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Semi-Markov Processes for Power System
Reliability Assessment With Application to

Uninterruptible Power Supply
Antonio Pievatolo, Enrico Tironi, and Ivan Valadè

Abstract—We propose a state space model for electrical power
systems made by independent semi-Markov components, in which
restoration times can have a nonexponential distribution, thus
obtaining a more realistic reliability characterization, especially
regarding the outage duration distribution. We also propose a
model for an energy storage unit, assuming that the storage is fully
charged when it begins to deliver power. An approximate analyt-
ical evaluation based on the minimal cut sets for the outage allows
to surmount the shortcomings of the Monte Carlo approach. The
application of the model for an uninterruptible power supply
(UPS) system shows that the autonomy of the storage plays a key
role, not only for the frequency of the load point voltage failures,
but also for their duration distribution.

Index Terms—Energy storage system, minimal cut sets, power
system reliability, semi-Markov stochastic processes, UPS.

NOMENCLATURE

Number of components in the system.
State of component at time .

, , Different ways of indicating a state taken by
component .
Number of states that component can take.
Probabilities of the transition matrix of the
embedded Markov chain for component .
Distribution function of the sojourn time of
the component in the state .
Distribution function of the sojourn time of
the component in the state , given that the
next state will be .
Amount of time spent by component in
state from the transition to it to the next
transition.
State of the system at time .
Fixed state of the system.

, , Indexes of the generic minimal cut set of the
system.
Set of the minimal cut sets of the system for
a given load point.
Quantity referring to the minimal cut set .
States of the failed components in the min-
imal cut set .
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Fig. 1. Choice of the optimum reliability level minimizing the total cost.

I. INTRODUCTION

RELIABILITY is the measure that describes the ability of a
system to perform its intended function. Reliability levels

are interdependent with economics since increased reliability is
obtained through increased investments but it also allows the
consumers to reduce their outage costs. In order to carry out
objective cost-benefit studies, both the previous economical as-
pects are important: the optimum reliability level is determined
by minimizing the total cost, as reported in Fig. 1.

This paper examines some probabilistic tools that can be used
to deal with what is generally known as “reliability worth,” that
is, the benefit derived by the investments aimed at increasing the
reliability thanks to the reduction of the outage cost.

The reliability assessment is generally concerned with av-
erage indexes, such as the mean time between failure (MTBF)
and the mean time to restoration (MTTR). Also, the probability
distribution from which these mean values are derived is useful
to more accurately estimate the outage cost of the users with
very nonlinear costing function. As shown in [1] through sim-
ulations, the duration distribution of the restoration activities
heavily affects the probability distribution of the outage dura-
tion, so mathematical models admitting distributions other than
the negative exponential are necessary.

In [2], a state-space model was employed for the analytical
calculation of the MTBF and the MTTR for a system made up of
independent semi-Markov components (see [3] for the general
theory about these processes): the model was applied to the re-
liability assessment of an uninterruptible power supply (UPS).
The same model could also be useful for the electrical power
distribution system when it is assumed that its behavior can be
obtained from that of each component computed separately. In
fact, in most cases, the complexity of the problem does not allow
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one to apply the analytical models embedding both dependen-
cies and nonexponential distributions ([4], Sec. I.C), as it is nec-
essary to solve the state transition diagram of the whole system.
To the knowledge of the authors, in the field of the power system
analysis, these analytical models, such as the auxiliary variable
or the device of stage methods, have been applied only to a very
small set of apparatuses [5]–[7]. Furthermore, some dependen-
cies can be treated by the model used in this paper by grouping
in a single component the dependent devices. This is especially
true for the common-cause failures in redundant devices.

The calculation of the approximate duration distribution of a
load point voltage failure via the minimal cut sets, as reported in
[8], improves both [2], where this distribution is determined by
simulation, and [9] in which the distribution of a single system
state only is computed. The list of the minimal cut sets can be
obtained through the FMEA analysis of the power distribution
system, as suggested in IEEE Standard 493 [10], or from the
fault tree relating to the load point being studied [11]. Today, this
methodology is applied in power distribution system reliability
studies [12], [13], even if for large systems, the difficulty of
identifying all of the minimal cut sets compel to consider the
low-order ones only.

Distributed energy storage systems are beginning to be in-
stalled in the recent power distribution systems, as it has been
proposed for the Flexible, Reliable and Intelligent Electrical
Energy Delivery System (FRIENDS), [14]. From one point of
view, the energy storage systems allow the use of new energy re-
sources, and especially the renewable ones; from the other, they
are used to mitigate some aspects of the power quality problem.
The aspect of voltage stability, which includes voltage sags, re-
quires a small amount of energy to be stored, while the com-
pensation of the continuity of supplying power requires a larger
amount of energy stored. Therefore, an effort has been made
for the explicit modeling of the storage unit, whose state of
charge depends on the stochastic stories of all the semi-Markov
independent components. This is different from [15] where the
storage is considered as embedded within a single semi-Markov
model.

After a brief summary of the results of [2] (Section II-A),
special attention is paid to the calculation of the distribution
of the outage time at any load point. This is done by com-
bining the duration distribution of the minimal cut sets for the
load point outage, both when an unlimited storage is available
(Section II-B) and when it is not (Section III). The method is
then applied to an UPS with a limited storage (Section IV).

II. STOCHASTIC MODEL MADE UP BY INDEPENDENT

SEMI-MARKOV COMPONENTS

In this section, the energy storage autonomy is considered un-
limited and, therefore, the reliability quantities have the symbol

as apex.
The load point voltage is said to be in the failure state when it

is out of the rated limits, otherwise it is in the functioning state.
This state results from a combination of the states of all the com-
ponents that make up the electric power system: the relationship
between the state of the components and of the load point can
be described by a fault tree, as will be shown in Section IV.

The following hypotheses have been assumed:

• stochastic independence among the power system
components;

• the repair of a component starts as soon as the fault has
occurred. The repair time includes the technician’s trav-
elling time, fault identification and repair, and putting the
component back into service.

The stochastic model is studied under steady-state conditions.

A. Steady-State Average Reliability Indexes of a Load Point

The stochastic behavior of the power system can be described
by first modeling separately each component through a semi-
Markov process, and then using the fact that the components
change states independently of each other.

For a semi-Markov process, the transitions among the states
may be thought of as taking place in two stages: first of all, when
the state is entered, the next state is chosen according to the
transition matrix ; then, given that the next state is , the so-
journ time in the state has a distribution , taken abso-
lutely continuous. For the components that make up the power
system, we have a positive recurrent semi-Markov process for
which the steady-state probability of component being
in state can be calculated starting from the invariant probability
distribution of

(1)

where is the mean of the sojourn time of the component
in the state .

In order to carry out the reliability analysis, it is necessary
to determine the steady-state frequency of passing from a set of
states, named , to another, named . As is shown in [2], this
frequency can be calculated as

(2)

where denotes the power system state where only com-
ponent changes state from to , because the probability of
having two or more component changing states in is
negligible due to the absolute continuity of the duration distri-
butions of the sojourn times.

If is the set of those states of the power system that cause
the examined load point voltage to be in the failure state, and

is the set of all the other states, the average load point failure
rate can be calculated through (2). The average load point
availability, which is the mean proportion of time that the load
point voltage is in the rated limits, can be calculated from (1) as

(3)
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Finally, the average load point outage duration
can be computed as

(4)

Using (1)–(4), the average reliability indexes are determined
from the transition matrices and from the mean durations
of the states of the components. Then, these average indexes do
not change as long as this is true for the and the mean dura-
tions, regardless of the duration distributions .

B. Steady-State Outage Duration Distribution

The stochastic model based on the semi-Markov components
permits to determine an approximate analytic expression for
the probability distribution of the outage duration, when the
restoration activities have distributions other than the negative
exponential.

For systems made up by binary components, a cut set is de-
fined as a set of components which by failing causes the system
to fail; the cut set is said to be minimal if it cannot be reduced
without losing its status as a cut set. In the same way, for sys-
tems made up by multistate components, a cut set can be de-
fined as a set of states of the components that causes the system
to fail and the cut set is said to be minimal if the states cannot be
reduced without losing its status. At any load point, the power
system structure can be looked at as a series structure of minimal
cut sets and the downtime distribution can be expressed starting
from all of the cut sets durations.

The multistate components of the electric power system can
be modeled through one state of correct operation and one or
more states of incorrect operation conditions: we assume that
the state following the one of correct operation is determined by
the failure mode which occurs first, whereas the state following
any failure mode is the one of correct operation, as shown in
Fig. 2.

Givenaminimalcut set oforder ,

the failure state is defined for each of the components.
For the generic component of the cut set we can extract from
its life history the alternating renewal process made up by the se-
quenceof the repair times for the failure state and the lifetime
immediately before. Therefore, in order to calculate the approxi-
matedowntimedistribution,wecanapply theresultsof [8],which
we are going to describe.

For highly available systems, which include the electric
power systems, the steady-state downtime distribution at any
load point can be approximated by the following formula [8]:

(5)

where is the steady-state probability that the load point
voltage failure is caused by the minimal cut set , and
denotes the steady-state downtime distribution of the same min-
imal cut set.

Fig. 2. Model for the generic component c of the power system.

The term can be computed as

(6)

where denotes the steady-state frequency of entering the
minimal cut set and can be evaluated by (2), when is the
set of the states that contain the cut set and is the set of the
states that do not include any cut set; can be computed in
the same way.

In order to calculate the term , we have to determine
the downtime distribution of the parallel system comprising the
components of the minimal cut set , which is identified by
some specified failure states of components. In [16], it is
shown by Monte Carlo simulations that the dominant failure
scenario for a parallel structure of highly reliable components is
the one in which there is not any complete operation interval of
a component during the repair of the other components. There-
fore, the steady-state downtime distribution for the minimal cut
set can be computed as [8]

(7)

where is the index related to the states occupied by the com-
ponents of the cut set , is the sojourn time distribution in
each of these states, and is its mean, and denotes the
steady-state probability that entering the state causes the cut
set . The weight can be computed as [8]

(8)

It is shown in [17] that the steady-state formula gives very
accurate results also for the first system failure, provided that
the number of component failures before the occurrence of the
system failure is relatively large for each component, as in the
case of the electric power systems.
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III. STORAGE MODELING

In this section, a model for the storage, appropriate for relia-
bility assessment, will be presented.

The basic hypothesis of this model is that the storage unit is
assumed to be fully charged when it begins to deliver power.
This is a reasonable assumption because the mean interval be-
tween two consecutive events requiring energy from the storage
is very long with respect to the duration of the same events.

When an energy storage unit is present, the key point for
the reliability assessment at any load point is to determine the
distribution of the duration of the required drawing
from the unit. This distribution can be calculated as reported
in Section II-B considering the minimal cut sets made up
by the states of the components that cause the power system
to draw energy from the storage. Some of these states are
related to the failure modes of the corresponding components
but others can require the correct operation of the component,
in such a way to have a path from the storage unit to the load
point. Due to the high availability of the components, only the
failure states have been taken into consideration in the cut sets,
thus overestimating the energy required.

denotes the set of the states in which the load power
is drawn from the storage unit and denotes the sojourn
time in , which is distributed according to . The load
point availability can be computed as

(9)

in which denotes the energy stored at time . The
equality is valid because the two events and

are obviously mutually exclu-
sive. The second term can be evaluated via the conditional
probability factorization

(10)

where is the probability density corresponding to the
distribution , and is the autonomy (in time units)
of the energy storage unit, assuming that the load draws the rated
power.

After computing the steady-state frequency of visits
to with (2), the load point failure rate has been calculated
taking into account that only the fraction of
visits to causes a load point outage

(11)

As in Section II, the average load point outage duration
can be calculated as

(12)

The outage duration distribution is the mixture of the down-
time distribution and the one due to the discharge of the
storage unit, named

(13)

where and are the weights of the two terms. These
weights denote the steady-state probability that a load point
voltage failure is due to the discharge of the storage unit or to an-
other event and can be computed from the frequencies of these
events

(14)

(15)

The downtime distribution can be calculated from
the distribution of the duration of the drawing from the storage
conditioning on the fact that this duration is greater than the
autonomy of the storage

(16)

in which denotes the duration of the load point outage.
By (13)–(16), the approximate outage duration distribution

was computed analytically considering also the autonomy of the
storage system.

IV. APPLICATION: THE UPS RELIABILITY ASSESSMENT

Our method has been tested for a simple electrical power
system composed by the mains, an active compensation device,
and its critical load.

The following procedure has been followed:

• identification of the components of the power system and
of their failure modes;

• study of the power system behavior under various fault
conditions of one or more components, resulting in the
fault-tree construction;

• identification of the minimal cut sets in the fault tree;
• probabilistic analysis, as reported in the Sections II and

III.

A. Electric Model of the Power System

The mains is modeled as a single component whose output
voltage reliability characterization has been obtained from some
studies on the public electric network [18], [19].

There are a lot of topologies that improve the quality of the
power supplied to a sensitive load, which can be well-tried
solutions such as the double-conversion UPS, or innovative
ones, such as the unified power quality conditioner (UPQC),
the shunt, or the series compensators. The double conversion
UPS, that consists of a rectifier, an inverter, an energy storage
unit, and a static transfer switch is taken into consideration.
This electrical power system has been chosen for the following
reasons.
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Fig. 3. Double conversion UPS with its protection devices. Voltages V , V ,
and V pertaining to phase “a” of the system are also shown.

• This kind of application requires a careful reliability as-
sessment of the load voltage, owing to the high outage cost
of the critical load.

• Even if simple, it has some generality because there are
multistate components and also an energy storage unit.

In Fig. 3, the double-conversion UPS is shown with its protec-
tion devices. In order to obtain a conversion with a unity power
factor and very low current harmonic distortion, a rectifier con-
sisting of a voltage source inverter (VSI) has been considered.

The following failure modes have been identified for the com-
ponents of the UPS:

1) in the semiconductor devices: short circuit or open circuit
due to faults in the power or firing circuits;

2) in the control logics of the components, which result in the
generation of “ON” or “OFF” signals at the wrong times;

3) short circuits in either the ac or dc section;
4) anomalous behavior of the energy storage unit, made up

by batteries.
Table I shows the operational states of the UPS components.
For the UPS components, Weibull distributions, with a shape

parameter equal to 10, have been assumed for the restoration
times; the failure times are exponentially distributed. In [2], it is
shown how to compute the scale parameters of all the distribu-
tions and the transition matrices for each component, when the
frequencies of visits to the different failure states and their mean
durations are available. These are reported in Table II, obtained
from [18] and [19]. The mains voltage has been classified ac-
cording to four operational modes: between 0.9 and 1.1 of the
rated voltage (mode ), voltage sags or short interrup-
tions with residual voltage between 0.7 and (mode )
and below (mode ), long interruptions (mode ).

Afterwards, the fault tree has been built for the load point
voltage supply, whose top event is the out-of-limit condition of
this voltage. For clarity, the section of this fault tree for the UPS
compensator and the other section, for the static transfer switch,
are represented separately in Fig. 4.

The UPS device with a VSI rectifier should be capable of
drawing from the mains the active power required by the load
even when the residual voltage is very low, increasing the ab-
sorbed current. It has been assumed that the current rating of the
rectifier makes it possible to draw the full load power as long as

TABLE I
OPERATIONAL STATES OF THE UPS COMPONENTS

TABLE II
RELIABILITY INFORMATION ABOUT THE COMPONENTS

the mains voltage exceeds 70% of the nominal; below this point,
the storage system must come into play.

B. Reliability Analysis of the Power System

The reliability of the voltage supplied to the critical load has
been assessed varying the characteristics of the energy storage
system. In order to check the analytical results, Monte Carlo
simulations have also been carried out. We generated ten inde-
pendent life histories, with 3000 failures each, for a few
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Fig. 4. (a) Static transfer switch fault tree. (b) UPS compensator fault tree.

different autonomies, with the recharge rate of the energy
storage unit equal to 10% of the rated load power. With an au-
tonomy of 8 h, the simulations have been also carried out as-
suming the storage unit to be fully charged when it begins to
deliver power.

The mean indexes are reported in Table III. The table ex-
hibits a good accordance between the analytical and simulation
results, thus confirming the validity of the analytical model pro-
posed. In particular, the simulations show that the reliability in-
dexes are very slightly influenced by the rate of recharge of the
energy storage unit and, thus, the hypothesis assumed for the
storage modeling is valid. On the contrary, the autonomy of the
storage plays a very important role: the greater the autonomy,
the longer the load point MTBF, and MTTR.

The steady-state outage duration distributions are reported in
Figs. 5 and 6. The comparison between the analytical and sim-
ulation results, carried out in Fig. 5, shows that they are in good
accordance when the energy storage autonomy is equal both to
2 and 8 h.

In Fig. 6, the outage duration distributions, given a load
voltage failure, are represented when the autonomy is unlimited

TABLE III
RELIABILITY INDEXES OF THE CRITICAL LOAD VOLTAGE

Fig. 5. Comparison between the analytical and simulation results for the
outage duration distributions.

or equal to 8, 4, or 2 h. Since the long interruptions have a mean
duration equal to 1 h, there is only a small difference between
the unlimited autonomy or the 8-h autonomy. In these circum-
stances, the probability is concentrated mainly on two areas: the
first one represents short interruptions and is due to the voltage
sags that reach the load for some failures in the UPS; the second
represents longer interruptions and is due to the output voltage
failures generated directly by a UPS component, such as the
failure of the control of the static transfer switch, which has
Weibull distributed restoration times with mean equal to 10 h.

The frequencies of these kinds of failures do not depend on
the autonomy. On the contrary, for the lower autonomies, the
frequency of the failures due to the discharge of the storage be-
comes larger relative to the frequency of those due to voltage
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Fig. 6. Effect of the autonomy on the outage duration distribution.

Fig. 7. Optimization of the storage autonomy minimizing the total cost.

sags, and this is reflected by the change of shape of the distribu-
tion which concentrates some more mass on a new area between
the previous two.

C. Optimization of the Storage Autonomy

The optimization of the storage autonomy requires the mini-
mization of the total cost, as explained in the introduction.

This application does not refer to any specific real situation
and so the outage cost, shown in Fig. 7, has been calculated re-
ferring to the industrial customer sector of a survey performed
in Great Britain in 1993 [20]. This survey provides the industrial
sector cost function which gives the interruption cost as
a function of its duration . The mean cost of an inter-
ruption, given a certain autonomy, can be calculated as

(17)

where is the probability density function corresponding to
the downtime distribution. The expected number of interrup-
tions in the UPS lifetime, assumed equal to 30 years, was ob-
tained from the MTBF.

Only the cost of the batteries, furnished by a UPS manufac-
turer, has been considered as investment cost because the other
costs do not vary with the storage autonomy.

From Fig. 7, it comes out that the lowest total cost is obtained
with an autonomy close to 2 h.

V. CONCLUSION

The state space model made by independent semi-Markov
components allows a complete assessment of the electrical
power system reliability, also when the restoration times have
distributions other than the exponential. A realistic outage
duration distribution can be calculated analytically, thus sur-
mounting the shortcomings of the Monte Carlo approach due
mainly to the computational burden it implies.

In the case of highly available components, such as that of
power systems, the energy storage can be modeled assuming it
to be fully charged when it begins to deliver power.

The application to a double conversion UPS shows that the
autonomy of the energy storage plays a key role both for the re-
liability mean indexes and for the outage duration distribution.
On the contrary, the storage recharge rate does not modify con-
siderably the reliability of the critical load supply.
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