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a b s t r a c t

We investigate the performance of various discrete Hodge star operators for discrete exterior calculus
(DEC) using circumcentric and barycentric dual meshes. The performance is evaluated through the DEC
solution of Darcy and incompressible Navier–Stokes flows over surfaces. While the circumcentric Hodge
operators may be favorable due to their diagonal structure, the barycentric (geometric) and the Galerkin
Hodge operators have the advantage of admitting arbitrary simplicial meshes. Numerical experiments
reveal that the barycentric and the Galerkin Hodge operators retain the numerical convergence order
attained through the circumcentric (diagonal) Hodge operators. Furthermore, when the barycentric or the
GalerkinHodge operators are employed, a super-convergence behavior is observed for the incompressible
flow solution over unstructured simplicial surface meshes generated by successive subdivision of coarser
meshes. Insofar as the computational cost is concerned, the Darcy flow solutions exhibit a moderate
increase in the solution time when using the barycentric or the Galerkin Hodge operators due to a
modest decrease in the linear system sparsity. On the other hand, for the incompressible flow simulations,
both the solution time and the linear system sparsity do not change for either the circumcentric or the
barycentric and the Galerkin Hodge operators.

© 2016 Elsevier Ltd. All rights reserved.
1. Introduction

Discrete exterior calculus (DEC) is a paradigm for the numer-
ical solution of partial differential equations (PDEs) on simplicial
meshes [1,2]. A main advantage of DEC is the mimetic behavior of
its discrete operators where they retain at the discrete level many
of the identities/rules of their smooth counterparts. Over the past
decade, DEC was used to numerically solve many physical prob-
lems including Darcy [3,4] and incompressible flows [5–7]. The
mimetic behavior of the DEC discrete operators generally results
in superior conservation properties for DEC discretizations. There
also exist other numerical methods to discretize vector PDEs on
surfaces that are not based on DEC [8–12].

The definition of most DEC operators requires a dual mesh re-
lated to the primal simplicial mesh. A common choice for the dual
mesh is the circumcentric dual. The mutual orthogonality of the
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primal simplices and their circumcentric duals results in simple ex-
pressions for the discrete Hodge star operators. However, using the
circumcentric dual limits DEC to only Delaunay simplicial meshes.
In the case of non-Delaunay meshes, DEC implementations using
the circumcentric dual along with the diagonal Hodge star defini-
tion yield incorrect numerical results [13]. Enabling DEC to handle
arbitrary simplicial meshes is advantageous not only due to the ex-
tra flexibility in mesh generation but also due to significantly fa-
cilitating any subsequent local/adaptive mesh subdivision. This is
important considering that successive subdivision of a Delaunay
triangulation with obtuse-angled triangles would result in a non-
Delaunay mesh.

An alternative choice for the dual mesh is the barycentric dual.
Since the barycenter of a simplex always lies in its interior (un-
like circumcenters), the dual barycentric cells are always non-
overlapping for arbitrary simplicial meshes. However, the orthog-
onality between the primal and dual mesh objects that character-
ized the circumcentric dual is no longer valid for the barycentric
dual. This implies that the DEC operators involving metrics may
need to be redefined. For DEC applications over surface simplicial
meshes, it becomes essential to redefine theHodge star operator∗1
and its inverse∗

−1
1 . Twoprevious discrete definitions forHodge op-

erators on general simplicial meshes are the Galerkin [14] and the
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geometrical barycentric-based [15,16] definitions. By barycentric-
based definitions here wemean the Hodge star definitions that are
applicablewhen abarycentric dualmesh is employed. Both the two
aforementioned definitions result in a sparse (but non-diagonal)
matrix representation for the Hodge star operator ∗1. Such a non-
diagonal matrix structure further complicates the representation
of the inverse operator ∗

−1
1 . However, it is worth pointing out that

on surface simplicial meshes, the DEC discretization of common
partial differential equations; e.g. Poisson equation and incom-
pressible Navier–Stokes equations,may not require the inverse op-
erator ∗

−1
1 . An alternative approach for dealing with non-Delaunay

meshes, for the specific case of a scalar Laplacian, is through the in-
trinsic Delaunay triangulation [17].

The purpose of this study is to evaluate the performance of
the barycentric-based and the Galerkin Hodge operators compared
with the circumcentric (diagonal) Hodge star operator. The com-
parison is carried out through the DEC discretization of Darcy and
incompressible Navier–Stokes flows over surfaces. The main dif-
ferences between the circumcentric versus the barycentric dual
meshes are first addressed in Section 2. The definitions of vari-
ous Hodge star operators are then provided in Section 3. This is
followed by numerical experiments for Darcy flow and incom-
pressible Navier–Stokes equations in Section 4, demonstrating
the behavior of the considered Hodge star operators. The results
demonstrate the numerical convergence as well as the linear sys-
tem sparsity and the computational cost for the various opera-
tors definitions considered during the current study. The paper
closes with conclusions emphasizing the main observations and
discussing related future insights.

2. Circumcentric versus barycentric dual meshes

Consider a domain Ω approximated with the simplicial com-
plex K . This paper focuses only on simplicial meshes over
flat/curved surfaces, and therefore the domain is considered to
have a dimension N = 2. A k-simplex σ k

∈ K is defined by the
nodes vi forming it as σ k

= [v0, . . . , vk]. The definition of many
DEC discrete operators requires the dual complex ⋆K defined over
the primal simplicial complex K . The dual to a primal simplex σ k

is the (N − k)-cell denoted by ⋆σ k
∈ ⋆K . The top dimensional k-

simplices/cells are consistently oriented; e.g. counterclockwise, in
all our examples here.

Defined on the primal and dual mesh complexes are the spaces
of the discrete k-forms denoted by Ck(K) and Dk(⋆K), respectively.
For N = 2, the spaces of the discrete forms are related via
the discrete exterior derivative dk and the discrete Hodge star ∗k
operators as shown in the following diagram

(1)

where the superscript T indicates the matrix transpose.
A common choice for the dual complex is the circumcentric

dual. This choice is motivated by the orthogonality between the
primal and dual mesh objects, which simplifies the discrete Hodge
star operators definitions. For example, for a smooth 1-form u, the
orthogonality of the primal edge σ 1 and its dual ⋆σ 1 makes the
component of u evaluated along σ 1 equal to the component of
∗u evaluated along ⋆σ 1. This results globally in a diagonal matrix
representation for the discrete Hodge star operator ∗1 and also its
inverse ∗

−1
1 , simplifying various DEC computations.

Although the circumcentric duality yields this simplicity in the
discrete Hodge star representation, this dual works correctly only
onDelaunaymeshes. Fig. 1(a) shows a sample non-Delaunaymesh.
While the dual edges are, by the current convention, oriented
Fig. 1. Sketch for a sample non-Delaunay mesh with: (a) the circumcentric dual,
and (b) the barycentric dual. The primal mesh is in black color and the dual mesh
is in red color. cijk and bijk are the circumcenter and barycenter of the triangle
[vi, vj, vk], respectively. cij and bij are the circumcenter and barycenter of the edge
[vi, vj], respectively.

90° counterclockwise with respect to their primal edges, the dual
to the primal edge [v1, v2] is oriented in the opposite direction. This
is due to the circumcenters of the neighboring triangles being in
the reversed order. According to the notation in [13], this implies
that the dual edge ⋆[v1, v2] has a negative volume. An additional
concern is the construction of the dual areas. For a non-Delaunay
mesh, the circumcentric dual areas overlap with some of the areas
sectors having negatively-signed volumes. For example, for the
mesh in Fig. 1(a), the areas dual to the primal nodes v0 and v3 are
overlapping; i.e. ⋆v0 ∩ ⋆v3 ≠ ∅. In addition, for the area dual to the
node v1, the part of ⋆v1 that does not overlapwith ⋆v0 and ⋆v3 has a
positive volume, while the part that overlaps with ⋆v0 and ⋆v3 has
a negative volume, according to the volume calculation convention
defined in [13]. Previous analysis showed that the DEC numerical
solution of Poisson equation over a non-Delaunay mesh, using the
diagonal definition of the Hodge star operator, leads to incorrect
results [13].

An alternative choice for the dual mesh is the barycentric dual
which is well defined on arbitrary simplicial meshes, as illustrated
in Fig. 1(b). The dual to a primal triangle is its barycenter, the dual
to a primal edge is the kinked line connecting the barycenters of
the two neighboring triangles through the barycenter of the primal
edge itself, and the dual to a primal node is the polygonal area
formed by the duals of the primal edges connected to the primal
node. Since the barycenter of each triangle is always in its interior,
the dual barycentric cells do not overlap for arbitrary simplicial
meshes. On the other hand, it is evident from Fig. 1 that the main
difference between the circumcentric and the barycentric duals
is the lack of mutual orthogonality between the primal and dual
edges in the case of the barycentric dual.

The lack of orthogonality between the primal edges and
their barycentric duals invalidates the diagonal representation
of some Hodge star operators. This can be illustrated through
numerical DEC experiments using the diagonal Hodge star
operator constructed using a barycentric dual mesh. Fig. 2 shows
the L2 norm error for the Darcy flow and the incompressible
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Fig. 2. The convergence of the L2 error (measuring the difference between the numerical and the exact analytical solutions) for (a) the 0-form p in the Darcy flow problem,
and (b) the 1-form u in the incompressible Navier–Stokes equations. The solutions are computed using the diagonal definition of the discrete Hodge star operators for both
the circumcentric and the barycentric duals. The problem formulations are discussed in Section 4. The simulations are carried out over Delaunay meshes.
Navier–Stokes DEC solutions. More details regarding the problems
formulations are provided in Section 4. It is observed in Fig. 2(a)
that while the Darcy flow solution error using the circumcentric
dual converges in a second order fashion as expected, the solution
using the barycentric dual does not converge. A similar behavior is
observed for the incompressible Navier–Stokes equations solution
in Fig. 2(b). While the L2 error for the velocity 1-form converges
as expected with a first order rate when using the circumcentric
dual, the error does not converge when using the barycentric dual.
This implies the existence of an error source that dominates the
solution error, preventing its convergence with themesh size. This
error arises from the inappropriate diagonal definition of ∗1 when
a barycentric dual mesh is employed.

Two alternative discrete definitions for the Hodge operators are
the Galerkin [14] and the geometrical barycentric-based [15,16]
Hodge operators. The lowest and highest order Hodge operators;
i.e. ∗0 and ∗2 (and therefore their inverses ∗

−1
0 and ∗

−1
2 ), however

retain their diagonal representation as ∗k =
|⋆σ k

|

|σ k|
for k = 0, 2,

where | · | is the volume of the enclosed simplex/cell. The diagonal
representation for these operators should be still valid since
they actually represent a volume averaging process that should
not in principle change due to the dual mesh selection. Indeed,
these diagonal definitions are used in our numerical experiments
in Section 4. Therefore, the barycentric-based and the Galerkin
definitions are different here only for the Hodge operator ∗1. In the
next section, various definitions for ∗1 are discussed inmore detail.

3. Hodge star definitions

For a Delaunay simplicial mesh with a circumcentric dual, the
primal–dual orthogonality allows a diagonal definition for the
discrete Hodge operator as [1,2]

[∗1]Cii =
| ⋆ σ 1

i |

|σ 1
i |
. (2)

As mentioned earlier, the diagonal structure of ∗1 simplifies the
discrete representation of the inverse operator ∗

−1
1 , which is also

diagonal.
For a general simplicial mesh, another discrete definition of

the Hodge operator is based on Whitney forms [18], which do
not require a dual mesh for their definition. For surface simplicial
meshes; i.e. N = 2, the Whitney 1-form corresponding to the
primal edge σ 1

= [vi, vj] defined over the primal triangle σ 2
=

[vi, vj, vk] is defined as

W (σ 2)
[vi,vj]

= µi dµj − µj dµi, (3)
with µi being the barycentric coordinate corresponding to the
node vi, and dµi is its exterior derivative. Based onWhitney forms,
the Galerkin Hodge star operator is defined as [14]

[∗1]Gij =


σ 2


W (σ 2)

σ 1
i
,W (σ 2)

σ 1
j


α, (4)

where ⟨·, ·⟩ denotes the interior product of the enclosed forms and
α is the volume form on σ 2.

The Galerkin Hodge definition in Eq. (4) provides a symmetric
sparse (but non-diagonal) representation for ∗1. For the row
corresponding to the primal edge [vi, vj], the only nonzero entries
in the Galerkin ∗1 are at the columns corresponding to the primal
edges belonging to the triangles sharing this primal edge [vi, vj].
Therefore, the number of nonzero entries in the Galerkin Hodge
operator is almost five times compared with the circumcentric
(diagonal) Hodge operator defined in Eq. (2). The effect of such
decrease in the matrix sparsity is discussed in Section 4.3. The
evaluation of Eq. (4) requires numerical integration over each
triangle using a sufficient number of quadrature points.

Another definition for ∗1 is the geometrical barycentric-based
Hodge operator defined in [16]. This definition is also based on
Whitney forms but requires the use of the barycentric dual mesh.
Consider a smooth 1-form u. We denote the form discretization on
the primal edge σ 1 as uσ 1 =


σ 1 u. Based on the values of the

discrete 1-form defined on the primal edges, it is required to get
an estimation for the dual 1-form w = ∗u discretized on a dual
edge ⋆σ 1; i.e.w⋆σ 1 =


⋆σ 1 w. The discretized primal 1-forms u can

be interpolated at a given point inside the triangle σ 2 as

u(σ
2)

=


σ 1
i ≺σ 2

uσ 1
i
W (σ 2)

σ 1
i
, (5)

where the summation is over all the faces σ 1
i of the triangle σ 2.

Since w = ∗u, it is then possible to get an interpolated
representation for the dual form w at a given point inside the
triangle σ 2 as

w(σ
2)

= ∗u(σ
2)

=


σ 1
i ≺σ 2

uσ 1
i

∗ W (σ 2)

σ 1
i

=


σ 1
i ≺σ 2

uσ 1
i
W (σ 2)∗

σ 1
i

, (6)

where W (σ 2)∗

σ 1
i

= ∗W (σ 2)

σ 1
i

is the rotated Whitney forms due to

the Hodge star action. Computationally, if a Whitney form was
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evaluated at a given point as W (σ 2)

σ 1
i

= a dx + b dy, then W (σ 2)∗

σ 1
i

=

−b dx + a dy.
Eq. (6) provides an approximation of the smooth dual 1-formw

inside σ 2 as a function of the discrete primal 1-forms uσ 1
i
. Such

a representation when applied to the part of the dual edge ⋆σ 1

residing inside σ 2 would provide a discrete approximation for
w on that part of the dual edge. By repeating the same process
on the other triangle sharing the dual edge ⋆σ 1, this provides an
estimation forw(⋆σ 1). Denoting the part of the dual edge ⋆σ 1

i that
resides inside the triangle σ 2

k as ⋆σ 1
i ∩ σ 2

k , the evaluation of the
dual form w on the vector representing the dual edge ⋆σ 1

i can be
represented as

w⋆σ 1
i

=


σ 2
k


σ 1
j ≺σ 2

k

uσ 1
j
W
(σ 2

k )∗

σ 1
j

(⋆σ 1
i ∩ σ 2

k ), (7)

where the first summation is over the triangles σ 2
k sharing the edge

σ 1
i , and the second summation is over the faces of each triangle.

The Whitney forms in Eq. (7) are considered here to be evaluated
at the barycenter of σ 2

k .
The summed quantities in Eq. (7) are the discrete primal

1-forms multiplied by the rotated Whitney forms evaluated at the
barycenter of σ 2

k along parts of the barycentric dual edges. There
exists a correspondence between the vector representations of the
barycentric dual edges portions and the Whitney forms evaluated
at the triangle’s barycenter expressed as [16]
⋆σ 1

i ∩ σ 2
k , x


= |σ 2

k |W
(σ 2

k )∗

σ 1
i

(x), (8)

where x is an arbitrary vector and the angle brackets here represent
the inner product of the enclosed vectors. The above relation allows
the barycentric-based geometric Hodge operator to be expressed
as [16]

[∗1]Bij = |σ 2
|


W (σ 2)∗

σ 1
i

,W (σ 2)∗

σ 1
j


. (9)

Since

W (σ 2)∗

σ 1
i

,W (σ 2)∗

σ 1
j


=


W (σ 2)

σ 1
i
,W (σ 2)

σ 1
j


, the barycentric-based

geometric Hodge definition is then the special case of the Galerkin
Hodge definition in Eq. (4) when the integration is approximated
by a one point quadrature with evaluation only at the triangle
barycenter. In what follows, we denote the barycentric-based
geometric Hodge operator in Eq. (9) as the barycentric Hodge star.
The barycentric Hodge operator is symmetric and has exactly the
same sparsity structure as the Galerkin Hodge star.

Due to the sparse, but non-diagonal, nature of the barycentric
∗1 operator, a sparse representation for the inverse operator ∗

−1
1

is not yet known. In principle, a similar concept can be followed
to develop a separate definition for ∗

−1
1 by interpolating the dual

1-forms over the two dual areas sharing the primal edge, applying
the Hodge star to the interpolated 1-forms, and then applying
them on each portion of the primal edge. However, the theoretical
machinery required to carry out such an interpolation has not been
developed yet. For example, although it is currently possible to
interpolate 0-forms inside convex polygons [19], the interpolation
of 1-forms inside such convex polygons is not amenable yet.
Such an interpolation is even more challenging recalling that the
barycentric dual edges are kinked lines and the dual areas may
be non-convex. In case a discrete definition for ∗

−1
1 could be

developed following the above approach, such a definition, along
with the above barycentric definition for ∗1 may not satisfy the
Hodge star identity ∗ ∗ u = (−1)k(N−k)u. In such a case, it may
not be possible to use both ∗1 and ∗

−1
1 operators simultaneously

in solving a given partial differential equation. However, each
operator might be used separately to solve a system of equations
that does not include its discrete inverse operator.

For a three-dimensional (3D) simplicial mesh case, there
exist Galerkin and barycentric discrete definitions for the ∗2
operator [16]. Both definitions will result in a discrete sparse
definition for ∗2 accounting for the 2-forms defined on the primal
triangles that belong to tetrahedra sharing the dual edge. The
development of a barycentric-based sparse definition for the
inverse Hodge star operators; viz. ∗

−1
1 and ∗

−1
2 , is currently,

however, beyond reach. The operator ∗−1
1 is of a special importance

since it is essential for the 3D DEC solution of incompressible
Navier–Stokes flows.

In spite of the above mentioned limitations, there exist many
important physical problems whose numerical solution over
surfaces only requires a definition for ∗1. Examples for these
problems are theDarcy flowand the incompressibleNavier–Stokes
equations. In addition, Eqs. (8) and (9) provide a potential path for
studying convergence of DEC in relation to the lowest order finite
element exterior calculus [20], since the barycentric Hodge star can
be treated as a quadrature approximation of the Galerkin Hodge
star. In the following section, the behavior of the Galerkin and
the barycentric Hodge star operators is benchmarked against the
circumcentric Hodge operator through the solution of the Darcy
flow and the incompressible Navier–Stokes equations.

4. Results and discussion

Convergence tests are carried out for Darcy flow and incom-
pressible Navier–Stokes equations solutions in 2D. The tests char-
acterize the behavior of the Galerkin and the barycentric Hodge
star operators versus the circumcentric (diagonal) Hodge operator.
The implemented numerical experiments are for test cases with
known analytical solutions, aiming to quantitatively demonstrate
the differences between various Hodge star operators. The prob-
lem formulation and implementation details are briefly presented
here for each problem. The reader may refer to [3,7] for more de-
tails regarding the DEC solution of Darcy flow and incompressible
Navier–Stokes equations, respectively.

Four mesh types are used in the numerical experiments.
First is a group of five Delaunay meshes created independently,
where the number of the triangular elements in any finer mesh
is almost four times the number of triangular elements in the
coarser mesh. Second is a sequence of non-Delaunay meshes
created by sequential subdivision of the coarsest non-Delaunay
mesh. The subdivision is carried out by introducing the new
nodes at the center points of the existing mesh edges. Next is a
group of structured-triangular meshes consisting of isosceles right
triangles. Lastly is a group of highly irregular non-Delaunaymeshes
generated by distorting the first group of Delaunay meshes to
increase the triangles aspect ratios. The above mesh groups are
generated for a unit square simulation domain. The number of
triangular elements for the coarsestmesh in each group is 740, 890,
722 and 740 for the Delaunay, sequentially divided, structured-
triangular and distorted non-Delaunay meshes, respectively.
The maximum aspect ratio, defined as the ratio between the
circumradius and the inradius, is approximately 3.7, 3.8, 2.4 and
26.0, respectively. Fig. 3 shows sample meshes from the four
mesh groups. During the convergence analysis, the characteristic
measure of the mesh length is the maximum primal edge length.
Eqs. (2), (4) and (9) are used to define the circumcentric, Galerkin
and the barycentric Hodge star operator ∗1, respectively. The
integration of the Galerkin Hodge star operator is carried out over
each triangle using 3 quadrature points. For the ∗0, ∗

−1
0 , ∗2 and

∗
−1
2 operators, the diagonal representation ∗k =

|⋆σ k
|

|σ k|
for k =

0, 2 is used for both the circumcentric and the barycentric dual
meshes, where the barycentric dual mesh is used along with both
the Galerkin and the barycentric ∗1 operators.
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Fig. 3. Sample meshes from the four types of triangulation used during the
numerical experiments: (a) a Delaunay mesh, (b) a sequentially-divided non-
Delaunay mesh, (c) a structured-triangular mesh, and (d) a distorted non-Delaunay
mesh. Themeshes shown in the figure are the second coarsestmeshes in each group.

4.1. Darcy flow

The governing equations for Darcy flow, in the absence of body
forces, are expressed in vector calculus notation as

v − ∇p = 0 inΩ,
∇.v = φ inΩ,
v.n = ψ on ∂Ω,

(10)

where v is the velocity vector and p is the pressure. In exterior
calculus notation, the Darcy flow equations can be expressed in
terms of the velocity 1-form v♭ and the pressure 0-form p as [3]

v♭ − dp = 0 inΩ,
∗d ∗ v♭ = φ inΩ.

(11)

By choosing to define the pressure 0-form p on the primal
nodes and the velocity 1-form v♭ on the primal edges, the discrete
governing equations become

v − d0p = 0,
∗

−1
0 [−dT

0] ∗1 v = φ − ∗
−1
0 db u,

(12)

where v is the primal velocity 1-form. The operator db comple-
ments the action of the [−dT

0] operator for the dual areas whose
boundary includes primal edges [7]. The primal 1-form u accounts
for the flux across the boundary primal edges. Therefore, the Neu-
mann boundary conditions are accounted for by the force vector
∗

−1
0 db u. This is very similar to the finite element formulation of

the scalar Poisson equation where Neumann boundary conditions
are treated as natural boundary conditions represented by a force
vector.

An analytical solution for the pressure field that satisfies
Eqs. (10) is p = cos(πx) cos(πy). For a unit square simulation
domain, the Neumann boundary condition then becomes v.n = 0;
i.e. u = 0 on ∂Ω . The discrete system of equations to be solved is
then

I −d0

∗
−1
0 [−dT

0] ∗1 0

 
v
p


=


0
φ


, (13)
Fig. 4. The numerical convergence of the pressure L2 error (measuring the
difference between the numerical and the exact analytical solutions) for the Darcy
flow problem with Neumann boundary conditions. The results of the Galerkin and
the barycentric Hodge star are identical, and therefore both are represented by the
same symbols in the figure.

where the pressure p is specified at one interior node in order to
get a unique solution for the system. Eq. (13) can be symmetrized
by multiplying the first row by ∗1 and the bottom row by ∗0.
This would however result in replacing the diagonal I matrix by
a sparse, but non-diagonal, ∗1 in the barycentric and the Galerkin
Hodge cases.

The above Darcy flow problem is solved over both the Delaunay
and non-Delaunay meshes. For the Delaunay meshes, the problem
is solved using the circumcentric, Galerkin and the barycentric
Hodge star definitions. For the non-Delaunaymeshes, the problem
is solved using only the Galerkin and the barycentric Hodge star
definitions. The L2 norm error for the pressure field is calculated
and plotted versus the maximum length of the primal edges for
each mesh, as shown in Fig. 4. It is observed that for all the
implemented test cases, the L2 error converges in a second order
fashion as expected. Even for the highly distorted non-Delaunay
meshes, both the barycentric and the Galerkin Hodge operators
reproduce the expected convergence rate. There is a very small
difference, in terms of the solution L2 error, when using the
circumcentric versus the barycentric Hodge operators over the
Delaunay meshes. The results for the Galerkin Hodge operator are
found to be almost identical to those of the barycentric Hodge
operator for all conducted test cases. It is worth noting that both
the Galerkin and barycentric ∗1 matrices do have the same sparsity
structure but the individual entries in the matrices are different.
Although the barycentric Hodge operator requires only one point
integration (at the barycenter), it ultimately produces solutions
similar to the Galerkin Hodge operator (using 3 integration
points). This suggests that the barycentric Hodge operator is more
computationally efficient than the Galerkin Hodge operator for the
DEC Darcy flow solution. Both the barycentric and the Galerkin
Hodge operators reproduce the convergence order attained via the
circumcentric operator.

4.2. Incompressible Navier–Stokes equations

The equations governing the incompressible flow of a homoge-
neous fluid, with unit density and no body forces, over surfaces are
the Navier–Stokes equations expressed as [7]

∂u♭

∂t
− ν ∗ d ∗ du♭ + ∗(u♭ ∧ ∗du♭)+ dpd = 0, (14a)

∗ d ∗ u♭ = 0, (14b)
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where u♭ is the velocity 1-form, pd is the dynamic pressure 0-form
defined as pd = p+

1
2 (u

♭(u)), and ν is the kinematic viscosity. The
DEC discretization of the momentum equation (14a) is

un+1
− un

∆t
− ν ∗1 d0 ∗

−1
0


[−dT

0]u + dbv


+ ∗1 Wv ∗
−1
0


[−dT

0]u + dbv

+ dT

1p
d

= 0, (15)

where u is the dual velocity 1-form and v is the primal (tangential)
velocity 1-form. The matrix Wv , which contains the values of
the tangential velocity 1-form v, represents the discrete wedge
product of v with the primal 0-form ∗du. A definition for this
discrete primal–primal wedge product is given in [1]. The operator
db again complements the action of [−dT

0] on the dual areas whose
boundary includes primal edges.

Taking the exterior derivative of Eq. (15) and substituting for
the velocity dual 1-form by u = ∗1 d0ψ , the discrete system of
equations to be solved is then

1
∆t

[−dT
0] ∗1 d0ψ

n+1
− ν[−dT

0] ∗1 d0 ∗
−1
0 [−dT

0] ∗1 d0ψ
n+1

+ [−dT
0] ∗1 W n

v ∗
−1
0 [−dT

0] ∗1 d0ψ
n+1

= F , (16)

with the vector F =
1
∆t [−dT

0]u
n

+ ν[−dT
0] ∗1 d0 ∗

−1
0 dbv

n
−

[−dT
0] ∗1 W n

v ∗
−1
0 dbv

n. The degrees of freedom in the above linear
system are the stream function 0-forms ψ defined on the primal
mesh nodes. Therefore, the resulting system is a sparse linear
system of size equal to the number of the primal mesh nodes.
The reader may refer to [7] for more details regarding the
discretization.

The numerical convergence analysis for the incompressible
Navier–Stokes equations is carried out through the implementa-
tion of the Poiseuille flow test case. For a unit square simulation
domain, solid wall boundary conditions are applied on the top
and bottom boundaries of the simulation domain, and a parabolic
in/out flow conditions are imposed on the left/right boundaries.
With the flow across all boundary primal edges to be known, the
boundary conditions for the stream function ψ can be easily set.
The exact solution of the velocity vector field is u = (y(1 − y), 0)
for ν = 1.0. The L2-error of the velocity 1-form u is calculated as

∥uexact
−u∥ =


σ 1 As


uexact−u

|σ 1|

2
1/2

, where uexact is the integra-

tion of the exact velocity on the dual edge and As is the support area
for each primal edge σ 1. For the circumcentric dual mesh case, the
support area is As = |σ 1

| | ⋆ σ 1
| /2.

The convergence of the L2 error with the mesh size is shown
in Fig. 5. For the structured-triangular meshes, a second order
convergence rate is observed, with almost no difference in the
L2 error between the circumcentric versus the barycentric Hodge
star. For the Delaunay mesh simulations, the L2 error converges
in a first order fashion, with the barycentric Hodge star solution
error being slightly larger than that for circumcentric Hodge star.
The barycentric Hodge star operator then successfully reproduces
the convergence rate attained through the circumcentric Hodge
operator for the Delaunaymesh test case. A first order convergence
rate is also observed for the highly distorted non-Delaunay
mesh simulations using both the barycentric and the Galerkin
Hodge operators. Such convergence rates are in agreement with
previous theoretical analysis by Nicolaides [21], for the covolume
method using a circumcentric dual, showing that a second order
convergence rate is attainable when the center point of each
primal edge coincides with the center point of its dual edge.
This condition is satisfied for the structured-triangular meshes
with either the circumcentric or the barycentric dual meshes. For
otherwise unstructuredmeshes, the error convergence is expected
to have a first order rate, as shown in Fig. 5. The Galerkin Hodge
Fig. 5. The numerical convergence of the L2 error (measuring the difference
between the numerical and the exact analytical solutions) of the velocity 1-form
u for the Poiseuille flow test case. The results of the Galerkin and the barycentric
Hodge star are identical, and therefore both are represented by the same symbols
in the figure.

results are again similar to the barycentric Hodge results for all
conducted experiments.

For solutions over sequentially divided non-Delaunay meshes
using the barycentric Hodge star, the error convergence rate is
very close to a second order. The convergence rate increases with
the mesh refinement, where the convergence rate between the
first two coarser meshes is ≃1.65 and reaches ≃1.85 between
the two finest meshes. On average, the slope of the line between
the coarsest and finest mesh is ≃1.77. Such a convergence rate
is more than what is usually expected for unstructured simplicial
meshes. This observed super-convergence can be attributed to the
sequential subdivision of the meshes. Fig. 6 shows two triangles
that were subdivided by introducing new nodes at the primal
edges midpoints, resulting in eight finer triangles. For the newly
generated primal edges inside the coarser triangles; e.g. the edge
[v4, v5] in Fig. 6, the midpoints of these primal edges coincide
with their duals midpoints. This is the condition required to
attain a second order convergence rate, as discussed earlier for
the structured-triangular mesh case. Since this super-convergence
condition is not satisfied for the finer edges that reside on the
original coarse edges; e.g. the edge [v3, v6], the convergence
rate is still somewhat lower than second order. As more new
interior edges are introduced during the sequential refinement,
the convergence rate approaches second order. A similar super-
convergence behavior was also observed for the Galerkin Hodge
operator. It is interesting that the sequential subdivision of the
unstructured meshes, which was a challenge when using the
circumcentric Hodge star, became an advantage when using the
barycentric and the Galerkin Hodge operators.

4.3. Computational aspects

One of the main concerns regarding the barycentric and
the Galerkin Hodge operators, in addition to the difficulty of
deducing a sparse inverse operator, would at first appear to be
the computational cost. Both the Galerkin and the barycentric
operator matrices have a number of nonzero entries almost five
times as that for the circumcentric (diagonal) Hodge operator.
One might then logically expect an increase in the linear system
solution time. This section addresses these computational aspects
by examining the matrix sparsity and solution time during Darcy
and incompressible flow simulations. It is shown in this section
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Fig. 6. A sample simplicial mesh that was refined through subdivision. The
subdivision is carried out by introducing the new nodes at the midpoints of the
coarse mesh edges.

that the additional computational cost when using the barycentric
or the Galerkin Hodge star is minimal or non existent. The Darcy
flow linear system is solved here using a biconjugate gradient
solver, while a sparse LU decomposition solver is used to solve the
incompressible Navier–Stokes linear system. The results presented
below are implemented over the Delaunay mesh group.

Fig. 7(a) shows the number of nonzero entries in the system
matrices for Darcy and incompressible flow problems when using
the circumcentric and the barycentric Hodge operators. In regard
to theDarcy flowproblem, the number of nonzero entries increases
on average by almost 40% when the barycentric Hodge is used.
On the other hand, the incompressible flow problem does not
exhibit any change in the number of nonzero entries in its system
matrix when using either the circumcentric or the barycentric
Hodge operators. This can be explained through Table 1, which
lists the number of nonzero entries in some DEC matrices when
using the circumcentric and the barycentric Hodge operators. The
barycentric ∗1 matrix has a number of nonzero entries almost five
times as that for the circumcentric Hodge matrix. However, the
difference in terms of the matrix [∗1 d0] reduces to a factor of
two, as shown in Table 1. When using the circumcentric Hodge
operator, the nonzero entries in any column of the matrix [∗1 d0],
corresponding to a primal node, are in the rows corresponding
to the primal edges connected to this node. In the barycentric
Hodge operator case, the nonzero entries in any column of the
matrix [∗1 d0] would then be for all the edges belonging to
the triangles sharing this node, which is almost twice as the
number of edges connected to the node. The multiplication by
the matrix d0, which includes a differentiation stencil, would then
mitigate some of the lower sparsity effect of the barycentric Hodge
Table 1
The number of nonzero entries in some of the DEC matrices for both circumcentric
and barycentric Hodge operators. The tabulated numbers correspond to a Delaunay
mesh consisting of 404 nodes, 1143 edges and 740 triangles.

Circumcentric Hodge Barycentric Hodge

∗1 1143 5583
d0 2286 2286
∗1 d0 2286 4506
dT
0 ∗1 d0 2690 2690

matrix. Further multiplication by another exterior derivative
matrix would completely eliminate the lower sparsity effect of
the barycentric Hodge matrix due to the further increase in the
effective differentiation stencil. This can be noticed in Table 1
where the number of nonzero entries in the matrix [dT

0 ∗1 d0] is
identical for both the circumcentric and the barycentric Hodge
operators.

Accordingly, for the Darcy flow solution, the number of nonzero
entries of the block matrix


∗

−1
0 [−dT

0] ∗1

in Eq. (13) increases by

a factor of two when the barycentric Hodge operator is used. This
ultimately leads to almost 40% increase in the number of nonzero
entries in the whole linear system, as shown in Fig. 7(a), and a
corresponding slight increase in the linear system solution time,
as shown in Fig. 7(b). For the incompressible flow problem, since
each Hodge matrix ∗1 is multiplied twice by exterior derivative
operators, as in Eq. (16), the sparsity of the resulting linear system
does not change when using the circumcentric or the barycentric
Hodge operator. Consequently, the linear system solution times do
not vary, as shown in Fig. 7(b). The above results suggest that the
lower sparsity of the barycentric and the Galerkin Hodge operator
matrices has generally a modest effect on the computational cost.

5. Conclusions

The paper presented a comparison between the circumcentric
(diagonal) Hodge operator versus the Galerkin and the barycentric
(geometric) Hodge operators on surface simplicial meshes. While
the circumcentric Hodge operator works properly only on
Delaunay meshes, the Galerkin and the barycentric Hodge
operators admit arbitrary simplicial meshes. This provides more
flexibility to the meshing process and facilitates any subsequent
mesh subdivision, which would require edge flips or remeshing in
case only Delaunay simplicial meshes were allowed.

The Galerkin Hodge operator definition is based on the
integration of Whitney forms over the triangles. The barycentric
Hodge operator is defined also through Whitney forms, and can
be considered to correspond to a one-point quadrature version
of the Galerkin Hodge operator with quadrature points at the
Fig. 7. (a) The number of non-zeros in the global matrices. (b) The solution time (in seconds) for various mesh sizes.
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triangles barycenters. Both definitions resulted in a sparse, non-
diagonal, definition for the Hodge star operator ∗1. Such a
sparse representation complicates the development of a sparse
barycentric or Galerkin definitions for the inverse operator ∗

−1
1 .

The barycentric and the Galerkin definitions for ∗1 are, however,
advantageous for many physical problems that do not require ∗

−1
1 ;

e.g. the Poisson and incompressible Navier–Stokes equations. In
regard to the three-dimensional case, although the existence of
barycentric and Galerkin definitions for the ∗1 and ∗2 operators
is known, it is not known yet how a sparse representation
for ∗

−1
1 and ∗

−1
2 can be defined. The operator ∗

−1
1 is essential

for the 3D DEC discretization of incompressible Navier–Stokes
flows.

Numerical experiments for theDarcy flowproblemshowed that
the barycentric Hodge star operator reproduced the second order
convergence rate attained through the circumcentric (diagonal)
Hodge star operator. Other experiments for the incompressible
Navier–Stokes equations showed similar convergence rates for the
barycentric versus the circumcentric Hodge star operators. The
convergence was of a first order rate for the unstructured meshes
and of a second order rate for structured-triangular simplicial
meshes. Furthermore, a super-convergence behavior, of a rate
close to second order, was observed when using the barycentric
Hodge star operator on unstructured meshes generated through
sequential mesh subdivision of a coarser mesh. This super-
convergence was attributed to the subdivision process itself
which introduced new primal edges that satisfy the second order
convergence condition. In all the conducted experiments, the
Galerkin and the barycentric Hodge operators had almost identical
results. Furthermore, both the Galerkin and the barycentric Hodge
operators could reproduce the expected convergence order even
for highly distorted non-Delaunay meshes.

With regard to the computational cost aspects, the barycentric
Hodge operator had a number of nonzero entries almost five
times as the circumcentric Hodge operator. However, due to the
multiplications by the exterior derivative matrices during the
numerical solution, the resulting stiffnessmatrix for theDarcy flow
problem had only∼40 % increase in the number of nonzero entries
when using the barycentric Hodge operator, in comparison to
the circumcentric Hodge operator case. Furthermore, the number
of nonzero entries in the incompressible Navier–Stokes system
matrix did not increase due to the usage of the barycentric Hodge
operator. The same results apply also to the Galerkin Hodge
operator,which has a sparsity structure identical to the barycentric
Hodge operator. The modest increase in the computational cost,
the admission of arbitrary simplicial and even highly distorted
meshes, in addition to the super-convergence attainable through
mesh subdivision suggest that the barycentric Hodge operators
can be favorable over the circumcentric Hodge operators for DEC
implementations over surfaces, as long as the ∗

−1
1 is not required.

However, the circumcentric Hodge star operators continue to have
some advantages due to their diagonal structure, which facilitates
the definition of the inverse operators in all cases.
Finally, a potential theoretical advantage of the barycentric
Hodge star is a pathway towards exploring a connection between
DEC and finite element exterior calculus due to the quadrature
relationship noted in Section 3. Characterization of a relationship
between dual meshes, primal interpolation and the resulting
discrete Hodge star would also be of interest for future work.
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