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Railway risk assessment is a hierarchical process where risk information obtained at lower levels may be
used for risk assessment at higher levels. Fuzzy analytical hierarchy process (FAHP) is widely used in risk
decision making process to solve imprecise hierarchical problems where the risk data are incomplete or
there is a high level of uncertainty involved in the risk data, particularly, in the process of railway safety
and risk decision making. However, the application of FAHP in risk decision making the risk analysts often
face the circumstances where a large number of pairwise comparison matrices have to be established by
expert knowledge and engineering judgements. There may be a lack of confidence that all comparisons
associated with a railway system are completely justified in a rigorous way. This is particularly true when
a complex railway system needs to be analysed or when subjective judgements should be involved. This
paper presents a modified FAHP approach that employs fuzzy multiplicative consistency method for the
establishment of pairwise comparison matrices in risk decision making analysis. The use of the proposed
method yields a higher level of confidence that all of comparisons associated with the system are
justified. In the meanwhile, the workload in determining the consistency of the judgements can be
reduced significantly. A case example is used to demonstrate the proposed methodology. The results
indicate that by using the proposed method, risks associated with a railway system can be assessed
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effectively and efficiently, and more reliable and accurate results can be obtained.
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1. Introduction

Comparison with road transportation, railways are by far one of
the safest means of ground transportation, especially for their
passengers and employees. But comparison with airspace, there
are some issues involved in both maintaining this position in
reality and sustaining the public perception of railway safety excel-
lence. The railway now finds itself in a situation where actual and
perceived safeties are real issues, to be dealt with in a new public
culture of rapid change, short-term pressures, and instant commu-
nications. The principal risks in the railway industry appear to be
to people and property as a result of collision, derailment and fire.
The concepts of design and construction for railway safety are
introduced in the standards of EN 50126(1, 2, 3) (BS EN 50126-1,
1999; BS EN 50126-2, 2007; BS EN 50126-3, 2006), EN 50128 (BS
EN 50128, 2009), and EN 50129 (BS EN 50129, 2003), which are
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widely applied to manage and control risks in the design and con-
struction of railway systems. However, there are many possible
causes, in operation and maintenance of vehicles and rail infras-
tructure, and also from outside the railway such as vandalism
and road incidents. Specifically, in the modification and mainte-
nance of plain line, the largest incidences are of derailments and
vehicles fouling infrastructure such as station platforms. There
are many chains of potential causes, and each involves several dis-
ciplines and work-groups. Incorporating safety aspects into the
railway management and maintenance process can increase the
level of safety (An et al., 2011, 2007; Bojadziev and Bojacziev,
1997; Chiclana et al., 2001). This shows the need for increased
awareness and better safety management.

Railway risk analysis is to increase the level of safety to safe-
guard their assets, customers and employees while improving
safety and reducing railway asset maintenance cost and environ-
mental impacts. Any risk information produced from risk estima-
tion phase may be used through the risk response phase to assist
risk analysts, engineers and managers to make maintenance and
future investment decision purposes. If risks are high, risk reduc-
tion measures must be applied or the maintenance work has to
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be considered to reduce the occurrence probabilities or to control
the possible consequences. If risks are negligible, no actions are
required but the information produced needs to be recorded for
audit purpose. However, the acceptable and unacceptable regions
are usually divided by a transition region. Risks that fall in this
transition region need to be reduced to as low as reasonably prac-
ticable (ALARP) (An et al., 2008, 2006; Railway Safety and Standard
Board, 2007).

The purpose of railway risk assessment is to determine the risk
likelihood and magnitude to assist with the decision-making. As
discussed above, if risks are high, risk reduction measures must
be applied or the maintenance work has to be considered to reduce
the occurrence probabilities or to control the possible conse-
quences. Many of the railway risk analysis techniques currently
used are comparatively mature tools (An et al., 2007, 2006; Chen
et al., 2007; Chen and An, 2011; Huang et al., 2007). The results
of using these tools highly rely on the availability and accuracy
of the risk data (An et al., 2011, 2007, 2008, 2006; Bojadziev and
Bojacziev, 1997; Chiclana et al., 2001; Huang et al., 2007). How-
ever, railway risk analysts often face the circumstances where
the risk data are incomplete or there is a high level of uncertainty
involved in the risk data. This requires the involvement of expert
knowledge and engineering judgement in the risk analysis process.
Additionally, railway risk analysis is also a hierarchical process
where risk information obtain at lower levels may be used for risk
assessment at higher levels. In many circumstances, it may be
extremely difficult to conduct probabilistic risk assessment to
assess the occurrence of likelihood of hazards and the magnitudes
of their possible consequences because of the uncertainty with risk
data (An et al., 2006). Therefore, it is essential to develop new risk
analysis methods to identify major hazards and assess the associ-
ated risks in an acceptable way in various environments where
such mature tools cannot be effectively or efficiently applied (An
et al, 2011, 2007, 2008, 2006; Bojadziev and Bojacziev, 1997;
Chiclana et al., 2001; Railway Safety and Standard Board, 2007).
The railway safety problem is appropriate for examination by fuzzy
reasoning approach (FRA) combined with fuzzy analytical hierar-
chy process (FAHP). FRA method provides a useful tool for mod-
elling risks and other risk parameters for risk analysis that
involves the risks with incomplete or redundant safety information
(An et al., 2011, 2007, 2008, 2006). The FRA allows imprecision or
approximate information in risk assessment process (Berredo et al.,
2005; Buckley, 1985; Bojadziev and Bojacziev, 1997; Chen et al.,
2006; Dubois and Prade, 1980; BS EN 50126-2, 2007; Laarhoven
and Pedrycz, 1983). However, because the contribution of each risk
factor to the safety of a railway system is different, the weight of
the contribution of each risk factor should be taken into consider-
ation in order to represent its relative contribution to the risk level
of the railway system. A FAHP technique is therefore required to be
incorporated into the risk analysis to use its advantage in deter-
mining the relative importance of the risk factors so that the risk
assessment can be progressed from hazardous event level to the
identified hazard group level and finally to a railway system level.
The FAHP is a very useful technique that has been applied in many
fields of, for example, design and maintenance planning, reliability
analysis, selecting a best alternative and resource allocations, etc.
(An et al., 2011; Bojadziev and Bojacziev, 1997; Ekel et al., 2006;
Fan et al., 2006; Gu and Zhu, 2006; Herrera et al., 2001; Herrera-
Viedma et al., 2004; Leung and Cao, 2000). An advantage of the
FAHP is its flexibility to be integrated with different techniques
(An et al., 2006; Satty, 1980, 1994; Wang and Fan, 2007; Wang
and Chen, 2008; Xu, 2004). The application of FAHP may solve
the problems of risk information loss in the hierarchical process
so that risk assessment can be carried out from hazardous event
level to a railway system level (An et al., 2011, 2007, 2008,
2006). Both of these processes result in a set of probability

distributions, which can be used not only to predict risk levels
but also to design safety maintenance intervals. The use of these
techniques is especially appropriate in the railway environment
because of the volume of experience, which is still available from
long-term employees. In order to show compliance with safety
targets and to make future investment decisions, a railway risk
assessment support system using FRA and FAHP has been devel-
oped. Details of fundamentals of a railway risk assessment support
methodology will not be presented due to space constraints and
the reader is referred to An et al. (2011, 2007) for details. This
paper will focus on aggregation of group fuzzy risk information
in the railway risk decision making process, particularly, to develop
a methodology on the basis of fuzzy preference relations to deal
with the consistency of the comparisons.

The application of FAHP in a risk decision making process is to
determine the fuzzy priorities to produce weights of the contribu-
tion of risk factors to the safety of a railway system by conducting
pairwise comparisons produced from a safety management team.
In other words, it is based on preference relations, which the
judgements are based on the expert experience and engineering
knowledge to provide some degree of preference of any risk factor
over another. However, when applying FAHP, the risk analysts
often face the circumstances where a huge number of pairwise
comparison matrices have to be established. Even if it is single
pairwise comparison matrix, it still requires n(n — 1)/2 judgements
at a certain level with n risk factors. With the number of risk
factors increasing, the numbers of comparisons are increased
rapidly. As a result, the judgements produced from safety manage-
ment team will high likely become inconsistent. Therefore, consis-
tency tests are required to avoid the misleading solutions. If a
comparison matrix fails the consistency test, the risk analysts must
request the safety management team to make the judgements
again until the comparison matrix passes. However, perfect
consistency is difficult to obtain in practice (Herrera et al., 2001;
Herrera-Viedma et al., 2004), particularly, when measuring prefer-
ences on a set with a large number of risk factors. Consequently,
the lack of consistency in decision making can lead to inconsistent
conclusions. Additionally, the judgements are crisp values which
are fuzzy numbers. The inconsistent crisp numbers may be far
greater. Therefore, this work would be laborious and highly
unrealistic. The literature review carried out by the authors indi-
cates that some methods have been developed in the literature
to use consistency tests to avoid inconsistency in risk analysis
(An et al., 2006; Berredo et al., 2005; Buckley, 1985; Chen et al.,
2007, 2006; Chen and An, 2011), but, however, these methods
are very complex, particular, when the number of risk factors
increases. It is particular by true when:

o thousands of risk factors (or hazard/failure modes) are identi-
fied within a system;

e the system consists of hundreds of sub-systems and compo-
nents; and

e expert experience and engineering knowledge are involved in
decision making process.

Therefore, numbers of comparisons will be increased rapidly
with the numbers of the identified risk factors/sub-systems/
components increased. There may be a lack of confidence that all
comparisons associated with a railway system are completely
justified in a rigorous way. Furthermore, too much workload is
required in determining the consistency of the judgements.

To solve the above problems, a modified FAHP methodology has
been proposed. In this method, the comparison matrix is estab-
lished by using the additive transitivity property and consistency
so that only n — 1 comparison judgements are required at a level
with n risk factors, which a comparison matrix can be established
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Table 1
FAHP estimation scheme.

Qualitative descriptors Description

Parameters of MFs
triangular)

Equal importance (EQ)

Between equal and weak importance (BEW)

Weak importance (WI)

Between weak and strong importance (BWS)

Strong importance (SI)

Between strong and very strong importance
(BSV)

Very strong importance (VI)

Between very strong and absolute
importance (BVA)

Absolute importance (Al)

When compromise is needed
When compromise is needed

When compromise is needed

When compromise is needed

of affirmation

Two risk contributors contribute equally
Experience and judgment slightly favour one risk contributor over another

Experience and judgment strongly favour one risk contributor over another

A risk contributor is favoured very strongly over the other

The evidence favouring one risk contributor over another is of the highest possible order
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(8,9,9)

directly on the basis of such judgements by using multiplicative
preference relation and then it is transformed into fuzzy preference
relation to produce a fuzzy preference relation comparison matrix
that can be used to calculate weights of the contribution of risk
factors.

This paper presents the recent development of a modified FAHP
method to improve the consistency of FAHP on the basis of multi-
plicative preference relations with trapezoidal fuzzy numbers in
risk decision making process. The principle and algorithm of the
proposed method are discussed in this paper, and two propositions
are proposed, and proofed and validated, which can be used to
calculate values of fuzzy reciprocal multiplicative preference
matrix. A transformation function is then developed to transfer
TranFNs preference relation decision matrix to fuzzy preference
relation comparison matrix. The proposed method can be used to
avoid the misleading conclusions to ensure the consistency of
judgements and provide more reliable and accurate results. A case
example of shunting at a railway depot is used to demonstrate the
proposed methodology.

2. Application of FAHP in risk decision making

As stated earlier in Section 1, because the contribution of each
risk factor to the overall risk level (RL) of a railway system is differ-
ent, the weight of the contribution of each risk factor should be
taken into consideration in order to represent its relative contribu-
tion to the RL of a railway system. Railway risk assessment is a
hierarchical process where risk information obtained at lower
levels may be used for risk assessment at higher levels. FAHP is
widely used in risk decision making process to solve imprecise
hierarchical problems where the risk data are incomplete or there
is a high level of uncertainty involved in the risk data. The applica-
tion of FAHP may also solve the problems of risk information loss
in the hierarchical process in determining the relative importance
of risk factors in the decision making process so that risk assess-
ment can be progressed from hazardous event level to hazard
group level, and finally to a railway system level. A FAHP is an
important extension of the traditional AHP method (Satty, 1980,
1994; Wang and Chen, 2008), which uses a similar framework of
AHP to conduct risk analysis but fuzzy ratios of relative importance
replace crisp ratios to the existence of uncertainty in the risk
assessment (An et al., 2011, 2006; Huang et al., 2007; Laarhoven
and Pedrycz, 1983; Leung and Cao, 2000; Wang and Chen, 2008).
An advantage of the FAHP is its flexibility to be integrated with
different techniques. Therefore, a FAHP analysis leads to the
generation of weight factors (WFs) for representing the primary
hazardous events within each category. There are six steps to
calculate WFs as described below (An et al., 2011, 2007; Buckley,
1985; Chen et al., 2007; Chen and An, 2011).

2.1. Step 1: Establish an estimation scheme

FAHP determines WFs by conducting pairwise comparison. The
comparison is based on an estimation scheme, which lists intensity
of importance using qualitative descriptors. Each qualitative
descriptor has a corresponding triangular membership function
(MF) that is employed to transfer expert knowledge and engineer-
ing judgments into a comparison matrix (An et al., 2011, 2007,
Buckley, 1985; Chen et al., 2006; Laarhoven and Pedrycz, 1983).
Table 1 describes qualitative descriptors and their corresponding
triangular fuzzy numbers for railway risk analysis. Each grade is
described by an important expression and a general intensity
number. When two risk contributors are of equal importance, it is
considered (1, 1, 2). Fuzzy number of (8, 9, 9) describes that one risk
contributor is absolutely important than the other one. Fig. 1 shows
triangular MFs (solid lines) with “equal importance” - (1, 1, 2),
“weak importance” - (2, 3, 4), “strong importance” - (4, 5, 6), “very
strong importance” - (6, 7, 8) and “absolute importance” - (8, 9, 9),
respectively. The other triangular MFs (dash lines) describe the
corresponding intermediate descriptors between them.

2.2. Step 2: Compare risk contributors

Suppose n risk contributors, there are a total of N=n(n—-1)/2
pairs need to be compared. For example, Fig. 2 illustrates a typical
hierarchical risk assessment process of a railway depot system (An
et al.,, 2011). “HG¢”, “HG,", ..., and “HG,,” are the risk contributors
that contribute to overall RL of a railway depot system. Assume
two risk contributors HG; and HG,, if HG is of very strong impor-
tance than HG,, a fuzzy number of (6, 7, 8) is then assigned to HG,
based on the estimation scheme as shown in Table 1. Obviously,
risk contributor HG, has fuzzy number of (1/8, 1/7, 1/6). As the
expert experience and engineering knowledge are often expressed
in nature of language that describe the risks associated with a rail-
way system. FAHP allows fuzzy ratios of relative importance to be
used to the existence of uncertainty in risk assessment. The follow-
ing classifications can be used in the comparison.

- A numerical value, e.g. “3”

- A linguistic term, e.g. “strong importance”.

- A range, e.g. (2, 4), the scale is likely between 2 and 4.

- A fuzzy number, e.g. (2, 3, 4), the scale is between 2 and 4, most
likely 3 or (2, 3, 4, 5), the scale is between 2 and 5, most likely
between 4 and 5.

- 0, e.g. the two risk contributors cannot be compared at all.

2.3. Step 3: Convert comparison pairwise into UFNs

As described in steps 1 and 2, because the values of risk contrib-
utors are crisps, e.g. a numerical value, a range of numerical value,



M. An et al./Safety Science 82 (2016) 18-28 21

A Equal Weak
importance

importance

1.0

Strong
importance

Very strong
importance

Absolute
importance

Fig. 1. MFs of the triangular fuzzy numbers.
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Fig. 2. A typical hierarchical risk assessment process.

a linguistic term or a fuzzy number, the uniform format number
(UFN) is introduced to capture and convert expert and engineering
subjective judgements for the composition of a final decision (An
et al, 2011, 2007; Huang et al., 2007). An UFN can be defined as
A={a,b,c,d}, and its corresponding membership functions
(MFs) indicates the degree of preference, which is defined as

(x—a)/(b—a), xe]a,b],
1 xe[b,c
=Y x—d)/c—d), xelcd, 1)
0, otherwise.

where four real numbers (a, b, ¢, and d) with satisfaction of the rela-
tionship a < b < ¢ < d determine the x-coordinates of the four cor-
ners of a trapezoidal MF. It should be noted that a numerical value, a
range of numerical values, a fuzzy number and a linguistic term can
be converted as a simplified UFN. Table 2 shows the possible inputs
and its corresponding UFNs. A series of UFNs can be obtained to cor-
respond to the scores and the scales of the defined risk contributors.

2.4. Step 4: Aggregate UFNs

Usually, there are a number of experts in the safety manage-
ment team, their judgements may be different. Therefore, UFNs
produced in Step 3 need to be aggregated into a group UFN for each
risk constructor. The process is same as described in Section 2.3 at
Step 3.

Table 2
Expert judgement and the corresponding UFNs.

Description Input Input type UFNs
values
“isa” {a} A numerical {a,a,a,a}
value
...is between aand  {a,b} A range of {a,(a+b)/2,(a+b)/2,a}
b” number
“...isbetweenaandc {a,b,c} Triangular {a,b,b,a}
and most likely to fuzzy
be b” numbers
“...isbetweenaandd {a,b,c,d} Trapezoidal {a,b,c,d}
and most likely fuzzy
between b and ¢” numbers
“...is RARE” RARE A linguistic ~ RARE MF {a,b,c,d}
term

2.5. Step 5: Construct the fuzzy comparison matrix M

The aggregated UFN are then used to construct a comparison
matrix. As shown in Fig. 2, suppose E, E,, ..., E, are identified haz-
ardous events in a hazard group HG,, m;; is the aggregated UFN
representing the quantified judgement on E; comparing to E; and
E; is more important than E;. The pairwise comparison between
E; and E; in the hazard group HG,, thus yields a n x n matrix defined

as

My My -+ My,
My My -+ My .

M:[ml‘]]: l7]:1,277n (2)
mn‘] my> P mn,n
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my; = 1/my; = (1/ai;, 1/bij, 1/ci5,1/di)

where a;;, b;j, ¢;j and d;; are the numbers of UFN m;.
2.6. Step 6: Calculate fuzzy weight

The WFs can be calculated by using geometric mean method
(An et al., 2011, 2007; Saaty, 1994; Wang and Fan, 2007; Wang

and Chen, 2008; Xu, 2004). The UFN geometric mean M; of the
ith row in the comparison matrix is defined as

_ = = n n n n n n n n
M; = {a;,b;, i, di} = {\/szlau, \/szlbi.j, \/Hj:]Ci.j, \/ jzldi.j}
3)
a bi Ci di ()
Sad 206 Y by
where W, is the fuzzy-WF of E;.

Wi = {aiybiychdi} = {

2.7. Step 7: Defuzzification and normalisation

Because the outputs of geometric mean method are fuzzy WFs,
a defuzzification is adopted to convert fuzzy WFs to the corre-
sponding crisp WF (An et al., 2011; Saaty, 1994). Suppose a fuzzy
WF of w;

, G+ 2(bi+c)+d;

R (5)
The WF of E; can be calculated by
w.
WFg, = ——
UYWL ©

2.8. Step 8: Calculate RLs of sub-hazard groups

Once the WFs of risk contributors are obtained, the overall RLs
of sub-hazard groups can be calculated by synthesising of WF and
RL of each hazardous event. As shown in Fig. 2, the RL of a sub-
hazard group S — HG; is defined by An et al. (2011, 2007)

n
RLs hg, = » RLgWFg i=1,2,...,n (7)
i=1
where RL;, and WFg, are the RL and WF of E;.
Similarly, WFyg, of hazard groups can be obtained by repeating

steps 1-7. The RLs of hazard groups and the overall RL of a railway
system can be obtained by An et al. (2011, 2007, 2008, 2006)

n
RLHG,- = ZRLS—HG,- WFS—HG,- i= 1, 2, .o, n (8)

i=1

n
RLsystem = » RLugWFhe, i=1,2,....n (9)
i-1
where RLy¢, and WFyg, are the RL and WF of the ith hazard group
GH;, RLs_ng, and WFs_g, are the RL and WF of the ith sub-hazard
group and RLgysen is overall RL of the system.

As can be seen that the application of FAHP in risk decision
making process, As described earlier in this paper, n(n —1)/2
judgements in a FAHP process need to be made in order to estab-
lish a comparison matrix with n events. When hundreds of hazard
events are identified and the system consists of a large number of
sub-systems and components, in this case, they are hazardous
events, sub-hazard groups and hazard groups, a large number of
pairwise comparison matrices need to be established. There may
be a lack of consistency test in the process. As a result, the

judgements produced from safety management team may likely
become inconsistent. There may also be a lack of confidence that
all comparisons associated with a railway system are completely
justified in a rigorous way. Therefore, fuzzy multiplicative consis-
tency method may be needed (Herrera et al.,, 2001; Herrera-
Viedma et al., 2004; Leung and Cao, 2000; Xu, 2004).

3. Consistent multiplicative preference relation

Multiplicative preference relations provide risk analysts with
values presenting varying degrees of preference for first risk con-
tributor over the second one (BS EN 50129, 2003). For a set of
the identified hazard events at a particular level of a risk hierarchi-
cal decision making process, suppose a set of the identified hazard
events is H = {Eq,E»,...,E,} and n > 2, which an expert in safety
management team associates to every pair of events a value that
reflects some degree of preference of the first event over the sec-
ond one. Preference relation may be expressed either in multiplica-
tive preference relation M or in fuzzy preference relation P. Their
definitions are discussed as follows (Chen and An, 2011; Herrera-
Viedma et al., 2004).

A multiplicative preference relation M on a set of hazard events
His presented by a matrix M ¢ H x H, M = (m;;) where m;; is inter-
preted as the preference intensity of two hazard events E; and E;,
i.e. it is interpreted as E; is m;; times as important as E;. The
measurement of m;; uses a ratio scale defined between 1 and 9
(Satty, 1980, 1994) as shown in Table 1, where m;; = 1 indicates
the absence of a difference between E; and E;, and m;; = 9 repre-
sents that E; is absolutely important than E;. In this case, the pref-
erence relation matrix M is usually assumed to be multiplicative
reciprocal, i.e. m;j x m;; = 1,i,j € {1,2,...,n}. Therefore, if a com-
parison matrix M is consistency, it has to satisfy m;; x m;; = m;y
(Herrera et al., 2001; Herrera-Viedma et al., 2004).

Definition 1. A reciprocal multiplicative preference relation
M = (m;;) is consistent if and only if m;; x mj, =myy,ij,
ke{1,2,...,n}andi<j<k.

Definition 1 clearly states that for checking the consistency of
multiplicative preference relation it is only necessary to check
the values of m;;, m;, and m;. As a consequence of this equivalent
condition, consistent multiplicative preference relations can be
constructed from a set of n — 1 preference intensities (Chen and
An, 2011; Herrera et al., 2001; Herrera-Viedma et al., 2004).

Definition 2. For a reciprocal multiplicative preference relation
M = (my;) i <j < k, the following statements are equivalent (Chen
and An, 2011; Herrera et al., 2001; Herrera-Viedma et al., 2004):

Mij X Mg = My, i <j <k (10

Mij = Mijq X Mgz X - X Mgy, 1<] (11)

Definition 2 indicates that a consistent multiplicative prefer-
ence relation can be constructed from a set of n — 1 preference
data, ie. {miz,my3,...,My_1,} (Chen and An, 2011; Herrera
et al., 2001; Herrera-Viedma et al., 2004; Satty, 1980). A pairwise
comparison matrix with entries in the interval [1/v, 2], v > 0 can
then be established and the entries can be transformed into the
interval [1/9,9] using a transformation function, i.e.

f: Pv,v} — [%,9}, f(x) = x!/1ogo? (12)

This transformation function will be discussed in Section 4. As
described earlier in the paper, the experts in safety management
team may have vague knowledge about the preference degree of
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one event over another, and cannot estimate their preferences with
exact numerical values. It is more suitable to provide their prefer-
ences by means of linguistic variables rather than numerical ones.
The disadvantage of the method as described above is that the val-
ues in consistent multiplicative preference relation matrix are crisp,
which cannot capture imprecise judgements. In this study, there-
fore, trapezoidal fuzzy numbers should be introduced to develop
transformation functions.

4. Fuzzy multiplicative consistency method

The application of fuzzy reasoning approach (FRA) in risk anal-
ysis may have the following advantages (An et al., 2011, 2007,
2008, 2006; Dubois and Prade, 1980; Ekel et al., 2006; Fan et al.,
2006; Giachetti and Young, 1997; Gu and Zhu, 2006):

e the risk can be evaluated directly by using qualitative
descriptions;

o it tolerant of imprecise data and ambiguous information; and

e it gives a more flexible structure for combining qualitative as
well as quantitative information.

FRA focuses on qualitative descriptors in natural language and
aims to provide fundamental approximate reasoning with impre-
cise propositions. A fuzzy number is defined on the universe U as
a convex and normalised fuzzy set (Buckley, 1985; Bojadziev and
Bojacziev, 1997; Saaty, 1994; Wang and Fan, 2007; Wang and
Chen, 2008; Xu, 2004), which can be converted into, for example,
triangular fuzzy number, trapezoidal fuzzy number and bell-
shaped fuzzy number, etc. However, trapezoidal fuzzy numbers
are most widely used in the railway risk analysis because of their
intuitive appeal and their perceived computational efficacy (An
et al., 2006; Giachetti and Young, 1997).

4.1. Trapezoidal fuzzy numbers

A trapezoidal fuzzy number (TranFN) can be defined as
A= (a,b,c,d) and its corresponding fuzzy set A is defined by Eq.
(1) as described in Section 2.3. Fig. 3(A) shows a trapezoidal mem-
bership function (MF). If b = ¢, the fuzzy number becomes a trian-
gular fuzzy number as shown in Fig. 3(B). A non-fuzzy number A
can then be expressed as (a,a, a,a).

Suppose that two TranFNs are B = (ap,bp,cs,dg) and
C = (ac,bc,cc,dc), the aggregation operators are defined by Chen
et al. (2007, 2006), Chen and An (2011), Dubois and Prade (1980)
and Gu and Zhu (2006)

BEBC:(C[B +ac,bg+bc,C3+Cc,dB+dc) (13)
B®C:(GB Xac,bBXbc,CBXCc,dBXdc) (14)
BOC = (ag/ac,bp/bc,cp/cc,dp/dc) (15)
B = ((a)", (bs)", (ca)", (dp)"),k > O (16)

HA

1

-
0 a b C d x

(A)

where @ denotes fuzzy addition, @ denotes fuzzy multiplication and
@ stands for fuzzy division.

4.2. Consistent fuzzy multiplicative preference relation

In this study, a fuzzy multiplicative consistency method is pro-
posed in order to deal with inconsistency when constructing a
comparison matrix in risk decision making process. In this method,
the multiplicative preference relation matrix M = (my;) =
(aij, bij, cij, dij) is constructed based on consistent multiplicative
preference relation as described in Section 3.

The consistency of a fuzzy reciprocal matrix is defined as
(Buckley, 1985):

Definition 3. A fuzzy matrix M = (m;;) is reciprocal if and only if

. |
m;; =m;l.

Definition 4. A fuzzy matrix M = (m;;) is consistent if and only if
m;j @ Mjy = M.

On the basis of Definitions 3 and 4, the following two proposi-
tions are proposed in this study, which are proofed and validated.
The Proposition 1 is used to calculate values of fuzzy reciprocal
multiplicative preference matrix, and then Proposition 2 is applied
to provide fundamentals in support this development. A transfor-
mation function f : [1/v, v] — [1/9,9] is also developed to transfer
TranFNs in the interval [1/v, 7] to [1/9,9]. These are described as
below.

Proposition 1. Suppose that a set of events H = (Ey,E,,...,Ey)
associated with a fuzzy reciprocal multiplicative preference matrix
M = (my;) = (aij, by, i, dij)  with  aj;, b, ¢5,di; € [1/9,9],  the
following statements are equivalent:

a;=d, ije(1,2,....,n) (17)
bij=c, ije(,2,...,n) (18)
Cl‘]:b;,17 1716(17277n) (19)
di‘j:aﬁi17 lvje (] 277“) (20)

Proof. On the basis of Definition 3, M = (my;) is a reciprocal fuzzy
multiplicative  preference matrix, ie. m;= mjjil = 1¢my;,
i,je(1,2,...,n).

By using Eq. (15)
mi; = (1,1, 1, 1)¢(as, b, 61, dji), 1,5 €(1,2,...,n)
(@ij, bij, Cijy dig) = (1/di, /650, 1/byi, 1/a0) = (dj7, 6 by i)

i 0% i
Therefore,
ai_j:d;il,bj_i:C;il,c,"}':b;l-l,du:aﬁ], i7je(l,2,...,n) O
HA
1

Fig. 3. Trapezoidal and triangular fuzzy numbers and corresponding MFs.
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Proposition 2. For a reciprocal fuzzy multiplicative preference
relation M = (my;) = (ajj, bij, ¢ij, dij) to be consistent, the following
statements are equivalent:

Qi = Qij X Qjg, 1<j<k 21
bix =bij x by, i<j<k 22
Cik = Cij X G, 1<j<k 23
di.k:du de‘,(, i<j<k

Qij = i1y X Qs i42) X - X Agoqyy, 1<

\S]
(*]

)

bu = bi,(iH) X b(i+1)‘(i+2) X X buqm i<j

Cij = Giip1) X Clixt)(ix2) X -+ X Cjoyg, 1<J
)

dij = i1y X dipayez) X - x djoyyy, <]

N
~

N N
NN NS NS NG AN AN N

N
wu

Proof. On the basis of Definition 4, M = (m;;) is consistent then
Mij @ Mjx = M.
By using Eq. (14)
my; @ My = (aij, bij, i, dij) @ (G, bjk, G dijk)
= (@ij x Gj, bij x bj, Cij % Cjx, dij x djx)

= (@ik, bix, Cik, dix) = Mix

Therefore,
Qig = Aij X Ajk, biyx = bLj X bj,k~, Cik = Cij X Cjk,
dig =dij xdi, i<j<k

The above expressions (21)-(24) are obtained and verified.

Ifi <jand k =j — i, the expression (25) can be rewritten as
Qij = Qi (i+1) X A(i+1),(i+2) X -0 X A(ivk-1),(i+k)

Mathematical induction is applied to proof expression (25) and
assumptions are made as

If k=1, then a;; = a; i\ 1).

If k = n, by using expression (21), then

Qij = Aigir1) X A(ig1),i+2) X -+ X A(ign-1),(i+n)
= Qi (i+2) X A(i+2),i+3) X = X A(itn-2) (i+n-1) X A(i+n-1) (i+n)
= Qi (it++n-1) X A(itn-1),+n) = Ai(i+n) = dij
If k =n+ 1, by using expression (21), then

Qij = Qi (i+2) X A(i12),i+3) X - X Aign-1),(i+n) X A(itn),(i+n+1)
= Qi (itn) X A(itn) (i+n+1) = i(i+nt1) = Aij

The hypothesis is proved to be true when k = 1,n and n + 1, which
completes proof of the expression (25). Similarly, expressions
(26)-(28) can be verified. O

Proposition 2 indicates that a TranFNs preference relation
decision matrix can be established with n — 1 preference TranFNs
in the interval [1/v, v](v > 0). Because such a TranFNs preference
relation decision matrix is not in the interval [1/9,9], therefore, a
transformation function f:[1/v,v] — [1/9,9] is developed to
transfer TranFNs in the interval [1/v, v] to Fuzzy preference rela-
tion comparison matrix in the interval [1/9,9]:

flv)y=9 (29)
f(1/v)=1/9 (30)
fxa) - f(yq) =1, Xq,¥q€[1/v,v] such that x, -y, =1 (31)
fxp)-fyo) =1, xp,y.€[1/v,v] suchthatx,-y. =1 (32)
fxe) fyy) =1, xc,¥y €[1/v,v] such that x. -y, =1 (33)
fxa) - fya) =1, Xq,y,€[1/v,v] such that x4 -y, =1 (34)
f(xa) - fVa) =f(2a), XayYas2a € [1/v, v] such that x, -y, =z, (35)
fx) - f(yy) =f(2b), Xb,¥p,25 € [1/0, 7] such that x, -y, =z, (36)
fxo) fve) =f(z0), Xc,Ye,zc € [1/v,v] such that x. -y, =z. (37)
f(xa) -f(va) = f(za), X4,¥4,2a € [1/v, V] such that xy -y, = 24 (38)

It is well-known that the general solution of verifying expres-
sions (29) and (30) has the following format

f(xq) =x;, beingecR
f(xy) =x;, beingecR
f(x.)=x¢, beingeecR
f(xq) =x4, beingecR

According to Eq. (12), by taking logarithms the above expres-
sions (29) and (30) can be rewritten as

1/log? 1/log? 1/log? 1/log?
fxa) = %%, fxp) =%/, flx) =x/"%, f(xa) = x)/"®

When x,-y,=1, %-y.=1, .-y, =1, X4-y,=1 the above
expressions (31)-(34) can be verified as follows:

Fa) - Fya) =% g% = (x,
F) - F) =% -y = (xp -y ) =18 1
Fxe) - Flp) = x5 -y = (x,
Fxa) - F0) = "% -y = (g y)"/o = 118 =1

When X, -y, = Za, Xp - Yp = Zb, Xc - Yo = Zc, Xa - Y4 = Z4, the above
expressions (35)-(38) can be verified.

Fxa) - fva) = f(za)
F6) -F ) = /"% /% = (x, - y,) % = 2% — f(z,)
Fx) - fye) = %% . yl/oB = (x .y )18 = 2/ _ f(z,)

Fxa)-f(va) = %}/ - y/"% = (x4 - yg)"/"® = 2}/ = f(zq)

Therefore, the following steps can be used to construct a consistent
fuzzy multiplicative preference relation M for a set of hazard events
H = (Ey,E;,...,E;) and n > 2 on the basis of n—1 TranFNs
{mi2,My3,... ., Mu_1)n}.

.yd)l/logg _ 11/Iogg -1

.yb)1/log§’ _ -ll/logg -1

1/logd . 1/logd 1/logy
:Xa/ %9 -Ya/ 8 _ :Za/ 29

(Xa - ya) /"%

(1) Let X is the preference values

X ={m,i <jmy e {mz,m3,...,Mu_1)n}

my; = (i, by, ¢ij, dij}

Qij = Qi i1y X Agit1),(i42) X - X AG—1)j ..
i<j

bij = biis1) X by iszy X -+ X by

Cij = Ci(i+1) X Ciir1),(i+2) X -+ X C(j-1)

di.j = di,(m) X d(i+1)‘(i+2) X X d(j—l).j

(2) Calculate v = maX(d,*_j),d,‘j € m;;,mi; € X

(3) let M' = {myj,ma3,...,My_1,} UXU{m;j,my3,.. -amn—l,n}ilxq

(4) Construct consistent fuzzy multiplicative preference relation
M by using transformation function M =f(M’), where

flv]—[4,9) e
Fxe) =x°%7, fxy) = x,/%",
flxe) =x187 f(xg) = /%7 (39)

As can be seen that by using the modified FAHP method in risk
decision making process, if a railway system has n identified
events, only n —1 comparisons are required by using estimate
scheme as described in Section 2, and the results produced from
pariwise comparison can then be used to produce m;; of the fuzzy
preference relations matrix by using a transformation function
f:[1/v,v] — [1/9,9]. The proposed methodology can be applied
directly into the process of the FAHP as described in Section 2.
The application of the modified PAHP method is demonstrated by
a case study in Section 5.
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5. A case study: risk assessment of shunting at Waterloo depot

A case study on risk assessment of shunting at Waterloo depot is
used to demonstrate the application of the proposed methodology.
Waterloo depot is the one of largest depots in London Underground.
The historical data of accidents and incidents have been recorded
over the past 10 years. In this case, the historical accident and inci-
dent databases have been reviewed in the Waterloo depot. Ten
hazard groups have been identified and defined as ‘Derailment’ A,
‘Collision’ A,, ‘Train fire’ Az, ‘Electrocution’ A4, ‘Slips/trips’ As, ‘Falls
from height’ Ag, ‘Train strikes person’ A;, ‘Platform train interface’

Table 3
Pairwise comparison of hazard groups with respect to their relative importance to
overall depot system.

25

Ag, ‘Structural failure’ Aq and ‘Health hazard’ A as shown in Table 7.
Each hazard group consists of a number of hazardous events, for
example, ‘Derailment’ hazard group includes typical outcome
(minor injury) and worst-case scenario (major injury) which have
been identified based on the pervious accidents and incidents such
as track related faults including mechanical failure of track e.g., bro-
ken rail and fishplates; signalling related faults including mechani-
cal failure of signals and points; rolling stock faults including
mechanical failure of rolling stock e.g., brakes, axles and bogies;
structure failure including collapsed drain or civil structure beneath
track leading to derailment; object from train including object falls
from train (e.g. motor) leading to derailment; human errors includ-
ing human error causing derailment e.g. overspeeding, incorrect
routing, etc. The outputs of risk assessment are RLs of hazard groups
and the overall RL of shunting at Waterloo depot with risk scores
located from O to 10 and risk categorised as ‘Low’, ‘Possible’, ‘Sub-

Comparison Triangular fuzzy numbers TranFNs

A v, Ay (i) [1.00. 1.00, 2.00] [1.00. 1.00, 100, 2.00] stantial’ and ‘High Wlth a percentage bellgf. The RLs of hazard

A vs. As(mas) [3.00, 4.00, 5.00] [3.00, 4.00, 4.00, 5.00] groups are calculated using the fuzzy reasoning approach based on

Az Vs. Ag(msg) [1.00, 2.00, 3.00] [1.00, 2.00, 2.00, 3.00] the aggregation results of each hazardous event belonging to the

Aq vs. As(mas) [3.00, 4.00, 5.00] [3.00, 4.00, 4.00, 5.00] particular hazard group. Details of risk assessment at hazardous

25 VS. QGE’”SS; {(1)'38' g)'gg' é'gg} {(1)'38' é'gg' (1]'(2’2' 322]] event level will not be presented due to space constraints and the

6 VS. A7(mg7 .20, 0.25, 0. .20, 0.25, 0.25, 0. . . .

A7 VS, Ag (g [1.00. 2.00, 3.00] [1.00. 2.00, 2.00. 3.00] reader is referred tc_) Al.l et al. (2011, 2007) for details. This paper

Asg VS. Ag (M) [0.25, 0.33, 0.50] [0.25, 0.33, 0.33, 0.50] focuses on the application of the modified FAHP method to obtain

Ag VS. A1o (Mo 10) [2.00, 3.00, 4.00] [2.00, 3.00, 3.00, 4.00] the overall RL of shunting at Waterloo depot based on the aggrega-

tion of the RLs of each hazard group contribution.
Table 4
Completed TranFNs preference relation decision matrix.

A A As Aa As Ag Ay Asg Ag A1o

Ay 1.00, 1.00, 3.00, 3.00, 9.00, 9.00, 1.80, 1.80, 0.45, 0.90,
1.00, 1.00, 4,00, 8.00, 32.00, 32.00, 8.00, 16.00, 5.28, 15.80,
1.00, 1.00, 4,00, 8.00, 32.00, 32.00, 8.00, 16.00, 5.28, 15.80,
1.00 2.00 10.00 30.00 150.00 300.00 99.00 297.00 148.50 594.00

Ay 0.50, 1.00, 3.00, 3.00, 9.00, 9.00, 1.80, 1.80, 0.45, 0.90,
1.00, 1.00, 4,00, 8.00, 32.00, 32.00, 8.00, 16.00, 5.28, 15.80,
1.00, 1.00, 4,00, 8.00, 32.00, 32.00, 8.00, 16.00, 5.28, 15.80,
1.00 1.00 5.00 15.00 75.00 150.00 49.50 148.50 74.25 297.00

As 0.10, 0.20, 1.00, 1.00, 3.00, 3.00, 0.60, 0.60, 0.15, 0.30,
0.25, 0.25, 1.00, 2.00, 8.00, 8.00, 2.00, 4,00, 1.32, 3.96,
0.25, 0.25, 1.00, 2.00, 8.00, 8.00, 2.00, 4,00, 1.32, 3.96,
3.3e-1 0.33 1.00 3.00 15.00 30.00 9.90 29.70 14.85 59.40

Ay 33e-2, 6.7e-2, 0.33, 1.00, 3.00, 3.00, 0.60, 0.60, 0.15, 0.30,
0.125, 0.13, 0.50, 1.00, 4.00, 4,00, 1.00, 2.00, 0.66, 1.98,
0.125, 0.13, 0.50, 1.00, 4.00, 4,00, 1.00, 2.00, 0.66, 1.98,
3.3e-1 0.33 1.00 1.00 5.00 10.00 3.30 9.90 495 19.80

As 6.7e—3, 1.3e-2, 6.7e—2, 0.20, 1.00, 1.00, 0.20, 0.20, 0.05, 0.10,
3.1e-2, 3.1e-2, 0.13, 0.25, 1.00, 1.00, 0.25, 0.50, 0.17, 0.50,
3.1e-2, 3.1e-2, 0.13, 0.25, 1.00, 1.00, 0.25, 0.50, 0.17, 0.50,
0.1 0.1 033 033 1.00 2.00 0.66 1.98 0.99 3.96

As 3.3e-3, 6.7e-3, 3.3e-2, 0.10, 0.50, 1.00, 0.20, 0.20, 0.05, 0.10,
3.1e-2, 3.1e-2, 0.13, 0.25, 1.00, 1.00, 0.25, 0.50, 0.17, 0.50,
3.1e-2, 3.1e-2, 0.13, 0.25, 1.00, 1.00, 0.25, 0.50, 0.17, 0.50,
0.11 0.11 0.33 0.33 1.00 1.00 0.33 0.99 0.50 1.98

A7 0.01, 0.02, 0.10, 0.30, 1.52, 3.03, 1.00, 1.00, 0.25, 0.50,
0.13, 0.13, 0.50, 1.00, 4.00, 4.00, 1.00, 2.00, 0.66, 1.98,
0.13, 0.13, 0.50, 1.00, 4,00, 4,00, 1.00, 2.00, 0.66, 1.98,
0.56 0.56 1.67 1.67 5.00 5.00 1.00 3.00 1.50 6.00

As 3.4e-3, 6.7e-3, 3.4e-2, 0.10, 0.50, 1.01, 0.33, 1.00, 0.25, 0.50,
6.3e—2, 6.3e-2, 0.25, 0.50, 2.00, 2.00, 0.50, 1.00, 0.33, 0.99,
6.3e—2, 6.3e—2, 0.25, 0.50, 2.00, 2.00, 0.50, 1.00, 0.33, 0.99,
0.56 0.56 1.67 1.67 5.00 5.00 1.00 1.00 0.50 2.00

Ag 6.7e-3, 1.3e-2, 6.7e-2, 0.20, 1.01, 2.02, 0.67, 2.00, 1.00, 2.00,
0.19, 0.19, 0.76, 1.52, 6.06, 6.06, 1.52, 3.03, 1.00, 3.00,
0.19, 0.19, 0.76, 1.52, 6.06, 6.06, 1.52, 3.03, 1.00, 3.00,
222 222 6.67 6.67 20.00 20.00 4,00 4,00 1.00 4.00

Ato 1.7e-3, 3.4e-3, 1.7e-2, 5.1e-2, 0.25, 0.51, 0.17, 0.50, 0.25, 1.00,
6.3e—2, 6.3e-2, 0.25, 5.1e-2, 2.02, 2.02, 0.51, 1.01, 0.33, 1.00,
6.3e—2, 6.3e—2, 0.25, 5.1e-2, 2.02, 2.02, 0.51, 1.01, 0.33, 1.00,
1.11 1.11 333 3.33 10.00 10.00 2.00 2.00 0.50 1.00
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Table 5
Fuzzy preference relation comparison matrix by using the modified FAHP.
A A, A; Ag As As A7 Ag Ag Ao
A 1.00, 1.00, 3.00, 4.33, 7.33, 8.00, 2.00, 4.33, 6.00, 7.00,
1.00, 1.00, 4.00, 5.67, 8.33, 9.00, 3.00, 5.33, 7.00, 8.00,
1.00, 1.00, 4.00, 5.67, 8.33, 9.00, 3.00, 5.33, 7.00, 8.00,
1.00 2.00 5.00 7.00 9.00 9.00 4.00 6.33 8.00 9.00
Ay 0.50, 1.00, 3.00, 3.67, 8.00, 7.33, 2.00, 5.67, 4.00, 7.00,
1.00, 1.00, 4.00, 4.67, 9.00, 8.33, 3.00, 6.67, 5.00, 8.00,
1.00, 1.00, 4.00, 4.67, 9.00, 8.33, 3.00, 6.67, 5.00, 8.00,
1.00 1.00 5.00 5.67 9.00 9.00 4.00 7.67 6.00 9.00
Az 0.20, 0.20, 1.00, 1.00, 4.67, 4.33, 1.00, 3.00, 3.00, 3.00,
0.25, 0.25, 1.00, 2.00, 5.67, 5.33, 2.00, 4.00, 4.00, 4.00,
0.25, 0.25, 1.00, 2.00, 5.67, 5.33, 2.00, 4.00, 4.00, 4.00,
0.33 0.33 1.00 3.00 6.67 6.33 3.00 5.00 5.00 5.00
Ay 0.14, 0.18, 0.33, 1.00, 3.00, 3.00, 0.30, 1.00, 1.00, 2.00,
0.18, 0.21, 0.50, 1.00, 4.00, 4.00, 0.43, 2.00, 1.00, 3.00,
0.18, 0.21, 0.50, 1.00, 4.00, 4.00, 0.43, 2.00, 1.00, 3.00,
0.23 0.27 1.00 1.00 5.00 5.00 0.75 3.00 2.00 4.00
As 0.11, 0.11, 0.15, 0.20, 1.00, 1.00, 0.25, 0.33, 0.20, 1.00,
0.12, 0.11, 0.18, 0.25, 1.00, 1.00, 0.33, 0.50, 0.25, 2.00,
0.12, 0.11, 0.18, 0.25, 1.00, 1.00, 0.33, 0.50, 0.25, 2.00,
0.14 0.13 0.21 0.33 1.00 2.00 0.50 1.00 0.33 3.00
As 0.11, 0.11, 0.16, 0.20, 0.50, 1.00, 0.20, 0.33, 0.20, 1.00,
0.11, 0.12, 0.19, 0.25, 1.00, 1.00, 0.25, 0.50, 0.25, 2.00,
0.11, 0.12, 0.19, 0.25, 1.00, 1.00, 0.25, 0.50, 0.25, 2.00,
0.13 0.14 0.23 0.33 1.00 1.00 0.33 1.00 0.33 3.00
A7 2.00, 0.25, 0.33, 1.33, 2.00, 3.00, 1.00, 1.00, 1.00, 3.00,
3.00, 0.33, 0.50, 2.33, 3.00, 4.00, 1.00, 2.00, 1.67, 4.00,
3.00, 0.33, 0.50, 2.33, 3.00, 4.00, 1.00, 2.00, 1.67, 4.00,
4.00 0.50 1.00 3.33 4.00 5.00 1.00 3.00 2.67 5.00
Ag 0.16, 0.13, 0.20, 0.33, 1.00, 1.00, 0.33, 1.00, 0.25, 0.33,
0.19, 0.15, 0.25, 0.50, 2.00, 2.00, 0.50, 1.00, 0.33, 0.50,
0.19, 0.15, 0.25, 0.50, 2.00, 2.00, 0.50, 1.00, 0.33, 0.50,
0.23 0.18 0.33 1.00 3.00 3.00 1.00 1.00 0.50 1.00
Ag 0.13, 0.17, 0.20, 0.50, 3.00, 3.00, 0.37, 2.00, 1.00, 2.00,
0.14, 0.20, 0.25, 1.00, 4.00, 4.00, 0.60, 3.00, 1.00, 3.00,
0.14, 0.20, 0.25, 1.00, 4.00, 4.00, 0.60, 3.00, 1.00, 3.00,
0.17 0.25 0.33 1.00 5.00 5.00 1.00 4.00 1.00 4.00
Ao 0.11, 0.11, 0.20, 0.25, 0.33, 0.33, 0.20, 1.00, 0.25, 1.00,
0.13, 0.13, 0.25, 0.33, 0.50, 0.50, 0.25, 2.00, 0.33, 1.00,
0.13, 0.13, 0.25, 0.33, 0.50, 0.50, 0.25, 2.00, 0.33, 1.00,
0.14 0.14 0.33 0.50 1.00 1.00 0.33 3.00 0.50 1.00

According to the estimation scheme as shown in Table 1 and
Fig. 1, on the basis of expert and engineering judgements the trian-
gular fuzzy numbers can be obtained. It should be noted that
n(n—1)/2, in this case, 10 x (10 —1)/2 =45 comparisons are
required in the FAHP process. But, however, by using the modified
FAHP method, only n—1, in this case, 10 — 1 =9 comparisons
need to be undertaken. As described in Section 4.1 these triangular
fuzzy numbers are then converted into TranFNs as shown in
Table 3, which will be used to establish fuzzy preference relation
decision matrix.

As stated in Section 4.2, other m;; in pairwise comparison
matrix M can be obtained on the basis of TranFNs by using Eqs.
(17)-(20) of Proposition 1 and Eqgs. (21)-(28) of Proposition 2 as
shown in Table 4.

For example, m,g9 and mg, in Table 4 can be obtained

Up9 =023 X A34 X U5 X Us6 X Ue7 X 78 X Ugg
=3x1x3x1x02x1x025=045
b2.9 = b2,3 x b3 4 x b4,5 X bs.e X b6,7 X b7,8 X b8,9
=4x2x4x1x025%x2x%x033=528
Cy9 =C23 X (€34 X Cq5 X C56 X Cg7 XC78XC89
=4x2x4x1x025%x2x%x033=528
d2,9 =dy3 x d34 x d4,5 X dsg x dg7 % drg x dgg
=5x3x5x2x033x3x05=7425

Table 6
WFs of hazard groups.

Alternatives  Fuzzy weights Defuzzification ~WFs (Modified FAHP)

A 0.07,0.18,0.18,0.53 0.221 0.195
Ay 0.07,0.18,0.18,0.43 0.204 0.180
As 0.05,0.11,0.11,0.25 0.125 0.110
Ay 0.04, 0.09, 0.09, 0.20  0.099 0.087
As 0.03, 0.05,0.05,0.12 0.061 0.054
As 0.02, 0.05,0.05,0.11  0.058 0.051
Ay 0.04, 0.09, 0.09, 0.17  0.094 0.083
Ag 0.03, 0.07,0.07,0.16  0.077 0.068
Ag 0.04,0.10,0.10,0.24 0.114 0.101
Ao 0.02, 0.07,0.07,0.18 0.081 0.072

Mg = {(12,97 bz‘g, Cr9, dz_g} = {045 5287 528, 7425}
then,

Mgy =1/Myg = {1/d29,1/C29,1/b2g,1/C20}
={0.013,0.19,0.19,2.22}

However, it should be noted that m, ¢ and mg> are not in the inter-
val [1/9,9]. As described in Section 4.2, the transformation functions
are needed to transfer TranFNs preference relation decision matrix
to Fuzzy preference relation comparison matrix in the interval
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Table 7
Risk levels of hazard groups.

Operation Index Hazard groups Risk score Risk category Risk contribution (%)
Shunting at Waterloo depot Aq Derailment 4.53 Possible: 100% 17.2
Ay Collision 4.43 Possible: 100% 15.5
As Train fire 5.79 Possible: 100% 124
Ay Electrocution 6.22 Possible: 78% 10.5
Substantial: 22%
As Slips/trips 5.78 Possible: 100% 6.1
As Falls from height 4.28 Possible: 100% 4.2
Ay Train strikes person 6.50 Possible: 50% 10.5
Substantial: 50%
Ag Platform train interface 6.15 Possible: 85% 8.1
Substantial: 15%
Ag Structural failure 4.39 Possible: 100% 8.6
Ao Health hazard 5.00 Possible: 100% 7.0
Overall RL 5.19 Possible:100%

[1/9,9]. In this case, the maximum of v =max(d;;) = dy 10 = 594
and the following transformation functions are applied as

1/logg594
f(Xa) = lez/log95947 f(xb) = Xb/ o8 I

1/l0gg594
f(xc) _ X1/10g9594, f(xd) _ Xd/ 089

The fuzzy preference relation comparison matrix is obtained as
shown in Table 5.

By using Egs. (3)-(6), the WF of each hazard group are derived
as shown in Table 6.

Finally, by using Egs. (8) and (9), the RLs of hazard groups and
their contributions to the overall RL of Shunting at Waterloo depot
can be obtained as shown in Table 7. As can be seen that the overall
RL of shunting at Hammersmith depot is 5.19 which indicates
‘Possible’ with a belief of 100%. It should be noted that, for exam-
ple, in this case, the risk scores of derailment and collision are
4,53 and 4.43, respectively, with risk category 100% of possible.
The case study just shows these two risks in Waterloo depot which
demonstrates its current circumstances. However, in other depots/
systems, the risk scores may be higher or lower, this heavily
depends on current situations of the depots/systems.

The results indicate that by using the modified FAHP method in
the risk decision making process, the comparison matrix in this
case can be established on the basis of consistency of fuzzy multi-
plicative preference relations. The amount of comparisons can be
reduced significantly and human errors in the subjective judg-
ments can be avoided, which provide more reliable and accurate
results to decision makers to produce railway maintenance
priorities and strategies.

6. Conclusions

The application of FAHP in risk decision making analysis often
involves a large number of pairwise comparisons in the decision
making process. There may be a lack of confidence that all compar-
isons associated with a railway system are completely justified in a
rigorous way, particularly, when it is a complex railway system
and subjective judgements should be involved. This study con-
tributes significantly to the body of knowledge related to safety
risk analysis and decision making in railway safety management,
which can be summarised as:

(1) A modified FAHP approach in risk decision making has been
proposed by introducing the fuzzy multiplicative preference
relations to establish pairwise comparison matrix.

(2) Consistent multiplicative preference relation and fuzzy
multiplicative consistency methods including definitions,
propositions and proofs have been further developed, which
can be used to calculate values of comparison matrices.

(3) A transformation function has been established, which is
applied to transfer TranFNs preference relation decision
matrix to fuzzy preference relation comparison matrix.

(4) The proposed method can reduce inconsistency in risk
judgements significantly in dealing with uncertainty.

(5) It can handle qualitative and quantitative information in a
consistent manner.

(6) It yields a higher level of confidence that all of comparisons
associated with the system are justified, which can reduce
human errors in the determining comparison significantly.

Comparing the traditional FAHP with the proposed method, the
modified FAHP methodology can reduce a large amount of pairwise
comparisons in the decision process significantly. For example, the
illustrative case example involves 10 hazard groups which
45 — 9 = 36 pairwise comparisons are reduced and only 9 pairwise
comparisons are required while consistency is still satisfied. On the
other hand, it will also reduce human errors in the risk decision
making process so that more reliable and accurate results can be
obtained. The proposed method not only improves the quality of
risk analysis in imprecise or vague situations, but also solves the
problems of consistency when applying FAHP method.
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