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In this paper a single-period inventory system with a sale announcement for perishable items is in-
vestigated. In this problem setting, the perishable product has a deterministic expiry date and a demand
with a probabilistic behavior during the period. When the expiry date of the product is approaching, a
special sale announcement may alter the customers' behavior and escalate the demand rate preventing
huge loss of the expired products. Two model is developed to obtain the optimal order quantity of the
product and the optimal time for sale announcement. The first model considers a static price dependent
behavior of customers independent from the product’s expiry date, while in the second one the product's
demand rate after sale announcement is assumed as an increasing function of its remaining lifetime.
Usefulness of the proposed models and the influence of sale announcement on total revenue is de-
monstrated using numerical examples. Finally, a comprehensive sensitivity analysis is conducted re-
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vealing the effect of different parameters of the models on the optimal policy.
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1. Introduction

Perishable items are often modeled as a single-period problem
known as newsvendor problem which the product should be or-
dered at outset and be sold during the period (Krider and Wein-
berg, 2000). In the basic form of a single-period inventory model,
the buyer decides about the optimal quantity of purchased pro-
duct at outset of the period with a probabilistic demand. There are
different versions of the single-period inventory problem in the
literature. Moon and Silver (2000) and Abdel-Malek et al. (2004)
studied the problem for the budget constrained multi-item case.
Serel (2008) integrated inventory and pricing decision in the
newsvendor problem. Olzer et al. (2009) investigated value-at-risk
constraint in the single-period problem. Chen and Chen (2010)
proposed a multiple-item newsboy problem with constrained
budget and a reservation policy. Qin and Kar (2013) developed a
single-period inventory model considering uncertain environ-
ment. Kamburowski (2014) considered the distribution free ver-
sion of the problem under the worst-case and best-case scenarios.
Rossi et al. (2014) modeled a new method to estimate demand by
combining inventory optimization and statistics. A price-setting
newsvendor is investigated by Ye and Sun (In press) with strategic
consumers to determine optimal selling price and stock quantity
while this problem is studied by Rubio-Herrero et al. (2015) under

* Corresponding author.
E-mail address: afsharnb@alum.sharif.edu

http://dx.doi.org/10.1016/].jretconser.2016.04.010
0969-6989/© 2016 Elsevier Ltd. All rights reserved.

mean-variance criteria. A single-period problem considering late
season low inventory assortment effects is investigated by Khouja
(In press). Recently, Carrizosa et al. (2016) developed a robust
approach to maximize the revenue in worst-case with auto-
regressive demand for the newsvendor problem.

Sale announcement has been one of the most effective tools to
motivate consumers. Also, this strategy is an accepted way for
retailers when expiration date of their perishable goods is ap-
proaching (Donselaar et al.,, 2006). Nowadays, advancements in
intelligent identification and information systems has made waste
reduction easier than past (Pramatari and Theotokis, 2009). On the
other hand, recent researches show that sale announcement may
have an impact on customer trust in a negative way reducing
goodwill of the brand (Xia et al., 2010). Especially for food pro-
ducts, the sale announcement may be interpreted as a sign of
decreasing quality or a very close expiration date. From the con-
sumers' viewpoint, newly produced high quality products with a
reasonable price are preferred. However, any price-cut will result
to a trade-off problem between cost and quality of the product.
From the retailer's point of view, quality of the product is ex-
pressed by the precisely calculated expiration date and quality of
the product before its expiry date is assumed perfect. These con-
flicting perspectives have made the timing a discount as a crucial
problem where a too soon or too late price-cut leads to a sub-
optimal policy (Johnson et al., 2013).

There are several works considering a variety of predefined
sales and discount policies in the literature of the inventory
planning systems (Zhang, 2010; Chen and Ho, 2011; Theotokis
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Fig. 1. Average total revenue for a uniformly distributed expiry-date-independent demand.

et al.,, 2012; Tromp et al., 2012; Chen and Ho, 2013). Based on the
author’s knowledge, despite the importance of the timing of sale
announcement in a single-period problem, there is no previous
research in the literature addressing this issue. The key contribu-
tions of this paper are: (1) Extension of a single-period inventory
system to obtain the optimal time of sale announcement and op-
timal order quantity at outset of the period. (2) Extension of the
proposed model considering that consumers demand behavior
after announcement of sale is a function of remaining time to
expiration date. (3) Sensitivity analysis and comparison of the
proposed models with the basic single-period model using several
numerical examples.

2. Proposed models

In this section two novel version of the single-period inventory
model is extended with a distribution-free structure for demand
rate. Then the solution approach is presented for two special cases,
i.e, uniform and exponential distributions.

2.1. First model: expiry-date-independent demand

In this subsection, the newsboy model is extended supposing
that the retailer will announce a special sale to motivate con-
sumers to buy more. It is assumed that sale price is predefined and
the average demand after the sale announcement is given in-
dependent from remaining time to expiry date. Let x and x, de-
note the random variables of demand per time unit before and
after sale announcement with expected values of E(x;) and E(x,),
and probability distribution functions of fy;(x;) and fy,(x,), re-
spectively. Let v; and v, denote the known unit selling price before
and after sale announcement, respectively. Also let ¢, = and h
denote unit purchasing price at outset of the period, unit shortage
cost during the period and unit waste cost of redundant product at
end of the period, respectively. The average total revenue of the

basic newsvendor problem is as follows Abdel-Malek et al. (2004):

E@)=(vi+h)E (x)—[ (c+MR+(z+vi+h)by (R) | a

where the decision variable, R, is the quantity of purchased pro-
duct at outset of the period and b;(R) is the average shortage
during the period. The cumulative probability in the optimal value
of R to maximize E(Z) can be expressed as follows:

(m+Vvi—0)

Fxi(R¥)=——-—+-=
a(R7) (z+wvi+h) 2)

At the moment which retailer announces a special sale after a
fraction 7 of the period's outset, the average remaining inventory

is as follows:
R'=R—zE(x)) + bi(R) A3

Considering R'as the initial quantity of the product after sale
announcement the average total revenue of the proposed news-
vendor problem can be obtained as follows:

ATR(z, Ry=t(vi+h)E(x1)+(1 — 7)(vo+h)E(x,)
—[ (c+MR+(7+v1+h)by R)+(2+vo+h)

By (R—<E(x) + bi(R) | @)

2.2. Second model: expiry-date-dependent demand

When retailer announces a special sale, consumers' behavior
depends on the remaining time of the products lifetime. In this
subsection, it is supposed that the average demand per time unit is
an increasing function of (1 — z) as follows:

E(x%)=E(x))+A(1-1)B 5)

where A and B are control parameters of the function. By replacing
E(xy) in Eq. (4) with Eq. (5), the average total revenue function can
be stated as follows:

ATR(z, R) = 7(v1 + h)E (x1)+(1 — 0)(vo+h)(E(x)+A(1-0))
_[ €+ R+ m+vi+h) by R)+( m+va+h)ba (R—E (x)) + E(R))] 6)

The optimal policy for the proposed models are the values of ¢
and R maximizing ATR (z, R) functions described in Egs. (4) and (6),
respectively. Behavior of the ATR(z, R) functions depends on the
probability distribution of demand while their convexity is not
guaranteed, so extracting a closed form optimal solution for a
distribution-free structure is impossible.

2.3. Special case 1: uniform distribution

Suppose that product's demand per time unit before and after
sale announcement, X and x,, are uniformly distributed between
(a, b) and (a, b’), respectively. For the first proposed model, a'’>a
and b'>b are assumed independent from (1 — 7). In this case we
have:

ATRGz, R):r(v1+h)¥+(] - ,)(VZM)M
, b @h-R2 3
P2 ((1-7)b —R+r(a+ - )
-| €+mR+(z+v1+h) @b - R +(z+va+h) 2 2b-a
2c(b - a 2(1-0)(b' - @)

)

For the second proposed model, a’>a and b'>b are assumed
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Table 1

Effect of parameters on optimal policy for a uniformly distributed expiry-date-independent demand.

Change % —50% —40% —30% —20% —10% 0% 10% 20% 30% 40% 50%
c T 0.854 0.858 0.863 0.869 0.875 0.881 0.888 0.896 0.904 0.913 0.922
R 1200.2 1183.2 1164.8 1145 1124.4 1102.9 1079.6 1054.2 1027.4 997.8 966.4
ATR 14,153.7 12,962.03 11,788.3 10,633.48 9498.57 8384.78 7293.48 6226.26 5184.99 4171.86 3189.48
V2 T 0.932 0.924 0.915 0.905 0.894 0.881 0.867 0.852 0.834 0.815 0.793
R 1020.6 1035 1050.6 1067.2 1084.4 1102.9 1121.6 1140.1 11594 11779 1196.1
ATR 7373.04 7538.051 7719.91 7920.271 8141.11 8384.78 8653.93 8951.68 9281.50 9647.33 10,053.5
@, b) T 0.857 0.863 0.868 0.872 0.877 0.881 0.885 0.889 0.892 0.896 0.899
R 976.5 1008.5 1036.4 1061.5 1083.1 1102.9 1120.7 1136.7 11521 1165 1177.7
ATR 7653.56 7851.69 8016.80 8157.23 8278.59 8384.78 8478.67 8562.43 8637.67 8705.73 8767.63

dependent to (1 — r) according to Eq. (5). In this case, the corre-
sponding objective function can be obtained by substituting
a=a+ A -8 and b'=b + A(1 - 7)8 in Eq. (7).

Remark. In the case of uniformly distributed demand, for a given
7> 0, ATR(RI7) is a concave function in terms of R with a unique
optimal value to maximize ATR(RIr). Therefore, by considering all
values of = between (0,1) the corresponding optimal values of R is
achievable. So, evaluation of the pairs (z, R) in Eq. (7), will result to
the optimal values of (¢*, R*).

2.4. Special case 2: exponential distribution

Let the product's demand per time unit before and after sale
announcement, x; and x,, are exponentially distributed with an
expected value of g, and p,, respectively. For the first proposed
model, §,>p; is assumed independent from (1 — 7). So we have:

ATR(z, R) = z(vi+h)p+(1 — 7)(v2+h)B,
-R
—| (c+h)R+(a+vi+h)zp, Exp| —
o

—(R -2y + 1 EXP( i)

1.51
+ (z+va+h)(1 - E:
( Vo )( 7)f5 Exp o

®)

For the second proposed model, $,>p, is assumed dependent to
(1 - 7) according to Eq. (5). The corresponding objective function
can be obtained by substituting g,=;+A(1 — 7)8 in Eq. (8). Values
of parameters A and B can be tuned according to the problem
instance features.

Remark. In the case of exponentially distributed demand, for a
given 7 > 0, ATR(RIz) is a concave function in terms of R with a
unique optimal value to maximize ATR(RIz). Therefore, the same
approach as special case 1 can be conducted to obtain the optimal
values of (z*, R¥).

3. Results and discussion

Here the proposed models are validated using numerical ex-
amples. In this regard, a solution program is coded using Matlab
Software (version R2011a) and an instance for a single-period in-
ventory model is considered with ¢ = 10,11=20, 7 =3 andh = 2.
With uniform distribution function for demand in the interval
(a, b)=(500,1500), and using Eqs. (1) and (2) the optimal order
quantity and the corresponding average total revenue without sale
announcement is computed as R*=1020 and ATR*=6880. Also,
applying an exponential distribution with an expected value

$;=1000, the optimal solution is obtained as R*=733.97 and
ATR*=1192.37..

Now the first proposed model with a sale announcement is
applied with uniform and exponential probability distributions for
demand. In this regard, assume that for a given sale price v,=12,
the parameters of uniform and exponential distributions have
been changed to (a’, b')=(1000,3000) and p,=2000 respectively
independent from the sale announcement time. Using Eqs. (7) and
(8) the optimal time to announce a special sale, the optimal order
quantity and the optimal average total revenue is computed as
7%=0.881, R*=1102.9 and ATR*=8384.8 for uniform distribution
and 7*=0.808 , R*=947.1 and ATR*=3162.5 for exponential dis-
tribution. Comparison of the results obtained from the first pro-
posed model with the results of the basic single-period model
shows that the proposed model with sale announcement leads to
greater values of average total revenues. More specifically, using
the first proposed model leads to a policy with 21.87% higher ATR
with uniform distribution and 165.23% higher ATR with ex-
ponential distribution than basic model. Concave behavior of ATR
in terms of = and R for uniformly distributed demand is depicted in
Fig. 1.

In order to evaluate the effect of the problem's key parameters
on the obtained optimal solution, a sensitivity analysis is con-
ducted. In this regard, the first proposed model is solved with
different values of three parameters c, v, and (a, b’) from 50% less
to 50% more than their initial values. The results are reported for
the uniformly distributed demand in Table 1.

A graphical summary of the results in Table 1 is shown in Fig. 2
demonstrating the trend of ¢* , R* and ATR* when the parameters
¢, v, and (a, b’) are altered from —50% to 50%.

It is obvious from Fig. 2 that an increase in unit purchasing
price at outset of the period, c, leads to later sale announcement,
lower order quantity and reduced average total revenue. Also,
Fig. 2 reveals that the more discounted selling price results to
earlier sale announcement, greater order quantity and average
total revenue. In addition, increased parameters of uniform dis-
tribution limits due to the sale announcement culminates in
higher R*, 7* and ATR* with descending intensity.

Application of the first model with different values of three
parametersc, v, and g, from 50% less to 50% more than their initial
values for the exponentially distributed demand leads to the same
behavior as uniform distribution which are reported in Table 2.

In continue, the second proposed model with a sale an-
nouncement is applied with uniform and exponential probability
distributions for demand where average demand depends on
product’s remaining lifetime. Assume that for a given sale price
v,=12, parameters of uniform and exponential distributions are
changed according to the Eq. (5) with tuned control parameters
A =400 and B = 3. Using Eqgs. (7) and (8) and substituting (a’, b")
and p, according to Eq. (5), the optimal time to announce a special
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Fig. 2. Effect of parameters on optimal policy for a uniformly distributed expiry-date-independent demand.

sale, the optimal order quantity and the optimal average total
revenue is computed as %=0.857 , R*=976.7 and ATR*=7655.1 for
uniform distribution and z#=0.744 , R*=794.1 and ATR*=2713.4 for
exponential distribution. Comparison of the results obtained from
the second model with the results of the basic model shows that
the proposed model leads to greater average total revenues for
both distributions. More specifically, using the second proposed
model leads to a policy with 11.27% and 127.56% higher ATR with
uniform and exponential distributions, respectively, which shows
lower improvement than the first model. Notice that the optimal

order quantity obtained from the both proposed models is more
than the basic model for exponential distribution while the opti-
mal order quantity of uniform distribution in the second model is
less than the basic model. Concave behavior of ATR for the second
model with exponential distribution is depicted in Fig. 3.

The effect of the problem's key parameters on the obtained
optimal solutions of the second model is evaluated. In this regard,
the second proposed model with different values of three para-
meters ¢, v, and h from 50% less to 50% more than their initial
values is solved. The results for the uniformly distributed demand
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Table 2
Effect of parameters on optimal policy for an exponentially distributed expiry-date-independent demand.

Change% —50% —40% —30% —20% —10% 0% 10% 20% 30% 40% 50%
c T 0.741 0.754 0.767 0.781 0.794 0.808 0.823 0.838 0.854 0.871 0.889
R 1403.8 1296.4 1199.3 1109.4 1026.2 9471 871.1 798 726.5 655.7 584.9
ATR 8965.907 7616.805 6369.879 5216.121 4148.72 3162.50 2253.56 1419.02 656.88 —34.07 —654.37
2] T 0.892 0.878 0.862 0.846 0.828 0.808 0.787 0.764 0.739 0.711 0.681
R 803.1 827.2 854.1 882.5 913.5 9471 982.5 1020.5 1060.8 1104.2 1150
ATR 1981.98 2176.844 2390.791 2625.216 2881.79 3162.50 3469.63 3805.78 4173.92 457745 5020.2
B T 0.745 0.762 0.776 0.788 0.799 0.808 0.817 0.825 0.832 0.838 0.844
R 792.5 832 866.2 896.3 922.8 9471 968.4 987.8 1005.8 1022.8 1038
ATR 2708.815 2833.354 2936.238 3023.091 3097.64 3162.50 3219.55 327018 3315.49 3356.31 3393.29
z
1500
S et 1050 1100
Fig. 3. Average total revenue for an exponentially distributed expiry-date-dependent demand.
Table 3
Effect of parameters on optimal policy for a uniformly distributed expiry-date-dependent demand.
Change% —50% —40% —30% —20% —10% 0% 10% 20% 30% 40% 50%
c T 0.838 0.841 0.845 0.848 0.852 0.857 0.862 0.867 0.873 0.88 0.888
R 1045.8 1033.2 1019.9 1006.4 992 976.7 960.7 943.9 925.8 906.3 885
ATR 12,717.78 11,678.34 10,651.76 9638.608 8639.49 7655.12 6686.27 5733.87 4798.97 3882.85 2987.02
2 T 0.909 0.9 0.891 0.88 0.869 0.857 0.844 0.829 0.813 0.796 0.778
R 941.5 9479 954.4 961.9 969.2 976.7 984.2 991.8 999.1 1005.8 1011.9
ATR 6977.092 7090.699 7214.703 7349.628 7496.16 7655.12 782747 8014.33 8216.92 8436.71 8675.27
h T 0.858 0.858 0.857 0.857 0.857 0.857 0.857 0.856 0.856 0.856 0.856
R 983 981.6 980.6 979.3 978 976.7 975.4 974.5 973.3 9721 970.9
ATR 7694.274 7686.175 7678.214 7670.392 7662.70 7655.12 7647.67 7640.33 7633.12 7626.02 7619.02

is reported in Table 3. of the second model with different values of three parametersc, v,

A graphical summary of the results in Table 3 is shown in Fig. 4
demonstrating the trend of z*, R* and ATR* when the parameters
¢, vo and h are altered from —50% to 50%.

Comparison of Fig. 4 with Fig. 2 reveals that there is a same
trend in optimal policy as the first model respect to an increase in
unit purchasing price at outset of the period, c, and the discounted
selling price, v,. Here, the unit waste cost of redundant product at
end of the period, h, is considered for sensitivity analysis instead of
parameters of uniform distribution (a’, b’). It is clear that an in-
crease in, h, affect slightly on sale announcement time, order
quantity and average total revenue in a negative way. Application

and h from 50% less to 50% more than their initial values for the
exponentially distributed demand leads to the same behavior as
uniform distribution which are reported in Table 4.

4. Summary and conclusion

The effect of sale announcement for perishable items on the
average total revenue in a single-period inventory system was
investigated in this paper. The importance of sale announcement
for perishable items was described and two distribution-free
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Fig. 4. Effect of parameters on optimal policy for a uniformly distributed expiry-date-dependent demand.

models was proposed to optimize order quantity and sale an-
nouncement time. In the first model average demand after price-
cut is assumed independent from time to expiration date while the
second model considers a direct relation between them. In order
to obtain a closed form solution, two special cases were con-
sidered regarding probability distribution of demand after sale
announcement. The proposed models were specialized for uni-
form and exponential distributions and solution approach was
presented to optimize them. Application of the proposed models

in numerical examples showed that both proposed models result
to a higher average total revenue than the basic model. Also, it was
seen that the improvement in average total revenue for ex-
ponentially distributed demand is considerably more than the
uniformly distributed demand. In addition, the optimal order
quantity was dependent to demand’s distribution. For exponential
distribution both models led to more order quantity than the basic
model while this was not true for uniform distribution in the
second model. Finally, the influence of the models parameters on
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Table 4
Effect of parameters on optimal policy for an exponentially distributed expiry-date-dependent demand.
Change% —50% —40% —30% —20% —10% 0% 10% 20% 30% 40% 50%
c T 0.728 0.729 0.732 0.735 0.739 0.744 0.75 0.756 0.763 0.771 0.781
R 1134.9 1053.8 981 914.4 852.5 794.1 738.5 684.9 632.8 581.6 530.5
ATR 7477.22 6383.66 5366.822 4419.54 3536.43 2713.38 1947.24 1235.66 576.89 -30.21 —586.22
V2 T 0.839 0.821 0.803 0.784 0.764 0.744 0.723 0.701 0.678 0.654 0.628
R 723.6 735.6 748.7 763 778.2 794.1 810.9 828.4 846.6 865.5 885.2
ATR 1807.28 1962.83 2130.83 2311.58 2505.56 2713.38 2935.77 3173.63 3427.96 3699.94 3990.98
h T 0.747 0.746 0.746 0.745 0.745 0.744 0.743 0.743 0.742 0.742 0.741
R 820.9 815.3 809.8 804.5 799.2 7941 789.2 784.3 779.6 7749 770.4
ATR 2846.56 2818.87 2791.72 2765.11 2738.99 2713.38 2688.24 2663.56 2639.32 2615.51 2592.12

optimal policy was evaluated. It was established that c, v, $, and
(@, b) have notable impact of sale announcement time, order
quantity and average total revenue while the influence of h was
low. Finding of this paper can help to decision makers in a retail
system which deals with perishable products to make an optimal
decision to maximize the profitability of their system.
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