipe axis for different thickness
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The extension of this paper for nanoﬂuid according our previous
works [41–93] affords engineers a good option for micro and nano
simulation.
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