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Matrices, or more generally, multi-way arrays (tensors) are common forms of data that are encountered
in a wide range of real applications. How to classify this kind of data is an important research topic for
both pattern recognition and machine learning. In this paper, by analyzing the relationship between two
famous traditional classiﬁcation approaches, i.e., SVM and STM, a novel tensor-based method, i.e.,
multiple rank multi-linear SVM (MRMLSVM), is proposed. Different from traditional vector-based and
tensor based methods, multiple-rank left and right projecting vectors are employed to construct decision
boundary and establish margin function. We reveal that the rank of transformation can be regarded as a
tradeoff parameter to balance the capacity of learning and generalization in essence. We also proposed
an effective approach to solve the proposed non-convex optimization problem. The convergence
behavior, initialization, computational complexity and parameter determination problems are analyzed.
Compared with vector-based classiﬁcation methods, MRMLSVM achieves higher accuracy and has lower
computational complexity. Compared with traditional supervised tensor-based methods, MRMLSVM
performs better for matrix data classiﬁcation. Promising experimental results on various kinds of data
sets are provided to show the effectiveness of our method.
& 2013 Elsevier Ltd. All rights reserved.

Keywords:
Pattern recognition
Matrix data classiﬁcation
Learning capacity
Generalization
SVM
STM

1. Introduction
Matrices, or more generally, multi-way arrays (tensors) are
common forms of data that are encountered in a wide range of real
applications. For example, all raster images are essentially digital
readings of a grid of sensors and matrix analysis is widely applied
in image processing, e.g., photorealistic images of faces [1] and
palms [2], and medical images [3]. In web search, one can easily
get a large volume of images represented in the form of matrix.
Besides, in video data mining, the data at each time frame is also a
matrix. Therefore, matrix data analysis, in particular, classiﬁcation,
has become one of the most important topics for both pattern
recognition and computer vision.
Classiﬁcation is arguably the most often task in pattern recognition and relevant techniques are abundant in the literature.
Standard methods, such as K-nearest neighborhoods classiﬁer
(KNN) [4], support vector machine (SVM) [5,6] and onedimensional regression methods [7] are widely used in many
ﬁelds. Among these approaches, some of them are similarity
based, such as KNN, and some of them are margin based, such
as SVM. Due to its practical effectiveness and theoretical soundness, SVM and its variants, especially linear SVM, have been widely
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used in many real applications [8,9]. For example, SVM has been
combined with factorization machine (FM) [10] for spammer
discovering in social networks [11]. Nevertheless, traditional
classiﬁcation methods are usually vector-based. They assume that
the inputs of an algorithm are vectors, not matrix data or tensor
data. When they are applied to matrix data, the matrix structure
must be collapsed to make vector inputs for the algorithm. One
common way is connecting each row (or column) of a matrix to
reformulate a vector.
Although traditional classiﬁcation approaches have achieved
satisfactory performance in many cases, they may lack efﬁciency in
managing matrix data by simply reformulating them into vectors.
The main reasons are as follows: (1) When we reformulate a
matrix as a vector, the dimensionality of this vector is often very
high. For example, for a small image of resolution 256  256, the
dimensionality of reformulated vector is 65,536. The performances
of traditional vector based methods will degrade due to the
increase of dimensionality [12,13]. (2) With the increase of
dimensionality, the computation time will increase drastically.
For example, the computational complexity of SVM is closely
related to the dimensionality of input data [9]. If the matrix scale
is large, traditional approaches cannot be implemented in this
scenario. (3) When a matrix is collapsed as a vector, the spatial
correlations of the matrix will be lost [14]. For example, if an
image of m  n is represented as a mn-dimensional vector, it
suggests that the image is speciﬁed by mn independent variables.
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However, in practice, there are generally only a few interested
aspects about an image, and the degree of freedom of the model is
far less than mn.
In order to solve the above mentioned problems, a lot of
researchers have proposed many approaches. There are mainly
two types of methods. The ﬁrst type of methods reduces dimensionality of original tensor data and then employs some off-theshelf classiﬁers on the projected vector data. For example, in image
processing ﬁeld, there have been many feature based methods, such
as the elastic graph model which can preserve spatial information
in a compact dimensionality [15]. Recently, a lot of interests have
been conducted on tensor-based approaches for matrix data analysis. Vasilescu et al. have proposed the famous tensor face for face
recognition [16]. After that, a lot of researchers have also extended
traditional subspace learning methods, such as principal component analysis (PCA) [17], linear discriminant analysis (LDA) [18],
locality preserving projection (LPP) [19], etc., into their tensor
counterparts [1,20–24]. Nevertheless, since most of these methods
are unsupervised, they have lost label information in learning
subspace. They cannot be used for tensor data classiﬁcation directly.
The second type of methods can classify tensor data directly
[25–30]. For example, Tao et al. have proposed a framework to
extend traditional approaches into their tensor counterparts, e.g.,
support tensor machine (STM) [25,26]. Other related works in
multiple view learning have also used the same strategy to
incorporate data representations from different views [31]. When
we apply these tensor-based approaches to classify matrix data,
their performances can also be improved since their training error
is often large. For example, STM only uses one left projecting
vector together with one right projecting vector. Its training error
is larger than the following proposed approach.
In this paper, by discovering the relationship between SVM and
STM, we introduce a novel matrix classiﬁcation model using
multiple rank projections. It is named as multiple rank multilinear SVM (MRMLSVM). Instead of converting an m  n matrix
into an mn-dimensional vector as in traditional linear SVM, and
using only one left and one right transformation vector as in STM,
we employ two groups of transformation matrices in designing
constraints and establishing objective function. More importantly,
there are several transformation vectors in each group. Essentially,
we discover that the number of transformation vectors is a
tradeoff parameter for the capacity of learning and generalization
of a learning machine. Besides, we have also proposed an effective
optimization strategy and some deep analyses, including convergence analysis, initialization, computational complexity and parameter determination. Compared with other vector based methods,
such as LDASVM (LDA for subspace learning and linear SVM for
classiﬁcation) and linear SVM, and tensor-based approaches, such
as 2DLDASVM (2DLDA for subspace learning and linear SVM for
classiﬁcation) and STM, it achieves more promising results in
matrix data classiﬁcation. Compared with traditional classiﬁcation
approaches in converting matrix into vector, the computational
complexity is also reduced. Plenty of experiments on different
kinds of data are presented for illustration.
It is worthwhile to highlight the contribution of our algorithm:
(1) We have revealed the relationship between traditional linear
SVM and STM. Based on this analysis, we have proposed a
novel approach, i.e., MRMLSVM, for matrix data classiﬁcation.
Compared with other related vector based and tensor based
approaches, it can achieve promising classiﬁcation accuracy.
(2) We have provided an effective way to solve the proposed nonconvex problem. Compared with other vector based counterparts, its computational complexity is low, especially when the
data scale is large. Experimental results have been proposed
for demonstration.
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(3) The most important parameter in MRMLSVM is the rank of
regression. We have revealed its essence. It can be regarded as
a parameter to balance the capacity of learning and generalization for a learning machine. This is important for tightening
the relationship between two famous learning methods, i.e.,
SVM and STM.
(4) MRMLSVM is just an instance in using multiple rank projections. Intrinsically, we can regard it as a common model. Other
linear methods can also be extended by the similar way.
The rest of this paper is organized as follows. In Section 2, we
will provide some notations and some related works. In Section 3,
by analyzing the relation between linear SVM and STM, we
propose the MRMLSVM algorithm in details, together with an
effective way in solving this problem. We present the performance
analyses, including convergence behavior, initialization, computational complexity and parameter determination in Section 4.
Section 5 provides some promising comparing results on various
kinds of data sets, followed by the conclusions and future works in
Section 6.

2. Notations and related works
In this section, we would like to introduce some representative
works, including 2DLDA, linear SVM and STM, since 2DLDA is a
typical supervised two-dimensional dimensionality reduction
method and our algorithm has close relationship with linear
SVM and STM. Before going into the details, let us introduce some
notations at ﬁrst.
2.1. Notations
In this paper, we try to solve a supervised matrix data
classiﬁcation problem. Besides, we only introduce our algorithm
for matrix data (two order tensor) in binary classiﬁcation task. As
we will explain later, it is direct to extend our approach to any
orders of tensor and any numbers of categories.
Denote fXi ∈Rmn ji ¼ 1; 2; …; lg as a set of training examples. The
associated class label vectors are fy1 ; y2 ; …; yl g, where yi ¼1 iff Xi
belongs to the ﬁrst category and yi ¼ 1 otherwise. m and n are
the ﬁrst and second dimensions of each matrix data respectively. l
is the number of training points. Additionally, we also have t
testing points fXi ∈Rmn ji ¼ l þ 1; l þ 2; …; l þ tg. The vectorization
of Xi , denoted as xi , is formulated by connecting each column
vector of Xi for i ¼ 1; 2; …; l þ t.
Deﬁne uj ∈Rm and vj ∈Rn as the j-th left and right projection
vectors, where j ¼ 1; 2; …; k and k is rank of linear transformation.
Other important notations are summarized in Table 1. We will
explain their concrete meanings when they are ﬁrstly used.
Table 1
Notations.
l
t
m
n
k
Xi ∈Rmn
xi ∈Rmn
yi ∈f1; 1g
ui ∈Rm
vi ∈Rn
U ¼ ½u1 ; ⋯; uk 
V ¼ ½v1 ; ⋯; vk 
∥∥
⊗

Number of training points
Number of testing points
The ﬁrst dimensionality of matrix data
The second dimensionality of matrix data
Rank of linear transformation
The i-th training matrix data
The vectorization of Xi
The label vector of Xi
The i-th left regression vector
The i-th right regression vector
The left regression matrix
The right regression matrix
The Frobenius norm
The Kronecker product
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spatial information [14] of original matrix data and enlarge the
computational cost.

2.2. 2DLDA
2DLDA is one of the most important supervised two-dimensional subspace learning methods. It can be regarded as the twodimensional extension of traditional LDA approach. Denote Mi as
the set of training points in the i-th class, where Mi has li samples.
Let X i ¼ ð1=li Þ∑Xi ∈Mi Xi be the mean of samples in the i-th class for
1≤i≤c. Denote X ¼ ð1=lÞ∑Xi as the mean of all training data.
2DLDA tries to ﬁnd two transformation matrices L and R, which
project Xi to its low-dimensional embedding, i.e., Zi , by Zi ¼ LT Xi R.
Deﬁne the within-class distances Dw and between-class distance
Db as follows:
c

Dw ¼ ∑

u;v;ξ;b

∑ ∥Xi X j ∥2 ;

c

Db ¼ ∑ lj ∥X j X∥2 :

ð1Þ

j¼1

where ∥  ∥ is the Frobenius norm of a matrix. Intuitively, Db
measures the sum of divergence between any two classes and
Dw is the sum of data variance for each category.
Similar to LDA, in the low-dimensional space, the optimal
~w
transformation matrices L and R in 2DLDA should minimize D
~
and maximize D b , the low-dimensional counterparts of Dw and Db
shown as follows:
!
c
T
T
T
~
D w ¼ Tr ∑ ∑ L ðXi X j ÞRR ðXi X j Þ L ;
~ b ¼ Tr
D

c

!

∑ lj LT ðX j XÞRRT ðX j XÞT L :

ð2Þ

j¼1

Since it is difﬁcult to derive the optimal L and R simultaneously,
2DLDA solves the above problem in Eq. (2) in an alternative way.
Brieﬂy, it ﬁxes L in computing R and ﬁxes R in computing L. See
more details in [21].
As seen from above formulation, although 2DLDA inherits the
discriminative power in deriving low-dimensional representations, it cannot be used for classiﬁcation directly.
2.3. Linear SVM
SVM is one of the most popular classiﬁer in real applications. It
maximizes the margin for two categories. More concretely, denote
w as the vector orthogonal to the decision boundary and b as a
scalar “offset” term, we can write the decision boundary as wT x þ
b ¼ 0 for any vector data x. To relaxed the hard constraints, one
common way is to soften it as yi ðwT xi þ bÞ≥1ξi , where ξi ≥0 is the
slack variable. Since the margin is proportionate to 1=∥w∥, the
concrete formulation of linear SVM can be deﬁned as follows:
arg min
w;b;ξ

l
1 T
w w þ C ∑ ξi
2
i¼1

s:t: yi ðwT xi þ bÞ≥1ξi
ξi ≥0 for i ¼ 1; 2; …; l;

STM is the tensor extension of traditional SVM [25]. When it is
used to manipulate matrix data, it uses two transformation vectors
u and v to replace the original transformation vector w in Eq. (3).
More concretely, the margin function is replaced by ∥u⊗v∥2 and
the transformation wT xi is replaced by uT Xi v. STM has the
following formulation:
arg min

j ¼ 1 Xi ∈Mj

j ¼ 1 Xi ∈Mj

2.4. STM

l
1
‖u⊗v‖2 þ C ∑ ξi
2
i¼1

s:t: yi ðuT Xi v þ bÞ≥1ξi
ξi ≥0 for i ¼ 1; 2; …; l;

3. Multiple rank multi-linear SVM
In this section, we would like to introduce our multiple rank
multi-linear SVM (MRMLSVM) algorithm. Before going into the
details, we analyze the relationship between SVM and STM. Then,
the formulation of MRMLSVM is introduced step by step. Since the
formulated problem is not convex, we propose an effective
method to ﬁnd the approximated solution in an alternative way.
To show the effectiveness theoretically, we will also provide some
deep analyses in the next section.
3.1. Relationship between SVM and STM
Comparing the formulation of SVM in Eq. (3) with that of STM
in Eq. (4), we know that the transformation vector w in SVM's
objective function has been replaced by u⊗v as that in STM.
Correspondingly, the constraints have been changed from
yi ðwT xi þ bÞ≥1ξi to yi ðuT Xi v þ bÞ≥1ξi .
Notice that
uT Xi v ¼ TrðuT Xi vÞ ¼ TrðXi vuT Þ ¼ TrðXi ðvuT ÞÞ
¼ TrððuvT ÞT Xi Þ ¼ ðVecðuvT ÞÞT VecðXi Þ

where C 4 0 is the regularization parameter and ξ ¼ ½ξ1 ; ξ2 ; …; ξl T
consists of all slack variables.
Let us explain the meaning of each function. The objective
function aims to maximize the margin and the constraints indicate
that the training points should be correctly classiﬁed by the
relaxed decision function wT x þ b. The optimization problem in
Eq. (3) can be solved by casting it to its dual form. We can also use
the kernel trick to manipulate nonlinear classiﬁcation tasks. See
more details in [32].
As seen from the formulation in Eq. (3), traditional linear SVM
only involves vector data. In manipulating matrix data, we can
only employ its vectorization as the input. This would lose the

ð5Þ

and
‖u⊗v‖2 ¼ ‖VecðuvT Þ‖2 :

ð3Þ

ð4Þ

where ⊗ indicates the Kronecker product between two vectors
and u⊗v ¼ VecðuvT Þ.
As stated in [25], since the derivation of u is related to v, we
cannot solve the optimization problem in Eq. (4) directly. One
possible way is optimizing them alternatively. Moreover, when v is
ﬁxed, the problem in Eq. (4) amounts to a standard SVM problem.
Similarly, when u is ﬁxed, we can use the same way to derive v.
See more details in [25].

ð6Þ

Here VecðÞ is the vectorization of a matrix (by connecting each
column of this matrix).
As seen from above deduction, when we employ STM to classify
matrix data, it is equivalent to the employment of SVM on the
vectorization of corresponding data, provided that the constraint is
w ¼ VecðuvT Þ. More concretely, we have the following discussions.
On one hand, STM can be regarded as a special case of SVM by
adding the constraint that w ¼ VecðuvT Þ. It indicates that the
corresponding w is determined by only m þ n variables. In many
real applications, such as image processing, a real matrix of size
m  n has mn elements. It cannot be simply modeled by just m þ n
independent variables [14]. In other words, this added constraint
is too strict since we only have m þ n free variables to model
m  n-dimensional vectors derived from original matrices. It
will make the model lack of ﬂexibility in modeling matrix data.
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By contrast, w in SVM has mn free variables. From the view of
optimization, the feasible region of STM is much smaller than that
of SVM due to this additional constraints. Consequently, compared
with SVM who can ﬁnd the global solution in a larger feasible
region, the objective function value of STM is larger, which
indicates that it has larger training error.
On the other hand, compared with STM, SVM has larger degree
of freedom in selecting feasible w since it regards mn elements in
the matrix independently. Nevertheless, it treats traditional vector
data and vectorized matrix data equally. Compared with traditional
vector data, the matrix data also have some spatial dependence. For
example, all pixels of an image cannot be treated independently
[14]. SVM neglects the spatial dependence of a matrix data and
treats them independently. In other words, this model has too many
free variables and it will cause the problem of over ﬁtting.
Besides, the above connection between SVM and STM also
holds when the order of tensor is larger than 2. For illustration, we
take three order tensor as an example. Extension to any order can
be derived in a similar way. Assume X∈Rm1 m2 m3 is a three order
tensor. The corresponding transformation vectors are uðjÞ ∈Rmj for
j ¼ 1; 2; 3. To show their relationship, we only need to prove that
Eqs. (5) and (6) also hold in this scenario.
Notice that
!
m1

3

‖ ∏ ⊗uðjÞ ‖2 ¼ ∑

m2

m3

ð2Þ ð3Þ 2
∑ ðuð1Þ
p1 up2 up3 Þ ¼ ‖Vec

∑

p1 ¼ 1 p2 ¼ 1 p3 ¼ 1

j¼1

3

∏ ⊗uðjÞ ‖2

j¼1

and
m1

X1 uð1Þ 2 uð2Þ 3 uð3Þ ¼ ∑

m2

∑

m3

ð2Þ ð3Þ
∑ X p1 ;p2 ;p3 uð1Þ
p1 up2 up3

p1 ¼ 1 p2 ¼ 1 p3 ¼ 1

¼

3

Vec

!!T

ðjÞ

∏ ⊗u

VecðXÞ

j¼1

where 1 is the model-1 time between a tensor and a vector and
similar to others. VecðÞ is the vectorization of a three order tensor
by ﬁrst connecting column of each splice and then connecting
formulated vectors from each splice. See more details in [25].
As seen from above two equations, we know that STM can be
regarded
as
special
case
of
SVM,
provided
that
w ¼ Vecð∏3j ¼ 1 ⊗uðjÞ Þ. It also holds in the matrix scenario since
VecðuvT Þ ¼ Vecðu⊗vÞ. Additionally, the above deductions can also
be conducted on higher order tensor.
3.2. Multiple rank multi-linear constraints
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formulations. Since k≥2, it is more than that of STM who only has
m þ n free variables. In other words, the too strict constraint
w ¼ VecðuvT Þ in STM has been relaxed by inducing more free
parameters. This constraint is not required to follow and our
model is more ﬂexible in characterizing matrix data. Besides,
one couple of projecting vectors is a special case of our setting
when uj ¼ 0, vj ¼ 0 for j≥2. More importantly, we have the
following proposition which can reveal the essence of parameter
k, the rank of projecting vectors.
Proposition 1. Assume fu1 ; u2 ; …; uk g are any k vectors of dimensionality m, fv1 ; v2 ; …; vk g are k vectors of dimensionality n. If
k ¼ minðm; nÞ, then the dimensionality of space spanned by
Vecð∑ki ui vTi Þ is mn. Here VecðÞ represents the vectorization of a
matrix.
The proof is listed in Appendix. Based on above proposition, we
have the following discussions:
(1) When k ¼ minðm; nÞ and the constraints are TrððUðrÞ ÞT Xi VðrÞ Þ≥
1ξi , the above proposition indicates that the searching
space for UðrÞ ðVðrÞ ÞT is very similar to the feasible region
determined by ðVecð∑ki ui ðvi ÞT ÞÞT VecðXi Þ. In other words,
ðVecð∑ki ui ðvi ÞT ÞÞT VecðXi Þ and TrðUðrÞ Xi VðrÞ Þ are more likely to
be the same. That is to say, the constraints in Eq. (8) are close
to the corresponding constraint of SVM.
(2) As shown in above proposition, SVM has larger k and more free
parameters (m  n). Thus, the feasible region of SVM is larger and
it can ﬁnd the global optimization. Consequently, the training
error is often smaller. Nevertheless, since it has too many
parameters and the model is too complicated, it tends to be
over ﬁtting. When we use smaller k as in STM (k¼1). The over
ﬁtting problem is avoided. Nevertheless, it will add too strict
constraint since we only have m þ n free parameters. Compared
with SVM who can ﬁnd the global optimization in a larger
feasible region, the training error of STM is often larger.

3.3. Formulation
Motivated by the above comparison, we now introduce our
algorithm formally. Mathematically, MRMLSVM has the constraints shown in Eq. (8). Similar to SVM and STM, the objective
function of MRMLSVM should describe the margin. Considering
the objective functions of SVM and STM shown in Eqs. (3) and (4),
we have
k

k

j¼1

j¼1

∑ uTj Xi vj ¼ ∑ TrðuTj Xi vj Þ

Based on above analysis, we know that the constraints of STM
and SVM have their own merits and disadvantages. To relax the
too strict constraints in STM and avoid over ﬁtting in SVM, instead
of using merely one couple of projecting vectors, i.e., the left
projecting vector u and right projecting vector v, we propose to
use k couples of left projecting vectors and right projecting vectors
in our MRMLSVM formulation. They are denoted as fuj gkj ¼ 1 and
fvj gkj ¼ 1 . More concretely, the constraints in Eq. (4) becomes
yi ðuT1 Xi v1 þ uT2 Xi v2 þ ⋯ þ uTk Xi vk þ bÞ≥1ξi
ξi ≥0 for i ¼ 1; 2; …; l:

ð7Þ

Denote U ¼ ½u1 ; u2 ; …; uk ∈Rmk and V ¼ ½v1 ; v2 ; …; vk ∈Rnk , the
constraints in Eq. (7) can be reformulated as follows:
T

yi ðTrðU Xi VÞ þ bÞ≥1ξi
ξi ≥0 for i ¼ 1; 2; …; l:

ð8Þ

Intuitively, compared with the employment of only one couple of
projecting vectors, there are totally kðm þ nÞ free variables in our

k

k

¼ ∑ TrðXi vj uTj Þ ¼ TrðXi ð ∑ vj uTj ÞÞ
j¼1

j¼1

T

T T

¼ TrðXi VU Þ ¼ TrððUV Þ Xi Þ ¼ ðVecðUVT ÞÞT VecðXi Þ

ð9Þ

Comparing the formulated constraint of MRMLSVM (in Eq. (8))
with that of SVM (in Eq. (3)), we know that the tensor counterpart
of w in Eq. (3) should be UVT . Since the objective function of
SVM is
l

1 
Tr wwT þ C ∑ ξi :
2
i¼1

Then, the tensor extension of original objective function is

l
1  T
Tr UV VUT þ C ∑ ξi :
2
i¼1

ð10Þ

In summary, by combing the constraints in Eq. (8) with the
objective function in Eq. (10), we formulate our MRMLSVM
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Based on Lemma 1, we have the following proposition, which is
vital for our following solution.

algorithm as follows:
arg min

U;V;ξ;b


l
1  T
Tr UV VUT þ C ∑ ξi
2
i¼1

Corollary 1.

s:t: yi ðTrðUT Xi VÞ þ bÞ≥1ξi
ξi ≥0 for i ¼ 1; 2; …; l;

ð11Þ

where U ¼ ½u1 ; u2 ; …; uk  and V ¼ ½v1 ; v2 ; …; vk  are deﬁned as
previous.
As seen from above formulation of MRMLSVM, we notice that
there is one important parameter k. We would like to reveal its
essence.
First, we would like to show the inﬂuence of k to training error.
As seen from above formulation and following solving strategy, we
assume 1 o k o minðm; nÞ and use a similar way in formulating and
solving the problem as in STM. More importantly, if we use the
solution of STM to initialize MRMLSVM, we have the following
proposition.
n

Proposition 2. If we use the optimal value v of STM to initialize
MRMLSVM by setting v1 ¼ vn and other v by any values satisﬁed
½v2 ; v3 ; …; vk ≠0. The optimal function value of MRMLSVM is no
larger than that of STM.
The proof is listed in Appendix. As stated in above proposition, if we
use this kind initialization, the training error of our method is no larger
than that of STM. Besides, experimental results in Section 5.2 also show
that other kinds of initializations (mentioned in Section 4.2) have
similar training error, which is also smaller than that of STM. On the
contrary, since SVM has largest k and it can ﬁnd the global optimization, its feasible region is larger than that of MRMLSVM and its training
error is no larger than that of MRMLSVM. Experimental results in
Section 5.2 also validate this analysis. In summary, if we use STM to
initialize MRMLSVM, the larger k indicates the smaller training error.
Second, we would like to show the inﬂuence of k to the extent
in avoiding over ﬁtting. As what we have mentioned in Proposition
1, SVM has the largest k and most free parameters (m  n). It
trends to be over ﬁtting, when we use smaller k. The over ﬁtting
problem can be solved. In summary, the larger k indicates the
more likely over ﬁtting occurs.
Finally, based on above two points, we know that k can be
regarded as a parameter to balance the training error and the
extent in avoiding over ﬁtting. In learning theory, training error
can measure the capacity of learning and the extent in avoiding
over ﬁtting can measure the capacity of generalization [5]. Therefore, k is a parameter to balance these two capacities in essence.
Recalling the basic rule of learning theory, we know that these two
capacities cannot be improved simultaneously [5]. In our following
formulations, we assume 1 o k o minðm; nÞ. Thus, our method is a
general tradeoff between two famous methods, i.e., SVM and STM.
3.4. Solution
In this section, since the problem in Eq. (11) is not jointly convex
with respect to U and V, we will try to ﬁnd an approximated solution
to the proposed problem. Recalling the basic solving procedure of STM,
we would like to optimize U and V in an alternative way. More
concretely, we ﬁx one parameter and optimize the other one. Before
going into details, we would like to introduce a lemma at ﬁrst.
Lemma 1. Assume that A, B and C are three matrices and ABC exists,
we have

TrðUVT VUT Þ ¼ TrðUT UVT VÞ ¼ ðVecðUÞÞT ððVT VÞ⊗Imm ÞVecðUÞ

ð12Þ

where Imm represents the m  m identity matrix.
The proof is listed in Appendix. See more details there.
(1) Fixing V and optimizing U and b. As seen from Eq. (11), we
reformulate the optimization problem of MRMLSVM as follows:

l
1  T
Tr UV VUT þ C ∑ ξi
arg min
2
U;V;ξ;b
i¼1
!
k

s:t:

∑ uTj Xi vj þ b ≥1ξi

yi

j¼1

ξi ≥0

for i ¼ 1; 2; …; l:

ð13Þ

When we ﬁx V, or equivalently, v1 ; v2 ; …; vk , we need to compute a
set of uj for j ¼ 1; 2; …; k and b. First, let us reformulate the
problem in Eq. (13) as follows. Denote
2
3
2 3
Xi v 1

u1

6X v 7
f^ i ¼ 4 i⋮ 2 5
Xi vk

;

6u 7
u^ ¼ 4 ⋮2 5

mk1

uk

;D ¼ ðVT VÞ⊗Imm

ð14Þ

mk1

Then, recall that u^ ¼ VecðUÞ and Corollary 1, we know that Eq. (13)
is equivalent to
l
1 T
u^ Du^ þ C ∑ ξi
2
i¼1
T
y ðu^ f^ þ bÞ≥1ξ

arg min
^
u;ξ;b

s:t:
i
i
i
ξi ≥0 for i ¼ 1; 2; …; l:

ð15Þ

Denote
u ¼ D1=2 u ^ f i ¼ D1=2 f^

ð16Þ

Then, Eq. (15) becomes
arg min
u;b

l
1 T
u u þ C ∑ ξi
2
i¼1

s:t: yi ðuT f i þ bÞ≥1ξi
ξi ≥0 for i ¼ 1; 2; …; l:

ð17Þ

Comparing the formulation in Eq. (17) with that in Eq. (3), we
know the problem in Eq. (17) amounts to a standard linear SVM
problem when V is ﬁxed. More concretely, we solve the problem in
Eq. (17) by formulating the Lagrangian as follows:
L¼

l
l
l

 

1 T
u u þ C ∑ ξi  ∑ αi yi uT f i þ b 1 þ ξi  ∑ βi ξi
2
i¼1
i¼1
i¼1

ð18Þ

where αi ≥0 and βi ≥0 are the Lagrangian multipliers.
Recall the basic idea of dual theorem [33], we can reformulate
the problem in Eq. (17) as
!
l
l
l
  T


1 T
u u þ C ∑ ξi  ∑ αi yi u f i þ b 1 þ ξi  ∑ βi ξi :
min max
u;b αi ≥0;βi ≥0 2
i¼1
i¼1
i¼1
ð19Þ
Its dual form is
max min

αi ≥0;βi ≥0 u;b

!
l
l
l

 

1 T
u u þ C ∑ ξi  ∑ αi yi uT f i þ b 1 þ ξi  ∑ βi ξi :
2
i¼1
i¼1
i¼1

(1) VecðABCÞ ¼ ðCT ⊗AÞVecðBÞ.
(2) TrðAT BÞ ¼ VecðAÞT VecðBÞ.

ð20Þ
By minimizing L in Eq. (20) with respect to u, b and ξ and
taking the derivative of L with respect to u, b and ξ, we have

The proof of this lemma is direct and we would like to omit it.

l
l
∂L
∂L
∂L
¼ u ∑ αi yi f i ¼ 0;
¼ ∑ αi yi ¼ 0;
¼ Cαi βi ¼ 0:
∂u
∂b
∂ξ
i
i¼1
i¼1

ð21Þ
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Plus Eq. (21) back to Eq. (20) and take some simple deduction, we
have the following dual optimization problem
l

arg maxG ¼ ∑ αi 
αi

i¼1

0≤αi ≤C

l
1 l
T
∑ ∑ αi αj yi yj f i f j
2i¼1j¼1

l

s:t:

∑ αi yi ¼ 0

i¼1

for i ¼ 1; 2; …; l:

ð22Þ

As in traditional linear SVM, the optimization problem in Eq. (22)
can be solved in an effective way, although it is still a quadratic
programming [32].
In summary, when we ﬁx fvi gki ¼ 1 , the solution of MRMLSVM can
be computed by solving the optimization problem in Eq. (22) directly.
In other words, we can regard it as taking the data, represented by
l
ff i gi ¼ 1 , as the input of original linear SVM and compute the
corresponding projection vectors. In Section 4, we will show that
when V is ﬁxed, our derived results are the global solutions to the
problem in Eq. (11). Besides, as seen from above deduction, the
dimensionality of f i is mk. It is less than the vectorization of Xi , which
has the dimensionality mn. Thus, the computational cost is also
reduced.
(2) Fixing U and optimizing V and b. Similarly, when U is ﬁxed,
we can also change the formulation of our algorithm in Eq. (11)
and derive its optimal V and b by solving another linear SVM
problem. More concretely, Denote
2 T 3
2 3
X i u1

v1

6 XT u 7
g^ i ¼ 4 i 2 5
⋮
XTi uk

;

6v 7
v^ ¼ 4 ⋮2 5

nk1

vk

;
nk1

ð24Þ

We can reformulate Eq. (11) as the following form:
l
1 T
v^ Q v^ þ C ∑ ξi
2
i¼1

v^ ;ξ;b

s:t:

T
yi ðv^ g^ i þ bÞ≥1ξi

ξi ≥0

for i ¼ 1; 2; …; l:

ð25Þ

Denote
v ¼ Q 1=2 v^

gi ¼ Q 1=2 g^

ð26Þ

Then, Eq. (25) becomes
arg min
v;ξ;b

ξi ≥0

l
1 T
v v þ C ∑ ξi
2
i¼1

for i ¼ 1; 2; …; l:

s:t:

of iteration. In other words, the above iteration is convergent
to a local optimization to the problem in Eq. (11). Our
experiments also show that this kind of iteration converges
fast. It is often less than ten times in our experiments.
(3) The third problem is about the extension to any order tensors.
As seen from the above deduction, extension to any order is
direct and the formulated problem can also be solved in
similar way. For example, we can ﬁx any two projection
matrices and compute the rest one if the data is cubic.
(4) Although the ﬁnal computed projecting vectors are u and v,
not U and V, they are just different arrangements of similar
vectors. We can use Eqs. (14), (16), (23) and (26) to derive U
and V directly. Besides, in above deductions, b and ξ are
updated two times in each iteration. We have not distinguished them in deriving U and V.
In summary, the procedure of MRMLSVM is listed in Table 2.
4. Performance analysis
In this section, we will analyze our proposed algorithm in four
different aspects, including convergence behavior, initialization
problem, computational complexity and parameter determination.
4.1. Convergence analysis

ð23Þ

Q ¼ ðUT UÞ⊗Inn

arg min
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yi vT gi þ b ≥1ξi
ð27Þ

The problem in Eq. (27) amounts to a standard SVM problem,
taking fgi g as the input. We can also adopt the same method as
previous to derive the global optimization to this problem. The
dimensionality of input is nk. It is also less than mn. Due to the
limitation of space, we omit the details.
In summary, as seen from above procedure, when we ﬁx one
parameter and optimize the other, we can derive the solutions by
employing traditional SVM on two different data sets with
different formulations.
There are several points should be highlighted here as follows:
(1) The ﬁrst is about initialization. As seen from above procedure,
MRMLSVM is solved in an iterative way. Thus, initialization is
vital for searching optimal solution. In next section, we will
provide three different kinds of initialization methods, i.e.,
ﬁxed, uniform and norm. See more details there.
(2) The second is about the convergence behavior of our algorithm. As seen from the problem in Eq. (11), our formulation is
not joint convex with respect to U, V, b. Thus, it is solved in an
alternative way. In next section, we will show that the
objective function in Eq. (11) will decrease through this kind

As seen from the procedure in Table 2, we solve the optimization problem in an alternative way. Namely, we ﬁx one variable
and compute the other. When U is ﬁxed, the following proposition
shows that we can ﬁnd the global optimization to the problem in
Eq. (12). Similarly, the derived results of the problem in Eq. (27)
are also the solutions to the problem in Eq. (11) if U is ﬁxed.
Proposition 3. When V is ﬁxed, the results U and b, derived by
solving problem in Eq. (17), are the global solutions to the problem in
Eq. (11). Similarly, when U is ﬁxed, the results derived by solving
problem in Eq. (27) are also the global solutions to the problem
in Eq. (11).
The proof is direct. Brieﬂy, when V is ﬁxed, the optimization
problem in Eq. (11) is equivalent to the problem in Eq. (17).
Considering the procedure of traditional SVM, we can derive its
global optimization by solving the dual problem in Eq. (22). Thus,
the solution to Eq. (17) is also the global optimization to the
problem in Eq. (11), provided that V is ﬁxed. Similarly, we can also
conduct the same conclusion when U is ﬁxed. Intuitively, when
one parameter is ﬁxed, we will compress a matrix into one
direction (row or column). MRMLSVM could ﬁnd the best decision
boundary to classify the compressed vector data.
The above proposition only shows that the proposed algorithm
could ﬁnd a global optimization in each iteration. Based on this
result, we will propose another proposition. It indicates that our
iteration in Table 2 will ﬁnd the solutions, which satisfy the
constraint in Eq. (11) and monotonically decrease the objective
function of the problem in Eq. (11).
Proposition 4. The iterative procedure shown in Table 2 will ﬁnd the
solution that satisﬁes the constraints in Eq. (11) and monotonically
decreases the objective function of the problem in Eq. (11) in each
iteration.
The proof is listed in Appendix. This proposition indicates that we
can ﬁnd a local optimal solution to the problem in Eq. (11). Besides,
the ﬁnal results are closely related to initialization. If we have
initialized suitably, our derived solution will be near to the optimal
solution. We will discuss the initialization problem in next section.
Experimental results also show that this kind of iteration is effective.
It converges fast and the time of iteration is often less than 10.
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Table 2
Procedure of MRMLSVM.
Training process:
Input: Training matrix data set: fXi ji ¼ 1; 2; …; lg, label vectors: fyi ji ¼ 1; 2; ⋯; lg
Output: Left and right projection vectors: U, V, b
1. Initialize V by one of the three strategies shown in Section 4.2 and formulate f i in Eq. (16)
2. Alternatively update u and v until convergence
a. Update u and b by solving the problem in Eq. (17), where D and f i in Eqs. (14) and (16) are computed based on the latest V
b. Update v and b by solving the problem in Eq. (27), where Q and gi in Eqs. (24) and (26) are computed based on the latest U
3. Reformulate u and v to U and V according to Eqs. (14), (16), (23) and (26)
Testing process:
Input: Testing matrix data set: fXi ji ¼ l þ 1; l þ 2; …; l þ tg. The left and right projection vectors U, V and b
Output: The labels of testing data: fyi ji ¼ l þ 1; l þ 2; …; l þ tg
1. Compute the decision values of Xi : TrðUT Xi VÞ þ b
2. (
Assign the label of Xi , i.e., yi for i ¼ l þ 1; l þ 2; …; l þ t
1;
TrðUT Xi VÞ þ b 4 0
yi ¼
1; TrðUT Xi VÞ þ b o 0

4.2. Initialization
Since our method is solved in an alternative way, the ﬁnal
solution has close relationship with initialization. We would like to
introduce three different kinds of initialization strategies in this
section.
The ﬁrst initialization is an empirical method. Since the
initialization of 2DLDA is R ¼ ½Il2 l2 ; 0l2 ðnl2 Þ T , where l2 is the
second reduced dimensionality, we can initialize MRMLSVM in a
same way, i.e., V ¼ ½Ikk ; 0kðnkÞ T . For convenience, we call this
kind of initialization ‘Fixed’ in the following. As seen from the
following results, although this kind of initialization is simple, it is
effective. In the following experiments, we will use this kind of
initialization without speciﬁcation.
The second kind of initialization is random. We generate some
random elements, which is sampled from a uniform distribution
(range from 0 to 1) to form the matrixes with corresponding sizes.
In other words, we formulate R∈Rnl2 for 2DLDA, v∈Rn for STM
and V∈Rnk for MRMLSVM by these elements. Intuitively, each
column vector of the initialization matrix takes the role of
weighting the column vectors of X. In the following, it is named
as ‘Uniform’ for convenience.
To show the inﬂuence of different sampling methods, we
generate a random matrix, whose elements are sampled from
another distribution, i.e., standard normal distribution. It is named
as ‘Norm’ in the following. In next section, we will provide some
experimental results to compare different kinds of initializations.
See more details in Section 5.3.
Finally, as mentioned above, we can also use the solution of
STM to initialize MRMLSVM by simply setting v1 as STM's solution
and others as not all zeros. By using this kind of initialization, we
can guarantee that the training error of MRMLSVM is no larger
than that of STM. The objective function values in using this
initialization are reported in Section 5.2.
4.3. Computational complexity
We compare the computational complexity of different methods, including linear SVM, LDA, 2DLDA, STM and MRMLSVM, in
this section. Since different implementations of the same method
may cost different time, we would like to give a common analysis
merely.
The ﬁrst group of methods contains LDA and 2DLDA. Considering the procedure of 2DLDA in Section 2.2, we can see that the

most time consuming step is the eigen-decomposition. If the
dimensionality of original data is D, its computational complexity
is about OðD3 Þ. Thus, the computational complexity of traditional
LDA is Oðm3 n3 Þ. Since 2DLDA solves two eigen-decomposition
problem with the sizes m and n iteratively. It has the computational
complexity Oðsðm3 þ n3 ÞÞ, where s is the number of iterations.
The second group of methods consists of SVM, STM and
MRMLSVM. The most time consuming step of these methods is
the formulated QP problem in Eq. (21). Since different implementations of the same method may cost different time, it has the
computational complexity about O(slD) in one famous implementation LibSvm [9]. Here D is also the dimensionality of input and
l is the number of training points. s is also the times of iterations.
When SVM is employed, its computational complexity is O(slmn).
By contrast, since MRMLSVM is solved by an alternation between
two different SVMs, its computational complexity is Oðslðm þ nÞkÞ.
Since STM is a special case of MRMLSVM with k ¼1, its computational complexity is Oðslðm þ nÞÞ.
Besides, in the implementation of MRMLSVM, it still costs a lot
of time in computing the inverse and square root of matrix D; Q as
shown in Eqs. (16) and (26). Recalling the above deduction, we
know that their dimensionality are mk  mk and nk  nk respectively. Notice the formulations of D; Q in Eqs. (14) and (24), we can
see that they are both Kronecker products of two positive semideﬁnite matrices. To compute its inverse and square root in a more
effective way, we proposed the following proposition.
Lemma 2. Suppose the SVD decompositions of A and B are
A ¼ UA ΣA VTA and B ¼ UB ΣB VTB . Then
A⊗B ¼ ðUA ⊗UB ÞðΣA ⊗ΣB ÞðVA ⊗VB ÞT

ð28Þ

We would like to omit the proof and see more details in [34].
Based on above lemma, we can get the following proposition,
which facilitates the computation of Di and Q i for any i.
Proposition 5. Suppose A, B are positive semi-deﬁnite and i is an
integer, then
ðA⊗BÞi ¼ Ai ⊗Bi

ð29Þ

The proof is listed in Appendix. Based on above proposition,
we can decompose the inverse computation of an integrated
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matrix D (formed by Kronecker product with mk  mk dimensionality) into the inverse computation of a small matrix VT V (with
dimensionality k  k). Moreover, in the above iteration, s is less
than 10 and k is far less than minfm; ng. Thus, the computational
complexity of MRMLSVM is smaller than SVM, especially when the
scale of matrix is large. We will show some experimental results in
Section 5.5.

4.4. Parameter determination
In this section, we would like to discuss the problem of
parameter determination. As seen from Eq. (11), there is one
important parameter k in our method. It is the rank of regression.
Recalling the essence of k as discussed in Section 3.3, we can
regard it as a parameter to balance the capacity of learning and
generalization. The larger k indicates the stronger learning capacity and weaker generalization capacity and vice versa. Based on
the basic rule of learning theory, these two capacities cannot be
improved simultaneously. Thus, it cannot be too large or too small
in our implementation. We will show some numerical results
concerning objective function and classiﬁcation accuracy with
different k in Section 5.6.
Since parameter determination is still an open problem, we
would like to determine it heuristically and empirically in our
paper. One direct way is using grid search as in most unsupervised
learning. More concretely, we vary this parameter within a certain
range and choose the one with the best performance. Another way
is using cross validation as in most supervised learning. We split
all the data into several proportions and use parts of them for
training and the left as testing. The parameter with best classiﬁcation accuracy is selected.
Although the above mentioned strategies are effective, it is very
time consuming for real applications. As seen from the experimental results shown in Figs. 5 and 6 in Section 5.6, when k ¼2,
the classiﬁcation accuracy of MRMLSVM is near the peak. Thus, we
empirically choose k¼ 2 in our following experiments.

5. Experiments
In this section, we will evaluate our method in ﬁve different
aspects. The ﬁrst is about the convergence behavior. The second
contains the comparison of classiﬁcation accuracy, including
results on binary classiﬁcation and multiple class scenario. In
multiple class scenario, we classify the data via one-vs-rest strategy
as in traditional methods. We will show the inﬂuence of different
initialization in the third group of experiments. In the fourth
group, we will compare the real time consuming of different
methods. Finally, experimental results with different parameter k
are presented.
Since SVM, 2DLDA and STM are closely related to MRMLSVM,
we would like to compare the performance of our method with
them. Additionally, we also provide the results of LDA since 2DLDA
can be regarded as its two-dimensional extension. Nevertheless,
LDA and 2DLDA cannot be used for classiﬁcation directly. We use
them for projection and employ other classiﬁers, such as SVM, for
classiﬁcation. They are denoted as LDASVM and 2DLDASVM in the
following presentations. We also present the results of K-nearest
neighborhood classiﬁer (KNN) as the baseline, where K ¼1.
Besides, we also compare with the methods concerning spatial
information. The ﬁrst method is S-LDA [14]. We use it as dimensionality reduction approach and employ SVM for classiﬁcation. It
is named as S-LDASVM. In the second approach, we simply add the
spatial matrix in [14], i.e., ΔT Δ, as a regularizer in SVM. We name it
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as spatial regularized SVM (SRSVM) and its objective function is
arg min
w;b;ξ

s:t:

l
1 T
w w þ C ∑ ξi þ αwT ΔT Δw
2
i¼1

yi ðwT xi þ bÞ≥1ξi

ξi ≥0

for i ¼ 1; 2; …; l;

ð30Þ

where α is a balance parameter.
To solve this problem, we transform it into the formulation
which can be manipulated by linear SVM. Moreover, we use the
ﬁrst kind of initialization strategy. The dimensionality of subspace
is set as c1 in LDA and 2DLDA as in traditional approaches, where
c is the number of class. Without speciﬁcation, we set k¼ 2 and C, α
are determined by ﬁve-folder cross validation.
5.1. Data description
In the following experiments, we use six different kinds of
matrix data sets for evaluation. They are Coil data set,1 Pedestrian
data set,2 Binucleate data set,3 Umist data set,4 FingerDB data set5
and Pollen data set.6 These matrix data sets are selected from
different applications. The data size ranges from about 50 to 2000
and the data scale ranges from 25  25 to 1204  1280. Namely,
the dimensionality of vectorized sample ranges from about 600 to
1,000,000. After some preprocessing, we select part of them for
illustration and the detailed statistical characters are listed in
Table 3.
5.2. Convergence behavior
In order to show the convergence behavior and compare the
objective function of different methods, we provide some numerical results on three data sets. We focus on the training error in
binary classiﬁcation task and choose three data sets, i.e., Pedestrian data, Umist data(1 vs 18) and Pollen data (2 vs 7) as training
points and report their objective function values with different
initializations. After 20 times iterations, the objective function
values are shown in Fig. 1. On the top and bottom planes, STM and
MRMLSVM are initialized using ‘Fixed’ and ‘Norm’ strategies
respectively. Besides, we also show the objective function values
of SVM. When we use STM's results to initialize MRMLSVM, its
results are denoted by ‘MRMLSVM+STM’. In these experiments,
we simply set k ¼2 in MRMLSVM.
There are mainly two observations from the results in Fig. 1:
(1) With the increase of iteration's number, the function values of
STM and MRMLSVM converge to ﬁxed points. It indicates that
the above solving strategy converges. It can also validate the
theoretical results shown in Proposition 4.
(2) As seen from all the sub-ﬁgures, SVM's objective function
value is smallest. If we use STM to initialize MRMLSVM, its
objective function value is smaller than that of STM. Besides, if
we use the same initialization strategy, the objective function
value of MRMLSVM is also smaller than that of STM. It also
validates our previous statement that k is a parameter who can
rank the objective function values.

1

http://www1.cs.columbia.edu/CAVE/research/softlib/coil-20.html.
http://www.lookingatpeople.com/download-daimler-ped-mcue-occl-classbenchmark/index.html.
3
http://ome.grc.nia.nih.gov/iicbu2008/binucleate/index.html.
4
http://images.ee.umist.ac.uk/danny/database.html.
5
http://bias.csr.unibo.it/fvc2000/databases.asp.
6
http://ome.grc.nia.nih.gov/iicbu2008/pollen/index.html.
2
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5.3. Classiﬁcation results
In binary classiﬁcation task, every two classes are combined and
parts of the results are presented. For illustration, we report two
results (1 vs 18, 4 vs 14) on Umist data, one comparison (1 vs 8) on
FingerDB data and one comparison (2 vs 7) on Pollen data. Pedestrian
data and Binucleate data are also employed for binary classiﬁcation.
By randomly splitting the original data into training set and testing
set for 50 independent runs, we select 2, 3, …, 11 samples from each
category and the others are testing samples for Binucleate, Umist,
Pollen data sets. Since Pedestrian has many samples and FingerDB
has few points for each category, we select 2, 4, …, 20 and 2, 3, …,
7 training samples from each category from Pedestrian and FingerDB
data sets. With different data sets and different numbers of training

Table 3
Characters of different data sets.
Data

Size (l þ t)

Scale (m  n)

Class number

Coil
Pedestrian
Binucleate
Umist
FingerDB
Pollen

1440
2000
40
575
80
630

32  32
38  18
1204  1280
28  23
300  300
25  25

20
2
2
20
10
7

samples, the mean classiﬁcation accuracies of 50 independent runs
are shown in Fig. 2 (a) Pedestrian data, (b) Binucleate data, (c) Umist
data (1 vs 18), (d) Umist (4 vs 14), (e) FingerDB data (1 vs 8) and
(f) Pollen data (2 vs 7). Note that, since the matrix ΔT Δ in SRSVM and
S-LDASVM is mn  mn dimensional, these methods cannot be
implemented on Binucleate and FingerDB data sets. We have not
reported their results.
To classify data from multiple classes, we choose four representative data, including Coil, Umist, FingerDB and Pollen data sets.
As seen from the description in Table 3, they are data sets with
multiple classes. In each category, we randomly selected 2, 3,…, 11
training samples for Coil, Umist, Pollen data and 2, 3,…, 7 for
FingerDB data. The mean and standard derivation computed by 50
random splits are shown in Tables 4–7. The results with statistical
signiﬁcance are boldfaced. As the same reason in previous, we
have not reported the results on FingerDB either.
There are several observations from the above comparisons as
follows:
(1) Among different methods and different data sets, MRMLSVM
achieves the highest accuracy in most cases. This is mainly due
to the fact that MRMLSVM inherits the merits from SVM, STM
and spatial regularization methods.
(2) With the increase of training points' number, all methods
achieve higher accuracies. This consists with intuition since we
have more prior information for training.

Fig. 1. Objective function values on three data sets with different initializations. The x-axis represents number of iterations. MRMLSVM+STM means that we used the results
of STM to initialize MRMLSVM. (a) Pedestrian data with ‘Fixed’ initialization; (b) Umist data (1 vs 18) with ‘Fixed’ initialization; (c) Pollen data (2 vs 7) with ‘Fixed’
initialization; (d) Pedestrian data with ‘Norm’ initialization; (e) Umist data (1 vs 18) with ‘Norm’ initialization; (f) Pollen data (2 vs 7) with ‘Norm’ initialization.
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(3) By adding the spatial smooth regularization, the improved
methods are perform better than their original counterparts in
most cases. This may be due to the fact that we have
characterized the spatial information and traditional methods
can be regarded as their special cases.
(4) For classiﬁcation, 2D based methods do not always perform
better than 1D based methods. Take the results in Table 6 as an
example, LDASVM performs better than 2DLDASVM in most
cases. The reason may be that the adding constraints in
2DLDASVM will degrade the performances.
(5) When we represent original data by its low-dimensional
embedding, it does not always helpful for classiﬁcation. Take
the result in Table 6 as an example, compared with SVM's
results in classifying the embedding derived by LDA and
2DLDA, SVM achieves higher accuracy when it is used to
classify the original data directly.
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(6) When the dimensionality of original data is high, it seems that
margin based methods, such as SVM, perform better than
similarity based methods, such as KNN. It is mainly due to the
reason that the distance between any two high-dimensional data
points trends to be similar [13] and the performance of similarity
based methods, such as KNN, will be degraded in this scenario.

5.4. Different initializations
In this section, we will show the inﬂuence of different initializations. In Section 4.2 we have discussed three kinds of
initializations. Brieﬂy, the ﬁrst is ‘Fixed’, which uses ﬁxed value.
The second is ‘Uniform’, which initializes randomly with a uniform
distribution. The third is ‘Norm’, whose initialization matrix
consists of elements sampled from standard normal distribution.

Fig. 2. Classiﬁcation results of different methods on six different data sets with different numbers of training points. The number of training points varies from 4 to 22.
(a) Pedestrian data; (b) Binucleate data; (c) Umist data (1 vs 18); (d) Umist (4 vs 14); (e) FingerDB data (1 vs 8); (f) Pollen data (2 vs 7).
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Table 4
Classiﬁcation accuracy of different methods on Coil data (mean 7std/%).
TRAINING
NO.

KNN

SVM

SRSVM

LDASVM

2DLDASVM

S-LDASVM

STM

MRMLSVM

40
60
80
100
120
140
160
180
200
220

71.80 7 1.30
77.177 1.14
81.03 7 0.82
82.60 7 0.99
85.107 0.81
86.51 70.89
87.667 0.82
88.87 7 0.66
89.7070.76
90.96 7 0.49

72.18 71.38
79.75 7 1.12
83.577 1.25
85.95 7 1.25
88.95 7 0.89
90.937 1.21
92.047 0.93
93.137 0.77
93.887 0.92
95.2470.49

73.95 7 1.33
79.79 7 1.14
84.997 1.26
86.43 7 1.29
89.577 0.89
91.90 71.19
93.097 0.93
94.077 0.76
95.207 0.96
95.28 7 0.46

70.607 1.64
74.25 71.35
78.54 7 1.54
80.377 1.26
82.777 1.24
83.917 1.16
84.86 7 1.00
86.337 0.81
86.85 7 0.95
88.03 7 0.68

68.04 72.97
71.03 72.74
79.247 2.37
82.667 2.19
86.86 7 1.58
88.95 7 1.47
90.417 1.32
92.17 70.85
92.99 7 0.98
94.067 0.81

70.68 7 1.83
75.98 7 1.23
79.717 1.30
81.37 71.95
83.87 7 1.18
85.077 1.24
85.94 7 1.18
87.247 0.81
88.157 1.07
88.72 70.53

73.277 2.02
79.36 7 1.84
83.80 7 1.52
86.247 1.42
88.56 7 1.20
90.09 7 1.31
91.99 7 0.87
92.31 70.85
92.93 7 0.72
93.99 7 0.50

75.09 71.74
82.54 71.58
86.78 71.31
89.08 71.13
91.79 7 1.03
92.88 71.13
94.067 0.75
94.88 70.73
95.30 70.79
96.23 70.43

Table 5
Classiﬁcation accuracy of different methods on Umist data (mean 7 std/%).
TRAINING
NO.

KNN

SVM

SRSVM

LDASVM

2DLDASVM

S-LDASVM

STM

MRMLSVM

40
60
80
100
120
140
160
180
200
220

60.72 71.58
69.88 7 1.15
78.36 7 1.04
82.56 7 1.04
87.95 7 0.86
90.92 7 0.77
92.22 7 0.75
93.96 7 0.64
95.32 7 0.55
95.94 7 0.62

64.557 1.53
75.97 71.14
84.94 7 0.93
88.82 7 0.88
92.717 0.88
93.417 0.59
94.687 0.57
95.63 7 0.44
96.187 0.52
96.50 7 0.47

66.037 1.48
77.767 1.14
84.99 7 0.95
89.687 0.89
92.75 7 0.86
93.68 70.57
94.87 7 0.58
96.2470.43
97.017 0.55
97.60 70.50

65.877 1.32
77.627 1.24
85.397 0.95
88.177 0.98
91.82 7 0.88
93.277 1.04
94.43 7 0.81
95.157 0.55
95.84 7 0.55
96.23 7 0.67

65.577 1.55
78.617 1.39
85.20 71.08
88.32 7 0.96
91.45 7 0.74
93.85 7 0.65
94.107 0.51
95.58 7 0.46
95.92 7 0.58
96.22 7 0.43

65.957 1.55
77.877 1.04
85.397 0.92
88.65 7 0.80
91.82 70.90
93.32 7 0.55
94.94 7 0.50
95.86 7 0.49
96.747 0.52
97.347 0.45

65.98 71.37
77.707 1.05
84.497 1.08
87.68 70.84
91.127 0.74
93.54 7 0.70
94.54 7 0.64
96.01 70.47
96.56 7 0.46
96.71 70.45

68.327 1.27
79.067 0.97
87.21 71.00
90.85 70.78
93.92 70.69
95.707 0.65
96.487 0.59
97.077 0.44
97.64 7 0.43
98.017 0.43

Table 6
Classiﬁcation accuracy of different methods on FingerDB data (mean 7 std/%).
TRAINING
NO.

KNN

SVM

LDASVM

2DLDASVM

STM

MRMLSVM

20
30
40
50
60
70

10.02 71.34
10.10 71.05
10.38 71.11
10.677 1.18
11.00 71.31
11.36 7 1.04

49.83 72.39
60.520 7 2.28
64.25 72.31
69.007 2.38
77.50 7 1.70
78.007 1.80

44.167 2.77
45.40 7 2.79
48.25 72.27
51.50 7 2.12
51.75 7 1.81
57.00 71.62

34.75 7 2.98
37.30 72.68
40.25 7 2.34
45.50 7 2.05
46.50 7 1.62
49.507 1.58

50.897 2.05
59.40 72.03
66.50 7 1.97
69.83 71.92
73.50 7 1.72
78.45 71.63

54.917 2.00
64.30 7 2.00
70.50 7 1.92
78.507 1.87
82.00 71.68
83.50 7 1.59

Table 7
Classiﬁcation accuracy of different methods on Pollen data (mean 7std/%).
TRAINING
NO.

KNN

SVM

SRSVM

LDASVM

2DLDASVM

S-LDASVM

STM

MRMLSVM

14
21
28
35
42
49
56
63
70
77

21.707 2.36
21.88 72.18
22.377 1.96
23.167 1.88
23.577 1.86
23.647 1.76
24.117 1.74
24.747 1.67
24.837 1.72
25.377 1.62

37.59 7 2.00
42.407 2.14
44.977 1.93
46.657 1.49
47.197 1.33
50.81 71.25
51.42 7 1.12
53.327 1.11
54.05 7 1.09
55.007 1.06

39.887 1.87
43.077 1.95
46.64 71.91
49.777 1.46
50.457 1.26
52.747 1.29
53.277 1.17
55.47 71.09
56.207 0.95
57.06 7 1.01

32.187 1.88
37.147 1.88
39.26 71.58
41.767 1.54
42.68 7 1.49
44.27 71.43
44.95 7 1.45
45.32 71.34
45.79 71.38
46.50 71.32

24.12 72.06
28.417 1.75
32.727 1.94
35.00 7 1.68
39.93 7 1.66
41.08 7 1.63
44.87 7 1.56
47.667 1.56
48.52 71.48
51.167 1.43

41.017 2.14
44.357 2.27
46.047 1.94
48.477 2.15
49.24 71.60
49.977 1.45
50.62 7 1.22
50.75 7 1.18
50.84 7 1.19
50.91 71.11

40.187 1.68
43.62 7 1.58
45.247 1.53
46.737 1.50
49.207 1.24
51.017 1.20
51.54 71.11
54.42 7 1.06
54.50 70.91
55.09 70.90

41.05 7 1.87
44.86 71.81
47.297 1.75
49.737 1.72
50.857 1.42
52.907 1.37
53.997 1.27
55.617 1.22
56.527 1.04
57.217 1.03

We have conducted experiments on two data sets, i.e., Umist
and Pollen. With ﬁxed training points (two for each category) and
testing points, we randomly initialize our method for 50 runs.
Since 2DLDA and STM are also solved in an alternative way,
their results are also presented. Other settings are the same as
previous. For example, we also set k ¼2. The experimental results,
which are the average classiﬁcation accuracies of 50 runs, are
shown in Fig. 3.

As seen from the results in Fig. 3, all methods have different
performances with different initializations. Nevertheless, it seems
that the variance between different initializations is not so
signiﬁcant. Thus, we have used the ‘Uniform’ initialization strategy
in other experiments. Besides, different initializations take different inﬂuences on different data sets. For example, the variance of
2DLDASVM is larger on Pollen data than on Umist data. More
importantly, as shown in Fig. 3, MRMLSVM achieves the highest
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classiﬁcation accuracy in almost all cases. It can also demonstrate
the effectiveness
5.5. Computational complexity
Commonly, another motivation for investigating tensor based
methods is reducing the computational complexity of original
methods in manipulating vectorized high-dimensional data. For
comparison, we will show some experimental results on several
data sets with different sizes and scales.
We have selected three representative data, i.e., Pedestrian,
FingerDB and Binucleate. Pedestrian data has the largest data size
and Binucleate has the highest resolution. We compare MRMLSVM
with SVM, SRSVM, LDASVM, 2DLDASVM, S-LDASVM, STM and use
LibSvm for the realization of SVM. For justice, these methods are
implemented in their original formulations, without using other
accelerating strategies. When the number of training points is
ﬁxed, we randomly select them for 50 independent runs. With a
naive MATLAB implementation, the calculations are conducted on
a 3.2-GHz, 4G RAM Windows machine. The computational time of
different methods is listed in Tables 8–10. Since LDASVM, SRSVM
and S-LDASVM cannot be implemented on FingerDB and Binucleate data sets, we only reports their results on Pedestrian data. The
results with statistical signiﬁcance are also boldfaced.
As seen from the results in Tables 8–10, we will analyze the
inﬂuence of different factors. (1) When the scale of matrix data is
small and the data size is large, MRMLSVM costs similar time to
SVM and consumes less time than LDASVM and 2DLDASVM. With
the increase of data scale, the superiority of two-dimensional
methods is emerged. For example, LDASVM, SRSVM and
S-LDASVM cannot be implemented on FingerDB while 2DLDASVM
still works. Compared with SVM, MRMLSVM is more suitable for
dealing with large scale matrix data. Certainly, STM costs the least
time. (2) The computational complexity of different methods is
dominated by different factors. For example, LDASVM and
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2DLDASVM are very sensitive to data scale. It is the key factor in
dominating their computational complexities. Compared with
dimensionality, the inﬂuence of data size is not so signiﬁcant.
(3) The methods with spatial regularization often cost more
time than their original counterparts. This may be caused by the
fact that we also need some time to compute the regularization
matrix.

Table 9
Computational time of different methods with different number of training points
on FingerDB data (mean7 std.). Note that LDASVM cannot be implemented in
this data.
TRAIN- SVM
ING NO.
20
30
40
50
60
70

9.67197 0.1597
10.07197 0.2075
10.29067 0.1975
10.03137 0.1293
11.8875 70.1920
12.31257 0.1065

2DLDASVM

STM

MRMLSVM

35.6031 70.0210
42.0625 7 0.0291
51.42197 0.0269
58.1313 70.0259
65.21567 0.0257
72.3719 70.0211

3.67287 0.4907
3.73217 0.7846
3.78977 0.4190
4.11997 0.3414
4.38247 0.3257
4.44817 0.8383

8.9375 70.2294
9.05007 0.2318
9.38127 0.2203
9.3875 7 0.2204
9.70007 0.1755
10.20007 0.1809

Table 10
Computational time of different methods with different number of training points
on Binucleate data (mean 7std.). Note that LDASVM cannot be implemented in
this data.
TRAINING NO.

SVM

2DLDASVM

STM

MRMLSVM

4
6
8
10
12

3.5469 7 0.7562
6.95317 0.3461
7.46877 0.2923
8.035670.2413
8.6406 7 0.1445

1079 713.2386
11147 3.9416
11647 2.9812
1172 71.7536
12277 1.4561

0.4011 70.0364
0.53307 0.0345
0.6340 7 0.0391
0.76247 0.0311
0.89337 0.0361

0.8854 70.0203
1.2185 70.0287
1.53127 0.0203
1.86457 0.0204
2.2083 70.0212

Fig. 3. The classiﬁcation accuracy of 2DLDA, STM and MRMLSVM with different kinds of initialization, i.e., the ﬁxed, uniform and norm strategies. The x-axis represents
different methods and y-axis is the classiﬁcation accuracy. (a) Umist data; (b) Pollen data.

Table 8
Computational time of different methods with different number of training points on Pedestrian data (mean 7 std.).
TRAINING NO.

SVM

SRSVM

LDASVM

2DLDASVM

S-LDASVM

STM

MRMLSVM

200
600
1000
1400
1800

0.34847 0.0338
0.81727 0.0478
1.40477 0.0627
2.2594 7 0.0715
2.9922 7 0.0773

0.7953 7 0.0354
1.36727 0.0488
1.88917 0.0601
2.7344 7 0.0667
3.40167 0.0749

2.2234 7 0.0589
2.33597 0.0467
2.4281 7 0.0331
2.5656 7 0.0395
2.67037 0.0379

0.6438 7 0.0264
1.9859 7 0.1852
3.15167 0.4558
4.25167 0.4382
5.41887 0.7376

2.3172 70.2291
2.407870.1884
2.55317 0.1169
2.6313 7 0.1423
2.7360 70.1393

0.19107 0.0877
0.39777 0.0249
0.5986 70.0284
1.07957 0.1062
1.4793 7 0.0498

0.45317 0.0516
1.0281 70.1346
1.98137 0.0628
3.8438 7 0.2300
5.21567 0.1212
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5.6. Parameter determination
As seen from the discussion in Sections 3.2 and 4.4, we know
that k plays an essential role in the proposed method. In this
section, we would like to show its inﬂuence in three aspects.
In the ﬁrst group of experiments, we would like to show the inﬂuence of k towards objective function values. As mentioned in Proposition 2, the objective function value of MRMLSVM should monotonously decreases with respect to k, provided that we initialize it in a

suitable way. For demonstration, we conduct experiments on three
data sets, including Pedestrian, Umist and Pollen. The parameter k is
varied from 1 to 10. We choose 2 and 10 training points from each
category. With the ‘Fixed’ initialization, each experiment is repeated
for 50 independent runs and the average objective function values are
shown in Fig. 4.
As seen from the results in Fig. 4, we can conclude that with the
increase of k, the average objective function values decrease monotonously. It validates the intrinsic of k in dominating training error.

Fig. 4. The objective function of MRMLSVM with different k. The x-axis represents the selected k and y-axis is the objective function. The lines with different colors represent
different number of training points. (a) Pedestrian data; (b) Umist data; (c) Pollen data. (For interpretation of the references to color in this ﬁgure legend, the reader is
referred to the web version of this article.)

Fig. 5. The classiﬁcation accuracy of MRMLSVM with different k. The x-axis represents the selected k and y-axis is the classiﬁcation accuracy. The lines with different colors
represent different number of training points. (a) Pedestrian data; (b) Umist data; (c) FingerDB data; (d) Pollen data. (For interpretation of the references to color in this
ﬁgure legend, the reader is referred to the web version of this article.)
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Fig. 6. The classiﬁcation accuracy of MRMLSVM with different k and initialization. The x-axis represents the selected k and y-axis is the classiﬁcation accuracy. The lines with
different colors represent different kinds of initialization. (a) Pedestrian data; (b) Umist data; (c) FingerDB data; (d) Pollen data. (For interpretation of the references to color
in this ﬁgure legend, the reader is referred to the web version of this article.)

In the second group of experiments, we would like to show the
inﬂuence of k towards classiﬁcation accuracy. There are totally four
different data sets, including Pedestrian, Umist and FingerDB and
Pollen. We vary k from 1 to 10 and conduct experiments using
‘Fixed’ initialization with different number of training points. After
50 independent splitting training and testing points, we provide
the average classiﬁcation accuracy of MRMLSVM in Fig. 5.
As shown in Fig. 5, we can see that with the increase of k, the
feasible region is expanded. Nevertheless, the classiﬁcation accuracy does not always increase consistently. This is due to the fact
that k is a parameter to balance the inﬂuences of training error and
the extent in avoiding over ﬁtting. These two factors are important
in dominating the performance of a learning machine. SVM and
STM can be regarded as two extreme cases. Additionally, these
results also validate the effectiveness in employing multiple
transformation vectors.
In the third group of experiments, we would like to show
whether the out-performance of MRMLSVM depends on the
combination of k and initialization strategies. We employ the same
data sets as in previous experiments. With different k and different
initialization strategies, we report the average classiﬁcation accuracy
by randomly selecting 10 points in each category as training samples
and others are assigned as testing sets. With 50 independent runs,
the average classiﬁcation accuracies are shown in Fig. 6.
As seen from the results in Fig. 6, we have the following
intuitions. Compared with the inﬂuences of initialization strategy,
k plays a more important role in dominating the ﬁnal classiﬁcation
accuracy. The reason may be (1) k is a parameter who can
determine the learning capacity of our method and (2) when k is
suitable, our solving strategy tends to ﬁnd a good local optimum,
no matter which initialization strategy we have selected.

6. Conclusion
In this paper, we have proposed an efﬁcient multiple rank
multi-linear SVM, i.e., MRMLSVM, for matrix data classiﬁcation.
Different from linear SVM which reformulated matrix data into a
vector and STM which only used one left and one right projection
vector, we have used several left projecting vectors and the same
number of right projecting vectors to formulate objective function
and construct constraints. The convergence behavior, initialization
strategy, computational complexity and parameter determination
problems were also analyzed. Plenty of experimental results have
been proposed for illustration. Further research includes the
extension of MRMLSVM to nonlinear cases. We will also focus on
the accelerating issue of our algorithm.

Conﬂict of interest
None declared.

Acknowledgments
Supported by 973 Program(2013CB329503) and NSFC (Grant
No. 91120301, 61005003, 61075004 and 61021063).

Appendix A
Proof of Proposition 1. We would like to prove it in two sides. On
one hand, for any mn-dimensional vector z, its matrix form is
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denoted as Z∈Rmn . Since rankðZÞ≤minðm; nÞ, there exits two
matrixes, U ¼ ½u1 ; u2 ; …; uk  and V ¼ ½v1 ; v2 ; …; vk , such that
Z ¼ UVT . In other words, for any mn-dimensional vector z, we
can ﬁnd k couples of vectors, such that Z ¼ ∑ki ui vTi , or equivalently,
z ¼ Vecð∑ki ui vTi Þ.
On the other hand, for any two groups of vectors, denoted as
fu1 ; u2 ; …; uk g and fv1 ; v2 ; …; vk g, Vecð∑ki ui vTi Þ∈Rmn . Combining the
above two results, we get the conclusion. □
Proof of Proposition 2. Assume that the objective function of
STM with the projecting vectors u and v is f ðu; vÞ. Correspondingly,
the objective function of MRMLSVM with projecting vectors
fu1 ; u2 ; …; uk g and fv1 ; v2 ; …; vk g is gðu1 ; u2 ; …; uk ; v1 ; v2 ; …; vk Þ.
Denote the optimal value of STM as f ðun ; vn Þ. Note that
f ðun ; vn Þ ¼ gðun ; 0; …; 0k ; vn ; v2 ; …; vk Þ:

Proof of Corollary 1. The ﬁrst equation is obvious and we would
like to prove the second one.
Based on Lemma 1, we have
TrðUT UVT VÞ ¼ ðVecðUÞÞT VecðUVT VÞ
¼ ðVecðUÞÞT VecðImm UVT VÞ ¼ VecðUÞT ððVT VÞ⊗Imm ÞVecðUÞ:

□

Proof of Proposition 4. Assume that we have derived UðsÞ
in the s-th iteration. We now update V, ξ and b. The following
results hold:
ðsÞ

fVðsÞ ; ξðsÞ ; b g ¼ arg min
V;b;ξ


l
1  ðsÞ T
Tr U V VðUðsÞ ÞT þ C ∑ ξi
2
i¼1

s:t: yi ðTrððUðsÞ ÞT Xi VÞ þ bÞ≥1ξi
ξi ≥0 for i ¼ 1; 2; …; l:

ð31Þ

In the ðs þ 1Þth iteration, we ﬁx V as VðsÞ and optimize U, ξ
and b by solving the problem in Eq. (11). We have the following
results:
ðsþ1Þ

fUðsþ1Þ ; ξðsþ1Þ ; b

g ¼ arg min
U;ξ;b


l
1 
Tr UðVðsÞ ÞT VðsÞ UT þ C ∑ ξi
2
i¼1

s:t: yi ðTrðUT Xi VðsÞ Þ þ bÞ≥1ξi
ξi ≥0 for i ¼ 1; 2; …; l:

ð32Þ

Similarly, when we ﬁx U as Uðsþ1Þ and optimize V, ξ and b by
solving the problem in Eq. (11), the following result holds:
ðsþ1Þ

fVðsþ1Þ ; ξðsþ1Þ ; b

g ¼ arg min
V;ξ;b


l
1  ðsþ1Þ T
Tr U
V VðUðsþ1Þ ÞT þ C ∑ ξi
2
i¼1

s:t: yi ðTrððUðsþ1Þ ÞT Xi VÞ þ bÞ≥1ξi ξi ≥0

It indicates
iteration. □

the

decrease

of

ð34Þ

objective

function

during

Proof of Proposition 5. Since A, B are positive semi-deﬁnite,
then, their SVD decompositions are A ¼ UA ΣA UTA and B ¼ UB ΣB UTB .
Thus
Ai ⊗Bi ¼ ðUA ΣiA UTA Þ⊗ðUB ΣiB UTB Þ ¼ ðUA ⊗UB ÞðΣiA ⊗ΣiB ÞðUA ⊗UB ÞT
¼ ðUA ⊗UB ÞðΣA ⊗ΣB Þi ðUA ⊗UB ÞT ¼ ðA⊗BÞi : □

ð35Þ
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As seen from the following results in Proposition 3, In each iteration,
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Thus, the result follows.


l
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2
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Combining the results in Eqs. (30) and (32), we know that
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g are both feasible
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