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Abstract

The logarithm of the number of latin d-cubes of order n is ©(n?Inn). The loga-
rithm of the number of pairs of orthogonal latin squares of order n is ©(n?Inn).
Similar estimations are obtained for systems of mutually strong orthogonal latin
d-cubes.
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1. Introduction

A latin square of order n is an n X n array of n symbols in which each symbol
occurs exactly once in each row and in each column. A d-dimensional array with
the same property is called a latin d-cube. Two latin squares are orthogonal if,
when they are superimposed, every ordered pair of symbols appears exactly
once. If in a set of latin squares, any two latin squares are orthogonal then the
set is called Mutually Orthogonal Latin Squares (MOLS).

From the definition we can ensure that a latin d-cube is the Cayley table
of a d-ary quasigroup. Denote by @ the underlying set of the quasigroup. A

system consisting of ¢ s-ary functions fi,..., fi (¢t > s) is orthogonal, if for each
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subsystem f;,,..., fi, consisting of s functions it holds

{(fu (@), fi.(@) | T € Q°} = Q°.

If the system keeps to be orthogonal after substituting any constants for each
subset of variables then it is called strongly orthogonal (see [4]). It is important to
note that all functions in a strongly orthogonal system are multiary quasigroups.
If the number of variables equals 2 (s = 2) then such system is equivalent to a
set of MOLS. If s > 2, it is a set of Mutually Strong Orthogonal Latin s-Cubes
(MSOLC).

The best known estimate of the number of latin squares is ((14o(1))n/e2)"
(see [10]). The lower bound obtained in [3] and the upper bound followed from
Bregman'’s inequality for permanent. An upper bound ((1+ o(l))n/ed)"d of the
number of latin d-cubes is proved in [9].

In this paper we find lower bounds for numbers of MOLS, latin d-cubes and

MSOLC. This numbers for small orders are calculated in [11)], [7].

2. MDS codes

A subset C of Q% is called an MDS code (of order |Q| with code distance
t + 1 and with length d) if |C' NT| =1 for each ¢t-dimensional face T.

Proposition 1. [4] A set C C Q'™ is an MDS-code with code distance pc =
m+1 if and only if there exists strongly orthogonal system consisting of m t-ary

quasigroups f1,..., fm such that

C= {(xlu-'-axtufl(f)v'"7fm(f)) | T e Qt}

Let Q be a finite field. An MDS code C is called linear (affine) if it is
a linear (or affine) subspace of Q?. In this case the functions fi,..., f,, are
linear and rank of the code is equal to dim(C) = ¢t. Let F be a subfield of a
finite field Q and |Q| = |F|*. Then we can consider @ as k-dimensional vector
space over F. We will call C C Q% a linear code over F if it is linear (i. e.

fi = ax1 + ...+ agizq) and all coefficients aj; (j=1,...,d,i=1,...,m) are



in F. For a,v € @ denote by L(a,v) = {a+av | « € F} an 1-dimensional affine
subspace in Q.

The following criterion for MDS codes is well-known.

Proposition 2. A subset M C Q% is an MDS code if and only if |M| =

|Q|?=2*, where ¢ is a code distance of M.

By using a well-known construction of a linear MDS code (|5]) with matrix
over prime subfield GF(p) we can conclude that the following proposition is

true.

Proposition 3. (a) For each prime number p, integers d, k and o € {2,d} there
exists a linear over GF(p) MDS code C C (GF(p*))? with code distance o.
(b) For each prime number p and integers d < p+ 1, k there exists a linear

over GF(p) MDS code C C (GF(p*))? with code distance o, 3 < o < p.

If 2 < 0 < dand p # 2 then the length of a linear MDS code of order p*
with code distance g does not exceed p* + 1 or p* + 2 for p = 2 (see [1], [2]).

3. MDS subcodes and lower bounds

A subset T of MDS code M C Q< is called a subcode or a component of
the code if T is an MDS code in A; X ... x Agq with the same code distance
as M and T = M N (A; x ... x Ag) where 4; C Q, i € {1,...,d}. Obviously
|A1]| =...=|Aq4| and |A;1] is the order of the subcode T.

Let us now consider possible orders of subcodes. The following proposition
is well-known for case of pairs of orthogonal latin squares (a case of MDS code

with distance ¢ = 3).

Proposition 4. If an MDS code M C Q% with code distance o contains a proper

subcode of order m then o < m <|Q|/e.

PROOF. By definition every strongly orthogonal system consisting of t = o — 1
functions includes a system f1,..., f; of t MOLS. A system of MOLS of order



m consists of not more than m — 1 latin squares. Therefore ¢t < m — 1. Without
loss of generality we can assume that the subcode includes a system of ¢ MOLS
of order m over the alphabet B. Denote by b the symbols of B and by a the
other symbols. By the definition of orthogonal system, for any pair a, b and
any i,7 € {1,...,t}, there exists (u1,us) € (Q\ B)? such that f;(u;) = a and
fi(uz) = b. Thus |(Q\ BY?| = (|Q] - m)? > tm(|Q| = m). &

From the definition of an MDS code and Proposition [5l we obtain:

Proposition 5. Let C C Q% be a linear code over F, (ai,...,aq) € C, v €
Q\ {0}. Then CnN (L(a1,v) X ...x L(ag,v)) is a subcode of C of order |F|.

Proposition 6. Assume C is a code with a subcode Cy of order m and a code
Cs has the same parameters as Cy. Then it is possible to exchange Cy by Cs in

C and to obtain the code C' with the same parameters as C.

It is said the codes C' and C obtained from each other by switching [12].
If a code has nonintersecting subcodes then it is possible to apply switching
independently to each of the subcodes.

For example consider a pair of orthogonal latin squares of order 9 below. A

subcode (orthogonal subsquares) is marked by boldface.

0(1(2(3|4|5|/6|7]|8 011234 |5|6]|7]|8
112|10({4|5(3|7|8]|6 2/0(1(5|13|4(8]6]|7
210(1|5(3]|4|8|6]|7 1(2|10|4|5|3|7|8]|6
314516780 ]1]2 6178101 12]|3[4]5
4(5/3|7|8|6|1(2]|0 8(6[712|0]|1|5(3]|4
51341867201 718(6(1]12]0(4]5]3
61781012345 314|567 |8|0]1]2
718(6|1(2]0(4]5]3 513[4(8|6|7]2]0]1
8|16|7|2|0|1|5|3|4 4|53 |7|8|6]1]2|0

Below we can see a result of switching.



0(1(2(3|4|5|6|7]|8 011]2|3|8|5|6]|7|4
112|10{4|5(3|7|8]|6 2/0(1(5|13|4(8]6]|7
210(1|5(3)|4|8|6]|7 1(2|10|4|5|3|7|8]|6
314516780 ]1]2 678101 12]|3[4]|5
4(5/3|7|8|6|1(2]|0 416|7]|]2|0(1]|5|3]|8
51341867201 718(6(1]12]0(4]5]3
61781012345 314|567 |8|0]1]2
718(6(1(2]0(4]5]3 513[4(8|6|7]2]0]1
8|16|7|2|0[1|5|3|4 8(5[3|7|4|6|1(2]|0

Let N(n,d, ) be the number of MDS codes of order n with code distance p
and length d.

Theorem 1. For each prime number p and
(a)d<p+1if3<o<por
(b) arbitrary d > 2 if o =2
it holds
N (p*,d, 0) > (k+m)p* 2™ Inp(1+o(1))

ask —>o0o,m=d—po+1.

PRrROOF. Consider a linear MDS code C' over a prime field with rank m and
length d (see Proposition Bl). The number of its subcodes determined in Propo-
sition [l is equal to pF(i+m) /p™ where p™ is the cardinality of subcodes. Each
vertex of the code lies in p* — 1 subcodes. Consequently, each subcode in-
tersects with not more than p™+* other subcodes. Thus we can choose ¢ =
(1 — (k) (pF(+m™) /p?m+k) times one of subcodes so that a new subcode is not
intersected with subcodes choosing early. For each subcode we have more than
w = g(k)(pF1+™) /p™) alternatives, where £(k) = o(1) and Ine(k) = o(k). By
Proposition[f] the code obtained by switchings of this mutually disjoint subcodes
has the same parameters as the origin code C. Then N(p*, d, o) is greater than

w? /). Applying Stirling’s formula, we get the lower bound on N(p*,d, o). A



Proposition 7. [8 For every integers n,m,d, m < n/2, there exists a latin

d-cube of order n with a latin d-subcube of order m.

Corollary 1. The logarithm of the number of latin d-cubes of order n is ©(nInn)

as n — 0.

The lower bound comes from Theorem and Proposition[7], the upper bound

is trivial.

Proposition 8. [6] For every integers n,¢ & {1,2,6}, £ < n/3, there exists a
pair of orthogonal latin squares of order m with orthogonal latin subsquares of

order £.

Corollary 2. The logarithm of the number of pairs of orthogonal latin squares

of order n is ©(n%Inn) as n — .

The lower bound follows from Theorem and Proposition 8] the upper bound

is trivial.
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