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Abstract

Analytical Hierarchical Process (AHP) along with fuzzy set theory has been used extensively in the Multi-Criteria Decision
Making (MCDM) process in which fuzzy numbers are utilized to represent human judgments more realistically. Over the past
couple of decades, numerous articles have been published proposing algorithms through which priority vector (or weight vector)
can be calculated from fuzzy comparison matrices. The aim of this study is to conduct a comprehensive performance analysis of the
most popular algorithms proposed in this domain in terms of accuracy of weights calculated from fuzzy comparison matrices. Such
an analysis is much needed by the researchers and practitioners. However none is available. An experimental analysis is conducted
and the performance of various algorithms are evaluated with varying three parameters i.e., the size of the comparison matrix, the
level of fuzziness and the level of inconsistency. We found that modified Logarithmic Least Squares Method and Fuzzy Inverse of
Column Sum Method (FICSM) generally outperformed other algorithms, while Fuzzy Extent Analysis (FEA) which is the most
frequently used algorithm in the literature provides the least accurate results. Furthermore, it was observed that a modified version
of FEA method significantly improved its performance.
© 2018 Published by Elsevier B.V.
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1. Introduction

Multiple Criteria Decision Making (MCDM) methodologies assist decision makers in choosing the best alternative
while evaluating various competing and often conflicting criteria. Over the past many years, literature on MCDM
has observed a steady growth [1] [2] while Analytical Hierarchical Process (AHP) proposed by Thomas L. Saaty [3]
remains the most popular MCDM technique [4]. AHP seeks expert opinions in the form of pairwise comparisons
and later derives ratio scales from comparison matrices which indicate the preferences of the decision maker among
different alternatives in terms of the criteria as well as the preference i.e., weights of the criteria themselves. The
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normalized weighted sum over the criteria provides an overall score associated with each available alternative and
thus help decision maker to choose the best decision. The vast literature on AHP is mainly divided based on two
different scales that can be used to record pairwise comparisons namely, scale based on crisp numbers (scale of 1-9)
and scale based on fuzzy numbers. The original method as proposed by Saaty [3] uses the crisp scale of 1-9 in which
decision maker preferences assessed with natural language labels (e.g. weak, normal, strong etc.,) are represented by
one crisp number in the given scale and recorded in comparison matrices. Whereas Fuzzy AHP (FAHP) algorithms
use fuzzy numbers to represent the same preferences and they are recorded in corresponding fuzzy comparison ma-
trices. Main motivation behind incorporating fuzzy set theory into original AHP is based on the argument that human
judgments and preferences cannot be accurately represented by crisp numbers due to the inherent uncertainty in hu-
man perception. Disregarding this fuzziness of the human behavior in the decision making process may lead to wrong
decisions [5]. Therefore, in order to address this issue of vagueness and uncertainty, and to accurately transform hu-
man judgments into ratio scales, fuzzy set theory introduced by Zadeh [6] has been extensively incorporated into the
original AHP in which the weighing scale is composed of fuzzy numbers. In FAHP, weights are calculated from fuzzy
comparison matrices which are later used to rank the available alternatives together with the scores attained by the
alternatives for each criterion. Therefore, determination of the weights from comparison matrices is one of the key
steps of the process. In the conventional AHP these weights are shown to be the eigenvectors of the comparison matrix
for a fully consistent decision maker [7]. In addition to the eigenvector approach, other techniques are also proposed
in the literature among which arithmetic and geometric mean methods are the most frequently used ones. However in
case of FAHP, calculating weights from fuzzy comparison matrices is not straightforward due to complexities asso-
ciated with the arithmetics of fuzzy numbers and therefore over the past couple of decades, various algorithms have
been proposed in the literature with an aim to accurately extract weights from fuzzy comparison matrices. Golany
and Kress [8] provide a performance comparison of most commonly used six methods in original AHP, in which they
used minimum violation, total deviation, conformity and robustness as criteria for performance analysis. They con-
cluded that Modified Eigenvalue (MEV) [9] is the least effective method, while among the remaining five algorithms,
each have their own weaknesses and advantages. Another comparative analysis is performed by Ishizaka and Lusti
[10] in which they used Monte Carlo simulations to compare and evaluate four techniques to derive priority vector in
original AHP including right eigenvalue method, left eigenvalue method, geometric mean and the mean of normalized
values and conclude that number of contradictions increases with increase in the inconsistency as well as the size
of the matrix. Some other similar studies that compare crisp AHP approaches in various aspects are also available
in the literature [11] [12] [13] [14] [15]. Buyukozkan et al. [16] provide a review of Fuzzy AHP algorithms and list
the characteristics and advantages and disadvantages for those methods which are structurally different. However, a
performance analysis of FAHP algorithms similar to the ones that are available for the original AHP is not conducted
so far. More and more papers are being published which apply FAHP as part of the solution process, however the
choice of the FAHP technique used in the analysis seems to be arbitrary due to this gap in the literature. Therefore,
in this study we attempt to carry out a detailed performance analysis of nine different FAHP methods in terms of
accuracy of weights calculated from fuzzy comparison matrices. Such an analysis would address the gap in the litera-
ture and guide both the researchers and practitioners while choosing the most appropriate algorithm in their analysis.
Generally speaking, most of the AHP literature assumes that the pairwise comparison matrix is complete. Therefore,
the incomplete case is left out of the scope of this research and might be a good future research area. Yet, we kindly
ask those readers who are interested in how incomplete preference relations can be treated to refer to a good literature
review on the related topics [17]. The rest of the paper is organized as follows. We will first provide an overview of
the FAHP methods for which performance analysis will be carried out in this study. In section 3, we will describe the
methodology used to conduct the performance analysis. Next in section 4 we will discuss the main results and in the
final section, conclusions and future research areas will be highlighted.

2. Fuzzy Analytic Hierarchical Process

In the literature various FAHP algorithms are available. A review of citation analysis on Google Scholar is con-
ducted in order to assess the popularity of these algorithms. Five of the FAHP algorithms namely Logarithmic Least
Square Method (LLSM, hereinafter referred to as Laarhoven) [18], LLSM with modified normalization (hereinafter
referred to as Boender) [19], Fuzzy Extent Analysis (FEA, hereinafter referred to as Chang) [20], FEA with modified
normalization (hereinafter referred to as Wang) [21] and Buckley’s Geometric Mean method (hereinafter referred to
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Fig. 1. Number of citations received by the five popular algorithms in Google scholar between years 2000 and 2016.

as Buckley) [22] are among the most popular algorithms in the literature. Fig. 1 illustrates the yearly citation history
of these algorithms in Google scholar between 2000 and 2017. Review of this literature shows that some of these
techniques (particularly Chang, Laarhoven and Buckley) are still being frequently referred to (and in some cases
implemented as well) by the researchers.

To broaden the scope of our research, we also introduce four other methods (to the best of authors’ knowledge,
first time in the literature) in our comparative study which are referred to as Fuzzy Arithmetic Mean (FAM), Fuzzy
Geometric Mean (FGM), Fuzzy Row Sum Method (FRSM) and Fuzzy Inverse of Column Sum Method (FICSM).
FAM and FGM are the fuzzified version of the two popular conventional AHP methods. Note that FGM is different
than the Buckley‘s Geometric Mean method [22] and should be considered as two separate approaches. FRSM is
a modification of FEA method in which comparison of fuzzy numbers and their defuzzification through degree of
possibility is replaced with centroid defuzzification. Whereas, FICSM is an intuitive approach in which inverse of
column sums of comparison matrices are taken as the corresponding weights. Due to lack of space the details of the
five popular FAHP algorithms are not provided here and interested readers are referred to the original papers for the
details of the corresponding algorithms [18][22][19][23][21]. However for the sake of clarity, following we provide a
brief overview of the latter four methods that are included in the performance analysis.

2.1. Arithmetic and geometric mean

Arithmetic mean and the geometric mean approaches are among the most popular techniques used in crisp AHP.
These two techniques originates from the properties of a fully consistent comparison matrix. Note that even though
the following discussion will focus only on extracting the weights of criteria, same steps are applicable to assess the
score of an alternative for a particular criteria as well. Suppose that there are (n) criteria and one wants to extract the
weight vector, i.e., w = w1, wy, - - - , w, Whereas w; refers to the weight of the ith criteria

Recall that a fully consistent comparison matrix is as follows:

wi/wi  wi/wz - wi/wy

;| w2/wr w2/wz - w2 /wy

= 1)
Wy/w1 Wy /w2 - Wh/wy

In the first step, we sum up each column which results in the following:

O]

s BRI

Wi+ w2, -, Wy WL+ W2, 000, Wy w1+ w2, -, Wy
w1 w2 Wy
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Note that AHP assumes additive utility, i.e., the overall utility is weighted sum of individual utilities and the
> w; = 1. Therefore, the column sums provided by Equation (2) are equivalent to

1 1 1
S = 3
(wl w2 wn) ()

Next if one divides each element of the comparison matrix with its corresponding column sum, we end up with the
following matrix which is referred to as W

wh=| . . . : 4
Wp Wp -+ Wy

That is to say, for a fully consistent matrix, if one applies the above described normalization process, the resulting
matrix W will be composed of column vectors which are same with each other and any one of them is the weight
vector that we are trying to determine i.e., (w1, wp, -- -, w,). However, since in practice the comparison matrix ob-
tained from the decision makers are rarely consistent, the resulting normalized matrix would be composed of column
vectors that are different from each other. Since each column is a candidate for the weight vector, and the source of the
inconsistency cannot be detected, a reasonable thing to do is to average the columns of the normalized matrix W* .
The average can be obtained by either arithmetic means or the geometric means approaches. Equations (5) and (6)
represents these two approaches, where w;’ denotes the candidate weight associated with the ith criteria based on the
jth column of the WV,

n J
AM=ZIY 10, ©)
n
n 1/n
G_M:|:l_[wiji| fori=12,---,n (6)
7=1

These two approaches are commonly used in conventional AHP. In this paper we included the fuzzified version
of these approaches in the performance analysis. In the fuzzified versions the starting comparison matrices will be
composed of fuzzy numbers and fuzzy algebra will be employed while making calculations for the weight vector.

2.2. Row sum

The popular FEA Method proposed by Chang [23] consists of two parts. First part is Fuzzy Extent Analysis
procedure in which row sums are calculated and afterwards they are normalized. The second part of the methodology
is the defuzzification and/or ranking of the weights through principal of comparison of fuzzy numbers based on
degree of possibility. In this paper as an alternate to the original ranking technique used in FEA, a centroid based
defuzzification approach [24] is adopted and the modified technique, which is referred to as Fuzzy Row Sum Method
(FRSM) is included in the performance analysis.

2.3. Inverse of column sum

The fourth algorithm that is developed and included in the performance analysis is referred to as Inverse of Column
Sums. This algorithm is very intuitive and require very few arithmetic operations. For the fully consistent compar-
ison matrix, column sum of each column is calculated by Equation (2). Since (due to additive utility assumption)
w1 + w2 + - -+ + w, = 1, the column sums are equivalent to

1 1 1
ot ()
w1 w2 Wy

Thus, the inverse of column sums will yield the weight vector wi, wo, - -+, w, for fully consistent comparison

matrix.
Adding these four algorithms on top of the five well known FAHP techniques previously discussed, we end up with
nine different FAHP algorithms which are listed in Table 1.
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Table 1
Selected FAHP algorithms.

Abbreviation Method

Chang Original Fuzzy Extent Analysis (FEA) proposed by Chang (1996)

Wang Fuzzy Extent Analysis (FEA) with modified normalization proposed by Wang (2008)

Laarhoven Logarithmic Least Squares Method (LLSM) proposed by Laarhoven (1983)

Boender Logarithmic Least Squares Method (LLSM) with modified normalization proposed by Boender (1989)
Buckley Geometric Mean Method propose by Buckley (1985)

FAM Fuzzy Arithmetic Mean similar to arithmetic mean method in original AHP

FGM Fuzzy Geometric Mean similar to geometric mean method in original AHP

FRSM Fuzzy Row Sum Method which is Fuzzy Extent Analysis (FEA) with centroid defuzzification

FICSM Fuzzy Inverse of Column Sum Method

Table 2

Fuzzy arithmetics.

Operation Result

Addition (r mp u)) @ (I mo uz)= L1+ mitmz ui+us)
Multiplication Uy my ur)) © (L mo uz)= (111> mimz uy uz)
Scalar Multiplication AOUmuy=GA.1 A.m L.u)

Inverse (Triangular Fuzzy Number) (I muy'=U/u UVm 1)

Inverse (Trapezoidal Fuzzy Number) (U mnu'=U/m I/l 1u 1/n)

2.4. Fuzzification of conventional AHP methods

Conventional AHP algorithms explained in section 2.1, 2.2 and 2.3 are extended in fuzzy case by replacing con-
ventional arithmetic operations to fuzzy arithmetic operations. Let (/1 m1 u1) and (lo mz uz) be two triangular fuzzy
numbers and (I1 m1 n1 u1) be a trapezoidal fuzzy number, than the basic fuzzy arithmetic operations required to
extend conventional AHP algorithms to FAHP are tabulated in Table 2.

3. Design of experimental analysis

We conduct our performance analysis under various conditions. That is to say, three major control parameters are
employed in the experiments, namely, size of the comparison matrices (n), level of fuzziness («) and inconsistency
of the decision maker (8). Ishizaka and Lusti [10] suggests that inconsistency and size of the matrix are factors that
influences the performance of the conventional AHP algorithms. On top of these two parameters, we also included the
level of fuzziness as the third control parameter for the performance analysis of the FAHP techniques.

By varying the level of these control parameters, we generate a set of matrices on which we apply the nine FAHP
methods. As stated earlier, Golany and Kress [8] provide a methodology in order to generate comparison matrices with
various levels of inconsistency. However, this technique is limited only for crisp AHP and cannot be replicated for
comparison matrices consisting of fuzzy numbers. Therefore, a novel framework is developed through which random
fuzzy comparison matrices can be generated for various control parameters as required by the experimental set up.

3.1. Algorithm to generate random fuzzy comparison matrix

Assume that there are n criteria and w1, wp, - - - , w, are the subjective weights corresponding to these criteria for
a decision maker. In practice the decision makers are asked to make pairwise comparisons and it is assumed that they
use these weights in order to make the comparisons. In reality, inconsistency as well as fuzziness associated with
the natural language are incorporated in the process and the resulting matrix would differ from a theoretically fully
consistent comparison matrix.

In order to conduct the experimental analysis and determine the performance of the nine FAHP algorithms un-
der various conditions, we developed a methodology that mimics the process used by a human decision maker. We
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Fig. 2. Process diagram.

generated a random weight vector in each replication and using these subjective weights, we construct a perfectly
consistent crisp comparison matrix using Equation (1). Afterwards, we added inconsistency into the matrices and
fuzzified it through an approach elaborated below.

3.1.1. Procedure to add inconsistency

Various levels of inconsistency are added in the matrices through inconsistency parameter g € {0, 0.2,0.4, 0.6,
0.8, 1.0}. Inconsistency interval [a b] is generated for each element of the comparison matrix such that a = w; /w; —
B xw;/wjand b=w;/w; + B x w;/w;. Anumber x;; is randomly selected from this interval and replaced with the
corresponding element of the comparison matrix. Note that while altering matrices in such a manner, the reciprocal
nature of the matrices is preserved. Six different values of 8 are used to generate inconsistency intervals and add
desired level of inconsistency in the matrices. However, due to the randomness inherent in the process employed to
incorporate inconsistency, it is possible to end up with a comparison matrix which is less or more inconsistent than
aimed with the corresponding B parameter. Therefore, once inconsistency is added to the elements of the comparison
matrix, the resulting measure of inconsistency is calculated through C.R = CI/RI where CI = *n+l_” as suggested
by Satty [3], where A,,,, is maximum eigenvalue of the comparison matrix and R/ is the random index. This C.R
measure is employed to classify matrices on different levels of inconsistency i.e., if C.R is between 0 — 0.03 the
corresponding comparison matrix is considered as a low level inconsistent matrix; if C.R is between 0.03 — 0.06 it is
considered as medium level inconsistent matrix and a comparison matrix with C.R between 0.06 — 0.1 is regarded as
highly inconsistent matrix. Note that any comparison matrix with C.R >0.1 is considered as a matrix not sufficiently
consistent and discarded from the data set as suggested by Saaty [3].

To sum up the above discussion, although parameter g is employed to add inconsistency in the matrices, C.R
measure is used to classify matrices on different inconsistency levels.

3.1.2. Fuzzification of matrices

The final step of synthetic data generation is fuzzification of matrices which is conducted through parameter « €
[0, 1]. It converts a crisp number into a triangular fuzzy number [/ m u] such that ! = x;; —«, m = x;; and u = x;; +«.
Range of x;; is (e, 9] and during the fuzzification process, the reciprocal nature of matrices is again preserved. That
is to say, only one of the entry x;; € (a, 9] is fuzzified with this process and corresponding reciprocal entry x;; is
determined accordingly to preserve reciprocal nature of the resulting matrix (i.e., x;; = 1/x;;).

The overall process is illustrated in Fig. 2 and the pseudo code in provided in Algorithm 1. This process generates
random matrices for 2 < n < 15, representing comparison matrices assessed from decision makers with inconsis-
tency (B) and fuzziness («). We intend to make all associated Matlab codes and documentation available for other
researchers working in similar domain, therefore, in a pattern similar to the one provided in [25] all necessary Matlab
codes and documentation is made available on-line at [26].

3.1.3. Final data set specifications

After implementation of Algorithm 1, the initial data set is composed of 3840 (=4 x 4 x 6 x 40) matrices as there
are four different matrix sizes, four different values of «, six different values of 8 and for each combination there
are 40 replications of matrices. However, as stated earlier regarding the inconsistency levels, matrices are reclassified
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Algorithm 1 Generate fuzzy comparison matrices.

1: n=3

2: while n <15do

3: Initial Weights <— Generate n Random Weight which sums upto 1
4: Perfectly Consistent Matrix <— w; /w;
5: B=0

6: while g <1do

7: Add Inconsistency

8: a=0.25

9: while « <1 do
10: [{ m u] < Fuzzify Matrix
11: a=a+0.25
12: B=p+02

13: n=n+4

14: Weights <— Apply FAHP Algorithm

15: Perfectly Consistent Matrix (W) < Weights
16: Compatibility Index Value (CIV)

Table 3
Dataset classification and control parameters.

Size of Matrix Number of Fuzzification Number of Inconsistency Number of
Matrices level Matrices levels Matrices
n=3 156 a=025 156 CR =Low 208
Control Parametersf— 7 156 a=0.50 156 CR = Moderate 208
n=11 156 a=0.75 156 CR = High 208
n=15 156 o=1.00 156
Total Matrices 624 624 624

based on the C.R value (instead of 8) which results in uneven distribution of matrices where there are large number
of low level inconsistent matrices and less number of highly consistent matrices.

Therefore, this initial data set of 3840 matrices is reduced to total of 624 matrices which are evenly distributed on
all experimental parameters. Note that for each combination there are 13 replication of matrices and the final data
set is composed of 624 (=4 x 4 x 3 x 13) matrices. Table 3 tabulates final control parameters employed in our
comparative study as well as number of matrices used in the analysis.

3.1.4. Fuzzy inconsistency measure

When preferences are elicited in the form of crisp numbers, the universally accepted way of measuring incon-
sistency of comparison matrices is through maximum eigenvalue as explained in section 3.1.1. However, when
preferences are represented through fuzzy numbers or membership functions, measuring inconsistency is still a debat-
able issue [27]. Wang et al. adopts the concept of feasible region to represent inconsistency [28]. Islam et al. proposes
a Lexicographic Goal Programming (LGP) method to derive weights from pairwise inconsistent interval judgment
matrices as well as an algorithm for identification and modification of inconsistent bounds [29]. Another method uses
distance based consistency index is devised in which distance between fuzzy comparison matrix and a specific metric
function is used as a measure of inconsistency [30]. Yet another methodology i.e., additive consistency measure is dis-
cussed in which a consistency index and threshold of fuzzy preference relations are defined so as to measure whether
fuzzy preference relations is sufficiently consistent or not [31]. While another study introduces strong transitivity con-
ditions using route matrices and diagraphs and proposes an adjustment procedure to fix inconsistencies in comparison
matrices [32].

Similarly, various other methods have been proposed in the literature, which employ different inconsistency mea-
sures depending on specific needs of that particular study. Through this study, we intend to conduct a comprehensive
comparative analysis involving various techniques based on experiment parameters which are consistent across all
FAHP algorithms. Therefore, we decided to adopt a uniform inconsistency measure as proposed by Saaty [3] to mea-
sure inconsistencies of matrices before fuzzifying them. This approach helps us find true measure of inconsistencies
added in our synthetic data and helps in classifying matrices more effectively based on the selected inconsistency
measure.
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3.2. Metrics of performance analysis

Fuzzy comparison matrices were constructed by assuming normalized crisp weights. Afterwards, the nine FAHP
methods included in our comparative analysis is applied to these random fuzzy comparison matrices and priority vec-
tor or weight vectors are calculated. Among all the FAHP methods, only FEA methods (Chang and Wang) computes
the defuzzified weights through principle of comparison of fuzzy numbers based on degree of possibility, while rest
of the FAHP methods calculate weights in the form of fuzzy numbers. In order to effectively conduct performance
analysis, these fuzzy weights are defuzzified using centroid defuzzification technique.

For our study, the metrics of performance analysis will be Compatibility Index Value (CIV) [33] which provides a
measure of the deviation between pairwise comparison matrix provided by the decision maker (which in our case will
be randomly generated pairwise inconsistent matrix) and matrix W = (w; /w;) constructed from the derived priority
vector from fuzzy comparison matrix. Let A = (a;;) be randomly generated inconsistent matrix and W = (w; /w;) be
perfectly consistent matrix constructed from derived priority vector, then CIV is defined as

CIV=n2eTAowWTe (8)

where n is the size of the matrix and e’ A o W7 e is the Hadamard product of matrix A and W7. Note that if A is
perfectly consistent matrix than both matrices A and W will be similar and CIV becomes one, else it will have value
greater than one.

In order to carry out statistical testing, Analysis of Variance (ANOVA) tests are conducted under various experi-
mental conditions. These results are summarized in the next section.

4. Computational results and discussions

In this section, the results of the performance analysis conducted on the nine FAHP methods will be discussed. In
order to determine the effect of the three experimental parameters, we employed one-way ANOVA (also referred to as
a between-subjects ANOVA or one-factor ANOVA) which will help in determining any statistical differences between
the mean differences of CIV while we change the experimental parameters. Note that one-way ANOVA is an omnibus
test statistic and therefore cannot tell which specific groups of data are significantly different from each other; rather
it just provide information that at least two of the groups are significantly different from each other. Therefore, for
detailed analysis, we also conducted a post hoc test in order to analyze the results in more detail.

However, in order to conduct one-way ANOVA the following six assumptions must be satisfied:

1. Dependent variables are continuous.

Independent variable consists of two or more categorical, independent groups.

3. There is no relationship between the observations in each group or between the groups themselves i.e., indepen-
dence of observations must hold.

4. There should be no significant outliers, which might have a negative effect on the one-way ANOVA, thus reducing
the validity of the results.

5. Dependent variable should be approximately normally distributed for each category of the independent variable.
However, one-way ANOVA only requires approximately normal data because it is quite “robust” to violations of
normality, meaning that assumption can be a little violated and still provide valid results.

6. Homogeneity of variances must hold.

N

As explained in the previous section, the structure of the data obtained from the experimental analysis ensures that
the first three assumptions are satisfied. On the other hand, we employed the methodology provided in [34] in order
to check the latter three assumptions. In order to check the validity of the fourth assumption box-plots are utilized and
some outliers are determined. These outliers were neither result of data entry errors nor due to measurement errors
but determined to be genuinely unusual values. There are various ways through which these outliers can be treated
[35]. We resolve this problem by conducting the analysis with and without these outliers and no significant difference
in the results were observed. So we decided to keep these values in our analysis. In order to check the validity of
the fifth assumption we conducted both Kolmogorov-Smirnov test as well as Shapiro—Wilk test for each subgroup
and determined that our data is normally distributed for each sub group. To test the final assumption, we conducted
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Table 4
Selected nine FAHP methods.

95% Confidence Interval for Mean

Mean Std. Deviation ~ Std. Error Minimum Maximum
Lower Bound Upper Bound
Boender 624 1.06203 0.04618 0.00185 1.05840 1.06566 1.00003 1.37271
Buckley 624 1.06667 0.04772 0.00191 1.06291 1.07042 1.00003 1.20900
Chang 624 1.23835 0.38388 0.01537 1.20817 1.26853 1.00146 6.48521
FAM 624 1.14855 0.14130 0.00566 1.13744 1.15966 1.00003 2.10831
FGM 624 1.06707 0.04764 0.00191 1.06333 1.07082 1.00003 1.21053
FICSM 624 1.05968 0.04665 0.00187 1.05601 1.06335 1.00003 1.17599
FRSM 624 1.10803 0.09460 0.00379 1.10060 1.11547 1.00006 1.67369
Laarhoven 624 1.06675 0.04763 0.00191 1.06300 1.07049 1.00005 1.32394
Wang 624 1.30748 0.41495 0.01661 1.27486 1.34010 1.00111 6.03032
Total 5616 1.12496 0.21717 0.00290 1.11927 1.13064 1.00003 6.48521

Fig. 3. Estimated marginal means of compatibility index.

Table 5
Welch ANOVA analysis between nine different
methods.
| Welch | 84146 | 8 | 2315.467 | .000 |

& Asymptotically F distributed.

Levene’s test for equality of variances. The results suggested that the assumption of homogeneity of variances was
violated. Hence, as suggested in [36] we decided to conduct a modified version of one-way ANOVA which is Welch
one-way ANOVA in the analysis.

4.1. Comparison of selected nine FAHP methods

We first tabulate overall descriptive statistics which shows that mean CIV for FICSM (1.05968, £0.04665) is
lowest and for Wang (1.30748, +£0.41495) is highest. Same is illustrated in Table 4 and Fig. 3.

In order to conclude that these differences are significant, one-way Welch ANOVA test is conducted for which
results are tabulated in Table 5.

Note that Welch ANOVA results only imply that group means differ. It does not show in which particular way
these group means differ among various subgroups. Therefore, post hoc test is conducted in order to investigate the
significant differences more effectively.

Please cite this article in press as: F. Ahmed, K. Kilic, Fuzzy Analytic Hierarchy Process: A performance analysis of various algorithms, Fuzzy
Sets Syst. (2018), https://doi.org/10.1016/j.fss.2018.08.009




JID:FSS AID:7482 /[FLA [m3SC+; v1.287; Prn:16/08/2018; 13:20] P.10 (1-19)
10 F. Ahmed, K. Kilic / Fuzzy Sets and Systems eee (eeee) ecee—cee

Table 6
Games Howell post hoc test — Comparison of FAHP algorithms.

Method Method Mean Difference . . 95% Confidence Interval
(1)) [0)) a-J Std. Error i Lower Bound Upper Bound
FICSM Boender -0.00235 0.00263 0.99327 -0.01052 0.00581
FICSM Buckley -0.00699 0.00267 0.18104 -0.01529 0.00131
FICSM Chang -0.17867 0.01548 0.00000 -0.22685 -0.13049
FICSM FAM -0.08887 0.00596 0.00000 -0.10740 -0.07034
FICSM FGM -0.00740 0.00267 0.12509 -0.01569 0.00090
FICSM FRSM -0.04835 0.00422 0.00000 -0.06148 -0.03523
FICSM Laarhoven -0.00707 0.00267 0.16753 -0.01536 0.00122
FICSM Wang -0.24780 0.01672 0.00000 -0.29983 -0.19577

" The mean difference is significant at the 0.05 level.

Significantly Better Better Inferior _

Buckley FICSM Laarhoven

Boender -0.00464 -0.17632 -0.08652 -0.00505 0.00235 -0.04600 -0.00472 -0.24545
Buckley -0.17168 -0.08188 -0.00041 0.00699 -0.04137 -0.00008 -0.24081
Chang -0.06913
FAM -0.15893
FGM 0.00740 -0.04096 0.00033 -0.24040
FICSM -0.04835 -0.00707 -0.24780
FRSM -0.19945
Laarhoven -0.24073

Fig. 4. Heat map — Mean CIV differences between nine FAHP methods. * Sample read from the heat map: mean CIV of Boender is lower by
0.00464 as compared to Buckley and this difference is not significant mean CIV of Boender is lower by 0.17632 as compared to Chang and this
difference is significant.

Table 7
Welch ANOVA analysis between different matrix
sizes.

Test  Statistic® = dfl df2 Sig. |

Welch 27.866 3 3053.866 | .000 ‘
& Asymptotically F distributed.

Since the homogeneity of variance assumption is violated, Games-Howell post hoc test is conducted instead of
commonly used LSD or Tuckey test. Results of Games-Howell post hoc test corresponding to FICSM vs other FAHP
methods are tabulated in Table 6. Similar analysis is conducted for each one of the algorithms and results of these
analyses are graphically presented in Fig. 4 as heat map.

Fig. 4 shows that the mean CIV for FICSM algorithm is lower when compared with other algorithms and these
differences are significant for FAM, FRSM, Chang and Wang.

We employed a similar methodology to determine if the above conclusions are also valid under various experi-
mental conditions i.e., size of the matrix (n), fuzzification parameter («) and inconsistency levels (C.R) which are
discussed below.

4.2. Matrix size

Welch one way ANOVA test (Table 7) shows that mean CIV is statistically different for selected four different
matrix sizes, F (3, 3053.866) = 27.866, p < .005.

Games Howell post hoc test is conducted for each FAHP algorithm separately in order to investigate these differ-
ences more effectively. Mean CIV differences are illustrated as heat map in Fig. 5.

Where as I(n) and J(n) refer to mean CIV with different matrix sizes. Result shows that in general, mean CIV is
lowest for lower matrix sizes and it increases as the matrix size is increased with the only exception for FEA (Chang
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Significantly Better Better Inferior _
3 7 -0.03499 -0.04622 0.03251 -0.09474 -0.04631 -0.03335 -0.06340 -0.03869
3 11 -0.04375 -0.05755 -0.10877 -0.16414 -0.05571 -0.04857 -0.10690 -0.04420 0.08642
3 15 -0.04733 -0.06128 -0.05394 -0.21140 -0.05946 -0.05199 -0.14427 -0.04727
7 11 -0.00876 -0.01133 -0.06940 -0.00939 -0.01522 -0.04351 -0.00551 -0.11687
7 15 -0.01234 -0.01506 -0.08646 -0.11666 -0.01314 -0.01864 -0.08087 -0.00859 -0.02829
11 15 -0.00358 -0.00373 0.05482 -0.04727 -0.00375 -0.00342 -0.03736 -0.00307 0.08858

Fig. 5. Post hoc test — Mean CIV differences (I-J) at different matrix sizes for nine FAHP methods.

Fig. 6. Estimated marginal means of CIV.

and Wang). Otherwise, results are consistent for all other FAHP algorithms as illustrated in Fig. 6. That is to say, for
all FAHP algorithms (except Chang and Wang), mean CIV increases as matrix size is increased.

Next we compared performance of selected nine FAHP methods under different matrix sizes. Results are graphi-
cally illustrated as heat map in Fig. 7 which shows that at » = 3 the best performing algorithm is Buckley, while at
n =7 FICSM is the best performing algorithm. Boender is the best performing algorithm at higher matrix sizes i.e.,
n =11, n = 15. This result will serve as a useful guideline for practitioners in their decision making problems.
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Significantly Better Better Inferior _

Buckley Chang FICSM
Boender 0.00511 -0.17529 -0.00047 0.00381 0.00431

FRSM
0.00112

Laarhoven Wang
-0.00370 -0.39315

Buckley -0.18040 -0.00558 -0.00130 -0.00080 -0.00399 -0.00881 -0.39826
Chang -0.21786
FAM 0.00428 0.00478 0.00159 -0.00323 -0.39268
FGM 0.00050 -0.00269 -0.00750 -0.39695
FICSM -0.00319 -0.00800 -0.39746
FRSM -0.00482 -0.39427

Laarhoven -0.38945

Buckley Chang FICSM Laarhoven Wang
Boender -0.00612 -0.10778 -0.06022 -0.00752 0.00595 -0.02729 -0.00739 -0.15486

Buckley -0.10166 -0.05409 -0.00140 0.01207 -0.02116 -0.00127 -0.14874
Chang 0.04757 -0.04708
FAM -0.09465
FGM 0.01347 -0.01977 0.00012 -0.14735
FICSM -0.03324 -0.01335 -0.16081
FRSM -0.12758

Laarhoven -0.14747

Buckley FICSM Laarhoven

Boender -0.24030 -0.12085 -0.00815 -0.00051 -0.06203 -0.00415 -0.26297
Buckley -0.23161 -0.11216 0.00054 0.00818 -0.05334 0.00455 -0.25428
Chang 0.11945 -0.02267
FAM -0.14212

FGM 0.00764 -0.05388 0.00400 -0.25482
FICSM -0.06152 -0.00364 -0.26246
FRSM -0.20094
Laarhoven -0.25883

Buckley Chang FICSM Laarhoven Wang
Boender -0.00884 -0.18190 -0.16454 -0.00832 -0.00035 -0.09582 -0.00364 -0.17081

Buckley -0.17306 -0.15570 0.00052 0.00850 -0.08697 0.00520 -0.16197
Chang 0.01736 0.08609 0.01109
FAM 0.06872 -0.00627
FGM 0.00797 -0.08750 0.00468 -0.16249
FICSM -0.09547 -0.00329 -0.17046
FRSM -0.07499

Laarhoven -0.16717

Fig. 7. Heat map — Mean CIV differences of nine FAHP methods at different matrix sizes (a) n =3, (b) n =7, (c) n =11, (d) n = 15.

Table 8

Welch ANOVA analysis between different levels of
fuzzification.

| Welch | 8689 | 3 | 2936.801 | 0.000 |

& Asymptotically F distributed.

4.3. Fuzzification parameter

One-way Welch ANOVA test for different levels of fuzzification is tabulated in Table 8 which shows that mean
CIV is statistically different for four different levels of fuzzification, Welch F(3,2936.801) = 8.689, p < .005.

Games Howell post hoc test at different fuzzification levels for nine FAHP models is presented in the form of heat
map which is illustrated in Fig. 8.

Fig. 8 shows that performance of all FAHP algorithms except Chang and Wang decreases as the fuzzification level
are increased. This trend is more clearly illustrated in Fig. 9 which shows that, the performance of FEA (Chang and
Wang) increases at higher levels (0.75, 1.00) of fuzzification, whereas, for all other FAHP methods, performance
decreases as fuzzification levels are increased. Review of literature on FAHP shows that FEA (Chang and Wang)
has been extensively applied in various decision making environments. Therefore, FEA is the preferred choice of
practitioners, then this study recommends to use higher levels of fuzzification in triangular fuzzy numbers.

Please cite this article in press as: F. Ahmed, K. Kilic, Fuzzy Analytic Hierarchy Process: A performance analysis of various algorithms, Fuzzy
Sets Syst. (2018), https://doi.org/10.1016/j.fss.2018.08.009




JID:FSS AID:7482 /[FLA [m3SC+; v1.287; Prn:16/08/2018; 13:20] P.13 (1-19)
F. Ahmed, K. Kilic / Fuzzy Sets and Systems eee (seee) soe—eee 13

Significantly Better Better Inferior _

(I) alpha (J) alpha Boender Buckley Chang FGM FICSM Laarhoven Wang
0.25 0.50 -0.00756 -0.01097 0.12466 -0.05050 -0.01115 -0.00372 -0.01876 -0.01041
0.25 0.75 -0.00778 -0.01008 -0.06202 -0.01042 -0.00405 -0.02443 -0.01073
0.25 1.00 -0.02024 -0.02841 -0.12255 -0.02894 -0.00883 -0.06140 -0.02914
0.50 0.75 -0.00022 0.00089 0.08238 -0.01152 0.00073 -0.00033 -0.00568 -0.00032
0.50 1.00 -0.01267 0.01744 0.11299 -0.07205 -0.01779 -0.00511 -0.04265 -0.01873
0.75 1.00 -0.01245 -0.01833 0.03061 -0.06054 -0.01852 -0.00478 -0.03697 -0.01841

Fig. 8. Post hoc test — Mean CIV differences at different levels of « for nine FAHP methods.

Fig. 9. Estimated marginal means of CIV.

We also conducted comparison of nine FAHP methods under different levels of fuzzification and results are
graphically illustrated as heat map in Fig. 10 which shows that at lower levels of fuzzification (o« = 0.25), Boender
outperforms all other algorithms. As the fuzzification levels are increased, FICSM is the best performing algorithm.
As stated before, performance of FEA (Chang and Wang) seems to improve at higher levels of fuzzification, however,
this improved performance is not significant and its performances remains inferior when compared with other FAHP
algorithms.
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Significantly Better Better

Buckley Chang FICSM FRSM Laarhoven
Boender -0.32755 -0.03665 -0.00131 -0.00240 -0.02875 -0.00105
Buckley -0.32638 -0.03548 -0.00014 -0.00123 -0.02758 0.00012
Chang
FAM
FGM -0.02744 0.00027 -0.45082
FICSM -0.02635 0.00135 -0.44974
FRSM -0.42338
Laarhoven -0.45109

Inferior

-0.45213
-0.45097
-0.12459
-0.41549

Buckley FICSM FRSM Laarhoven
Boender -0.00457 -0.19533 -0.07959 -0.00490 0.00145 -0.03994 -0.00389
Buckley -0.19076 -0.07501 -0.00033 0.00602 -0.03537 0.00068

-0.03504 0.00101

FICSM -0.04139 -0.00534

FRSM 0.03605
Laarhoven

-0.27954
-0.27497
-0.08421
-0.19996
-0.27464
-0.28099
-0.23960
-0.27565

Buckley Chang FICSM FRSM
Boender -0.00346 -0.11273 -0.09088 -0.00395 0.00134 -0.04540
Buckley -0.10926 -0.08742 -0.00049 0.00480 -0.04194

Chang 0.02185 0.06733

-0.04145
-0.04674

Laarhoven Wang
-0.00399 -0.16825
-0.00053 -0.16479

-0.07737
-0.16430
-0.16959
-0.12285
-0.16426

-0.00004
-0.00533

0.00529

Buckley

Boender -0.00934

Buckley
Chang
FAM
FGM
FICSM
FRSM

Chang FAM FICSM FRSM

-0.06967

-0.01002

-0.06033

-0.06930

-0.00068

0.00901

Laarhoven
-0.00995

-0.08187

-0.00025

-0.00061

0.00007

-0.07253
-0.01220
0.05710
-0.07185

-0.01896

-0.09088
-0.01195

Laarhoven -0.07192

Fig. 10. Heat map — Mean CIV differences of nine FAHP methods at different fuzzification levels (a) « = 0.25, (b) « = 0.50, (¢) o« = 0.75,
(d) @ =1.00.

Table 9
Welch ANOVA analysis between different levels of
inconsistency.
Test | Statistic dfl | df2 | Sig
| Welch \ 92.232 | 2 \ 3663.228 \ 0.000 |

& Asymptotically F distributed.

4.4. Inconsistency levels

One-way Welch ANOVA test is conducted for various levels of consistency and results are tabulated in Table 9
which shows that mean CIV is statistically different for three levels of inconsistency level, Welch F (2, 3663.228) =
92.232, p < .005.

Results from Games Howell post hoc test for different levels of inconsistency for all FAHP methods is graphically
illustrated as heat map in Fig. 11 which shows that performance of all algorithms is higher at lower inconsistency
levels as expected. Same is illustrated in Fig. 12.

Furthermore, performance of all FAHP methods is analyzed at different levels of inconsistency and results are
illustrated as heat map in Fig. 13.
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J)CR Boender Buckley Chang FICSM Laarhoven Wang
Low Medium -0.03664 -0.03511 -0.01550 -0.05118 -0.03518 -0.03979 -0.04684 -0.03532 -0.03991
Low High -0.08276 -0.08076 -0.14290 -0.11336 -0.08038 -0.09095 -0.10008 -0.08120 -0.12882
Medium High -0.04611 -0.04565 -0.12740 -0.06217 -0.04520 -0.05115 -0.05325 -0.04587 -0.08890

Fig. 11. Post hoc test — Mean CIV differences at different levels of inconsistency (C.R) for nine FAHP methods.

Fig. 12. Estimated marginal means of CIV.

Fig. 13 shows that at high inconsistency levels, Boender outperforms all other methods while for other levels
FICSM is the best performing algorithm.

4.5. OQverall analysis for Boender and FICSM

From the above statistical analysis, it is observed that Boender and FICSM algorithms performed significantly
better compared to the other FAHP methods under specific experimental conditions. Here, we present an overall
analysis of these two best performing algorithms without considering any experimental condition and using the whole
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Buckley FICSM FRSM Laarhoven Wang
IO  -0.00581 -0.16332 -0.07147 -0.00632 -0.03683 -0.00568 -0.22900

Significantly Better Better Inferior

Buckley -0.15751 -0.06566 -0.00051 -0.03102 0.00013 -0.22319
Chang -0.06569
FAM -0.15753
FGM -0.03051 0.00064 -0.22268
FICSM -0.04296 -0.01181 -0.23514
FRSM -0.19218

Laarhoven -0.22333

Buckley Chang FICSM Laarhoven
Boender -0.00428 -0.14218 -0.08601 -0.00486 0.00298 -0.04702 -0.00436
Buckley -0.13790 -0.08173 -0.00058 0.00726 -0.04275 -0.00008

-0.23227
-0.22800
-0.09010
-0.14626
-0.22741
-0.23526
-0.18525
-0.22792

0.00050
-0.00734

-0.04216
-0.05001

Buckley FICSM Laarhoven

-0.00382 -0.22346 -0.10207 -0.00395 -0.00206 -0.05416 -0.00412 -0.27507

-0.21964 -0.09825 -0.00013 0.00176 -0.05034 -0.00030 -0.27125

-0.05160

-0.17299

0.00189 -0.05021 -0.00017 -0.27112

-0.05210 -0.00206 -0.27301

-0.22091

Laarhoven -0.27095

Fig. 13. Heat map — Heat map — Mean CIV differences of nine FAHP methods at different inconsistency levels (a) C.R = Low, (b) C.R = Medium,
(c) C.R =High.

Table 10
Overall analysis.

Percentage of matrices in which Boender outperforms Percentage of matrices in which FICSM outperforms the

Method

the corresponding FAHP algorithm corresponding FAHP algorithm
Boender | e 48%
Buckley 85% 63%
Chang 87% 91%
FAM 90% 84%
FGM 85% 63%
FICSM 2% 1
FRSM 87% 42%
Wang 89% 93%
Laarhoven 93% 62%

dataset of 624 matrices. Results tabulated in Table 10 represent the percentage of matrices, where Boender and FICSM
algorithm outperform other FAHP methods in the experiments.

5. Utility of resultsand proposed framework for researchersand practitioners

This paper provides useful guidance to researchers and practitioners in their selection process of a particular FAHP
technique. LLSM method proposed by Boender [19] and FICSM outperformed other selected FAHP methods under
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various experimental conditions and therefore should be preferred choice of FAHP method in most real life decision
making environments.

For example, a company faces a multi-criteria decision problem in which it is in the process of implementing a
cloud computing solution and is currently evaluating various cloud computing service providers based on number of
selection criteria such as availability, security, storage capacity, acquisition and transaction cost etc. Such a decision
problem will have around 7 to 9 selection criteria and thus size of comparison matrices will be 7 x 7 to 9 x 9. Fig. 7
shows that modified LLSM method proposed by Boender [19] performs significantly better under these conditions
and thus should be the preferred choice of FAHP method for such an application.

Also Fig. 10 and 9 show that all FAHP algorithms excluding FEA methods [23] [21] performs significantly better
at lower levels of fuzzification. Thus ideal strategy for the implementation of Fuzzy AHP in such a decision problem
will be to choose modified LLSM method proposed by Boender [19] as a preferred choice of FAHP algorithm and
low level of fuzzifications as a decision variable to achieve best results.

Review of existing literature on FAHP shows that most practitioners utilize FEA methods in their decision prob-
lems. This comparative study shows that although FEA is not one of the best performing algorithms, but its perfor-
mance slightly increases as the level of fuzzification is increased (Fig. 10 and 9). That is to say, if FEA method is
the preferred choice of practitioner or researcher in their decision problem than this framework propose to use higher
levels of fuzzification for better results.

6. Conclusions and futureresearch

In this research we compared performance of nine FAHP methods among which five FAHP methods are the most
popular ones in the literature. Compatibility Index Value (CIV) is used as a performance metrics to evaluate all nine
FAHP methods. Three experimental conditions are considered as part of the analysis, namely, size of the matrix (n),
fuzzification level («) and inconsistency (C.R). For the fuzzification parameter four levels are assumed as 0.25, 0.50,
0.75 and 1.00. The fuzzification parameter is not inherent to the problem that the decision maker is facing but more a
decision variable as part of the process. That is to say, the decision analysts can set the fuzzification level and conduct
FAHP accordingly. On the other hand the inconsistency parameter refers to the inconsistency of the decision maker
and is not a decision variable but depends on the fuzzy comparison matrices elicited from the experts. For the analysis
three levels are considered for the inconsistency which is low, medium and high based on the consistency ratio (C.R)
values as explained before. Finally, four different matrix sizes are considered which are 3, 7, 11 and 15. Note that
one can consider 3 as the representative of small sized problems, 7 and 11 are for medium sized problems and 15 for
larger cases.

As a result of this set up total of 48 (= 4 x 3 x 4) different experimental conditions are constructed. For each
condition 13 replications are created randomly. Hence the total dataset is composed of six hundred and twenty four
matrices with varying parameters for size of the matrix, fuzzification levels and inconsistency.

Main conclusions of this study are summarized as follows;

1. All three experimental parameters have significant effect on the mean CIV.

e Size of the Matrix: As size of the matrix is increased, mean CIV increases and these results are consistent
for all selected nine FAHP algorithms. At n = 3 the best performing algorithm is Buckley, while at n =7
FICSM method outperforms all other methods. At higher matrix sizes i.e., n = 11, n = 15, Boender is the best
performing algorithm.

o Fuzzification: Performance of all FAHP algorithms except Chang and Wang decreases as the fuzzification
level increases. Whereas, the performance of FEA methods (Chang and Wang) improves at higher levels of
fuzzification, however this improved performance is still inferior when compared with other FAHP algorithms.

e Inconsistency: Overall, as the inconsistency levels are increased, mean CIV increases and this increase is
consistent over all selected nine FAHP algorithms. At low and medium level of inconsistency FICSM method
outperform other methods whereas at higher inconsistency level, Boender is the best performing algorithm.

2. Among the selected nine FAHP algorithms, Boender and FICSM model performs significantly better than other
models over various experimental conditions.

3. FEA methods (Chang and Wang) performed inferior compared to other methods, although this is one of the most
frequently used technique in the literature.
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4. Ifitisinevitable to use FEA method due to some reason, we propose that one must avoid low levels of fuzzification
in triangular fuzzy numbers, as results shows that the performance of this methodology is significantly inferiors
at lower levels of «.

Fuzzy numbers are considered as more realistic representations of the imprecise linguistic variables that are used
by the decision makers during the preference elicitation stage of the analytical hierarchy process. As a result, abundant
of research is being conducted that utilize FAHP and this study will help consolidate this literature. On the other hand,
the value of introducing fuzziness to conventional AHP is yet to be assessed by an extensive experimental analysis
similar to the one conducted in this research. We leave this as future research topic.
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