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a b s t r a c t

A numerical procedure for computing the inductances of ac machines is described. The procedure does
not require that explicit expressions for airgap or winding functions be obtained therefore complicated
integrations are avoided. The effects of stator slots are included in a manner in which all the harmonics
are taken into account. The inductances obtained are subsequently transformed to d-q-0 reference frame
and the results are seen to compare favorably with measurements. Significant differences exist in the
computed inductances especially in the d-axis. Cross-coupling effects between the d-axis and q-axis
inductances which are generally ignored when approximate expressions are used are also observed.

� 2008 Elsevier Ltd. All rights reserved.
1. Introduction

The winding function (WF) theory developed in the early 1950s
is a veritable tool for calculation of ac machine inductances [1,2].
The finite element (FE) method [3] though more accurate is cum-
bersome because it requires an extensive characterization of the
machine studied, for example, the physical geometry, instanta-
neous winding current distribution, electromagnetic properties of
all the materials making up the machine and an advanced knowl-
edge of electromagnetic fields. Additionally, several boundary con-
ditions must be specified before the model calculations can be
performed. In this paper, it is shown that the WF method can by
very simple numerical procedure, yield very accurate results even
though the only information required are the winding layout and
machine geometry. However, if more machine parameters other
than inductances are required, FE may be a better option.

In traditional WF procedures, only the fundamental compo-
nents of winding functions and only the average plus the second
harmonic component of the inverse airgap functions are used.
The expressions are so truncated because the known WF formula
for calculating inductances requires that explicit expressions for
the winding pattern and inverse gap function be obtained. These,
coupled with the assumptions that the windings are placed in
the periphery of the airgap whereas they are in slots, reduces the
accuracy of the computed results. Even with such simplifications,
the integrations to be performed can be challenging. After these,
the inductance expressions so obtained in the a–b–c frame will
ll rights reserved.
be easy to transform to d-q-0 frame. However, the end results in
the d-q-0 frame are not required in the form of expressions and
therefore, the intermediate expressions obtained for the induc-
tances in the a–b–c frame are not so useful.

The recent papers [4,5] on this subject modified the inverse air-
gap function with a model of the slots and skew and obtained
excellent results that compare very favorably with the finite ele-
ment solutions. Although they included the effect of slots, it ap-
pears that approximated Fourier series expressions were still
used. This study emphasizes the need to use directly the actual ma-
chine geometry and winding placement positions to perform these
calculations and not approximate expressions representing them.
This will ensure that all space harmonics ignored by the Fourier
series expressions are included in the results. In this paper, the cal-
culation of inductances of a cageless rotor three-phase synchro-
nous reluctance motor whose design data is shown in Table 1 is
used to demonstrate the procedure.

1.1. The winding function

The WF theory [2] states that the inductance LXY between any
two windings X and Y is

LXY ¼ lorl
Z 2p

0

NXðuÞNYðuÞ
gðu; hrÞ

� �
d/ ð1Þ

In (1) lo is the permeability of free space, r is the effective radius of
the stator bore, l is the machine stack length, NX and NY are the
winding functions for windings X and Y, respectively, g is airgap
function, u is the stator circumferential position and hr is the rotor
position.
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Table 1
Machine dimensions.

Quantity Value

Stator outer/inner radius 105.02/67.99 mm
Rotor radius 67.69 mm
Effective stack length 160.22 mm
Number of slots 36
Number of turns 32
Main airgap length g1 0.4 mm
Inter-polar slot space g2 21.3 mm
Stator slot depth 18 mm
Stator slot pitch 10�
Ratio pole arc/pole pitch 2/3
Number of poles 4
Winding connection Y
Number of coil groups 2
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Simplified expressions for the component parts of the right
hand side of (1) will not be used here; rather their graphical repre-
sentation will be shown and used to compute the inductances
directly.

2. Inductance calculation procedure

For ease of discerning in the following discussions, the actual
model refers to the real machine geometry and winding patterns
and the approximate Fourier series models is termed the sinusoidal
model. To account for slot openings, the values of airgap lengths
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Fig. 1. Actual and sinusoidal models. (a) Winding functions (per turn). (b) Ro

Fig. 2. Calculated inductances (a)
used for the calculations in the sinusoidal model are corrected by
Carter’s curves to g1 = 0.47 mm and g2 = 34.3 mm while the values
listed in Table 1 were used for the actual model calculations. The
winding function for winding of phase A and the inverse airgap
function for the machine under study are shown in Fig. 1. The dot-
ted plots in Fig. 1a and b represent the sinusoidal winding function
and the inverse airgap functions, respectively. They have the fol-
lowing forms:

NX ¼
4N
p

cos /� k
2p
3

� �
ð2Þ

where x = 0, 1, 2 for phases A, B and C, respectively, and N is the
number of turns per phase.

g�1ð/; hrÞ ¼ a� b cos 2ð/� hrÞ ð3Þ

where a ¼ 1
2

1
g1
þ 1

g2

� �
; b ¼ 2

p
1

g1
� 1

g2

� �
sinpb and b is the ratio of pole

arc to pole pitch.
It is seen in Fig. 1 that parts of the windings and the rotor are

actually ignored if simplified expressions (2) and (3) are used.
The procedure adopted here is to model the entire stator slots

and rotor as they are. The first step is to divide each stator slot into
n elemental but equal areas to ensure accuracy. In this paper
n = 400. Similar matching divisions are also made on the salient-
pole rotor iron, which for this case a rotor pole pitch is divided into
9n. The overall airgap function G (including the effect of slots), for a
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Fig. 3. Transformed inductances, (a) Lq, (b) Ld, (c) Ldq, (d) L0q, (e) L0d, and (f) L00.
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particular rotor position is obtained by geometrically adding the
rotor gap function to the stator slot function as the rotor slides in
n incremental steps from 0 to 2p mechanical radians. The stator
slot function is held static all the time. The shape of this geometric
sum changes for every nth change of rotor position but maintains
the same area and that is what is ‘seen’ by the stator windings. The
shape for an arbitrary rotor position is shown in Fig. 1b. For every
change, this will be used for the computation of inductances which
are stored as arrays. This computation procedure is performed for
both the actual and the sinusoidal models simultaneously.

With the data for the winding patterns and effective airgap
positions obtained for each step change, the computations for dif-
ferent inductances (self and mutual) are performed using the
equation:

LXY ðjÞ ¼ lorl m
Xn

i¼1

NðiÞNðjÞ
Gði; jÞ

 !
ð4Þ
where G(i,j) is the effective airgap function including the slot effects
and m ¼ 2p

n . This equation is very similar to (1).
The inductances computed by this procedure are shown in Fig. 2

where the effects of the slots are seen to be more pronounced in
the self inductances. The presence of slots produces a waveform
with frequency equal to the slot-pitch which modulates the induc-
tance waveform.
3. Transformations to d-q-0 frame

In order to obtain the d-q-0 values of the inductances transfor-
mation to rotor reference frame using Park’s transformation can be
performed. The equation of transformation is
Ld�q�0 ¼ TðhrÞLabcTðhrÞ�1 ð5Þ



Table 2
Computed values of d-q-0 inductances (mH).

Parameter Calculated (Sinusoidal) Calculated (Actual) Measured

Ld 49.953 39.682 41.04
Lq 13.807 18.645 19.13
Ldq 0.000 9.144 –
L00 0.000 4.1143 –
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where T(hr) is

TðhrÞ ¼
cos hr cos hr � 2p

3

� �
cos hr � 4p

3

� �
sin hr sin hr � 2p

3

� �
sin hr � 4p

3

� �
1ffiffi
2
p 1ffiffi

2
p 1ffiffi

2
p

2
64

3
75

The plots of axis inductances obtained using (5) over one pole pitch
is shown in Fig. 3. It is seen that ripples also exist in the inductances
and this is still due to the effect of slots. The average values ob-
tained from these calculations are compared with measured values
are shown in Table 2.

4. Conclusions

Significant differences exist between the two computed values
especially in the d-axis inductances because the effect of slots is
maximal in that axis (see Fig. 1b). The effect of slots reduces the
quantity of iron (especially in the d-axis) and thus the inductances
computed using the actual model are lower than those obtained
from the sinusoidal model but it approximates the measured value.
The rest of the d-axis inductances are distributed amongst the
cross-couplings as can be seen in Fig. 3. This difference is much
lower in the q-axis. It is seen from the results that the average val-
ues of d-q-0 inductances calculated are very close to the experi-
mental ones. High values of cross coupling effects exist which
are usually not observed when approximate sinusoidal expressions
are used. This is because all spurious harmonics are included in the
calculations by using the actual geometry of the airgap and wind-
ing layout. The outlined procedure can be applied to other ac ma-
chines having a simple rotor configuration.
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