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A robust adaptive control method is systematically proposed in this paper to significantly reduce the relatively 
tracking errors of 6 degree of freedom (DOF) industrial robots under both external disturbances and parametric 
uncertainties. The robust adaptive control law is formulated based on the robot dynamics in the task space 
of the robot end-effector. The control law is designed by combining robust term and adaptive term to track 
the desired trajectory of the end-effector with sufficient robustness and accuracy in the presence of unknown 
external disturbances and parametric uncertainties. The trajectory tracking performances of the proposed control 
are finally guaranteed based on Lyapunov function and Barbalat’s lemma. Furthermore, a stable online parametric 
adaption law is proposed to estimate the unknown parameters in the control law based on persistent excitation 
and residual estimation. Test results are obtained to show that the combined robust adaptive control reduces the 
final trajectory tracking error significantly as compared with conventional control. 
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. Introduction 

Industrial robots are base-stationary, reprogrammable and multi-
unction manipulators that are designed to move material, parts, tools,
r specialized devices through variable programmed motions to perform
 variety of tasks. The industrial robots have replaced human beings in
angerous, monotonous, or strenuous tasks that humans do not want to
o. These activities frequently take place in spaces that are poorly ven-
ilated, poorly lighted, or filled with noxious or toxic fumes. The trend
or future industrial robots has been toward the electric-motor powered,
ervo-controlled industrial robots that are typically floor-standing ma-
hines [1] . These industrial robots have proved to be the most cost-
ffective because they are the most versatile. 

As a fundamental and essential subject of industrial robots, the tra-
ectory tracking control has attracted considerable attention over the
ast few years. A variety of control approaches for high-precision tra-
ectory tracking control of industrial robots have been presented in the
iterature. The proportional integral derivative (PID) controllers have
een widely used for motion tracking control of industrial robots due
o the simple structure and model free control design [2] . However,
he PID controllers should be carefully tuned according to different
perating conditions, which is usually time-consuming. A cooperative
arget tracking control algorithm was proposed in [3] for motion tar-
et tracking of a group of mobile robots. A distributed Kalman filter
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as also designed to estimate the target position. The effectiveness of
he control algorithm was verified based on simulation and experimen-
al results. An adaptive trajectory tracking controller was designed in
4] for robot motion tracking with unknown parameters and uncer-
ain dynamics. The back-stepping controller was designed by using the
earning ability of neural networks which avoid the knowledge of the
obot dynamics. Simulations and experiments on a commercial robot
latform were used to verify the performances of the designed con-
rol algorithm with classical back-stepping controller. A model predic-
ive control scheme incorporating neural-dynamic optimization was pre-
ented in [5] for robotic trajectory tracking. The model predictive con-
rol approach was iteratively transformed as a constrained quadratic
rogramming problem, and then a primal-dual neural network was used
o solve this problem over a finite receding horizon. The effectiveness
f the control approach was verified based on experiments. A model-
ree proportional derivative (PD) with sliding mode control law was
roposed for robotic trajectory tracking control in [6] . The control law
as features of simple linear control provided by PD control and the ro-
ust nonlinear control contributed by sliding mode control. However,
nly simulation results were provided to prove the effectiveness and ro-
ustness of the control law. An adaptive back-stepping control scheme
as proposed in [7] for trajectory tracking of robot manipulators in

he presence of external disturbances and uncertain parameters. The
ontroller was synthesized by using adaptive technique for estimating
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f

obotic system uncertainties. The performances of the controller were
erified only based on numerical simulation results. A robust discrete-
ime sliding mode controller was designed in [8] for trajectory tracking
f robotic manipulators by coupling with an uncertainty estimator. The
rajectory tracking performances and robustness were evaluated based
n experimental results. A decentralized adaptive robust controller was
roposed in [9] for trajectory tracking of robot manipulators. A dis-
urbance observer was introduced in each local controller to compen-
ate for the low-passed coupled uncertainties. An adaptive sliding mode
ontrol term was also employed to handle the fast-changing compo-
ents of the uncertainties. However, simulation results were provided
o support the theoretical results of the proposed controller. The per-
ormance of a fractional order PID controller tuned with evolutionary
lgorithms was compared in [10] to that with a real coded genetic algo-
ithm in robot trajectory tracking control. The robotic parameters and
he given trajectory were changed and white noise was added to test
he controllers. Simulation results were provided to show that the con-
roller tuned by PSO performed better than that tuned by the genetic
lgorithm. Neural networks have also been widely employed for robot
rajectory tracking control. In [11] , adaptive neural network tracking
ontrol for the robotic system with full-state constraints was proposed.
he adaptive neural networks were adopted to handle external distur-
ances and system uncertainties while a Moore-Penrose inverse term
as employed to prevent the violation of the full-state constraints. In

12] , radial basis function neural network based adaptive impedance
ontroller was developed for robotic motion tracking control with input
aturation by considering both uncertainties and input saturation. Ex-
ensive simulations were conducted to verify the impedance controller.
n [13] , a neural network controller was designed for robotic manip-
lator with input dead-zone by approximating the unknown robotic
anipulator dynamics and eliminating the effects of input dead-zone.
he feasibility and control performance of the controller were verified
ased on experiments. In [14] , adaptive fuzzy neural network control
sing impedance learning was designed for a constrained robot with
nknown system dynamics. Impedance learning was also introduced to
ackle the interaction between the robot and its environment to follow
 desired destination generated by impedance learning. The effective-
ess of the proposed scheme was illustrated by using some simulation
tudies. 

Even though various control methods have been presented for tra-
ectory control of robots, only a few of them target the motion trajectory
ontrol of the six degree of freedom (6DOF) industrial robots. Most of
he control methods were designed in the joint angle space of the robots,
hich may not achieve the final trajectory tracking in the end-effector
f the robots. Furthermore, the proposed back-stepping and neural net-
ork controllers always necessitate time-consuming and complicated

alculations such as repeated partial derivatives, which significantly im-
ede their real-time applications. 

Therefore, this paper proposes a systematic method to combine adap-
ive control and robust control to formulate a robust adaptive control
or trajectory tracking of 6 DOF industrial robot under both paramet-
ic uncertainties and external disturbances. A stable online parametric
daption law is also proposed to estimate the robot parameters based
n persistent excitation. Unlike the existing robot controllers that are
rimarily designed based on the joint angle spaces, the proposed ro-
ust adaptive controller is designed in the task space of the robot’s end-
ffector, which has the potential to significantly enhance the accurate
rajectory tracking performances superior to existing controls. The pro-
osed controller also has explicit structure and is easy to implement in
ndustrial robot for real time control due to its relatively lower compu-
ational burden as compared with the existing controls in the literature.
urthermore, the proposed control and parametric adaption law are ver-
fied based on 6 DOF MITSUBISHI RV-4F industrial robot, which solidly
ustifies the significantly enhanced control accuracy of the proposed
ontroller. 
𝐕  

98 
. Dynamics analysis of industrial robots in the task space 

The 6 DOF industrial robots are commonly constituted by 6 moving
inks coupled by 6 kinematic pairs of the prismatic types. The motion
ynamics of the robots can be readily described in the task space of the
nd-effector [15] . The governing equations of the motion dynamics are
sually second-order ordinary differential equations that are useful and
equired for the real-time feedback control of the robots. Therefore, 

 ( 𝐱 ) ̈𝐱 + 𝐂 ( 𝐱, 𝐱̇ ) ̇𝐱 + 𝐆 ( 𝐱 ) + 𝐝 = 𝐅 (1)

here 𝐌 ( 𝐱) denotes the inertial properties of the robot, 𝐂 ( 𝐱, 𝐱̇ ) ̇𝐱 repre-
ents the centrifugal and Coriolis force, 𝐆 ( 𝐱) is the gravitational force,
 represents the effects from un-modeled dynamics and external distur-
ances, 𝐅 denotes the end-effector force vector, which can be designed
ased on feedback control law, 𝐱 is the end-effector position vector in
he task space with three rotational and three translational positions. 

The parameters of the robot dynamics 𝐌 ( 𝐱 ) , 𝐂 ( 𝐱 , 𝐱̇ ) and 𝐆 ( 𝐱) in the
bove equation play a vital role in the control law design of the indus-
rial robot. However, the exact values of these parameters usually cannot
e known in advance due to the time-varying working conditions and
ncertain environment. The boundaries of these uncertain parameters
re generally known or can be calculated priori to implementation. 

The forward dynamics of the industrial robot in the task space as
escribed in Eq. (1) can be readily derived from the joint space since
ach joint angle of the industrial robot can be measureable. For this
ynamics equation, the following two properties [16] will be commonly
tilized for controller design. 

roperty 1. 𝑴 ( 𝒙 ) is a symmetric and positive definite matrix. 

roperty 2. 𝑴̇ ( 𝒙 ) − 2 𝑪 ( 𝒙 , 𝒙̇ ) is a skew-symmetric matrix, i.e.

 

𝑻 [ 𝑴̇ ( 𝒙 ) − 2 𝑪 ( 𝒙 , 𝒙̇ ) ] 𝒙 = 0 . 

The paper aims to synthesize a control law for the input force vector
 to ensure that the position vector of the end-effector 𝐱 tracks its desired
rajectory 𝐱 𝐝 ( 𝑡 ) closely while the desired trajectory 𝐱 𝐝 ( 𝑡 ) is of at least
econd-order differentiable. The actual control inputs for each joint of
he industrial robot can then be calculated from the designed input force
ector 𝐅 based on inverse dynamics and Jacobin matrix [17] . 

. Control design 

A robust adaptive tracking controller is designed in this section to ac-
urately track the desired trajectory of the end-effector with sufficient
obustness and accuracy in the presence of unknown external distur-
ances and parametric uncertainties. 

The tracking error 𝐞 of the end-effector can be defined as 

 = 𝐱 𝐝 − 𝐱 (2)

A switching manifold 𝐬 can thus be defined based on the tracking
rror as 

 = 𝐞̇ + 𝚲𝐞 = 

(
𝐱̇ 𝐝 + 𝚲𝐞 

)
− 𝐱̇ = 𝐱̇ 𝒆 𝒒 − 𝐱̇ (3)

here 𝚲 is a constant positive definite diagonal matrix, 𝐱 𝒆 𝒒 is the equiv-
lent position vector of the end-effector and its orientation with respect
o the task space coordinate for specifying an assembly task, 𝐱 𝐝 is the
esired motion trajectory. 

The equivalent position vector of the end-effector can be defined as

̇
 𝒆 𝒒 

Δ
= 𝐱̇ 𝐝 + 𝚲𝐞 (4)

Therefore, the robot dynamics on this manifold can be formulated
ased on Eq. (1) as 

 ( 𝐱 ) ̇𝐬 = 𝐌 ( 𝐱 ) 
(
𝐱̈ 𝒆 𝒒 − ̈𝐱 

)
= 𝐌 ( 𝐱 ) ̈𝐱 𝒆 𝒒 − 𝐅 + 𝐂 ( 𝐱, 𝐱̇ ) ̇𝐱 + 𝐆 ( 𝐱 ) + 𝐝 (5)

In order to design the control law, a positive semidefinite Lyapunov
unction is defined as 

 ( 𝒕 ) = 

1 𝐬 𝐓 𝐌 ( 𝐱 ) 𝐬 (6)

2 
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Differentiating the Lyapunov function 𝐕 ( 𝒕 ) with respect to time and
oting Property 2 in Section 2 and Eqs. (2) –(5) , one obtains 

̇
 ( 𝒕 ) = 

1 
2 
𝐬 𝐓 𝐌̇ ( 𝐱 ) 𝐬 + 𝐬 𝐓 𝐌 ( 𝐱 ) ̇𝐬 = 𝐬 𝐓 𝐌 ( 𝐱 ) ̇𝐬 + 𝐬 𝐓 𝐂 ( 𝐱, 𝐱̇ ) 𝐬 

= 𝐬 𝐓 
[
𝐌 ( 𝐱 ) ̈𝐱 𝒆 𝒒 − 𝐅 + 𝐂 ( 𝐱, 𝐱̇ ) ̇𝐱 𝒆 𝒒 + 𝐆 ( 𝐱 ) + 𝐝 

]
(7) 

Based on Eq. (7) , the input control force for the end-effector can be
efined as 

 = 𝐅 𝐚 + 𝐅 𝐬 (8)

here 𝐅 𝐚 is a model compensation term and 𝐅 𝐬 is a robust control term
hich consists of two terms 𝐅 𝒔 1 , 𝐅 𝒔 2 . 

 𝐚 = 𝐌̂ ( 𝐱 ) ̈𝐱 𝒆 𝒒 + 𝐂̂ ( 𝐱, 𝐱̇ ) ̇𝐱 𝒆 𝒒 + 𝐆̂ ( 𝐱 ) (9)

 𝐬 = 𝐅 𝒔 1 + 𝐅 𝒔 2 (10)

 𝒔 1 = 𝐊𝐬 (11) 

here 𝐌̂ ( 𝐱 ) , 𝐂̂ ( 𝐱 , 𝐱̇ ) , and 𝐆̂ ( 𝐱 ) are estimates of the matrices
 ( 𝐱 ) , 𝐂 ( 𝐱 , 𝐱̇ ) and 𝐆 ( 𝐱 ) , respectively, 𝐅 𝒔 1 and 𝐅 𝒔 2 are respectively a feed-

ack term for stabilization and a robust term for eliminating the effects
rom external disturbances and parametric uncertainties, and 𝐅 𝒔 2 is to be
etermined in the following, 𝐊 is a symmetric positive definite matrix. 

The parametric uncertainties can be described as 

 

 

 

 

 

𝐌̃ ( 𝐱 ) = 𝑀 ( 𝐱 ) − 𝐌̂ ( 𝐱 ) 
𝐂̃ ( 𝐱, 𝐱̇ ) = 𝐶 ( 𝐱, 𝐱̇ ) − 𝐂̂ ( 𝐱, 𝐱̇ ) 

𝐆̃ ( 𝐱 ) = 𝐺 ( 𝐱 ) − 𝐆̂ ( 𝐱 ) 
(12) 

here 𝐌̃ ( 𝐱 ) , 𝐂̃ ( 𝐱 , 𝐱̇ ) and 𝐆̃ ( 𝐱 ) denote the parametric variations of the
espective matrices. 

Substituting Eqs. (8) –(11) into Eq. (7) yields 

̇
 ( 𝒕 ) = − 𝐬 𝐓 𝐊𝐬 + 𝐬 𝐓 

[
𝐌̃ ( 𝐱 ) ̈𝐱 𝒆 𝒒 + 𝐂̃ ( 𝐱, 𝐱̇ ) ̇𝐱 𝒆 𝒒 + 𝐆̃ ( 𝐱 ) + 𝐝 − 𝐅 𝒔 2 

]
(13)

The robust term 𝐅 𝒔 2 can be designed so that the closed robot control
ystem can be stabilized. Thus, 

 𝒔 2 = β( Δ + η) 𝐬𝐠𝐧 ( 𝐬 ) (14) 

here 𝛽, Δ and 𝜂 are positive definite coefficients, respectively. 

 

 

 

 

 

 

 

β ≥ 1 

Δ ≥ 

‖‖‖𝐌̃ ( 𝐱 ) ‖‖‖‖‖‖𝐱̈ 𝒆 𝒒 ‖‖‖ + 

‖‖‖𝐂̃ ( 𝐱, 𝐱̇ ) ‖‖‖‖‖‖𝐱̇ 𝒆 𝒒 ‖‖‖
+ 

‖‖‖𝐆̃ ( 𝐱 ) ‖‖‖ + ‖𝐝 ‖ (15) 

Substituting Eq. (14) into Eq. (13) yields 

̇
 ( 𝒕 ) = − 𝐬 𝐓 𝐊𝐬 − 𝐬 𝐓 𝐬𝐠𝐧 ( 𝐬 ) 

⎡ ⎢ ⎢ ⎢ ⎣ 
𝛽( Δ + 𝜂) − ( 

𝐌̃ ( 𝐱 ) ̈𝐱 𝒆 𝒒 + 𝐂̃ ( 𝐱, 𝐱̇ ) ̇𝐱 𝒆 𝒒 + 

𝐆̃ ( 𝐱 ) + 𝐝 

) 

𝐬𝐠𝐧 ( 𝐬 ) 

⎤ ⎥ ⎥ ⎥ ⎦ (16)

By considering Eq. (15), Eq. (16) can be re-written as 

̇
 ( 𝒕 ) = − 𝐬 𝐓 𝐊𝐬 − 𝜂‖𝐬 ‖ ≤ 0 (17)

As demonstrated in (17) , the closed robot control system can be sta-
ilized by using the robust adaptive control law Eqs. (8) –(11) and all the
ignals will be bounded in spite of unknown external disturbances and
arametric uncertainties. Also, the final zero trajectory tracking error of
he end-effector can be eventually guaranteed at steady-state based on
arbalat’s lemma [18] . Therefore, 𝐱→ 𝐱 𝐝 as t →∞. 

. Parametric adaptions 

In practice, the parametric estimates 𝐌̂ ( 𝐱 ) , 𝐂̂ ( 𝐱 , 𝐱̇ ) , and 𝐆̂ ( 𝐱 ) are es-
entially needed in the above robust adaptive tracking control design for
99 
he industrial robot. Therefore, a stable online parametric adaption law
s proposed to estimate these parameters in real time based on persistent
xcitation. 

The robot dynamics Eq. (1) can be re-written as a linear regression
odel. Thus, 

 = 𝛄𝐓 𝝑 (18) 

here the vectors 𝛄 and 𝝑 can be respectively described as 

𝐓 = 

[
𝐱̈ , 𝐱̇ , 𝐈 

]
; 𝝑 = 

[
𝐌 ( 𝐱 ) , 𝐂 ( 𝐱, 𝐱̇ ) , 𝐆 ( 𝐱 ) 

]𝐓 
(19)

A pre-filter 𝐇 𝒇 is designed and applied to both sides of Eq. (18) to
liminate possible high-frequency measurement noises. Thus, the trans-
er function of this pre-filter can be described as 

 𝐟 = 

1 
s ω 𝑓 + 1 

(20) 

here 𝜔 𝑓 is the cut-off frequency of this filter and 𝑠 is the Laplace op-
rator. 

By applying the pre-filter in Eq. (20) to both sides of Eq. (19) , the
ltered robot dynamics can be re-arranged as 

 𝒇 = 𝛄𝐓 
𝒇 
𝝑 (21) 

here 𝛄𝐓 
𝒇 
= [ ̈𝐱 𝒇 , 𝐱̇ 𝒇 , 𝐈 𝒇 ] is the filtered velocity and acceleration vector of

he end-effector, 𝐅 𝒇 is the filtered end-effector force vector. 
The parameter vector 𝝑 can be reasonably estimated online based

n the least square estimation algorithm with best parameter estimation
onvergence [19] . In order to use the least square estimation algorithm
or parametric estimation, the end-effector force estimation error can be
efined as 

= 𝐅̂ 𝒇 − 𝐅 𝒇 = 𝛄𝐓 
𝒇 
𝝑̂ − 𝐅 𝒇 (22)

The following adaptation function 𝝉 is designed for the estimation
f parameter vector 𝝑 [20] : 

= 

− 𝛄𝒇 𝛏

1 + 𝛂𝐭𝐫 
{ 

𝛄𝐓 
𝒇 
𝚪𝛄𝒇 

} 

(23) 

here 𝛼 and 𝚪 denote a forgetting factor and a covariance matrix, re-
pectively. 

The covariance matrix 𝚪 can be described as 

̇ = 

⎧ ⎪ ⎨ ⎪ ⎩ 
𝒌 𝚪 − 

𝚪𝛄𝒇 𝛄𝐓 𝒇 𝚪

1+ 𝛂𝐭𝐫 
{ 
𝛄𝐓 
𝒇 
𝚪𝛄𝒇 

} if 𝛌𝑚𝑎𝑥 ( 𝚪) ≤ ρm 

𝟎 otherwise 
(24) 

here 𝝀𝒎 𝒂 𝒙 ( 𝚪) is the maximum eigenvalue of the matrix 𝚪, and 𝜌𝑚 is the
reset upper bound for the eigenvalue. 

Therefore, a projection-type parametric adaptation law can be estab-
ished as 

d 𝝑 
d 𝐭 

= 𝐩𝐫𝐨 𝐣 𝐱̂ 𝒇 ( 𝚪𝛕) = 

⎧ ⎪ ⎨ ⎪ ⎩ 
0 if 𝝑̂ = 𝝑 𝑚𝑎𝑥 
0 if 𝝑̂ = 𝝑 𝑚𝑖𝑛 
𝚪𝜏 otherwise 

(25) 

here 𝝑 𝒎 𝒂 𝒙 and 𝝑 𝒎 𝒊 𝒏 denote the maximum and minimum values of the
arameter vector 𝝑 . 

With the parametric adaptation law in Eq. (25) and the least-squares-
ype estimation function, the estimate of the parameter vector 𝝑̂ con-
erges to the real value 𝝑 in finite time, i.e., 𝝑̂ →0 as t →∞, if the fol-
owing persistent excitation condition [21] is satisfied 

𝐭+ 𝐓 

𝐭 
𝛄𝒇 𝛄𝐓 𝒇 𝐝𝛘 ≥ 𝐤 𝐩 𝐈 𝐩 (26) 

here 𝒌 𝒑 and 𝐈 𝒑 denote respectively certain constant matrix and certain
nit matrix that can be reasonably selected. 

When the parameter vector 𝝑 is updated by the parametric adapta-
ion law with the persistent excitation condition, the designed robust
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Fig. 1. Experimental platform of 6 DOF assembly industrial robots. 
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Table 1 

Major parameters of the tests. 

Parameter Value Nomenclature 

Λ diag { 1 . 8 , 1 . 2 , 1 . 6 , 2 . 1 , 2 . 2 , 3 . 4 } The constant positive definite 
diagonal matrix 

𝐾 diag { 16 , 19 , 26 , 43 , 68 , 89 } The symmetric positive definite 
matrix 

𝛽 1 . 2 The positive definite gain 
Δ 1269 The boundary coefficient 
𝜂 28 The positive definite gain 
𝜔 𝑓 20 Hz The cut-off frequency 
𝛼 0 . 4 Forgetting factor 
Φ 0.9 The boundary layer thickness 
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daptive control law will guarantee that the closed-loop robotic control
ystem will be asymptotically stable and the steady state tracking error
ill eventually converge to zero in finite time regardless of unknown

xternal disturbances and parametric uncertainties. 

. Verifications and discussions 

Comparative test results have been obtained to verify the effective-
ess of the robust adaptive control law and the parametric adaption
aw. Fig. 1 shows the experimental setup of the dual 6 DOF MITSUBISHI
V-4F industrial robotic system, which can be mainly employed to as-
emble low voltage electric components made of soft materials, such as
lectrical air switches. The maximum payload, the maximum operating
peed and the position repeatability accuracy of the dual robots are re-
pectively 4 kg, 9 m/s and 0.02 mm. The joints of the robotic system are
ll driven by 400 W AC servo motors with position encoders that can
rovide necessary information, such as joint angular displacements, for
eedback control. Other parameters in the control design and parametric
daptions can be readily derived based on measured signals. 

One industrial robot is used for the implementations of the control
aw and parametric adaption law during part assembling tasks while
he other robot is used as the external disturbances in the assembling
rocess. The external disturbances in the control implementations also
rise from the effects of the material compliance such as elasticity since
oft electrical materials are manipulated, which will bring in additional
ncertainties. 

The tests have been conducted for three times based on typical part
ssembling procedure. The robot was first commanded to pick up an
ssembling object from an initial point, lift and hold the object for sev-
ral seconds, and then place the object into an assembling hole to finish
100 
he task. After finishing the assembling task, the robot will return to the
nitial point to continue and repeat the next assembling motion. The de-
ired motion trajectory programming was synthesized in the Cartesian
pace with a fixed tool orientation and the desired trajectory consists
f several straight lines connected with each other for completing the
ssembling task. Although the employed industrial robot has six DOF,
nly 3 DOF are actually used during the experiments since the axis of
he robot wrist coincides with that of the assembling hole and the robot
rm is fixed on the ground where the control system is placed. 

The proposed control and parametric adaption laws have been sim-
lated in MATLAB Robotics Toolbox based on the experimental data.
he actual force for parametric estimations can be measured from a

oad cell mounted on the end-effector of the industrial robot, while the
pplied control force can be analyzed and calculated based on the robust
daptive control law in Eqs. (8) –(11) . The control performances of the
roposed control have also been compared with a proportional deriva-
ive (PD) controller under the same operating conditions [22] . The tests
ave been repeated for more than 10 times and the test data have been
veraged over a long time to obtain relatively stable tracking results. 

In practice, the signum function sgn (s) in Eq. (14) may lead to sig-
ificant chattering problem due to measurement noises. The chattering
ffects can be eliminated by replacing a signum function with a sat-
ration function with the boundary layer thickness Φ [23] . Thus, the
oundary layer thickness Φ can be tuned to control the amount of chat-
ering. Thus, 

𝐚𝐭 
( 𝐬 
Φ

)
= 

⎧ ⎪ ⎨ ⎪ ⎩ 
𝐬 
𝚽 if ||| s 

Φ
||| < 1 

𝐬𝐠𝐧 
(

𝐬 
𝚽

)
otherwise 

(28)

The main parameters of the proposed tracking control and para-
etric adaption law are tabulated in Table. 1 . The initial positions of

he joints and end-effector are reset as 𝐱̇ = 𝛉̇ = [ 0 , 0 , 0 , 0 , 0 , 0 ] T , 𝐱 = 𝛉 =
 0 , 0 , 0 , 0 , 0 , 0 ] T when starting the experiments. 

In order to evaluate the performances of the two controllers, the
ollowing metrics are formulated as follows: 

(a) The averaged relative tracking error for the robotic joint angles 

1 
6N 

6 ∑
𝑖 =1 

N ∑
𝑗=1 

θ𝑑𝑖𝑗 − θ𝑖𝑗 
θ𝑑𝑖𝑗 

× 100% (29)

where θ𝑖𝑗 and θ𝑑𝑖𝑗 denote the jth sampling data of the ith element
of the joint angle trajectory θ and reference trajectory vector θ𝑑 ,
respectively, N denotes the number of sampling data. 

(b) The averaged relative tracking error of the robot end-effector 

1 
6N 

6 ∑
𝑖 =1 

N ∑
𝑗=1 

𝐱 𝑑𝑖𝑗 − 𝐱 𝑖𝑗 
𝐱 𝑑𝑖𝑗 

× 100% (30)

where 𝐱 𝑖𝑗 and 𝐱 𝑑𝑖𝑗 denote the jth sampling data of the ith element
of the end-effector’s trajectory vector 𝐱 and reference trajectory
vector 𝐱 , respectively. 
𝐝 
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Table 2 

The RAEs of the joint torque estimations based on parametric adaptions. 

Tests Joint 1 Joint 2 Joint 3 Joint 4 Joint 5 Joint 6 

1 0.0186 0.0528 0.0340 0.0458 0.0782 0.0926 
2 0.0343 0.0628 0.0453 0.0621 0.0829 0.0965 
3 0.0518 0.0689 0.0520 0.0682 0.0786 0.0826 
Means 0.0349 0.0615 0.0438 0.0587 0.0799 0.0906 

Fig. 2. The averaged relative tracking errors of the joint angles based on the two controls. 
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Fig. 3. The averaged relative tracking errors of the end-effector based on two controls. 

Fig. 4. The normalized average control signals of the joints based on two controls. 
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(c) The normalized average control signals of the joints 

1 
6N 

6 ∑
𝑖 =1 

N ∑
𝑗=1 

u 𝑖𝑗 
u 𝑖𝑗𝑚𝑎𝑥 

× 100% (31) 

where u 𝑖𝑗 and u 𝑖𝑗𝑚𝑎𝑥 denote the jth sampling data of the ith ele-
ment of the joint control signals and the maximum control sig-
nals. The maximum value of the control signals is 12 V. 

(d) The normalized averaged estimates of the uncertain parameters
of the robot can be formulated as 

1 
18N 

3 ∑
𝑖 =1 

N ∑
𝑗=1 

6 ∑
𝑘 =1 

Ŷ 𝑖𝑗𝑘 

Y 𝑖𝑗𝑘𝑚𝑎𝑥 

× 100% (32) 

where Ŷ 𝑖𝑗𝑘 and Y 𝑖𝑗𝑘𝑚𝑎𝑥 denote the kth element value, jth sampling
data of the ith element of the estimate vectors and the maximum
values of the parametric vectors, respectively. 

(e) The relative absolute error (RAE) of the joint torque estimations
based on parametric adaptions is also defined and measured in
three tests to evaluate the accuracy of the proposed parametric
adaption method [24] . Thus, ∑3 

𝑘 =1 
|||τ𝑒𝑠𝑡 _ 𝑘 − τ∗ 

𝑘 

|||∑3 
𝑘 =1 

|||τ∗ 𝑘 − τ∗ 
𝑘 

||| (33) 

here k denotes the number of the tests, τ𝑒𝑠𝑡 _ 𝑘 is the estimated joint
orque based on the proposed parametric adaption method in the kth
est, τ∗ 

𝑘 
is the measured torque in the kth test, 𝜏∗ 

𝑘 
is the average of 𝜏∗ 

𝑘 
.

able 2 summarizes the RAEs of the joint torque estimations based on
arametric adaptions. As illustrated in this table, the RAEs of the joint
orques can be reasonably maintained within [0.03, 0.10], which is rel-
tively accurate for estimating the joint torques and robotic parameters.
herefore, the proposed parametric adaption method can be utilized to
stimate the robotic parameters with relatively high accuracy. 

As described in Figs. 2 and 3 , the relative tracking errors of both
he joint angles and end-effector oscillate significantly between − 8%
nd 8% by using PD control, while the relative tracking errors can be
ignificantly reduced within − 4% and 4% when the proposed control
aw is applied. The relative tracking errors of both the two controls in-
rease considerably when an external disturbance from the robot colli-
ion was added at around 4 s. However, the relative tracking errors can
101 
e quickly maintained at relatively lower value by using the proposed
ontrol, while the relative tracking errors cannot be quickly reduced
nd are still relatively high by using the conventional PD control. The
ontrol effects after the disturbance input indicate the robustness of the
roposed control in stabilizing and reducing the relative tracking errors
ith relatively less response time as compared with the conventional
D control. Therefore, the proposed control is capable of maintaining
elatively higher trajectory tracking accuracy and reducing the induced
racking errors by external disturbances with fast responses when com-
ared with the conventional PD control. 

As illustrated in Fig. 4 , the normalized average control signals from
he proposed robust adaptive control law are relatively higher than that
rom the conventional PD control. The control signals of the proposed
ontroller also increase after the external disturbances, which indicates
hat the proposed control exerts more efforts to reduce the increased
racking errors induced from external disturbances. The facts demon-
trate that the proposed control is more active in maintaining the de-
ired tracking trajectory by reducing the relative tracking errors with
ast responses as compared with the conventional PD control. 

Fig. 5 illustrates the normalized average robot parametric estimates
ased on the proposed parametric adaption law, which converge even-
ually to their stable values in finite time as the relative tracking errors
onverge to zero. This demonstrates the proposed parametric adapta-
ion law can be readily employed in the control implementations for es-
imating unknown parameters. The control design and implementations
an be achieved without considering specific values of these parameters
ince these parameters can be quickly estimated online along with the
ontrol implementation process. 
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Fig. 5. The normalized average robot parametric estimates based on the proposed para- 
metric adaption law. 
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. Conclusion 

This paper has presented the robust adaptive control for trajectory
racking control of a 6 DOF industrial robot in the task space of the end-
ffector regardless of parametric variations and uncertain disturbances.
urthermore, the stable online parametric adaption law has been pro-
osed to estimate the robot parameters in real time based on persistent
xcitation. The transient and stable performances of the proposed con-
rol law have been verified through Lyapunov function. By combining
he robust and adaptive terms to enhance the tracking accuracy, the
roposed robust adaptive control preserves the advantages of both the
obust and adaptive controls while eliminating their drawbacks. Test re-
ults have also been obtained to show that the proposed control achieves
he guaranteed transient and steady-state performance regardless of the
stimation errors and external disturbances and the final trajectory er-
ors can be significantly reduced by using the proposed controller as
ompared to the conventional PD control method. With the significant
mprovements in the tracking accuracy and stability of the industrial
obot, the proposed controller is well positioned to be widely used in
he control of industrial robots, especially in the autonomous assembly
perations. 
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