International Journal of Heat and Fluid Flow 22 (2001) 143±155

www.elsevier.com/locate/ijh

Predictions of eect of swirl on ¯ow and heat transfer
in a rotating cavity
Hasan Karabay, Michael Wilson, J. Michael Owen *
Department of Mechanical Engineering, University of Bath, Bath BA2 7AY, UK
Received 16 October 1999; accepted 2 October 2000

Abstract
Pre-swirl nozzles are used to deliver the cooling air to the rotating turbine blades in the cooling systems of gas turbine engines.
This paper considers the case where the cooling air ¯ows radially outward, between two corotating discs, to create a free vortex in
the inviscid core between the boundary layers on the discs. A thermodynamic analysis is used to relate the temperature increase of
the cooling air to the adiabatic work term (which reduces the air temperature) and to the heat transfer from the discs to the air
(which increases the temperature). The Reynolds analogy has been used to determine an expression for the adiabatic-disc temperature and to draw conclusions about the moment coecient and average Nusselt number. An important parameter is bp , the
ratio of the tangential velocity of the pre-swirl air to the speed of the rotating disc, and the Reynolds analogy shows that the moment
coecient is zero when bp  bp;crit , a critical pre-swirl ratio, and that the average Nusselt number is a minimum when bp  bp;opt , an
optimal pre-swirl ratio. Computations made using a steady-state axisymmetric elliptic-¯ow solver, incorporating a low-Reynoldsnumber k± turbulence model, are in good agreement with the pressure distribution, adiabatic-disc temperature and local Nusselt
numbers predicted by the theoretical models. The computed values of bp;crit agree with the theoretical values, and the computations
also con®rm the occurrence of a minimum average Nusselt number. For bp < bp;opt , the computed temperature of the cooling air
decreases as bp increases; for bp > bp;opt , whether the temperature decreases or increases depends on the relative magnitude of the
adiabatic work term and the heat transfer from the discs. Ó 2001 Elsevier Science Inc. All rights reserved.

1. Introduction
In many gas turbines, the blade-cooling air is supplied from
stationary pre-swirl nozzles, and a simpli®ed diagram of the
so-called ``cover-plate pre-swirl system'' is shown in Fig. 1. By
swirling the air in the direction of rotation of the turbine disc,
the relative temperature of the air entering the blade-cooling
passages is reduced. Pre-swirl systems have been studied by a
number of research workers, and the reader is referred to the
work of Meierhofer and Franklin (1981), El-Oun and Owen
(1989), Chen et al. (1993a,b), Popp et al. (1996), Wilson et al.
(1997), Pilbrow et al. (1999) and Karabay et al. (1999, 2000).
More general cases of rotating-disc ¯ows can be found in
Owen and Rogers (1989, 1995).
The work described below uses the so-called ``simple rotating cavity'' between the rotating disc and the cover-plate as
a simpli®ed model of the complete pre-swirl cover-plate system. The aims of the paper are to provide a theoretical
framework for pre-swirl systems and to show the eects of the
¯ow parameters on the velocity, pressure and Nusselt numbers
in the rotating cavity. Whilst the complete system is more
*
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complex, the simple cavity provides insight into this complicated problem.
The axisymmetric computational model is described in
Section 2, and Sections 3 and 4 deal, respectively, with the
¯uids dynamics and thermodynamics of the problem. In Section 5, the Reynolds analogy is used to determine the eect of
swirl on the adiabatic-disc temperature and on the local and
average Nusselt numbers for the simple cavity. The Reynolds
analogy is also used in Section 6, where the eect of the preswirl ratio on the moment coecients and the heat transfer is
examined; in particular, a critical pre-swirl ratio, at which the
moment coecient is zero, and an optimal pre-swirl, at which
the average Nusselt number is a minimum, are discussed.
Conclusions are presented in Section 7.
2. Computational model
The geometry of the simple rotating cavity and the computational grid used in this study are shown in Fig. 2, and the
dimensions are: a  rp  r1  100 mm, rb  r2  200 mm,
b  206 mm, Drb  2:2 mm, s  10 mm G  s=b  0:0485;
a=b  0:485, x1 =x2  0.5).
The ranges of ¯ow parameters used in the computations
were: 0:1 < kT < 0:4, 0:6  106 < Re/ < 1:8  106 , 5800 < Cw
< 23 000, 0 < bp < 6. The values of kT and bp determine the
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Notation
a
b
Cm
Cp
cp ; cv
Cw
H
G
k
k0
M
m_
Nu
p
Pr
Prt
qs
Q_
r; /; z
q
R
Re/
s
T
U
Us
Vr ; V/ ; Vz
W_
x
y
y

inner radius of cavity
outer radius of cavity
moment coecient
pressure coecient
speci®c heat at constant pressure and constant
volume, respectively
:
nondimensional mass ¯ow rate  m=lb
2
total enthalpy  cp T  1=2 Vr  V/2  Vz2 
k 0 p=q
gap ratio  s=b
turbulent kinetic energy; thermal conductivity
0 (perfect gas), 1 (incompressible ¯ow) in
expression for H
moment
mass ¯ow rate
local Nusselt number  rqs = k Ts Ts;ad 
static pressure
Prandtl number  lcp =k
turbulent Prandtl number
convective heat ¯ux from disc to air
rate of heat transferred to ¯uid
radial, tangential and axial coordinates
heat ¯ux
recovery factor
rotational Reynolds number  qXb2 =l
axial width of rotating cavity
temperature
total velocity
p
friction velocity  sw =q
time-averaged radial, circumferential, and
axial components of velocity
rate of work done by ¯uid
nondimensional radial coordinate  r=b
distance normal to the wall
nondimensional distance  qyUs =l

¯ow structure, and the ranges of these parameters cover values
of interest to the gas-turbine designer. In addition to kT and
bp ; Re/ has a strong eect on the magnitude of the Nusselt
numbers; in an engine, Re/ is likely to be an order-of-magnitude larger than the values considered here, but that is thought
unlikely to aect the ¯ow structure or the main ®ndings of this
paper.
The steady-state, axisymmetric elliptic-¯ow solver described by Karabay et al. (1999) and Pilbrow et al. (1999)
was used for the computations described here. The Morse
(1988, 1991) low-Reynolds-number k± turbulence model,
including modi®cations suggested by its author, was used to
close the primitive-variable form of the Reynolds-averaged
Navier±Stokes and energy equations, and the Launder and
Sharma (1974) turbulence-model was used to provide initial
values for the Morse model. Incompressible ¯ow was assumed (which is appropriate for the ranges of the parameters
considered here), and turbulent heat transfer was represented
using a turbulent Prandtl number equal to 0.9 for air and 1
for the Reynolds analogy. The discretised ®nite-volume
equations were solved using the SIMPLEC pressure-correction technique with multigrid convergence acceleration, and
hybrid dierencing was used to approximate convective
¯uxes.
A suitable angular speed, X, was used for the rotating
surfaces to give the required rotational Reynolds number, Re/ ,
and computations were carried out in a stationary reference

a
b
bp
Drb
e
c
C
kT
l
q
H
s
X

ratio of pre-swirl ratios  bp =bp;crit 
swirl ratio  V/ =Xr
pre-swirl ratio  V/;p =Xrp 
radial width of blade-cooling slot
turbulent energy dissipation rate
ratio of speci®c heats  cp =cv 
swirl  rV/ 
turbulent ¯ow parameter  Cw =Re/0:8 
dynamic viscosity
density
nondimensional temperature dierence
shear stress
angular speed of disc

Superscript
1
bulk-average value
Subscripts
ad
av
b
crit
e
e
fd
min
o
opt
p
s
t
1

1
2

adiabatic value
radially weighted average
blade-cooling air
critical value (of bp )
edge of source region
eective value
free-disc value
minimum value
total value in stationary frame of reference;
value when bp  0
optimal value (of bp )
pre-swirl air
disc surface
total value in rotating frame of reference
value in core outside boundary layers
value at stagnation point (where b1  1)
inlet to cavity (at radial location, and
downstream, of pre-swirl nozzles)
outlet from cavity (at radial location, and
downstream, of blade-cooling holes)

frame. Uniform values of Vr and V/ were prescribed at the
radial inlet at r  a, in order to give the required inlet values of
¯ow rate and pre-swirl ratio. Global continuity was ensured by
prescribing a uniform axial velocity at the outlet, at r  r2 in
the right-hand disc. Zero normal-derivative conditions were
used for the tangential velocity and ¯uid enthalpy at the outlet,
allowing the total temperature of the ``blade-cooling air'' to be
computed. The remaining velocity components at ¯ow
boundaries were taken to be zero, and no-slip conditions were
used at solid surfaces. Both discs were given the same temperature pro®les and a zero heat-¯ux condition was imposed at
the outer-shroud surface.
Low-Reynolds-number k± turbulence models require a
very ®ne grid near walls, and the 67  111 (axial and radial)
grid used here satis®ed the condition, suggested by Morse
(1991, 1988) that y < 0:5 for the near-wall grid points. The
grid expanded away from the walls as a geometric progression
with expansion factors of around 1.22. Uniform spacing was
used in the central region (see Fig. 2(b)), and the grid was
re®ned in the region around r  r2 so that eight points resolved
the outlet slot in the disc. Computations were also carried out
on a 93  111 grid, and the results suggested that the computations described below were not aected by the grid resolution. Computing times were around two CPU hours using a
Silicon Graphics R10000 processor.
Further details are given by Karabay (1998) on whose thesis
most of this paper is based.
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Fig. 1. Schematic diagram of pre-swirl systems: (a) cover-plate system; (b) direct-transfer system. (±±±) primary ¯ow; (- - -) secondary ¯ow; ( )
rotating; ( ) stationary.

3. Fluid dynamics of the rotating cavity
3.1. Theoretical ¯ow structure
Owen and Rogers (1995) showed that, for a rotating cavity
with a radial out¯ow of ¯uid, the ¯ow structure is mainly
controlled by two parameters, the pre-swirl ratio bp and the
turbulent ¯ow parameter kT , both of which are de®ned in the
nomenclature.
For suciently large values of kT , the ¯ow inside the rotating cavity shown in Fig. 2 will behave as a free vortex.
Under these conditions, V/;1 / r 1 , where V/;1 is the tangential component of velocity outside the boundary layers on the
rotating discs. As V/;1  bp Xr, at the outlet of the pre-swirl
nozzles (where r  r1 ), it follows that, for an ideal free vortex,
 r 2
 x 2
V/;1
1
1
 bp
 bp
;
3:1
Xr
r
x
where x is the nondimensional radial coordinate. Of particular
importance is the nondimensional radius, x , where
V/;1  Xr . It follows from Eq. (3.1) that
x  b1=2
p x1 :

3:2

For a rotating ¯ow in which the Coriolis forces dominate over
the inertial forces, the ¯ow in the boundary layers is radially
inward when V/;1 > Xr and outward when V/;1 < Xr. Thus
there is a stagnation point on the rotating discs where

V/;1  Xr; this occurs where x  x , and for free-vortex ¯ow x
is given by Eq. (3.2).
Owen and Rogers solved the momentum-integral equations
for swirling ¯ow in a rotating cavity and computed values for
the nondimensional extent of the source region, xe . From these
computed values, they obtained a correlation which, for the
rotating cavity with radial out¯ow considered here, can be
expressed as
 2:35 
1:57
x
xe;0

 1;
3:3
xe
xe
where xe;0 is the value of xe when the ¯ow enters without swirl
bp  0 and x is given by Eq. (3.2). It can be shown that
xe;0  1:375k5=13
T :

3:4

Eq. (3.3) is only valid for cases where the source region does
not ®ll the cavity, that is for xe < 1. It is invalid for cases where
bp is so large that V/;1 > Xr throughout the cavity as, under
these conditions, the ¯ow will always be radially inward in the
boundary layers on the discs and recirculating ¯ow will occur
throughout the cavity. To ensure that V/;1 =Xr is less than
unity at r  b, it follows from Eq. (3.2) that bp x21 must be less
than unity. With the proviso that bp x21 < 1, it can be shown
using Eq. (3.3) that the source region will ®ll the cavity (that is,
xe  1) when
kT  0:4371

bp x21 1:175 1:656 :

3:5
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the tangential component of velocity, and V/;1 =Xr is virtually
invariant with z and depends mainly on r. Referring to Eq.
(3.1), for an ideal free vortex, V/;1 =Xr / x 2 . It is therefore
instructive to plot the computed values of V/;1 =Xr against x 2 :
a free vortex will appear as a straight line passing through the
origin at x 2  0.
Fig. 4 shows the eects of kT and bp on the computed
variation of V/;1 =Xr with x 2 (at the mid-axial plane,
z=s  0:5), for Re/  0:903  106 , together with the ideal free
vortex according to Eq. (3.1) with x1  0:48. Except for the
results for bp  0, the computations approximate to free-vortex ¯ow over most of the cavity, but the computed values of
V/;1 =Xr tend to be lower than those for the ideal free vortex.
Experimental evidence for these free-vortex ¯ows is given by
Karabay et al. (1999, 2000) who used laser Doppler anemometry (LDA) to measure the velocities inside a pre-swirl
rotating-disc rig.
By analogy with Eq. (3.1), an eective free vortex can be
obtained using an eective pre-swirl ratio, bp;eff , such that
 x 2
V/;1
1
 bp;eff
:
3:6
Xr
x

Fig. 2. (a) Schematic representation of the simple cavity; (b) grid
distribution used in computation.

That is, free-vortex ¯ow will occur throughout the cavity when
kT exceeds the value given by Eq. (3.5); this is usually the case
in most practical pre-swirl systems.
3.2. Computed ¯ow structure
Fig. 3 shows the eect of kT and bp on the computed
streamlines in the rotating cavity for Re/  0:903  106 . Also
shown, for bp > 1, are the contours where V/;1 =Xr  1 and the
edges of the source region, given by Eq. (3.3), for those cases
where xe < 1.
Referring to the streamlines for kT  0:1, the following
observations can be made:
· For bp  2 and 3, recirculation occurs in a separation zone;
the edge of this zone is at x  0:66 for bp  2 and x  0:76
for bp  3. These locations correspond to the point where
V/;1 =Xr  1 on the disc: this is consistent with the statement made in Section 3.1 that radial in¯ow occurs in the
boundary layers when V/;1 =Xr > 1.
· For bp  1 and 2, Eq. (3.3) gives xe  0.75 and 0.89, respectively, which are consistent with the behaviour of the
streamlines: for x > xe , the ¯ow strati®es and nonentraining
Ekman-type layers are visible.
Eq. (3.5) implies that the source region should ®ll the cavity
for kT  0:1 and 0.4 when bp > 4 and 0.35, respectively, and
the computed streamlines shown in Fig. 3 are consistent with
these results.
Computed velocities (not shown here) reveal that, outside
the boundary layers on the disc, there is little axial variation of

The eective free-vortex curves shown in Fig. 4 were obtained
using the computed value of V/;1 =Xr at a suitable radius: a
value of x  0:67 (x 2  2:22) was arbitrarily chosen. For
bp > 0, these curves show a good ®t to the computed results
over most of the cavity except near the inlet at x1  0:485
(x1 2  4:24) and near the periphery at x  1. The results for
kT  0:1 and bp  1 show a departure between the eective
free vortex and the computed values of V/;1 =Xr at x  0:7;
this is where the source region ends and Ekman-type layers
begin. This marks the end of free-vortex ¯ow, and similar
departures can be seen for bp  1 for all values of kT shown in
the ®gure.
The eective free-vortex curves can be used in conjunction
with Eq. (3.6) to calculate bp;eff . The values determined in this
way were found to depend strongly on bp but varied only
weakly with kT . The following correlation was obtained for
x1  0:485, 0:5 < bp < 4 and 0:1 < kT < 0:4:
bp;eff  1:034bp

0:043b2p :

3:7

Fig. 5 shows the computed values of bp;eff together with the
correlated variation given by Eq. (3.7), which provides a good
®t to the computed values. The fact that bp;eff < bp when
bp > 1 for the simple cavity is attributed to the recirculation
region near the inlet. There is a transfer of angular momentum
between the ¯uid ¯owing radially outwards in the core and
that ¯owing inwards in the boundary layers on the discs. This
transfer creates an initial loss of momentum in the core ¯uid;
radially outward of the recirculation region, the angular momentum of the core ¯uid is conserved, which results in a free
vortex with an eective swirl ratio lower than that at inlet. The
size of the recirculation region and the size of the losses increase as bp increases; this loss mechanism appears to be only
weakly aected by kT , but it is expected to depend on the inlet
geometry.
Karabay et al. (2000) presented measurements for bp;eff
obtained for the ``whole pre-swirl rotating-disc system'' (see
Fig. 1(a)) in which there is an axial ¯ow into the rotating
cavity. Their empirical correlation, which agreed closely with
their computations for the whole system, is also plotted in
Fig. 5. The fact that the experimental values of bp;eff are
smaller than those given by Eq. (3.7) is attributed to the increased losses that occur in the whole system with an axial inlet
compared with those for the simple cavity in which the ¯ow
enters radially.
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Fig. 3. Eect of varying bp and kT on computed streamlines with Re/  0:903  106 : (- - -) b  1; (!) end of the source region (Eq. (3.3)).

3.3. Calculated pressure distribution

Cp 

The ¯ow in the core outside the boundary layers is considered to be inviscid, and the velocity and pressures are assumed to depend only on the radius. The Navier±Stokes
equations then reduce to
2
V/;1

1 dp

r
q dr

Vr;1

dVr;1
:
dr

3:8

For free-vortex ¯ow in the core, where V/;1 / r 1 , it follows
that:
1 dp

q dr

1 d 2
2
V
 Vr;1
:
2 dr /;1

3:9

For an adiabatic perfect gas, where p=qc is constant, the lefthand side of Eq. (3.9) can be integrated from r  r1 , the inner
radius of the cavity (r1  a), where p  p1 , such that
)

 (  c 1=c
Z r
1 dp
c
p1
p
1 :
3:10
dr 
c 1 q1
q
r1 q dr
The local pressure coecient, Cp , can be de®ned as
( 
)


c 1=c
c
p1
p
Cp 
1 :
c 1 1=2q1 X2 r12
q

3:11

In the limit as p ! p1 , Eq. (3.11) reduces to the incompressible
form

p p1
:
1=2q1 X2 r12

3:12

Eq. (3.9) can be integrated to give
Cp 

2
2
V/;1
 Vr;1
1

2
2
V/;1
 Vr;1
2

X2 r12

;

3:13

where the radial component of velocity can be approximated
by
Vr;1 

m_
2pqrs

3:14

or, in nondimensional form,
Vr;1
Cw
b2

:
Xr
2pGRe/ r1 r

3:15

Using this equation, together with Eq. (3.6), in (3.13) gives
8
! 2   9
4
<
 r 2 
kT
b =
1
2
Cp  bp;eff 
;
3:16
1
:
r1 ;
r
2pGRe0:2
/
where bp;eff can be calculated from Eq. (3.7).
Fig. 6 shows comparisons between Eq. (3.16) and the
computed radial variation of Cp for Re/  0:9  106 ,
kT  0:1; 0:22, and 0.4, and bp  1, 2 and 3. The eect of kT is
relatively weak, and Cp is controlled principally by bp;eff (and
hence by bp ) for the conditions used here.
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Fig. 4. Computed variation of V/;1 =Xr with x

2

for Re/  0:903  106 ; (±±±) ideal free vortex; (  ) eective free vortex; (±±±) computations.

Fig. 5. Computed and correlated variation of bp;eff with bp : ( )
computed values; ( ± ) Eq. (3.7); (- - -) empirical correlation of Karabay
et al. (2000).

4. Thermodynamics of pre-swirl systems
For this analysis, station 1 is the inlet to the simple cavity at
r1  rp  a, 2 is inside the blade-cooling passages at the outlet

Fig. 6. Eect of kT on computed and calculated pressure coecients
for Re/  0:903  106 . Computation: (- - -) bp  1; (±±±) bp  2; (± ±)
bp  3. Calculation (Eq. (3.16)): .
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of the cavity at r2  rb , and the velocities and temperatures at
stations 1 and 2 are bulk-average values.
The steady-¯ow energy equation for the system can be
written as
Q_ 12

_ p T0;2
W_ 12  mc

T0;1 ;

4:1

where Q_ 12 is the rate of heat transferred to the air between
stations 1 and 2, W_ 12 the rate of work done by the air, m_ b the
mass ¯ow rate of the air, and T0;1 and T0;2 are the total temperatures of the air at stations 1 and 2 in a stationary frame of
reference.
If X is the angular speed of the rotating cavity and M is the
moment exerted by the air on the rotating surfaces, then
W_ 12  MX:

4:2

As M is equal to the rate of change of angular momentum of
the air, it follows that:
W_ 12 

_ r2 V/;2
mX

r1 V/;1 ;

4:3

where
V/1  bp Xr1

4:4

and
V/2  Xr2 :

4:5

Eq. (4.1) can then be rewritten as


r2
Q_ 12
 X2 r22 1 bp 12 :
cp T0;2 T0;1  
m_
r2

4:6

In the stationary frame, the total temperature, T0;2 , can be
written for a perfect gas as
cp T0;2  cp T2  12 Vr2  V/2  Vz2 2 ;

4:7

where T2 is the static temperature at the outlet. It is more
appropriate, however, to use Tt;2 , the total temperature in the
rotating frame, which is the value that would be measured by
a total-temperature probe located in a blade-cooling passage
where V/;2  Xr2 . It is this value that controls the heat
transfer from the turbine blades to the cooling air. (Eq. (4.5)
implies that the air inside the cooling passage is in solid-body
rotation at r  r2 . In general, immediately upstream of the
passage, V/ 6 Xr2 ; additional work is done on, or by, the air
inside the passage until solid-body rotation is achieved at
some downstream location. Consequently, as Karabay et al.
(2000) pointed out, the accurate measurement of Tt2 is dicult to achieve. For the computations discussed below, the
``additional work'' was added to the computed total temperature.)
By de®nition
cp Tt;2  cp T2  12 Vr2  Vz2 2
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Using Eqs. (4.9) and (4.10), Eq. (4.6) can be rewritten as
r2
Q_ 12
Hb  2 12 bp 1
:
4:11
r2
_ 2 r22
1=2mX
For the adiabatic case, where Q_ 12  0 and Hb  Hb;ad ,
Eq. (4.11) reduces to
Hb;ad  2

r12
b
r22 p

1;

4:12

which is the result obtained by Karabay et al. (1999). This
shows that, for a given value of T01 in an adiabatic system, Tt2
decreases as bp increases.
Fig. 7 shows a comparison between the computed values
of Hb;ad for the simple cavity, using the solver described in
Section 2, and the variation given by Eq. (4.12) for
r1 =r2  0:5. As Eq. (4.12) is exact, any dierences between this
equation and the computation are caused by numerical errors;
it can be seen from Fig. 7 that these errors are small. (It
should be noted that, in a gas turbine the dynamic temperature, 1=2X2 r22 =cp , can be around 50°C, and so the accurate
determination of Hb;ad is important for the design of coolingair systems.)
In general, heat may be transferred to the cooling air from
all bounding surfaces. In the experiments of Pilbrow et al.
(1999), the principal heat transfer was from the heated disc,
and the other surfaces were quasi-adiabatic. It is therefore
convenient to de®ne the average Nusselt number, Nuav , as
Nuav 

k Ts

qs;av b
;
Ts;ad av

4:13

where
qs;av 

Q_ 12
:
p b2 a2 

4:14

a and b being the inner and outer radii of the heated disc, and
the subscript `av' referring to the radially-weighted average.
(For the case where the cover-plate and shroud are not adiabatic, Eq. (4.13) would have to take account of the heat
transfer from these surfaces.) The adiabatic-disc temperature,
Ts;ad , is de®ned in Section 5.
It is also convenient to de®ne
Hs;av 

cp Ts Ts;ad av
:
1=2X2 r22

4:15

4:8

and it follows that:
cp Tt;2  cp T0;2

1 2 2
X r2 :
2

4:9

For consistency with Karabay et al. (1999), the blade-cooling
eectiveness, Hb , is de®ned as
Hb 

cp T0;1 Tt;2 
:
1=2X2 r22

4:10

This is the nondimensional temperature dierence between the
stationary pre-swirl nozzles and the rotating blade-cooling
passages, and a positive value of Hb signi®es that the pre-swirl
system is eective in reducing the total temperature of the
cooling air.

Fig. 7. Comparison between computed and theoretical variation of
Hb;ad with bp for r1 =r2  0:5, Re/  0:903  106 , kT  0:3: (±±±) Eq.
(4.12); ( ) computed values.
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Using this de®nition, Eq. (4.11) becomes


a2 Nuav
Hs;av ;
Hb  Hb;ad p 1
b2 PrCw

4:16

where Pr is the Prandtl number of the ¯uid.
In order to use Eq. (4.16) to ®nd DT , where DT  Tt;2 T0;1 ,
it is necessary to know Nuav and Hs;av , which depend on the
geometry of the pre-swirl system and on the thermal and ¯ow
conditions. The Reynolds analogy can be used to address this
problem, as discussed below.
5. Heat transfer: application of the Reynolds analogy to freevortex ¯ows
Considerable insight into the relationship between the ¯ow
and heat transfer in a rotating cavity can be given by the
Reynolds analogy, the salient details of which are given in
Appendix A. Of interest here are the relationships between the
heat ¯ux and the shear stress, and between the average Nusselt
number and the moment coecient, for the special case where
there is a free vortex in the core outside the boundary layers on
the rotating discs. The de®nition of the adiabatic-disc temperature is particularly important for pre-swirl rotating-disc
systems, as discussed below.
5.1. Adiabatic-disc temperature
The adiabatic disc-temperature given, for Pr  1, in Appendix A can be extended to the case where Pr 6 1 by the use
of a recovery factor, R. Eqs. (A.11a) and (A.11b) can be, respectively, written as
2

X2 r 2
V/;1
Ts;ad  T1  R
1
5:1a
2cp
Xr
and
Ts;ad  Ts;  R


X2 r 2
1
2cp


r2
:
r2

5:1b

Eq. (5.1a) is the same as that used by Chew and Rogers (1988),
which is a generalisation of the result derived by Owen (1971).
The recovery factor is assumed to be a function of the Prandtl
number, and R  1 when Pr  1. In the literature, it is customary to assume that R  Pr1=3 for ¯uids with Prandtl numbers of the order of unity; for air, with Pr  0:71, this gives
R  0:892.
As, in general, T1 and Ts; are unknown, it is convenient to
express Eqs. (5.1a) and (5.1b) in terms of T0;1 , which is usually
known. This can be done using either
T0;1  T1 

V/;2 1
2cp

5:2a

X2 r2
:
2cp

5:2b

or
T0;1  Ts; 

With the use of Eqs. (3.1) and (3.2), Eqs. (5.1a) and (5.1b) can
be, respectively, expressed as
X2 b2
fRx2
1 Rb2p x41 x 2 2Rbp x21 g
5:3a
Ts;ad T0;1 
2cp
and
Ts;ad

T0;1 

X2 b2
fRx2
2cp

1  Rbp x21 g:

5:3b

For R  1 or bp  0, Eqs. (5.3a) and (5.3b) are identical.

Fig. 8 shows comparisons between Eqs. (5.3a) and (5.3b)
and the computed adiabatic-disc temperatures for
Re/  0:906  106 and kT  0:3. In Fig. 8(a), where
Pr  R  1, the agreement between the theoretical and computed results is very good. In Fig. 8(b), where Pr  0:71 and
R  0:892, the agreement between Eq. (5.3a) and the computations is again very good, but Eq. (5.3b) diverges from the
computations, and from Eq. (5.3a), as bp increases and as x2
decreases.
For ¯ow over a stationary surface, where the free-stream
velocity is U1 , the recovery factor is often regarded as the
ratio of the ``frictional temperature'' increase, Ts;ad T1 , to
2
the ``adiabatic compression'', U1
=2cp . In a rotating frame of
2
reference, U1
could be replaced by Xr V/;1 2 , in which
case the recovery factor used in Eq. (5.1a) is consistent with
that for a stationary surface. In the authors' earlier publications, Eq. (5.3b) was used for the adiabatic-disc temperature. In the future, Eq. (5.3a) will be used, although the
dierences in the evaluated Nusselt numbers are likely to be
very small.
5.2. Local Nusselt numbers
Any temperature dierence, DT say, can be used in the
de®nition of the Nusselt number, but there will be an inconsistency unless qs  0 when DT  0; the only consistent de®nition is where DT  Ts Ts;ad . It should also be noted that, for
engine operating conditions, the magnitude of the right-hand
side of Eqs. (5.3a) and (5.3b) can be around 50°C: there can be
a signi®cant dierence between the use of T0;1 (which the unwary may choose) and Ts;ad (which is used here).
For Pr  1, Eqs. (A.10b) and (A.11b) in Appendix A can be
combined to give
qs

s/;s

cp Ts
Xr 1

Ts;ad 
:
r2 =r2 

5:4

The local Nusselt number is de®ned as
Nu 

k Ts

rqs
Ts;ad 

5:5

and it follows from Eqs. (5.4) and (3.2) that:
Nu 


s/;s
qX2 b2 1
s/;s
Re/ 2 2
qX b 1

Re/

1
x2 =x2
1
:
bp x21 =x2

5:6

Fig. 9 shows comparisons between the computed local Nusselt
numbers, for 0 6 bp 6 3 and Pr  1, and those obtained from
the Reynolds analogy. The latter values of Nu were calculated
from Eq. (5.6) using the computed values of s/;s and, for
bp > 1, the value of x2 was calculated from Eq. (3.2). The
computations were obtained for the conditions given in Fig. 8,
and the surface temperatures on the disc correspond to the
quadratic distributions necessary for the Reynolds analogy
(see Eq. (A.3)).
It can be seen that, apart from the results near x  x , the
agreement between the computed Nusselt numbers and those
obtained from the Reynolds analogy is mainly very good. (The
shear stress s/;s is greater than or less than zero when x is,
respectively, less than or greater than x , and there is a singularity in the right-hand side of Eq. (5.6) when x2  x2  bp x21 .
Accurate computations of Nu are dicult to achieve in this
region.)
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Fig. 8. Comparison between computational and theoretical adiabatic disc temperature for Re/  0:903  106 , Cw  17 454: (a) Pr  1; (b) Pr  0:71.
Computations: () bp  0; (+) bp  1; (}) bp  2; ( ) bp  3; (±±±) Eq. (5.3a); (- - -) Eq. (5.3b).



Fig. 9. Comparison between computed and theoretical local Nusselt numbers for Pr  1, Re/  0:903  106 and kT  0:3. Computed values:
Eq. (5.6): ±±±.

;
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5.3. Average Nusselt numbers
The temperature of the blade-cooling air is strongly aected
by the average Nusselt number, Nuav , as Eq. (4.16) shows, and
the Reynolds analogy (for Pr  1) can be used to derive an
expression for Nuav .
From Eq. (5.4)
Z b
2
qs;av  2
rqs dr
b
a2 a
Z b 2
2cp
r s/;s Ts Ts;ad 
dr:
5:7

X b2 a2  a
r2 r2
From Eq.(A.3) in Appendix A


X2
1
r2 r2 ;
C
Ts Ts; 
2
cp

5:8

where for a perfect gas, C is an arbitrary constant. Using Eq.
(A.11b) it follows that:
Ts

Ts;ad 

X2
C
cp

1 r2

Hence, from Eq. (5.7)
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b4

a4
4

r2
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Hence, using Eqs. (3.2), (5.10) and (5.11) in Eq. (4.13), it follows that:
Nuav 

p1

Re/ Cm
a2 =b2 f1  a2 =b2 

2bp r12 =b2 g

;

5:12

where Cm is the moment coecient for the rotating disc, which
is given by
Rb
2p a r2 s/;s dr
:
5:13
Cm 
1=2qX2 b5
It should be noted that s/;s is negative when V/;1 < Xr (that is,
when x > x ), and vice versa.
Substituting Eqs. (4.12), (5.9) and (5.12) into Eq. (4.16)
gives
 2
 

r
b2 Re/ Cm
Hb  2 12 bp 1
4 C 1 2
;
5:14
r2
r2 Cw
where Hb is the nondimensional dierence in the total temperature of the blade-cooling air, as de®ned in Eq. (4.10).
6. Eect of bp on disc moments and heat transfer for free-vortex
¯ows
6.1. Moment coecients
Knowing something, theoretically or experimentally, about
the ¯uid mechanics, the engineer usually employs the Reynolds
analogy to predict something about the heat transfer. For
example, if the moment coecient were known, the average
Nusselt number could be estimated. However, Eq. (5.12) can

be used to give insight into the ¯uid mechanics itself: in particular, it provides useful information about Cm .
It is reasonable to assume that Nuav must always be a ®nite
quantity: referring to Eq. (4.13), if Nuav were in®nite, then the
average heat ¯ux, qs;av , would also be in®nite for any nonzero
value of the average temperature dierence, Ts Ts;ad av . Referring to Eq. (5.12), if Nuav is to remain ®nite then Cm must
equal zero when the denominator is zero. It is convenient to
de®ne a critical pre-swirl ratio, bp;crit , such that Cm  0 when
bp  bp;crit , and it follows that:
bp;crit 

a2  b2
:
2r12

6:1

(From Eq. (3.2), this occurs when r2  1=2 a2  b2 .)
Eq. (6.1) is a logical consequence of Eq. (5.12). Eq. (5.12)
was derived from the Reynolds analogy, which is only strictly
valid when the conditions stated in Appendix A are satis®ed.
However, as Eq. (5.13) shows, Cm depends on s/;s , which in
turn depends on the ¯uid dynamics and not, apart from any
minor eects of property variations in the ¯uid, on the heat
transfer. Therefore, if the statement that Cm  0 when
bp  bp;crit is true when the Reynolds-analogy conditions apply, it must also be true when they do not apply. Consequently,
Eq. (6.1) is valid regardless of the Prandtl number of the ¯uid
or the thermal conditions of the ¯ow. In particular, bp;crit depends only on the geometry (a, b and r1 ) and not on the ¯ow
parameters Re/ ; kT . Paradoxically, despite the assumptions
made in its derivation, Eq. (6.1) is generally valid for a rotating
cavity in which there is free-vortex ¯ow in the core.
Eq. (5.12) can now be rewritten as
Nuav 

p1

1
Re/ Cm
:
a4 =b4  1 bp =bp;crit 

6:2

For the cavity considered here, where a  r1  100 mm and
b  206 mm, Eq. (6.1) gives bp;crit  2:622. Fig. 10 shows the
computed variation of Cm =Cm;0 with bp =bp;crit , where Cm;0 is the
value of Cm when bp  0 and bp;crit  2:622. These computations, which were made for Re/  0:903  106 and kT  0:3,
are consistent with the value of bp;crit given by Eq. (6.1).
Computations conducted at other values of Re/ and kT con®rmed that these ¯ow parameters do not aect the value of
bp;crit .
It is convenient to correlate the moment coecient by a
polynomial of the form
Cm =Cm;0  1  A1 a  A2 a2  A3 a3    

6:3

where a is the ``ratio of the pre-swirl ratios'' given by
a  bp =bp;crit

6:4

and A1 ; A2 ; A3 etc. are coecients, which are expected to be
functions of Re/ and kT . Fig. 10 shows the linear variation
where
Cm =Cm;0  1

a

6:5

and the cubic variation where
Cm =Cm;0  1

1:3582a  0:6035a2

0:2453a3 :

6:6

In both cases, Cm =Cm;0  0 when a  1. The cubic curve provides a good ®t to the computed results; the linear variation is
reasonable but, as discussed below, it has disadvantages when
used in Eq. (6.2) to calculate the average Nusselt numbers.
6.2. Average Nusselt numbers
Fig. 11 shows the variation of Nuav with bp;crit for Re/ 
0:903  106 and kT  0:3; for the computations, Pr  1 and the
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· Nuav (iv) is in good agreement with Nuav (ii) except, for the
reasons given above, near the singularity at bp =bp;crit  1.
The large dierences between Nuav (iii) and Nuav (iv), caused
by small dierences in Cm (see Fig. 10), show that this is
an ill-conditioned problem.
Apart from Nuav (iii), the computations show that there is a
minimum value of Nuav at some value of bp . This value will be
referred to as bp;opt , the optimal pre-swirl ratio at which Nuav is
a minimum. For Nuav (iii), bp;opt  1:9, which corresponds to
bp;opt =bp;crit  0:73;

Fig. 10. Variation of Cm =Cm;0 with bp =bp;crit for Re/  0:903  106 and
kT  0:3. ( ) computed values; (±±±) linear ®t (Eq. (6.5)); (- - -) cubic ®t
(Eq. (6.6)).

6:7

where bp;crit is given by Eq. (6.1).
Karabay (1998) conducted computations for air Pr  0:71
and for 0:42  106 < Re/ < 0:9  106 , 0:22 < kT < 0:4,
0:31 < a=b < 0:58. Eq. (6.7) provided a reasonable approximation for bp;opt , which was found to be invariant with Re/ and
Cw . Computations showed that the radial distribution of disc
temperature could have a signi®cant eect on the value of
bp;opt . All these parameters are likely to aect the cooling-air
temperature, as discussed below.
6.3. Cooling-air temperature
From Eqs. (4.16) and (4.12), the total-temperature dierence between the blade-cooling holes and the pre-swirl nozzles
is given by


a2 Nuav
Tt;2 T0;1  p 1
Ts Ts;ad av
b2 PrCw
 2
 2 2
r
Xr
2 12 bp 1
:
6:8
r2
2cp

Fig. 11. Computed variation of Nuav with bp =bp;crit for Pr  1,
Re/  0:903  106 and kT  0:3. () Nuav (i); (d) Nuav (ii); (±±±)
Nuav (iii); (- - -) Nuav (iv).

thermal boundary conditions satis®ed the Reynolds analogy.
Four methods were used to determine Nuav .
(i) Nuav (i). The local heat ¯ux, qs , computed from the energy
equation, was integrated to calculate Nuav from Eq. (4.13).
(ii) Nuav (ii). The computed value of Cm was used in the Reynolds analogy, Eq. (6.2), to determine Nuav .
(iii) Nuav (iii). The linear ®t to Cm (Eq. (6.5)) was used in the
Reynolds analogy.
(iv) Nuav (iv). The cubic ®t to Cm (Eq. (6.6)) was used in the
Reynolds analogy.
Referring to Fig. 11, the following points may be noted:
· For bp =bp;crit 6 0:76 (that is, bp < 2, Nuav (i) and Nuav (ii) are
in good agreement, and both reduce as bp increases.
· For bp =bp;crit > 0:76, the agreement between Nuav (i) and
Nuav (ii) is not so good. The main reason for this is the singularity in Eq. (6.2) at bp =bp;crit  1: small errors in the computed values of Cm cause large errors in Nuav (ii). Also, as
stated in Appendix A, the Reynolds analogy is strictly valid
only for parabolic ¯ows: as bp increases, the recirculation
region becomes larger and the ¯ow becomes increasingly elliptic. It is considered to be this eect that causes Nuav (ii) to
diverge from Nuav (i) at the larger values of bp .
· Nuav (iii) is invariant with bp .

The ®rst term on the right-hand side of Eq. (6.8) is the heat
transfer term; the second is the adiabatic work term.
Consider the case where T0;1 ; Re/ ; Cw and the geometric
parameters are ®xed. The eect of bp on the work term is
monotonic: increasing bp reduces Tt;2 . The eect of bp on the
heat transfer term is more complicated: it was shown in Section
6.2 that Nuav reaches a minimum when bp  bp;opt . For
bp < bp;opt , the heat transfer and work terms are in conjunction: Tt;2 decreases as bp increases. For bp > bp;opt , the two
terms are in opposition: whether Tt;2 increases or decreases as
bp increases will depend on the relative magnitude of these
terms.

Fig. 12. Computed eect of Re/ on variation of Tt;2
Pr  0:71 and Cw  1:28  104 .

T0;1 with bp for
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Fig. 12 shows the computed variation of Tt;2 T0;1 with bp .
The computations were conducted for air with one ¯ow rate,
one disc temperature distribution and three values of Re/ . The
eects referred to above can be seen: for Re/  0:9  106 , the
work term dominates and Tt;2 decreases monotonically as bp
increases; for Re/  0:61  106 and 0:42  106 , Tt;2 decreases
with bp when bp < bp;opt and increases when bp > bp;opt .
Karabay (1998) carried out similar computations for other
values of Re/ and Cw and for other distributions of disc temperature. The trends were similar to those discussed here.
7. Conclusions
The ¯ow and heat transfer in a simpli®ed model of a preswirl rotating-disc system has been studied theoretically and
computationally, and the Reynolds analogy has been used to
throw light on this complicated problem. The computational
ranges of parameters were: 0:1 < kT < 0:4, 0:6  106 < Re/ <
1:8  106 , 5800 < Cw < 23 000, 0 < bp < 6 and r1 =r2  0:5.
Although the rotational Reynolds numbers were signi®cantly
lower than those in the cooling systems of gas-turbine engines,
the resulting ¯ow structures are considered to be representative
of those found in many practical cases. The principal conclusions are summarised below:
· Computed values of the adiabatic-disc temperature, Ts;ad ,
and the local Nusselt number, Nu, are in good agreement
with theoretical relationships derived using the Reynolds
analogy.
· It has been shown theoretically that there is a critical preswirl ratio, bp;crit , at which the moment coecient, Cm , is zero, and there is an optimal pre-swirl ratio, bp;opt , at which
the average Nusselt number, Nuav , is a minimum. Computations have shown that Cm  0 when bp  bp;crit ; they have
also con®rmed the existence of a minimum value of Nuav
when bp  bp;opt .
· For bp < bp;opt , the total temperature of the blade-cooling
air, Tt;2 , decreases as bp increases. For bp > bp;opt , whether
Tt;2 decreases or increases as bp increases depends on the relative magnitude of the heat transfer and the work terms in
the energy equation.
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point on the disc: for r > r , the ¯ow in the boundary layer is
radially outward; for r < r , the ¯ow is inward.
The total enthalpy H is de®ned as
H  cp T  12 Vr2  V/2   k 0 p=q;
0

where k  0 for a perfect gas and k  1 for incompressible
¯ow. H is a constant reference enthalpy, chosen as
H  H r ; 0  cp Ts;  12X2 r2  k 0 p=q:

The Reynolds analogy given by Owen and Rogers (1995)
can be used to determine the relationships between the shear
stress and heat ¯ux, and between the moment coecient and
the average Nusselt number, in the rotating cavity considered
in Section 5; it can also be used to determine the adiabatic-disc
temperature. For the conditions speci®ed below, the Reynolds
analogy is exact for boundary-layer ¯ows; it holds approximately for some elliptic ¯ows. The salient points are given
below.
In rotating boundary-layer ¯ows, there is radial out¯ow in
the boundary layer on the disc when V/;1 < Xr and radial
in¯ow when V/;1 > Xr, where V/;1 is the tangential component of velocity in the core outside the boundary layer. The
radius, r say, where V/;1  Xr , corresponds to a stagnation

A:2

The solutions of the boundary layer momentum and energy
equations will be similar for the case where the Prandtl number
is unity and
Hs H  CX2 r2 r2 ;
o
H r; z H  ! 0 as z ! 1;
oz
H r ; z  H ;

i
ii
iii

A:3
A:4
A:5

where C is an arbitrary constant.
Under the above conditions, it can be shown (see Owen and
Rogers, 1995) that
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and
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A:9

Eq. (A.9) can be evaluated by dierentiating Eq. (A.7) to give
qs

s/;s

cp Ts

T1 

1=2X2 r2 1
Xr V/;1

V/;1 =Xr
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Alternatively, using Eq. (A.6)
qs

s/;s

cp Ts

Ts; 
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The adiabatic-disc temperature, Ts;ad , can be found by putting
qs to zero in Eqs. (A.10a) and (A.10b). This gives
2
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2cp
Xr
and
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Appendix A. The Reynolds analogy for a rotating cavity

A:1
0


X2 r 2
 Ts; 
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2cp


r2
:
r2

A:11b

For Pr  1, which is the case considered here, Eqs. (A.11a) and
(A.11b) are equivalent. The case when Pr 6 1 is discussed in
Section 5.1.
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