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This paper suggests a dynamic multi-colony multi-objective artificial bee colony algorithm (DMCMOABC)
by using the multi-deme model and a dynamic information exchange strategy. In the proposed algorithm,
K colonies search independently most of the time and share information occasionally. In each colony,
there are S bees containing equal number of employed bees and onlooker bees. For each food source, the
employed or onlooker bee will explore a temporary position generated by using neighboring information,
and the better one determined by a greedy selection strategy is kept for the next iterations. The external
archive is employed to store non-dominated solutions found during the search process, and the diversity
over the archived individuals is maintained by using crowding-distance strategy. If a randomly generated
number is smaller than the migration rate R, then an elite, defined as the intermediate individual with
the maximum crowding-distance value, is identified and used to replace the worst food source in a
randomly selected colony. The proposed DMCMOABC is evaluated on a set of unconstrained/constrained
test functions taken from the CEC2009 special session and competition in terms of four commonly used
metrics EPSILON, HV, IGD and SPREAD, and it is compared with other state-of-the-art algorithms by
applying Friedman test on the mean of IGD. The test results show that DMCMOABC is significantly better
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than or at least comparable to its competitors for both unconstrained and constrained problems.
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1. Introduction

In many real-world optimization applications, decision mak-
ers (DMs) often have to handle problems with multiple objectives
that are conflicting to each other and should be optimized simulta-
neously, and they are usually called multi-objective optimization
problems (MOPs) which are more difficult than one-objective ones
since there is no single solution available for them but a set of
Pareto-optimal solutions (PS) or non-dominated solutions that rep-
resent a trade-off among the objectives.

With the help of some useful techniques, such as objective
weighting, method of distance functions or method of min-max
formulation, a MOP can be transformed into a single objective prob-
lem, and then traditional mathematical programming methods can
be applied to deal with it. However, these methods are usually
restrained since some objectives may involve noise, discontinuity,
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concavity and uncertainty in their search space [1]. Alternatively,
evolutionary algorithms (EAs) and swarm intelligence (SI) algo-
rithms have been widely extended to find several members of the PS
of the MOPs in a single run. Among them, Deb’s NSGAII [2], Zitzler’s
SPEA2 [3], Zhang’s MOEA/D [4], Tseng’s MTS [5], Liu’s DMOEADD
[6], Liu’s LiuLiAlgorithm [7], Kukkonen’s GDE3 [8] and Akay’s S-
MOABC/NS [1] enjoyed more attention.

The island model or multiple-deme model is a very popular
scheme used in many EA or SI algorithms [9]. In this model, the
algorithms consist of several sub-populations which evolve inde-
pendently most of the time and exchange members occasionally.
The exchange of individuals is called migration and often con-
trolled by some parameters [10]. Over the past decades, many
algorithms based on island models have been proposed for single-
objective optimization problems [11-16]. It was shown by the
experimental results that these algorithms not only decreased the
processing time but also performed a much broader search than
single-population ones.

Recently, modeled as a Markov dynamic system, the island
model was theoretically proved to be effective in solving single
objective problems [17], and can also be applied to the multi-
objective case. In fact, some island model based multi-objective
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Fig. 1. The flow chart of the DMCMOABC algorithm.

evolutionary or Sl-based algorithms have already been proposed.
Montaiio et al. [18] introduced a novel island model based
multi-objective evolutionary algorithm: pMODE-LD+SS, where dif-
ferential evolution (DE) operators were used and two parallel
schemes were designed to improve effectiveness as well as effi-
ciency. Cheshmehgaz et al. [19] proposed an effective multiple
multi-objective evolutionary algorithms (MOEAs) by using a novel
island model where a central island was assisted by multiple VIP
islands and a sophisticated immigration strategy was designed
to exchange information. Shang et al. [20] suggested a multi-
population cooperative coevolutionary algorithm (MPCCA) for
Capacitated Arc Routing Problem (CARP). In this algorithm, multiple
subpopulations are used to search different objective subregions
simultaneously and share individuals with their adjacent subpop-
ulations cooperatively. Zhang et al. [21] proposed a multi-objective
parallel evolution algorithm (MPEA) where the migration fre-
quency is dynamically changed according to the diversity of the
parent solutions. The algorithm was applied to effectively solve
flight assignment problems. Some other island model based multi-
objective algorithms can be found in Refs. [22-25].

Some of the above algorithms (e.g., [18,20,25]) divide the whole
objective space into several sub-regions by a set of uniformly dis-
tributed weight vectors or direction vectors. Then each sub-region
is assigned with a sub-population. However, it is not always easy
to generate a set of uniformly distributed weight/direction vectors,
especially when high-dimensional objective space is considered,
and the generation of these vectors needs a recursive procedure
[25]. The migration strategy used in most of these algorithms
is static, i.e., a sub-population only exchanges individuals with
its adjacent sub-populations in terms of the used topological
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Fig. 2. Crowding distance calculation diagramed in a two-dimensional objective
space.

structure. Meanwhile, some immigration strategies (e.g.,
[18,23-25], etc.) involve frequent re-division operations (cen-
tral re-collection and re-distribution of all solutions from/to
sub-populations [19]). This may be a main drawback since a
re-division in distributed systems may affect the efficiency of the
algorithm when a high level of parallelization is expected. Con-
trarily, this paper suggests a new island model where each island is
equivalent and shares individuals with other islands dynamically.
In this model, the migration is realized by using an elite pool (also
known as the archive where non-dominated solutions are stored
during the search process) and an island exchanges individuals
with all other islands randomly. What is more, the proposed model
involves no central re-collection, re-division and re-distribution
operations.

Based on the proposed island model, a dynamic multi-colony
multi-objective artificial bee colony algorithm (DMCMOABC) is
suggested in this paper. For each island, the artificial bee colony
(ABC) algorithm first proposed by Karaboga [26], is selected as the

Send employed bees in each colony

1. Fori« 1toFN

2. For X, randomly select a neighbor b’

3. Calculate the position V; by using X; and X, with Eq. (4)
4

5

Work out F(V) = (fi(V:), (Vi) - (V)
/* Select a candidate between {7, and }Z,
by using domination comparator */

6. It (V; <X // V; dominates X;

7. X« Vs FX) « F(7V)

8. archive.add (\7,-)

9. Elself (17,- S X:-) /! ‘7, and )Z, are non-dominated
10. If (archive.add (V;) = true)

1. X « Vi FX) « F(V;

12. Else

13. Do nothing

14. End If

15.  Else (X; < V) //V;is dominated by X;
16. V, is discarded

17. End If

18. End For

19. Call computeFitness() to get fitness value of each food source
End of Send employed bees

Fig. 3. The pseudo code of send employed bees.
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Send onlooker bees in each colony

1. Calculate selection probability using Eq. (5)

2. 0= Lif=1

3. While (t < FN)

4. If (rand < prob;)
I+ +

For X, randomly select its neighbor X

Work out F(V;) = (A(V)), V), - ., fu(V)

5
6.
T Calculate the position Vi using Eq. (4)
8
9

If (V} < X),-) // V), dominates )Z,

10. X; « Vs FX) « F(V;
11. archive.add (17,-)

12. Elself (V; 2 X))

13. If (archive.add (V) = true)
14. X « Vi FX) « F(V);
15. Else

16. Do nothing

17. End If

18. Else (X; < V;) // V;is dominated by X;
19. V. is discarded

20. End If

21. EndIf

22, I+ +

23. If(i=FN+1)

24. i1

25.  EndIf

26. End While

End of Send onlooker bees

Fig. 4. The pseudo code of Send onlooker bees.

search engine. The ABC algorithm was very competitive to EAs
and other global optimization algorithms [27,28], and was suc-
cessfully applied to many practical problems, such as IIR filters
[29], team orienteering problem [30], portfolio optimization prob-
lem [31], etc. In order to enhance the efficiency and effectiveness
of the ABC algorithm, the parallelization approaches were stud-
ied in [32-34]. In recent years, the extension of ABC algorithm for
multi-objective optimization has caught much attention from the
evolutionary multi-objective (EMO) communities. Some represen-
tative works were available, such as MOABC [35], S-MOABC/NS [1],
dMOABC [36], MOABC/D [37], etc. However, island models were
not utilized in any of these algorithms. Very recently, Chen et al.
[38] presented a multi-hive multi-objective bee algorithm (M20BA)
for optimal power flow (OPF) in power systems by combining
external archive, comprehensive learning, greedy selection, crowd-
ing distance, and cooperative search strategies. In the algorithm,
the concept of Pareto dominance and comprehensive learning
mechanism were used to determine the flight trajectory of a bee,
and non-dominated solutions were kept in an external archive

whose diversity was maintained by crowing distance strategies. By
constructing a colony-level interaction topology and an infor-
mation exchange strategy, the single population ABC has been
extended to interacting multi-hive model.

In this work, the proposed DMCMOABC employs K colonies
and each one contains S bees. In each colony, there are only two
kinds of bees, i.e., the employed and the onlooker bees. These K
colonies simultaneously optimize their own food sources by using
neighbor information in one single run, and share information
when a randomly generated number between 0 and 1 is smaller
than a predefined control parameter R which is called the migra-
tion rate. In each migration, an elite, defined as the intermediate
individual with the maximum crowding-distance value [2] in the
external archive, is identified and used to replace the worst food
source in a randomly selected colony. Here, the so-called worst
food source refers to a solution with the maximum fitness value
used in SPEA2 [3]. It is worthy to notice that the fitness value in
SPEA2 is to be minimized. As we can see from the above infor-
mation exchange mechanism, one colony may be able to share
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Fig. 5. The schematic diagram of information exchange used in DMCMOABC algo-
rithm.

information with any other colonies since the elite in the archive
could be found by any colony and the reception colony is also cho-
sen randomly. In other words, the migration direction is not static.
The DMCMOABC will be terminated when the number of function
evaluations reaches to the maximum allowable function evalua-
tions(max _FEs).

Although the M2OBA and DMCMOABC share some common-

alities, for example, they both use crowding distance to maintain
the external archive and apply the greedy selection mechanism
to decide which solution enters into the archive, they are distin-
guished in terms of the following aspects.

The learning strategy used in each algorithm. In M20BA, the
comprehensive learning strategy is used. Specifically, some
dimensions of the new position for each food source X; learn
from a non-dominated solution EA, which is randomly selected
from the archive, while the remaining dimensions are produced
by using another solution EA; (I # k). In DMCMOABC, however,
the basic learning strategy is adopted. That is, each bee generates
the new position by using only neighboring information. Here,
the neighbor of )?i is defined as a random food source Xk in the
same colony. Although )?k is determined stochastically, it has to
be different from X;. This learning mechanism ensures all colonies
search independently in the whole search space. Since K colonies
have their own search trajectories, it is good for the exploration
process. In the basic learning strategy, only one dimension is
modified for each food source that provides a nice exploitation in
the sub-space where each colony locates. Thus, a balance between
exploration and exploitation might be well kept.

The information exchange mechanism adopted by each algo-
rithm. In M2OBA, the interaction of bees occurs in a two-level
hierarchical topology. For the colony-level interaction, the ring or
star topology is employed, while the topology of the individual-
level is always using the star topology [38]. But, DMCMOABC
uses a relatively simple information exchange strategy. First, an
elite in the archive is identified by using crowding-distance value.
Then, it will replace the worst food source in a randomly selected
colony. Here, the elite in the archive is defined as the intermedi-
ate solution with maximum crowding-distance value, while the
worst food source for each colony is the solution with the worst
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Fig. 6. Average rankings of HV and IGD when R is set to different values.

(or largest) fitness value used in SPEA2. The potential benefits of
this mechanism lie in that it guarantees a better exploitation in
the least crowded region where the elite locates. This is because
the elite is used to replace the worst food source in a selected
colony, and then it will go into a series of improvements executed
by its employed and onlooker bees. Thus, more non-dominated
solutions may be found in the sparsest region and the diversity
over all archived solutions is naturally kept.

e The number of control parameters. Both algorithms employ some

common control parameters, such as the number of colonies, the
size of each colony, the size of the external archive, the maximum
number of function evaluations and the parameter controlling
migration rate. However, M20OBA uses three additional param-
eters, such as the integer m controlling the dimensions to be
changed in the updating equation of the food source, the size
of the sending list K and the exchange factor 6 (0<&<1) [38].

The rest of this paper is organized as follows. Section 2 gives

some preliminaries on the multi-objective optimization and the
basic artificial bee colony algorithm. Section 3 describes details of
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the proposed DMCMOABC algorithm. The experimental study is
presented in Section 4. Finally, Section 5 concludes the paper.

2. Preliminaries
2.1. Principles of multi-objective optimization

In general, there are two kinds of multi-objective problems
(MOPs) in the optimization field: one is unconstrained problems
and the other is constrained ones. A general unconstrained MOP
consists of anumber of conflicting objectives to be optimized simul-
taneously and a set of decision variables which are restricted to a
limited interval. It can be formulated as follows:

F(X) = (i(X), LX), . .., fu(X)), (1)

where X = (x1, X2, ..., xp) is called the decision vector, and £2 =
HL[LB,-, UB;] is the decision space. Here, D is the dimension
of the problem to be optimized; LB; and UB; are the lower and
upper bounds of the ith decision variable, respectively. F:X—>RM
consists of M (M > 2) real-valued objective functions, and @ =
{F()?)| X e £2} is known as the objective space.

If a MOP given by formula (1) is associated with a number of
equality and inequality constraints, then it becomes a constrained

Minimize

multi-objective problem (CMOP) which can be formulated as below
[38]:

FX) = (A(X), LX), - ., fu (X)),
g(X)=0,i=1,2,...,p,
hi(X)=0,j=1,2,...,q, (2)

LBdfxdeBd,dzl,Z,...,D,

Minimize

subject to:

where p and q are the numbers of equality and inequality con-
straints, respectively.

For MOP (1), let X and V be two vectors in the decision space, X
is said to dominate V (denoted as X < \7) if and only ifﬁ()?) gﬁ(V)
foralli=1, 2, ..., M and there exits at least one index j such that
ﬁ-(f() <fj(\7). If neither X dominates V, nor V dominates X, then
X and V are non-dominated with each other denoted as X2 V.
A point X* is called Pareto optimal if there is no X in the deci-
sion space dominating X*. Pareto optimal solutions are also called
efficient, non-dominated, and non-inferior solutions. The set of all
Pareto optimal solutions is called the Pareto set (PS), and all Pareto
optimal objective vectors constitute the Pareto front (PF), namely,
PF = {F(X)IX € PS}.

2.2. The artificial bee colony algorithm

The ABC algorithm is a relatively new optimization algorithm
which mimics the foraging behavior of honey bees [1,26]. In the
algorithm, each employed bee is associated with a particular food
source and explores a new position around that food source by
learning from its neighbors. The onlooker bees then make a decision
to choose which food source to exploit by using a probability-based
selection process according to the quality of food sources provided
by employed bees. The bees of the exhausted food sources become
a scout and start to search a random food source. In ABC algo-
rithm, the whole colony consists of equal number of employed
and onlooker bees and each food source corresponds to only one
employed bee [39].

In ABC algorithm, limit is an important control parameter that
is used to determine the exhausted food sources. A food source
that cannot be improved for limit trials is abandoned. The algo-
rithm starts with randomly generating some food source positions
that correspond to the solutions in the decision space. And the
counters storing the numbers of trials for solutions are set to 0.
After initialization, the population is subjected to repeated cycles
of the search processes of the employed bees, onlooker bees and
scout bees [40]. The algorithm will be terminated once a maximum
number of function evaluations (max _FEs) is reached.

For each food source 5(,-, its employed bee will find a neighboring
solution V; depending on local information (visual information) in
her memory. Then, X; and V; are compared with each other. If \7,-
outperforms X;, then the employed bee memories the new position
and forgets the old one. Otherwise, the original food source is kept
in the memory. If )2,» can not be improved, then its counter holding
the number of trials will increase by 1, otherwise, the counter is
reset to 0 [41].

After every food source is optimized by its employed bee, the
onlooker bees will choose food sources using the roulette wheel
selection scheme based on the selection probability. The larger
the fitness value, the higher the selection probability. Once a food
source has been chosen, the onlooker bees will improve it as
employed bees do.

In each cycle, the algorithm checks to find if there is any food
source to be abandoned when the employed and onlooker bees
complete their search. If the value of the counter of a food source
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Table 1

The statistics of EPSILON obtained by DMCMOABC over 30 runs.
Test function Best Worst Median Mean SD
UF1 0.013516 0.022818 0.017497 0.017682 0.002571
UF2 0.010462 0.037354 0.015887 0.018598 0.007437
UF3 0.071641 0.255715 0.148660 0.151174 0.041419
UF4 0.032113 0.059275 0.039509 0.039831 0.005047
UF5 0.069297 0.173858 0.106295 0.104604 0.020220
UF6 0.053077 0.097291 0.063702 0.065632 0.010302
UF7 0.024408 0.054643 0.037824 0.038068 0.007751
UF8 0.098940 0.230489 0.130655 0.142389 0.033002
UF9 0.078222 0.180383 0.099226 0.106402 0.023512
UF10 0.228529 0.568752 0.355023 0.367040 0.094393
CF1 0.024054 0.076238 0.035633 0.037985 0.010876
CF2 0.012111 0.064653 0.019023 0.025894 0.016522
CF3 0.069201 0.120004 0.091722 0.092370 0.013487
CF4 0.019062 0.057829 0.031179 0.031450 0.008986
CF5 0.023505 0.079729 0.049434 0.049423 0.013957
CF6 0.013653 0.093085 0.034177 0.044388 0.021850
CF7 0.032185 0.080402 0.050807 0.052050 0.013688

Table 2

The statistics of HV obtained by DMCMOABC over 30 runs.
Test function Best Worst Median Mean SD
UF1 0.660063 0.657418 0.659294 0.659161 0.000538
UF2 0.661056 0.658455 0.660532 0.660359 0.000614
UF3 0.606611 0.516884 0.573863 0.573470 0.017666
UF4 0.293560 0.287794 0.291522 0.291432 0.001164
UF5 0.424067 0.388401 0.403854 0.405504 0.009513
UF6 0391320 0.368956 0.381770 0.382482 0.005518
UF7 0.492383 0.486399 0.490120 0.489945 0.001341
UF8 0.394648 0.363178 0.385482 0.384044 0.007510
UF9 0.736801 0.716691 0.729823 0.728194 0.005435
UF10 0319223 0.252586 0.297996 0.295566 0.012387
CF1 0.451116 0.440822 0.447018 0.446538 0.002471
CF2 0.611683 0.604342 0.609275 0.608924 0.001700
CF3 0.225928 0.185427 0.204750 0.204820 0.009395
CF4 0.506589 0.500010 0.503986 0.503773 0.001853
CF5 0.503163 0.482316 0.496367 0.495763 0.004669
CF6 0.634173 0.616193 0.632720 0.632118 0.003148
CF7 0.626349 0.606432 0.620307 0.619598 0.004218

exceeds limit, then it will be abandoned and replaced with arandom
solution produced by the scout. In basic ABC, only one scout bee is
allowed in each cycle.

3. The proposed DMCMOABC algorithm

The proposed algorithm uses a multi-colony model and an
information exchange strategy to make the algorithm useful.
The algorithm maintains the following control parameters: the

migration rate (R), the number of colonies (K), the size of each
colony (S), the size of the external archive (archiveSize) and the max-
imum number of function evaluations (max _FEs). Similar to single
objective ABC algorithm, the number of food sources (denoted as
FN) is fixed to half of the colony size, i.e., FN=S/2. The effects
of parameters R, K, S will be experimentally studied later in
Section 4.2. The flow chart of the algorithm is shown in Fig. 1.
Main components of DMCMOABC are initialization, send employed
bees, send onlooker bees, archive maintenance, and information

Table 3
The statistics of IGD obtained by DMCMOABC over 30 runs.

Test function Best Worst Median Mean SD

UF1 0.004814 0.006670 0.005252 0.005333 0.000361
UF2 0.004189 0.006915 0.004778 0.004959 0.000704
UF3 0.034518 0.088183 0.053424 0.054412 0.010824
UF4 0.024070 0.028128 0.025089 0.025383 0.000909
UF5 0.039333 0.063891 0.053345 0.052676 0.006581
UF6 0.024834 0.062801 0.037692 0.039270 0.008339
UF7 0.004902 0.008920 0.006362 0.006539 0.000898
UF8 0.059719 0.074901 0.065685 0.066528 0.003298
UF9 0.033198 0.040923 0.036825 0.036804 0.001631
UF10 0.094768 0.136533 0.111567 0.111888 0.010661
CF1 0.020585 0.031188 0.023468 0.023948 0.002582
CF2 0.002400 0.048464 0.003905 0.009023 0.013827
CF3 0.044597 0.073777 0.061739 0.061316 0.007371
CF4 0.007015 0.011801 0.008805 0.008906 0.001236
CF5 0.009244 0.026996 0.013958 0.015169 0.004006
CF6 0.005611 0.028026 0.007456 0.008486 0.004038
CF7 0.010188 0.024047 0.015228 0.015274 0.002950
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Table 4
The statistics of SPREAD obtained by DMCMOABC over 30 runs.

Test function Best Worst Median Mean SD

UF1 0.345926 0.642882 0.440152 0.452176 0.056196
UF2 0.184939 0.308447 0.246230 0.244891 0.030946
UF3 0.775819 1.076424 0.979322 0.982897 0.066581
UF4 0.515510 0.716345 0.661025 0.650423 0.051974
UF5 0.413256 0.736677 0.587696 0.590902 0.082529
UF6 0.724949 1.040922 0.885697 0.884847 0.078356
UF7 0.286238 0.546328 0.400303 0.406621 0.069065
UF8 0.572101 0.733455 0.667645 0.669816 0.040753
UF9 0.820136 1.008253 0.905609 0.903536 0.044956
UF10 0.834864 1.087500 0.964753 0.958296 0.058926
CF1 0.161777 1.159021 0.713708 0.681339 0.223872
CF2 0.975971 1.254019 1.092057 1.091611 0.072299
CF3 0.765496 1.086121 0.983518 0.968002 0.080803
CF4 0.676324 0.991046 0.830124 0.824903 0.083497
CF5 0.977664 1.223084 1.108729 1.122022 0.066263
CF6 0.288225 0.532367 0.379578 0.376643 0.048531
CF7 0.876067 1.235319 0.986519 0.994491 0.076517

exchange. The following subsections will describe them in more
details.

3.1. Initialization

In initialization phase, FN food sources are randomly generated
in the decision space for each colony. The position of the ith food
source X; = (i1, Xj2, - - -, Xjp) is given by the following equation.

Xid =LBd+r~(UBd 7LBd), (3)

where r is a random number uniformly distributing over inter-
val [0,1]; LB; and UBy are the lower and upper bounds of the dth
decision variable, respectively. Here d=1, 2, ..., D, where D is the
dimension of the problem to be optimized. For the ith food source,
the global variable trial; is used to hold the number of unsuccess-
ful trials and it is initialized as 0. After all food sources have been
produced, those non-dominated individuals will be added into the
external archive. In our algorithm, all colonies share the same
archive and the maintenance of it is depicted in the next subsection.

3.2. Archive maintenance

The external archive is a common technique employed in many
multi-objective evolutionary or swarm-based algorithms which is
used to keep non-dominated solutions found by an algorithm dur-
ing the search process. An effective maintenance method is often
required since the size of an archive is usually fixed. In DMCMOABC,
a candidate S is directly discarded if there exists an identical indi-
vidual or S is dominated by any member in the archive. And it will be
added into the archive if and only if one of the following conditions
is satisfied.

(a) The archive is empty.

(b) _:9 dominates any member in the archive.

(c) S is non-dominated with each archived member, and the
archive is not full.

(d) Sisnon-dominated with each archived member, but the archive
is full.

An important task for the usage of the external archive is to keep
a proper diversity over a set of non-dominated solutions. In case (a)

Table 5

The mean of IGD values obtained by each algorithm on unconstrained test functions (UF1-UF10).
Test function DMCMOABC dMOABC MOEA/D S-MOABC/NS MTS
UF1 5.333E-03 5.941E-03 4.350E-03 2.537E-02 6.467E-03
UF2 4.959E-03 5.673E-03 6.790E-03 8.963E-03 6.158E-03
UF3 5.441E-02 5.085E-02 7.420E-03 2.680E-01 5.311E-02
UF4 2.538E-02 3.520E-02 6.385E-02 3.829E-02 2.356E—02
UF5 5.268E-02 1.003E-01 1.807E-01 3.964E-01 1.489E-02
UF6 3.927E-02 1.107E-01 5.870E-03 3.347E-01 5.918E-02
UF7 6.539E-03 1.015E-02 4.440E-03 1.639E-02 4.079E-02
UF8 6.653E-02 1.428E-01 5.840E—02 1.444E-01 1.125E-01
UF9 3.680E—02 1.143E-01 7.896E—02 2.188E-01 1.144E-01
UF10 1.119E-01 2.188E-01 4.742E-01 5.022E-01 1.531E-01
Test function DMOEADD LiuLiAlgorithm GDE3 NSGAII SPEA2
UF1 1.038E-02 7.850E-03 5.342E-03 1.038E-01 1.248E-01
UF2 6.791E-03 1.230E-02 1.195E-02 3.858E-02 4.522E-02
UF3 3.337E-02 1.498E-02 1.064E-01 1.581E-01 1.942E-01
UF4 4.269E-02 4.350E-02 2.651E-02 5.123E-02 5.205E-02
UF5 3.145E-01 1.619E-01 3.928E-02 8.010E-02 3.802E-01
UF6 6.673E-02 1.756E-01 2.509E-01 2.580E-01 2.749E-01
UF7 1.032E-02 7.301E-03 2.523E-02 1.854E-01 1.699E-01
UF8 6.842E-02 8.235E-02 2.486E-01 2.213E-01 1.995E-01
UF9 4.897E-02 9.392E-02 8.248E-02 3.159E-01 2.040E-01
UF10 3.221E-01 4.469E-01 4.333E-01 3.855E-01 3.248E-01
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Table 6
The mean of IGD values obtained by each algorithm on constrained test functions
(CF1-CF7).

Table 7
Average rankings of each method by applying Friedman test on unconstrained
problems.

Test function DMCMOABC dMOABC MTS Algorithm Ranking

CF1 2.395E—02 3.953E-02 1.919E-02 DMCMOABC 22

CF2 9.023E-03 7.332E-03 2.678E—02 dMOABC 4.35

CF3 6.132E—02 1.096E-01 1.045E-01 MOEA/D 3.85

CF4 8.906E—03 7.268E—03 1.110E-02 S-MOABC/NS 8.1

CF5 1.517E-02 1.805E—02 2.078E—02 MTS 3.95

CF6 8.486E—03 7.030E—03 1.617E—02 DMOEADD 4,65

CF7 1.527E—02 3.402E—02 2.470E—02 LiuLiAlgorithm 5.5
GDE3 5.7

Test function DMOEADD LiuLiAlgorithm GDE3 NSGAII 8.1
SPEA2 8.6

CF1 1.131E-02 8.590E—04 2.940E—02

CF2 2.100E-03 4.203E-03 1.598E—02

CF3 5.631E-02 1.829E-01 1.275E-01

CF4 6.995E—03 1.423E-02 7.991E-03

CF5 1.577E-02 1.097E-01 6.800E—02 3.3. Send employed bees

CF6 1.502E—02 1.395E-02 6.200E—02

CF7 1.905E-02 1.045E-01 4.169E—02

and (c), Sis directly put into the archive. And the members dom-
inated by S will be removed from the archive in case (b) so as to
ensure all archived solutions are non-dominated with each other.
When the archive is full and a candidate S is to be added (case
(d)), the crowding distances of all members together with S are
re-calculated, and the one with the minimum crowding distance
value will be removed from the archive. The crowding distance
introduced in Ref. [2] is used to estimate the density of solutions
in the external archive. A solution with a larger crowding distance
value locates in a less crowded region, indicating that this solu-
tion has more potential to be exploited in terms of the population
diversity. Hence, solutions with a larger crowding distance value
are preferred.

The computation of crowding distance needs the following
steps: (1) sort the solutions in the external archive according
to each objective function value in ascending order of magni-
tude; (2) then for each objective, an infinite distance value is
assigned to the boundary solutions, i.e., solutions with smallest
and largest function values, and all other intermediate solutions
are assigned a distance value which is equal to the absolute nor-
malized difference in the function values of two adjacent solutions;
(3) the above calculation is repeated with other objective func-
tions. The overall crowding distance value is calculated as the
sum of individual distance values corresponding to each objective
[2].

It should be noted here that each objective function is nor-
malized before calculating the crowding distance. Fig. 2 shows
the crowding distance calculation in a two-dimensional objective
space. The crowding distance of the solution marked with solid
black circle is the average side length of the cuboid (shown with a
dashed box).

In this phase, an employed bee is sent to its corresponding food
source to explore a temporary position by using neighbor infor-
mation. For each colony, the pseudo-code of send employed bees is
given in Fig. 3. Given food source )Z,», its temporary position V,- is
calculated through the following equation.

Vig = Xig + Pia - (Xid — Xkd)» (4)

where d is a random integer representing the index of the dimen-
sion to be changed; ¢;4 is a real number distributed uniformly over
[-1,1]; kis an integer randomly chosen from the set {1, 2, .. ., FN}.
Although k is determined stochastically, it has to be dlfferent from
i. Usually, we call X the neighbor of X;.

After the generation of Vl, it is then evaluated and compared
with X; by using domination comparator. Next, a greedy selection
mechanism is applied to V and )2 so as to determine which one
to be kept for the next iterations: 1fV dommatesX (V < X) then
replaceX by V and update objective values, finally try to put V into
the archive (see lines 7 and 8 in Fig. 3); if they are non-dominated
with each other (V,- éX ), and V can be successfully added into the
archive (i.e. archive.add (V;) = true), thenX is alsoreplaced by V In
the case where V; can not be added, the procedure will do nothing
(line 13 in Fig. 3)); ifV,- is dominated by)?,—, )Zi is kept as the candidate
and V; will be discarded.

Finally, the function computeFitness() is called to obtain the
fitness value of each food source. In DMCMOABC, the fitness assign-
ment method is the same as in SPEA2. That is, the fitness fit(X;)
contains two parts: one is the raw fitness value R()Zi), and the other
is the density D(X;). Mathematically, fit(X;) = R(X;) + D(X;). The raw
fitness of )Zi is determined by summing the strengths (representing
the number of solutions )Zi dominates) of its dominators in both
archive and the colony, while the density is incorporated to dis-
criminate between solutions having identical raw fitness values
[42]. It’'s worth noting that the fitness used in DMCMOABC is to
be minimized.

Table 8

Adjusted p-values obtained through Friedman test on unconstrained test functions (DMCMOABC is the control method).
i Algorithm Unad_iUStEd p PBonf PHolm pHochberg PHommel PHolland Prom Drinner Dui
1 SPEA2 0.000002 0.000021 0.000021 0.000021 0.000021 0.000021 0.000020 0.000021 0.000003
2 S-MOABC/NS 0.000013 0.000118 0.000105 0.000092 0.000092 0.000105 0.000088 0.000059 0.000017
3 NSGAII 0.000013 0.000118 0.000105 0.000092 0.000092 0.000105 0.000088 0.000059 0.000017
4 GDE3 0.009740 0.087661 0.058441 0.058441 0.048701 0.057036 0.055568 0.021782 0.012380
5 LiuLiAlgorithm 0.014801 0.133209 0.074005 0.074005 0.074005 0.071847 0.070378 0.026484 0.018693
6 DMOEADD 0.070382 0.633437 0.281528 0.222994 0.222994 0.253176 0.222994 0.103693 0.083057
7 dMOABC 0.112313 1.010821 0.336940 0.222994 0.222994 0.300514 0.222994 0.142021 0.126291
8 MTS 0.196198 1.765779 0.392395 0.222994 0.222994 0.353902 0.222994 0.217845 0.201600
9 MOEA/D 0.222994 2.006945 0.392395 0.222994 0.222994 0.353902 0.222994 0.222994 0.222994
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Table 9
Average rankings of each method by applying Friedman test on constrained
problems.

Algorithm Ranking
DMCMOABC 2.5714
dMOABC 3.2857
MTS 4.1429
DMOEADD 1.8571
LiuLiAlgorithm 42857
GDE3 4.8571

3.4. Send onlooker bees

In each colony, onlooker bees will select food sources to exploit
according to the quality of each food source advised by employed
bees. The selection probability for the ith food source is given by
Eq. (5).

fit(X;)
S fitXin)

where ﬁt()?m) returns the fitness value of Xp. As shown in Eq. (5),
a food source with lower fitness value will be assigned a larger
selection probability, thus a higher chance it is chosen by onlooker
bees.

The pseudo-code of send onlooker bees is shown in Fig. 4. In this
phase, a roulette wheel method is employed by onlooker bees to
choose food sources based on the selection probabilities [43]. Once
a food source is selected, the corresponding onlooker bee will try
to optimize it just like the employed bee does. A new position is
generated by Eq. (4), and is compared with the original food source
by using domination comparator. The better one is kept for fur-
ther improvements in the next iterations. The above procedure
will repeat FN times and more potential food sources (with higher
selection probability) may be exploited more than once.

prob; =1— (5)

3.5. Information exchange

In DMCMOABC algorithm, K colonies search simultaneously
in the whole decision space, and non-dominated solutions found
by them are put into the same archive. If there is no informa-
tion exchange among the colonies, then it will be a multi-deme
algorithm with these colonies searching in parallel. Hence, an
information exchange strategy is introduced here to enable the
migration among colonies. The schematic diagram of information
exchange strategy is provided in Fig. 5. First, an elite in the archive is

identified by using crowding-distance value (see Section 3.2). Then,
it will replace the worst food source in a randomly selected colony.
Here, the elite in the archive is defined as the intermediate solu-
tion with maximum crowding-distance value, while the worst food
source for each colony is the solution with the largest fitness value
used in SPEA2 (see Section 3.3).

In Fig. 5, the full lines indicate that non-dominated solutions
found by each colony are added into the archive, while the dotted
lines mean that the elite just replace the worst food source from
only one randomly chosen colony. As we can see from this mech-
anism that one colony may communicate with all other colonies
since the elite could be found by any colony and the reception
colony is also chosen stochastically. That is to say, we here employ
a dynamic information exchange strategy.

The elite is located in the least crowded region in the objective
space, and it is used to substitute the worst food source in a picked
colony. Hence, the region around elite will be exploited more nicely
since it may be improved by employed or onlooker bees through
some iterations. As a result, the final non-dominated solutions are
expected to achieve better qualities in terms of both convergence
and diversity.

Colonies in DMCMOABC evolve separately most of the time
and exchange individuals occasionally. The information exchange
phase is controlled by the migration rate R. As pointed out in [10]
that it is an important parameter in multi-deme algorithms. The
effect of R on the quality of returned solutions will be shown in
Section 4.5 with some simulation results.

3.6. Constraint-handling method

To deal with CMOP (2), a constraint-handling method is
imported from NAGA-II |2 ], which simply modifies domination com-
parator between two solutions X; and )?] to constrained-domination
comparator. A solution )?l- is said to constrained-dominate solution
)Zj, if and only if one of the following conditions is true.

e Solution X; is feasible (without violating any constraint), while
solution)zj is not.

e Both )?,- and )Z] are infeasible, but solution )Zi has a smaller overall
constraint violation.

e Both X; and )ZJ are feasible, and solution )2,— dominates )ZJ

In the comparison of two solutions )Z,- and )Z] there are at most
three cases to be considered: (1) both are feasible; (2) one s feasible,
while the other is not; (3) both are infeasible. For the first case, the

Table 10

Adjusted p-values obtained through Friedman test on constrained test functions (DMOEADD is the control method).
i Algorithm UnadeStEd p PBonf PHolm pHochberg PHommel PHolland PRom PFinner Pui
1 GDE3 0.00270 0.013499 0.013499 0.013499 0.013499 0.013426 0.012837 0.013426 0.005117
2 LiuLiAlgorithm 0.015158 0.075792 0.060634 0.060634 0.045475 0.059269 0.057815 0.037466 0.028066
3 MTS 0.022271 0.111355 0.066813 0.066813 0.066813 0.065336 0.066813 0.037466 0.040698
4 dMOABC 0.153127 0.765637 0.306255 0.306255 0.306255 0.282807 0.306255 0.187595 0.225826
5 DMCMOABC 0.475051 2.375253 0.475051 0.475051 0.475051 0.475051 0.475051 0.475051 0.475051

Table 11

The runtime of some algorithms (in milliseconds, and the best values are shown in boldface).
Fun. DMCMOABC dMOABC MOEA/D NSGAII SPEA2
UF1 4.27E+04 7.87E+04 1.39E+04 1.66E+04 6.91E+04
UF2 4.88E+04 9.62E+04 1.49E+04 1.73E+04 7.96E+04
UF3 1.03E+04 1.69E+04 1.76E+04 2.07E+04 6.49E+04
UF4 4.06E+04 7.81E+04 1.54E+04 1.69E+04 7.86E+04
UF5 5.16E+03 5.82E+03 1.50E+04 1.79E+04 4.95E+04
UF6 5.52E+03 5.61E+03 1.51E+04 1.78E+04 6.12E+04
UF7 4.23E+04 8.16E+04 1.39E+04 1.67E+04 8.11E+04
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domination comparator can be directly applied, and for the second
one, the feasible one is preferred. For the third case, the overall
constraint violations need to be calculated for both solutions. The
overall constraint violation of solution X is given by the following
equation [44].

p q
CVX) = 1&g+ > (X)), (6)
i=1 j=1

where the bracket operator («) returns the negative value of ¢, if
o <0; otherwise, it returns zero. The solution with smaller overall
constraint violation is preferred. This constraint-handling method
isvery simple and proved experimentally to be quite effective when
used in real-coded NSGA-II and NSGA-III algorithms. Thus, it could
be an alternative approach to handle constraints in other multi-
objective evolutionary or swarm-based algorithms.

4. Experimental study
4.1. Performance metrics and test functions

The DMCMOABC is evaluated and compared with other state-
of-the-art algorithms in terms of four commonly used metrics on
seventeen test functions taken from the CEC2009 special session
and competition [45]. The four metrics are EPSILON [46], HV [46],
IGD [45] and SPREAD [46]. In multi-objective optimization, the
convergence and diversity of the approximated front yielded by
an algorithm are usually used to assess the performance of a
meta-heuristic. In the above four metrics, EPSILON and SPREAD
are intended to measure the convergence and diversity, respec-
tively. While HV and IGD take both criteria into consideration
[46]. It should be noted here that all metrics but HV are to be
minimized.

For the purpose of performance comparison, the DMCMOABC,
together with other state-of-the-art multi-objective algorithms,
is evaluated on test functions UF1-UF10 and CF1-CF7. The defi-
nition and mathematical representation of them are available in
the technical report of CEC2009 [45]. The CEC2009 test suite pro-
vides a set of complicated functions: UF1-UF7 are unconstrained
two-objective problems, and UF8-UF10 are unconstrained three-
objective ones, while the CF1-CF7 represent constrained problems
with two objectives. Pareto fronts of these test problems have dif-
ferent characteristics, for example, some of them are convex while
the other ones are concave, or a part of them are continuous but the
others are discontinuous [35]. Usually, a successful multi-objective
algorithm can well handle problems with different types of Pareto
fronts.

4.2. Parameter selection

Apart from two conventional control parameters archiveSize and
max _FEs, there are three additional parameters R, K and S that
should be tuned beforehand. To do this, the DMCMOABC is evalu-
ated on the UF1-UF10 test functions with max _FEs being 300,000,
and the archiveSize is set to 100 and 150 for two- and three-
objective functions, respectively. To investigate the best value of the
control parameter R, the following experiment is designed. First, K
and S are assigned with initial values 10 and 20, respectively. Then
R is varied from 0.0 to 1.0 with a step size 0.1. For each value of R,
DMCMOABC is run 15 times one each function and the mean val-
ues of HV and IGD are calculated. Finally, by applying Friedman test
[46,47] to the recorded mean values, the average rankings for IGD
and HV under each parameter configuration are obtained, which are
shown in (a) of Fig. 6. The Friedman test assumes that the smaller
the average ranking is, the better the computed fronts will be. This
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Fig. 8. The broken-line graphs of metrics when parameter R is varied from 0.0 to
1.0.

is true in all cases but HV since it is a metric to be maximized. In
this case, it should be interpreted accordingly.

The bar graph in (a) of Fig. 6 shows that the performance tends
to decrease in terms of both HV and IGD with the increment of
R when its value is larger than 0.1. Compared with the value 0.0,
R=0.1also gives better results. Considering the above experimental
results, we may carefully conclude that the information exchange
indeed improves the performance of the DMCMOABC algorithm,
butit prefers alower migration rate. It is suggested by the simulation
results that the best value of R could be found in the interval (0.0,
0.1].

Another experiment is conducted to further study the parameter
selection of R by changing its value from 0.0 to 0.1 with a smaller
step size 0.01. Average rankings in different cases are presented
in the form of a bar graph as shown in (b) of Fig. 6. It is revealed
by the graph that values of R between 0.0 and 0.1 produce similar
results when taking an overall consideration of HV and IGD. How-
ever, the performance is relatively better if R is set to 0.01 since
DMCMOABC achieves the best rankings in terms of both metrics
under this parameter setting. Thus, R=0.01 is suggested for general
usage in our algorithm.

To determine the best value of K, a similar experiment is con-
ducted by varying the value of K from 1 to 15 with a step size 1. In
this experiment, R and S are set to 0.01 and 20, respectively. It is
observed from the experiment results, shown in (a) of Fig. 7, that
the DMCMOABC performs better when K'is set to a value between 6
and 11. Compared against other considered values, these ones could
provide relatively better average rankings in terms of both HV and
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IGD. The bar graph also reveals that K=9 gives the best and sec-
ond best rankings in terms of IGD and HV, respectively. Therefore,
this value is recommended for common usage. Finally, it is found
from the graph that all values of K larger than 1 give better perfor-
mance than K=1, indicating a real performance improvement with
the introduction of the multi-colony model. The effect of this model
will be shown with more experimental results in Section 4.5.

The results of parameter selection experiment on S are pre-
sented in (b) of Fig. 7. In this experiment, R=0.01 and K=9. From
the bar graph we find that the best performance is obtained when
Sis set to 20.

As the summary of this subsection, we list all suggested values
of the control parameters as below: R=0.01, K=9 and S=20. These
values are determined by experiments where two parameters are
fixed and the third one is varied over an interval with a step size.
The average rankings obtained by Friedman test on HV and IGD are
used as the criterion for parameter selection.

4.3. Computational results and performance comparison

Under parameter configurations described in the previous sub-
section, DMCMOABC is evaluated on seventeen test functions
UF1-UF10 and CF1-CF7. On each function, the algorithm is inde-
pendently run 30 times and terminated when the number of
function evaluations reaches 300,000 for each run. The archiveSize
is set to 100 and 150 for problems with two and three objec-
tives, respectively. The statistics (the best, worst, median, mean and
standard deviation) of each metric over 30 runs are computed and
listed in Tables 1-4. The metrics EPSILON, HV and SPREAD are cal-
culated by jMetal’ software package, an object-oriented Java-based
framework for multi-objective optimization with meta-heuristics,
which was developed by Durillo and Nebro [46,48]. The IGD is a
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widely used metric for performance evaluation and comparison,
and it is calculated exactly the same as described in the technical
report of CEC2009 [45].

The DMCMOABC algorithm is compared with other state-of-the-
art multi-objective algorithms in terms of the mean value of IGD.
These algorithms include dMOABC [36], MOEA/D [4], S-MOABC/NS
[1], MTS [5], DMOEADD |[6], LiuLiAlgorithm [7], GDE3 [8], NSGAII
[2] and SPEA2 [3]. The computational results for unconstrained
and constrained test functions are provided in Tables 5 and 6,
respectively. In these tables, the data of algorithms MOEA/D, S-
MOABC/NS, MTS, DMOEADD, LiuLiAlgorithm and GDE3 are directly
taken from original works, while those of NSGAIl and SPEA2 are
obtained by running jMetal software package. The DMCMOABC and
dMOABC are implemented by our JAVA codes. To make the com-
parison process much easier, the best results for each function are
bolded and underlined, while the second best ones are only bolded.
It is shown by Tables 5 and 6 that DMCMOABC is very competitive
compared to other well-known algorithms concerning the number
of the cases where it obtains the best and the second best results.

To scientifically assess each algorithm, the Friedman test is
applied to the obtained results, and average rankings of each
method on unconstrained test functions are listed in Table 7. In
this test, the Friedman statistic (distributed according to chi-square
with 9 degrees of freedom) is 44.978182, and the associated p-
value is 0.000001, indicating that there exits significant differences
over the whole multiple comparison among all algorithms. Table 7
shows that our DMCMOABC gets the best average ranking out-
performing MOEA/D and MTS, which are followed by dMOABC
and DMOEADD. The performance of LiuLiAlgorithm and GDE3 are

1 http://jmetal.sourceforge.net/

//Q 7 /7 7 //Q //Q //Q //Q 7 //Q 7

¢ & & & & E L

Fig. 9. The broken-line graphs of metrics when parameter R is varied from 0.00 to
0.10.

comparable, while S-MOABC/NS, NSGAII and SPEA2 get worse rank-
ings compared to their counterparts.

Using the rankings computed by the Friedman test, the unad-
justed/adjusted p-values are obtained with the application of a set
of post hoc procedures, including the Bonferroni, Holm, Hochberg,
Hommel, Holland, Rom, Finner and Li tests [47]. These p-values
are shown in Table 8 which are computed by the KEEL Software
Tool? [49,50]. As we can see in the table, the Friedman test shows
a significant improvement of DMCMOABC over SPEA2, NSGAII and
S-MOABC/NS for all considered post hoc procedures, with a level of
significance o =0.01. The proposed algorithm is significantly better
than GDE3 with «=0.1 for the Bonferroni, Holm, Hochberg, Hol-
land and Rom tests, and with « = 0.05 for the Hommel, Finner and Li
test procedures. Compared to the LiuLiAlgorithm, the Friedman test
presents a significant improvement with « = 0.1 for all post hoc test
procedures but the Bonferroni. The Finner and Li tests exhibit the
most powerful behavior, reaching the lowest p-values in this pair-
wise comparison. Itis revealed by the Li post hoc test procedure that
the DMCMOABC obviously outperforms DMOEADD with a level of
significance «=0.1. For the remaining pairs of comparisons (i.e.,
DMCMOABC vs. dMOABC, DMCMOABC vs. MTS, DMCMOABC vs.
MOEA/D), the performance differences are not detected for any post
hoc procedure, indicating the fact that our algorithm is comparable
to these especially competitive algorithms.

2 http://www.keel.es/
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of all non-domination members (see Figs. 3 and 4, and Section 3.2).
This mechanism is beneficial for the improvement of the quality of
the returned non-dominated solutions, however, it may also intro-
duce more computational efforts. In dMOABC, the external archive
is maintained by a self-adaptive grid that involves a recursion pro-
cedure when dividing the objective space. Hence, the runtime of
dMOABC naturally increases. This may be the reason why our algo-
rithm is slower than some algorithms, such as MOEA/D, but faster
than dMOABC.

As the summary of this subsection, we list some findings through
the usage of Friedman test. The computed adjusted p-values show
that DMCMOABC is significantly better than some state-of-the-art
algorithms such as SPEA2, NSGAII, S-MOABC/NS, GDE3 and LiuLiAl-
gorithm, and achieves comparable performance when compared to
the most competitive algorithms such as MOEA/D, DMOEADD, MTS
and dMOABC. When comparing algorithms in terms of the run-
time, DMCMOABC also outperforms some other algorithms, such
as dMOABC and SPEA2.

4.4. The comparison of approximated Pareto fronts

To intuitively compare the performance of DMCMOABC and its
competitors, the best Pareto fronts with lowest IGD value over
30 runs are plotted. For space limitation, these fronts are pro-
vided in Figs. A.1-A.6 in Appendix A. In these figures, MOEA/D
and DMOEADD are chosen as the comparing algorithms since they
are the most competitive algorithms in CEC2009 competition for
unconstrained and constrained test functions, respectively. The
approximated Pareto fronts of these two algorithms are borrowed
from [4] and [6]. In the comparison process, two properties of the
Pareto fronts are taken into consideration: one is the convergence,
and the other is the diversity.
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Fig. 10. The broken-line graphs of metrics when parameter K is varied from 1 to 15.

Tables 9 and 10 show the average rankings and adjusted p-
values obtained by Friedman test on constrained test functions. In
this test, the control algorithm is DMOEADD (i.e., the method with
the best rankings) and our algorithm gets the second best ranking.
As revealed in Table 10, DMOEADD, generally accepted as the best
algorithm for solving constrained problems in CEC2009 competi-
tion, shows no significant improvement over DMCMOABC since the
adjusted p-values for all post hoc procedures are large enough to
accept the null hypothesis Hy that is defined as the statement of no
effect or difference between these two algorithms.

To evaluate the speed of the proposed DMCMOABC, the run-
time of our algorithm, together with MOEA/D, dMOABC, MOEA/D,
NSGAII and SPEA?2, is recorded and listed in Table 11. MOEA/D is a
very competitive algorithm for unconstrained optimization prob-
lems, and dMOABC is a latest multi-objective algorithm based on
the ABC method. The DMCMOABC uses the same crowding distance
strategy as in NSGAII to maintain the external archive, and the same
fitness assignment procedure as in SPEA2. Therefore, they are cho-
sen as the comparing algorithms. This experiment is conducted on a
computer with the following environments: Pentium (R) Dual-Core
CPU, T4500 2.30 GHz 2.29 GHz, 1.99 GB memory. From Table 11, we
can find that DMCMOABC achieves the best runtime on UF3, UF5
and UF6, while MOEA/D is the fastest algorithm on the remaining
test problems. Generally, DMCMOABC is slower than MOEA/D and
NSGAII, but runs faster than dMOABC and SPEA2. Similar results
are observed on other test problems. In our algorithm, once a bet-
ter individual is found, the procedure will try to add it into the
archive which may involve the re-calculation of crowding distances

It is shown in Fig. A.1 that the best Pareto fronts produced by
DMCMOABC are comparable to those of MOEA/D on UF1 and UF2
in terms of both convergence and diversity. But DMCMOABC fails
to approximate a well converged and properly distributed Pareto
front on UF3, thus the performance of the algorithm is significantly
worse than that of MOEA/D.

As we can see in Fig. A.2, both the Pareto fronts on UF4 distribute
nearly uniformly, but our algorithm is better than MOEA/D in terms
of the convergence of the produced front. For test functions UF5 and
UF6, the number of non-dominated solutions returned by MOEA/D
is larger than that found by DMCMOABC algorithm. However, the
front approximated by our algorithm has better convergence on
UF5.

Next, we take a look at Fig. A.3. For UF7, both the Pareto fronts
converge to the true one well, but the diversity of MOEA/D is slightly
better than DMCMOABC since a small part of the top-left corner of
the produced front is not successfully covered by our algorithm.
For UF8 and UF9, the fonts approximated by MOEA/D are better
than those of DMCMOABC in terms of the diversity, but are slightly
worse when considering the convergence of the fronts. The DMC-
MOABC shows significant improvement over MOEA/D on UF10
because the computed front found by the former is much better
when both criteria are taken into consideration (see (a) and (b) in
Fig. A.4). Hence, the IGD value obtained by DMCMOABC naturally
decreases.

For constrained functions (CF1-CF7), the quality of the Pareto
fronts produced by DMCMOABC is comparable to that found
by DMOEADD concerning both convergence and diversity (see
Figs. A.4-A.6).

In this subsection, the approximated Pareto fronts produced by
DMCMOABC and its counterparts are intuitively compared, and the
results show that DMCMOABC has the ability to generate a set of
well converged and properly distributed non-dominated solutions.
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Fig. 11. The broken-line graphs of metrics when parameter S is varied from 10 to
70.

4.5. Discussion on the effect of control parameters

In this subsection, the effect of some control parameters is inves-
tigated by observing the variation tendency of IGD and HV on test
functions UF1, UF3, UF5 and UF8. The main reason for choosing
them is that they are the most representative functions of the cate-
gories to which they belong, where UF1 and UF3 are representatives
of test functions with two objectives whose Pareto fronts are con-
tinuous. The UF5 is an example with discontinuous fronts, and UF8
represents a set of three-objective functions.

The broken-line graphs of the mean values of IGD and HV over
15 runs are shown in Figs. 8-11. It is observed from Fig. 8 that
the performance of DMCMOABC tends to decrease as R increases
from 0.2 to 1.0 in terms of both considered metrics on all selected
test functions. The best value may distribute between 0.0 and 0.1,
however, differences of each metric are not significant when R is
changed from 0.0 to 0.1 with a step size 0.01 (see Fig. 9). We could
also find in this figure that DMCMOABC produces relative better
results when R=0.01, which is consistent to our previous finding
in Section 4.2.

Next we turn to analyze the effect of parameter K. Fig. 10
shows that the performance of DMCMOABC decreases sharply as K
increases from 1 to 4, and changes slightly when K is larger than 5.
Especially, the worst values of both IGD and HV are observed when
Kis set to 1, indicating that DMCMOABC is significantly better than
the algorithm with only one colony and that the proposed multi-
colony model indeed improves the performance of our algorithm.
In fact, the diversity is more important than convergence in multi-
objective algorithms for deal with some MOPs [51]. In DMCMOABC,
K colonies search in different parts of the decision space and
share information occasionally. This mechanism could enable the

algorithm to explore more possible sub-spaces, thus, the diversity
of the final solutions may be well kept.

Finally, we can find from Fig. 11 that the best overall perfor-
mance is obtained by setting S to 20. As we all know, an important
issue we should consider in the design of multi-objective algo-
rithms, is to keep a balance between exploration and exploitation.
Too small Sis not good for the exploration process since only a small
number of new food sources are generated in each iteration, while
too large S will result in insufficient iterations or exploitation. Thus,
a balance should be kept by setting S to a proper value. In this study,
it seems to be quite suitable to set S to 20 for general usage.

5. Conclusion

In this paper, we suggest a new multi-objective artificial bee
colony algorithm by using a multi-colony model and a dynamic
information exchange strategy. In the proposed algorithm, K
colonies search in their own sub-spaces independently most of
the time and share information occasionally that is controlled by
a parameter named migration rate. In each migration, an elite is
selected from the external archive and used to replace the worst
food source in a randomly chosen colony. The migration direc-
tion is dynamic since the elite may be found by any colony and
the received colony is also determined stochastically. The control
parameters of our algorithm are determined by an experiment and
it is recommended to set R to 0.01, K to 9 and S to 20 for general
usage, respectively.

The proposed algorithm is evaluated on a set of unconstrained
and constrained problems from CEC2009 special session and com-
petition in terms of four commonly used metrics EPSILON, HV,
IGD and SPREAD, and it is compared with other state-of-the-art
algorithms by applying Friedman test on the values of metric IGD.
The results of post hoc procedures show that our algorithm is
significantly better than SPEA2, NSGAII, S-MOABC/NS, GDE3 and
LiuLiAlgorithm, and is highly competitive to the famous MOEA/D,
DMOEADD, MTS and dMOABC for unconstrained test problems.
As for constrained ones, the adjusted p values indicate that there
is no significant difference between the proposed algorithm and
DMOEADD which is generally accepted as the most effective algo-
rithm in CEC2009 competition. When assess algorithms in terms of
the runtime, our proposed algorithm also outperforms some other
algorithms such as dAMOABC and SPEA2.

The approximated Pareto fronts obtained by DMCMOABC are
intuitively compared with those found by other competitively algo-
rithms. Itis revealed by the results that our algorithm has the ability
to generate a set of well converged and appropriately distributed
non-dominated solutions.

Our further work will focus on the extension of the algorithm
to handle many-objective optimization problems, or use it in some
real-world applications in the field of industrial control systems,
logistics location, optimal power flow (OPF) in power systems, etc.
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Appendix A. Pareto fronts obtained by DMCMOABC and its
competitors on CEC2009 test problems

In the appendix, the approximated Pareto fronts obtained by
our proposed DMCMOABC algorithm are intuitively compared with
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Fig. A.1. The best Pareto fronts obtained by DMCMOABC and its competitor on UF1-UF3.
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Fig. A.2. The best Pareto fronts obtained by DMCMOABC and its competitor on UF4-UF6.
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those given by MOEA/D and DMOEADD on unconstrained and con-
strained problems, respectively.
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