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Abstract Using Hamilton’s principle the coupled non-
linear partial differential motion equations of a flying
3D Euler—Bernoulli beam are derived. Stress is treated
three dimensionally regardless of in-plane and out-of-
plane warpings of cross-section. Tension, compression,
twisting, and spatial deflections are nonlinearly cou-
pled to each other. The flying support of the beam has
three translational and three rotational degrees of free-
dom. The beam is made of a linearly elastic isotropic
material and is dynamically modeled much more accu-
rately than a nonlinear 3D Euler—Bernoulli beam. The
accuracy is caused by two new elastic terms that are lost
in the conventional nonlinear 3D Euler—Bernoulli beam
theory by differentiation from the approximated strain
field regarding negligible elastic orientation of cross-
sectional frame. In this paper, the exact strain field
concerning considerable elastic orientation of cross-
sectional frame is used as a source in differentiations
although the orientation of cross-section is negligible.
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1 Introduction

Beams are one of the most important structural ele-
ments in engineering fields. To provide the structure
with less weight makes designer choose more flexible
beams. As the flexibility of the beam increases, its dy-
namic modeling becomes more complicated in return.

Karray et al. [1] have treated the two flexible links
of space-based flexible manipulator as Euler—Bernoulli
beams, free to deform transversely in the orbital plane.
Hiller [2] has considered only three elastic degrees of
freedom for each link as an Euler—Bernoulli beam. Shi
et al. [3] have modeled a planar flexible link by an
Euler-Bernoulli beam. Chen [4] has presented a lin-
earized dynamic model for multilink planar flexible
manipulators which can include an arbitrary number
of flexible links. Flexible links are treated as Euler—
Bernoulli beams and the rotary inertia and shear de-
formation are thus neglected. Bruno and Luigi [5]
have modeled planar n-link flexible manipulators in
accordance with Euler-Bernoulli beam. Jen et al. [6]
have obtained dynamic model of a one-link flexible
robot, using planar Euler—Bernoulli beam. Zohoor and
Khorsandijou [7] have dynamically modeled a mo-
bile robot with long and short spatially flexible links
experiencing considerable and negligible elastic ori-
entation in their cross-sectional frames. They have
exposed the dynamic model of a flying manipulator
with two highly flexible links [7]. The nonlinear 3D
Euler—Bernoulli beam theory has been formulated for
large elastic orientation of cross-section [7], and has
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been indirectly improved for negligible elastic orienta-
tion of the cross-section [7].

In this paper, partial differential equations of mo-
tion of a 3D Euler—Bernoulli beam with a six DOF
flying support is obtained. The equations are more
accurate than that of a conventional nonlinear 3D
Euler-Bernoulli beam, because variation of strains and
variation of elastic potential energy are derived from
the exact strain field concerning considerable elastic
orientation of the cross-sectional frame. The elastic
orientation of the cross-sectional frame is negligible
and the equations will be finally expressed by the ap-
proximated strain field. In the motion equations, two
additional elastic terms have appeared that would per-
ish in the conventional nonlinear 3D Euler Bernoulli
beam theory. In this theory, variation of strains and
variation of elastic potential energy are derived from
approximated strain field regarding negligible elastic
orientation of beam cross-sectional frame [8].

2 Flying support of the beam

The flying support of the beam has six degrees of
freedom. In Fig. 1, the frame of the flying support
of the beam is denoted by Fz. The inertial reference
frame is shown by F, the direction of whose third axis

Fig. 1 Six dependent F;
spatial elastic coordinates A3
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After Elastic Deformation

is in the negative direction of the gravity. Position,
variation of position, velocity, and acceleration of the
flying support are projected onto F; as expressions (1).
Fp and F are orthogonal and right-handed coordinate
reference frames and their axes are marked by 1, 2,
and 3 in the figures to indicate, the first, second, and
third axes, respectively.

b=[x y zI', sb=1[5x 8y &z]",
vi=[i y oz, af=[x § M
I

Orientation of the flying support relative to inertial

reference frame is described by three Euler angles as
expression (2).

1 0 0 [cos¢p 0 —sing
R=10 cosy siny 0 1 0
BI

0 —siny cosy | [sing O cos¢
cos sinf O]
X | —sinf cosf O0]. 2)

0 0 1]

Virtual rotations and angular velocity of the fly-
ing support that are respectively imperfect differentials
and nonintegrable time-derivatives are given in
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expressions (3).

87T, 1 0 —sing sy
S8 = dmy | =10 cosyy sinycos¢ )
| 07, 0 —siny cosy cos¢ 660
o
w? = wy
L@z
1 0 —sin¢ W
=0 cosy sinyrcoseo || ]|. 3)
|0 —siny cosyrcosg | | 6

Out of the nonphysical singularity, one has the set
of Equation (4).

W 1 tangsiny tan¢cosy | | wy
ol =10 cos Y —siny oy |. 4
60 0 secosiny secopcosy | | w,

3 Beam

The beam is made from a linearly elastic isotropic mate-
rial with uniform density and cross-sectional area. Den-
sity, cross-sectional area, and the length before elastic
deformation are shown by p, A, and L, respectively.
The beam is straight before elastic deformation and un-
dergoes large elastic orientations in its cross-sectional
frame.

Exact strain field is the strain field of along beam that
is obtained from displacement field with large elastic
orientation of cross-sectional frame, and approximated
strain field is the strain field of a short beam that is ob-
tained from displacement field with small elastic orien-
tation of cross-sectional frame. This paper tries to ob-
tain motion equations of nonlinear 3D Euler—-Bernoulli
beam with small elastic orientation of cross-sectional
frame and with a six DOF flying support. Rotational
elastic degrees of freedom in the approximated strain
field have been substituted with zero. Therefore, varia-
tion of strains cannot be derived from the approximated
strain field. In this paper, variation of strains are derived
from the exact strain field and then formulations are
approximated for negligible elastic orientation of cross-
sectional frame by substituting the rotational elastic
degrees of freedom with zero. This provides us with

motion equations much more accurate than that of the
conventional nonlinear 3D Euler—Bernoulli beam the-
ory that gains variation of strains and variation of elastic
potential energy from the approximated strains indicat-
ing negligible elastic orientation in the cross-sectional
frame. Two additional elastic terms have appeared that
would perish in the nonlinear 3D Euler Bernoulli beam
theory. Hence, the motion equations of this paper are
more accurate than that of the nonlinear 3D Euler—
Bernoulli beam. The two new elastic terms in the mo-
tion equations create this accuracy. This enhances the
nonlinear 3D Euler-Bernoulli beam theory that derives
variation of strains and consequently variation of elas-
tic potential energy from the approximated strain field.

In Fig. 1, F is the cross-sectional frame after elastic
deformation which is a curvilinear orthogonal right-
handed coordinate frame whose first axis is tangent
to the curve created by cross-sectional area centers. Its
axes are marked by 1, 2, and 3 in the figures to indicate,
the first, second, and the third axes, respectively. Cross-
sectional frame before elastic deformation is shown
by F. Center of cross-sectional area before and after
elastic deformation is shown by S° and S, respectively.
Center of cross-sectional area before elastic deforma-
tion, S, is located in distance s from B. The spatial
independent variable s denotes the distance of S from
B before deformation. It is a Lagrangian and not an
Eulerian coordinate.

Figure 1 simply expresses spatial elastic deforma-
tion of Fs by six dependent coordinates of which only
four are independent. Elastic displacement vector of S
from B projected onto F is shown by d, and elastic ro-
tation transformation matrix projecting a vector from
Fg onto F is shown by Rsp in expressions (5)

[u+s
d = v ,

| w

1 0 0 [cos B 0 —sin g
R=|0 <cosy siny 0 1 0
* |0 —siny cosy ||sinB O cos§B

cosa sina O]
X |—sina cosa Of. &)
0 0 1]

Elastic deformation at S along the first axis of Fg
due to extension or compression is shown by u. Elastic
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bending deflections at S along the second and the third
axes of Fg are shown by v and w, respectively. The
first and second Euler angles, o and S, are the so-called
elastic bending rotation angles at S about the third axis
of Fp and about the second axis of the updated F3 by «,
respectively. The third Euler angle, y, is the so-called
elastic twisting angle at S about the first axis of Fs [7].
In some contexts these three Euler angles are called
Bryant angles [2].

To avoid lengthy expressions, the beams with cir-
cular and square cross-sections are considered only. It
implies that Fg is a principal frame for the beam cross-
section and the two moments of cross-sectional area
about the second and third axes are equal as shown in
expressions (6). In Fig. 2, o is a general point of the
beam cross-section. Position vector of o from S pro-
jected onto Fg is shown by p. It is a constant vector in
3D Euler—Bernoulli beam theory and in this paper to
neglect in-plane and out-of-plane warpings

/prdA=2J,
A
2 0 0
[Js]=/—ﬁ17dA:J 01 ol
A 00 1
0 0 -2 §
p=15]. 5=z o o|l. ®
5 5 0 0

Fig. 2 Displacement field
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3.1 Beam structural constraints

Figure 3 displays two holonomic constraints among the
six simply created elastic coordinates. By the applica-
tion of these constraints, the two excess coordinates
are eliminated. In expressions (9), the axial strain is
denoted by e. Length of a beam element is As before
and is (1 + e)As after elastic deformation. In order to
study the deformation relative to beam structure the
origins of Fg and F5 coincide via translation in the
lower part of Fig. 3. Position and orientation of beam
cross-section facing S in the element after elastic de-
formation relative to beam cross-section facing S° in
the element before deformation are related to Au, Av,
Aw, «, B and y. Position and orientation of Fg relative
to Ko are related to u, v, w, «, B, and y. In the fol-
lowing equations, [ ]’ refers to %[] and [] to %[]. For
the two triangles in lower part of Fig. 3, one can write
expressions (7)

Av
o = Lim [tan_l 7:| ,

As—0 As + Au
B = Lim |:tan_l —Aw } . %)
As—0 V(As + Au)? + Av?
Hence [7],
o =tan"'(v'/h), B =tan"'(—w'/r) ®)

where

SR[(As—}-Au) Av Aw]T=[1+e)As 0 0],
B

e=vr2+w?—1, r=vh*+v?, h=1+u
)

Since Equation (8) are nondifferential equations,
their differentials are evidently perfect and inte-
grable. Therefore the two-beam structural constraint
Equation (8) belongs to the class of holonomic
constraints [9, 10] and can eliminate two excess or
superfluous coordinates namely o and 8 from the six
elastic coordinates u, v, w, r, 8, and y. Hence, the non-
linear 3D Euler—-Bernoulli beam is a holonomic system
with u, v, w, and y as its independent elastic degrees
of freedom.

In Equations (10) and (11) elastic rotation transfor-
mation matrix projecting a vector from Fz onto Fs and
orthogonal virtual elastic rotation vector of Fs relative
to Fp projected onto Fg are exposed in terms of elastic
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Fig. 3 Two holonomic
constraints among elastic
coordinates [7]

s After Elastic Deformation
)r— Before Elastic Deformation

degrees of freedom after elimination of the excess co- In expressions (13), Kirchhoff’s kinetic analogy can
ordinates by the constraints. be seen between elastic angular velocity and elastic
hf(e +1) v /e+ 1) w e+ 1)
R=| —v'cosy/r—whsiny/r(e+1) hcosy/r—wv'sinyfle+1) rsinyfle+1) (10)
SB

| v'siny/r —w'hcos yfr(e+1) —hsiny/r —w'v'cos yfr(e4+1) rcosyfle+1)

811, 1 0 w e+ 1) Sy 1 Su’
STIS = |8, | =|0 cosy rsinyfe+1) Bl =108y +C| 8 (11
| 81, 0 —siny rcosyfle+1) Sa 0 Sw’
where
—w' e+ 1) whfrie +1) 0

C = |[[-V(e+ Dsin y +w'hcos yl/r(e+ 1)> [h(e+ 1)sin y +v'w'cos y1/r(e +1)> —rcos y /(e + 1)?].
[—v'(e 4+ 1)cos y — w'hsin y]/r(e + 1)> [h(e + 1)cos y — v'w’sin y]/r(e +1)>  rsin y /(e + 1)
(12)
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normalized curvature vectors [7].

Q=1 0 o'y +cCl’ o W],
=0 0 0"y +Clu" v w (13)

Elimination of the excess coordinates produces a
too long formulation for the elastic angular acceleration
and variation of elastic curvature. So, it is an obligation
to expose them as Equations (14) and (15) [7].

1 0 w'f(e+ 1) y
rsinyfe+1)||p
rcosyfle+1)| | a

Q5=10 cosy
0 —siny
—rfle+1) 0 0

+ |w'sin yfle+1) rcos y/fle+1)

w'cos yfle+1) —rsinyfle+1) —cos y

ap

x | ay (14)

By

1 0

k¥ =10 cosy

w'f(e + 1) sy’
rsin y (e + 1) 3B’
rcos yfle+1)| | da’
—rfle+1) 0 0
+ |w'sin y e+ 1) rcosy/fle+1)

0 —siny

o8B

x | a8y |. (15)

| B'dy

4 Variation of Kinetic energy

Time integration of variation of kinetic energy is

fora=[ [ [ 1
= f [ /A{([C;B
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a" R 5n] }dAdsdt

T
R+d"
IB

—sin y

—sin y

\w' cos yfle+1) —rsiny/le+1) —cosy

~omo TS . ~
OIS — QIR _z[dT_pTQS R]E)B
SB SB

+d"@P&" — o ]+p R[a) @ —d)B])
X(R5b+5d— R p oIS
BI BS
+5%B[d +R p])}dAdsdt
BS
where 8d, d, and d are [SudvSw]T, [ivw]T, and
[ii # 1]T respectively.

Position, velocity, acceleration, and variation of po-
sition of o projected onto Fy are

Rn=Rb+& V° —Rr/—RV + £+ a%,
BI BI B BI I

a” = Rij=Ra’+§+25 PE 4 oPatE +aE

Rén = R6b+38d — R55n5+3ﬁ3(d+ Rp)
BI BI BS BS

where apparent position, velocity, acceleration, and
variation of position of ¢ in Fp are

E=d+Rp, E=d+RQp,
BS BS

E=d+ R[OS +2|p.
BS

Su 2811, — PSII,
S =8d— RpSIIS=|6v |+ R —2811,
BS BS
Sw $ST1,.

Considering the following equations

sn8 = Ront, 578 =RSFER,
s SB SB BS
RI&E &% —3"18

and the fact that S is the center of cross-sectional area,
one can write the following:

t t L T . .
f (STdt:—p/ / {A([as] R+dT — 24Tk
0 o Jo 1 B

+dT@E &P —3)31)
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x (R Sb+8d — JanB) where N N
BI R = Q51 Js] — (2517 J512° - 2[0®]" R [Js192°
+ TEZSNdA — TOSQSHdA BT 1, &8 BT ~B
pS2p p p +2Js,[0”] RQ° — [0”]" R[Js] Rw” R
A A BS BS SB BS
— f 2pTS~25c7)BﬁdA—/p @ a)deA +[&"1" R[Js]
A S A S BS

+/ pTZ)BﬁdA> (ans + 8n3>}dsdt.
A S s
Considering the following vector identities

~S
pTQ pIl =
pTﬁS?Bﬁn

(51T [-ppI T,

T ~ T~
= {[c;B] [P P12 — (pr)[ch] QS}H
one can write the following:

~S .
Py ,3‘[5115 4 57313] - [QS]T[—ﬁﬁ] [ans ¥ 3:513]
pTZ)BF[SHS + 3:13] = [@B]T[—
S S S

T~ B~B

pao [SHS—HSJT]

=[] ol o+ o1”]

on sy

N

~g

TGS [5H5+5n ]
= [QS]T_—ﬁﬁ]EzS[(SHS + 5:53]
pTS"éS%Bﬁ :51—15 + 875{3]
[ Y

x[ﬁl’[s —|—87§B].

Hence,

fora=-of 'l

+oR(OTS + R (SnB)]dsdt (16)
SB

5d+R8b dsm )

gDTZA([(IJB]TIIIS_I_C'Z'T 24P +-d [P — =B )
(7

The most applicable form of time integration of vari-
ation of kinetic energy is obtained by substitution of
Equation (11) into Equation (16) and integration by
part with respect to s [7]:

/STdt —,0// {goTRSb
BI
1

—(pTJ)BnB—i—(pR 0|8y
0

}ds dt
Su

t
—p/ eRC | sv | |1Zh .at. (18)
0
Sw

+ ((pR R
SB

Su
+ " — (@RC)1| v

Sw

5 Variation of gravitational potential energy

Variation of gravitational potential energy is given by
the following equation [7]:
L

8Ug=/ /{[o 0 116n}gpdA ds

o[0 0 //8b+R 8d+R8HS]

+R8ﬁ3[d+ R p]]dAds
1B BS

L
=gpl0 O 1]/ (8b/dA+R8dfdA
0 A IB A

+RR8ﬁSf pdA+R87?Bd/dA
1B BS A 1B A

+R87?BR/ pdA) ds.
B BS Ja
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Since S, is the center of cross-sectional area, it is
simplified as follows:

L
sU® =gpA[0 0 H/ pb+RM—RdMBVs
0 B B

(19)

6 Variation of elastic potential energy

In Fig. 2, o is the general point of the beam’s medium.
Vector p is assumed to be constant, implying the lack
of in-plane and out-of-plane cross-section warping in
the beams [7]. The displacement field is

y | = S _§|befor_e
elastic
deformation

K 1 00
ol+lo 1 ofp
w 0 0 0 1
M u 0 0]
=|v|[+R|P|—|D
BS | A
w K 2

Linear part of Green—Lagrange geometric strain ten-
sor is taken into consideration as follows:

oo L(oa 94,
gij = 5 )
P2 \ax; Ay

Ay u’ — VK, + 2k,
g A)’ = v +BR; _2Kx s
_Az_ w Py
AL 5 Ay 0
5 A)v = 8_Z y =10
LA ] A, 0

Strains concerning large elastic orientation of cross-
sectional frame are referred to as exact strains in this
paper and are presented in Equation (20) as follows:

R ;o vk . h w'Ky
Exx =Uu +Yy sin y — K; + cos y
r 1+e r

L VK, n h n wky .
—= cos — |k, sin
‘ r Y l4+e\” r v
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2 [hi, ! w, .
-5 rcosy—l y + p s y
R w9 [ —wk, +rk.cos y
Exz = 5 +3
2 2 1+e
2 [w'k, — ri, sin
+2 [w'ky 4
2L 14+e |
&y =8,=28,,=0. (20)

The motion equations will be approximated for a
beam with negligible elastic orientation in its cross-
sectional frame, but variation of strains used in varia-
tion of elastic potential energy must be derived from
the strains regarding large elastic orientation of cross-
sectional frame. This is an enhancement for the con-
ventional nonlinear 3D Euler—Bernoulli beam theory.

Using Hook’s law for a linearly elastic isotropic
beam gives the stress tensor as follows:

Tij = Zﬂéij + )\(éxx + éyy + ézz)éij,

H=0= iy
_GQG-E) _ VE . o
E—3G _ (I+wl—-2v)

Variation of elastic potential energy is

L
sU¢ = / /{rxxéé” + 7y,88y, + 1,88,
0 Ja

2Ty, + 27,208,. + 21,.0,.)d A ds

L
= / / {TexdByx 4 200y 880y + 27,08, }d A ds.
0 JA

(22)

The variation of elastic potential energy of ex-
pression (22) is formulated by performing mathemat-
ical operations such as substitution of stresses from
(21), substitution of variation of strains, simplifica-
tions for beams with circular or square cross-sections
and substitution of all variations with the variations of
independent elastic degrees of freedom. This formu-
lation is too long to be exposed [7]. Since the beam
experiences negligible elastic orientation in its cross-
sectional frame, the limit of the formulation is exposed
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when «, 8, and y tend toward zero [7]. Hence, one may theory (25).
Write the fO]lOWing: SUe [L { (1 _ V)E [A 5 N ; 5
= ————[Aéde K, 8K
o ((T+v)1—2v) o
VR0, w0, rxl+d, exul, + JiySicy] + G2J Ky Skcy
_w// v// .
Sexdu', kY, Kk~ . K R — . I-wE G| sy
h h A +v)(1 —2v) r
"
~ 8w / 1-vE
OKy thw + &y, iy ( ) -G KxKZ(Sw’ ds.
(I +v)(1—2v) r
8 N v// 8 " 8 , u// 8 , 1 8 p 24
Ky’\*;]/‘f‘ﬁlfi%'ﬁw_EW, 24)
~ w_” . U_// r “_N / l " In nonlinear 3D Euler-Bernoulli beam theory, the
Sk, ~ sy 58u 58V + —dv Y
h h h h variation of strains are derived from the approximated
1 0 0 strain field concerning negligible elastic orientation of
the cross-section frame, whereas it should have been
R~ |0 1 0f, . . .
BS derived from the exact strains corresponding to large
[0 0 1 elastic orientation of the cross-section frame. As a con-
0 —8T1, 8T, Sy sequence, the nonlinear 3D Euler—Bernoulli beam the-
B S ory loses two terms of the variation of elastic poten-
8 155 ~ | otk 0 Ol |, I~ | op tial energy, Equation (25), compared to Equation [7].
| —6IT, &I, 0 Sar In nonlinear 3D Euler—Bernoulli beam theory [8], one

Equation (23) is a correct formulation for variation
of elastic potential energy of a beam with circular or
square cross-section [7]:

L 1—-Vv)E v+ w”?
G = | e el L
(1—-—v)E v
A+ )1 —20) 2
1-vE w’
(1 + )1 —2v) 12

_y (1-v)E u’"v" o
(1+v>(1—2v>< h Vw)

v Ly o [ (L=VE
- yw:|ﬁv+ |:(l+v)(l—2v)

r.0 u//w/, 11" 1 /
xX\yv — A + Gy'v ﬁﬁw ds.

(23)

4

+2GJy'sy' +J

1

+J

Equation (23) can also be rewritten as Equation (24)
for easier comparison with variation of elastic poten-
tial energy in the nonlinear 3D Euler—Bernoulli beam

has

Exx = e — P, + 2Ky, Exy —%Kxf,
. | . .
Exz = Enyv Eyy = &z = &y = 0

(1-v)E . R
Tox = m(e — YKo + Zky),

vVE . .

Ty = Tpz = m(e — Yz + Zky)
Toy=—GKeZ, T =Gke9, T1,,=0

and the incorrect variation of strains [8]:

1
Bbu = Be — 9Occ + 28wy, Sy = — 2 E0kr,

Bre = S 90y, BBy = 8k = 88y =0

and finally Equation (25), the incorrect variation of
elastic potential energy of a beams with circular or
square cross-section:

/L{ (1 —V)E
SU°¢ = ————————[Aede + Jk, bk,
o (+v)(1—2v)

+Jkydiy, ] + G ZJKX(SKX} ds. (25)
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Using Equation (26) that show integrations by part
with respect to s, Equation (23) has been reformu-
lated for a uniform beam with circular or square cross-
section. One can seek it in the coming section under
the title of Motion equations.

/F(Su/ds = Féu — /F/(Su ds,

/F&t”ds = Féu' — F'su + /F”Su ds. (26)

7 Motion equations

Nonlinear partial differential equations of motion of a
beam with negligible elastic orientation of its cross-
sectional frame are obtained via Hamilton’s principle.
The beam can tolerate compression, tension, torsion,
and two spatial bendings. Regardless of nonconserva-
tive forces and moments that produce damping and ex-
citing terms, one may write the Hamilton’s principle as
Equation (27).

t
/ (8T — SUS — §U*)dt = 0. 27)
0

Therefore, by substitution of Equations (17), (18),
(19), and (23) into Equation (27) and using Equa-
tion (26), one can write:

t L
/ { / (A15)C + A28y + A38Z + A487Zx + A557Ty
0 0

+ Agdm, + A78y + Agdu + Agdv + Ajpdw)ds
+ (375)/ + Bg(Su + Bg(SU + 3105w + BS(SL{/

+395U +3105w )| }d[ =0

that is simplified as Equation (28).

L L L
</ Alds>6x+</ Azds)5y+(/ A3ds>81
0 0 0
L L
+(/ A4dS) 87Tx+<f A5ds) (37'[),
0 0
L
—|—</ Aéds>8nz
0
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L
+/ (A78)/ + A35u + A98v+A106w) ds
0

+ (B78y + Bgéu + BySv + Bpdw
+Bg§llt/ + 3981/ +Bl()5w ) |S 0 = (28)
This equation indicates that four partial differen-
tial Equations (29) should be solved under boundary

conditions (30) and should satisfy six partial differen-
tial Equations (31).

A7=0, A3=0, A9=0, A;r=0 (29)
(B78y + Bgdu + Bodv + Bigdw + Bgdu’

+Bysv’ + Biodw)|)=f =0 (30)

L L L
/ AldSZO, / AzdS:O, / A3dS:0,
0 0 0
L L L
/ A4dS = 0, / A5 ds = O, / A6 ds = 0.
0 0 0

€1V}

The agent wvariables A7, ..., A, Al, ..., As,
Bi, ..., B, Bs, ..., By are exposed as follows:

Ay =2GJy" — p(IT 151 - (21151685
—2[w®]" R[J512® + 275, [0®]T R Q°
BS BS
—[0®1" RIJsIR@® R
BS SB BS
+[6"" RIS 0 0] =
BS

[As Ao Apo]
_ . B T ST
= —gpAl0 0 1R p{A([a"] R+d

—2d"@" +d"[@ &P - &"))

— (12517 Us) — (2517 J512° — 2[0”]" R [J5]22°5

+2Js, (081" R Q° — [0®]" R[Js] R&® R
BS BS SB

BS

- BqT 4
+@”] Blg[fs])C)}

(1 _ U)E . 7”2 + w//2
— Ay — 1
+<1+v>(1—2v>(” J<<1 /)3»[ 0o
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N {_ (1 —v)EJ << v’ >” 1
(L +v)(1 —2v) \\(1 +uy? +Ha" " RUSI)C | 0
B
+< u”v” y/w// >’> 0
(1+u’)3 (1+u/)2 ~ (I—U)E [ /_Jv//2+w//2i|
ol o i [
(L+uy By = —p (I2°T"1Js] — (251 [J5]&°
+ {‘ T << ' > —2[”]" RIJ5IQ° + 2J5,[0"]" R Q°
1+ —20) \\(1 )2 B3 B3
w'w” ]/,U” 1
Naxuy  Ttun —[w®1" R[Js] R@® R +[d)B]TR[JS]>C 0
BS SB BS BS 0
)//U” /
i VYo o n=m0 0 o
+ <(1+u’)2>}[ =1 ] N (1 —v)EJ ( y'w” +< v’ >
T+ -2\ A +uy  \(I+uP
L L L u//v// y/w//
Ad Ard Asd LU D A
[/0 1ds /0 2ds /0 3 s] +(1+u/)3> GJ(1+u/)2
— oA / ’ (o] Bio = —p([2°1"1Js] — [T [Us]2°
0 } 201" RISIGS + 25, [0"1" R &
L@ - 2d"E T WP —d)B])R}ds BS BS
Bl —[0®1" R[Js] R&® R
—gpAL[O 0 1]=[0 0 0] BSSBBS
| —)EJ
L L L +[&®1" R[Js1)C | 0 —%
[/ Auds / Asds / Aﬁds] BS (I +v)d = 2v)
0 0 0
L - " ( y/v// _< w// > B u//w// >
—eoAl0 0 g [ das+ a7\ " Trey
L T 7//v//
_ _ B ST _ 5 3T~B - GJ—t-
,0/0 < A([Cll ] II]§+d 2d o (l_l_u/)z
n 5o p__ (—VEI v
+d"E B -8 ])d ST T T 0 nd -2 A+ u)
+ (19517151 — [T 1U51QS - 200”1 RUSIQS gy U= WES  wl
BS A+ —20) (1 +u')

+2J5, [0P1" R Q5 — [w®]" RIJSI R @® R
BS BS SB BS

+ @8 ég[ Js]) S}}g > ds=[0 0 0] 8 Verification of the motion equations

The validity of Equations (29) and (31) has been veri-

B; = —2GJy' fied for three simpler cases.
Bg = _p([QS]T[JS] — Q5151928 8.1 Case I: Flying rigid body under gravitational
force

—2[wB]T]§[JS]§S +2Js, [‘”B]TBRS Qs
For negligible elastic deformation, the motion

BT ~B
—lo7] ]fS[JS | 53“) B’§ Equations (29) and (31) are simplified to the motion
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equations of a flying rigid prism with circular or
square cross-section. Since the elastic degrees of free-
dom, u, v, w, y, and their derivatives are zero, one
has:

s 00 0
d=1|0o|, d=|0 0 —s|,

K 0 s 0

(1 0 0 0
R=|0 1 0|, @&5=Q5=]0],
SB

[0 0 0
[0 0 0
C=10 0 —-1|, e=0, r=h=1
01 0

Using Equations (1)—(3), and (6), the motion Equa-
tions (29) and (31) are simplified as follows:

/OL Ards = pAL[ — ¥ + (L/2)(0? + o))
X cos ¢ cosf — (L2)(w wy + @)
X (—cos ¥ sin6 + sin Y sin ¢ cos 0)
+ (L2)(—wyo; + @y)
X (sin Y sin @ 4+ cos Y sin ¢ cos 0)]
=0
L
| Avds = pari=s + wpy(et + )
x cos¢sind — (L2) (wywy + @)
X (cos ¥ cos O 4 sin ¥ sin ¢ sin0)
+ (L/2) (—o0; + oy)
X (— sinyr cos 6 + cos ¥ sin ¢ sin 6)]
=0
L
/O Asds = pAL[—(( + g) — (L/2) (&} + w}) sin¢
— (L2) (wywy + @;)siny cos ¢ +
+ (L/2) (—wxo; + dy) cos  cos ¢ |
=0

L
/ Agds = —pJL20w, =0
0
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R = |—cyrsO+syrs¢pco
BI

L
/ Asds = pAL(L)2)
0
X [X(sin ¢ sin O + cos V¥ sin ¢ cos O)
~+ ¥(—siny cos O + cos ¥ sin ¢ sin 6)
+ (4 g)cosy cosp] — pAL(L?/3)
x (0y — wyw;) — pLJ(@y + o w;)

=0

2
X [X (4 cos ¢ sinf@ — sin Y sin ¢ cos 0)

L

L

f Agds = pAL—
0

+3¥(—cos ¥ cos @ — sin i sin¢ sin )
— (2 + g)sinyr cos p] — pAL(L*/3)
X (w; + wywy) — pLJ (0, — wywy)

=0.

These equations are the motion equations of a fly-
ing rigid prism with circular or square cross-section.
They are the same as what obtained from rigid body
dynamics Equations (32)

F. ext — maf’

i

. _ B . _6
Mo = Hp +mr><%z :Hg—}—mrg

= [Uz]o® + &P [Iz]w® + mF x éelcf (32)

where
1 0
m=pAL, T=—=10|, Fxx=-mg|O0],
0 1
[Ic] =
m2J /A 0 0
0 mJ /A +mL?/12 0
0 0 mJ /A +mL?/12
coch cpso —s¢

crcO+syspstd  syredl,
SYrsO + cyrspcd  —syrcl 4 cyrsgpsh cyreg
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cpch —cyrsh + syrspchd  syrsh 4 cirsped A7 =2GJy" — p(IQ251"[Js]
1I§ = |cpsO  cychd 4 syPrsgpsfd  —syrch 4 crspsh _[QS]T[JS]QS) [1 0 O]T —0 (34)
—s¢ syrce cyree

sy =sinyr, s¢ =sing, sf =sinf, cyy = cosy,

cp =cos¢p, cb =cosb
&
a€ =a® + RGPS+ ) = | ¥
1 1 1B
p
2 2
+ L R _(wz ti)
> R wywy, + o, |,
Wy, — Wy
0 0
Mo =7TxR| 0 |=mg—=| cyco
I
—mg —syco
[IFlo® + & [Iz]o®
2J [ Adoy

=m | (J/A+ L2/12)iy + (J /A — L*/12)w, 0,
(J/A + L2 /12)i>, — (J JA — L2/12)w 0,

1
Ag=—pAii+p ([T [s] — [T [J5125)C) | 0

7 X Rc[zc = % —X (syrsf + crspchd) — § (—syreh + cfrsgst) — Zepreg — (L 2)(w w, — wy)
X(—cyrst + syrspcd) + ¥ (cyrctd + syrspsh) + Zsred + (L 2) (wrwy + @)

8.2 Case II: Enhanced nonlinear 3D short
Euler—Bernoulli beam with a fixed support

Substitution of Equation (33) into Equations (29) and
(31) fixes the flying support of the beam and gives
Equations (34)—(37). Equations (34)—(37) are the mo-
tion equations of enhanced nonlinear 3D short Euler—
Bernoulli beam with a fixed support. The term short
is to indicate that the elastic orientation of the beam
cross-sectional frame is negligible.

0
(1 _ U)E B v//2 + w//2 !
(A —J(— ) | =
+(1+v)(l—2v)< ! J< (I +u) >> 0
(35)
Ag = —pAi + p((12°1"[Js]
—[@51"s1R%) ¢yo 1o
_ (=wEJ (< v >”
14+ v)1 —2v) \\(1 +u)?
u//vu y/w” A
+<(1 +u/)3 + (1 +u/)2>)
y/ 7" /
+G1<m> =0 (36)
Ay = —gpA — pAi + p ((12°1" [ Js]
—[51" 195 ) o 0 1]+
(A -=vEJ << w” >”
A+ )1 =2v) \\(1 +u)?
u//w// y’v” /
+<<1 Ty +u/>2>>
+er (Y ) —o 37)
(1 4+u')?

Equation (24) has two more elastic terms than
Equation (25) that is the variation of elastic potential
energy of the nonlinear 3D Euler—Bernoulli beam the-
ory [8]. Consequently, the additional elastic terms in
Equations (36) and (37) are the terms (38) and (39), re-
spectively. These two terms improve the nonlinear 3D
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Euler—Bernoulli beam theory.
(1-WE y'w” \’
J|————+ G| ——— 38
+< [ Ao —20) " }<1+u')2 %)

(1—-V)E G] y'v” >’

+<J [(1 +u)(1—2v) (39)

(14 u'y?

8.3 Case III: Linear 3D short Euler-Bernoulli beam
with a fixed support

Motion equations of a linear 3D short Euler—Bernoulli
beam with a fixed support are obtained by neglecting
Poisson’s effect and nonlinear terms in Equations (34)—
(37). Therefore, one has:
(Q"Js1 - QTSI 0 01"~ 277,

A; =2GJy" — p2Jy =0,

Ag = —pAii + EAu" =0,

Ag = —pAi — EJ(V") =0,

A= —gpA — pAv — EJ(w")" =0

that can be simplified as follows:

G 9? 32 E 9* 32

0oz’ T o pastt T o
EJ o N 2 b
pAdst T2t T
EJ 9 52
AL 40
Aot TV T T8 (40)

The linear partial differential Equations (40) are the
well-known equations for torsional, longitudinal, and
two transverse vibrations of a uniform beam.

9 Conclusions

Nonlinear partial differential equations of motion of a
3D Euler-Bernoulli beam with six-DOF flying support
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are exposed. The beam experiences compression, ten-
sion, torsion, and two spatial bendings elastically while
negligible elastic orientation is produced in its cross-
sectional frame. The motion equations involve two new
elastic terms that had been lost in the traditional nonlin-
ear 3D Euler—Bernoulli beam theory by differentiation
from the approximated strain field regarding negligible
elastic orientation of cross-sectional frame. The differ-
entiation should have been derived from the exact strain
field concerning large elastic orientation of the cross-
sectional frame. These two elastic terms have given
the resulting motion equations a higher accuracy than
that of the nonlinear 3D Euler-Bernoulli beam theory.
They account for the enhancement of the nonlinear 3D
Euler-Bernoulli beam theory.
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