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Analysis of Regularized Least Squares for Functional
Linear Regression Model

Hongzhi Tong* Michael Ng!

Abstract

In this paper, we study and analyze the regularized least squares for functional
linear regression model. The approach is to use the reproducing kernel Hilbert space
framework and the integral operators. We show with a more general and realistic
assumption on the reproducing kernel and input data statistics that the rate of
excess prediction risk by the regularized least squares is minimax optimal.

Key words: Regularized least squares, Functional linear regression, Reproducing
kernel Hilbert space, Learning rate

AMS classification: 60K35, 62J05

1 Introduction

There are increasing cases in practice where the data are collected in the form of random
functions or curves. This type of data is becoming more prevalent throughout science,
engineering and financial market, as automated on-line data collection facilities are be-
coming more ubiquitous. Many classical statistical tools and models for multivariate
analysis, such as principal components analysis, canonical correlation analysis and linear
model are then extended to the infinite-dimensional functional domain. In this paper, we
consider the functional linear model

Y =ag+ /HX(t)BO(t)dt te. (1)

where Y is a scalar response, X : I — R is a square integrable functional predictor
defined over compact domain I C R, ag is the intercept, £y : I — R is the slope function,
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and € is the random noise with mean 0 and finite variance ¢2. Functional linear model

was introduced by J.O. Ramsay and C.J. Dalzell [11] and first written in its commonly
encountered form (1) by T. Hastie and C. Mallows [7]. Some recent research on the
statistical analysis of (1) includes [2, 3, 6, 15, 16]. In this paper, we focus on the random
design where X is a path of a square integrable stochastic process defined over I and
is independent of €. Without loss of much generality, throughout the paper we assume
E(X) = 0 and the intercept o = 0, since the intercept can be easily estimated.

Let £? be the Hilbert space of square integrable functions on I (with respect to
Lebesgue measure) with standard inner production < u,v >= [fu(s)v(s)ds and norm

ul = (J;u?(s)ds) 2 The goal of prediction is to recover the functional 7,:

no(X) = /HX(t)/Bo(t)dt =< 19, X >

based on a training sample {(X;,Y;) : ¢ =1,--- ,n} consisting of n independent copies of
(X,Y). Define the risk for a prediction 1 as

E(n) =E"[y" —n(X")P,

where (X*,Y*) is a copy of (X,Y) independent of the training data, and E* represents
expectations taken over X* and Y* only. Let 5 be a prediction rule constructed from the
training data. Then, its accuracy can be naturally measured by the excess risk:

(1) — E(no) = E[(X™) — 1o(X7)]".

In this paper, we study the prediction problem in the reproducing kernel Hilbert space
(RKHS) framework under which the unknown slope function fy is assumed to reside in
an RKHS Hy with a reproducing kernel K [9]. A reproducing kernel K : I x I — R
is a real, symmetric, continuous, and nonnegative definite function. There is a one-to-
one correspondence between a reproducing kernel K and an RKHS H g which is a linear
functional space endowed with an inner product < -, - > such that for any t € I, K(¢,) €
HK, and

f(t) =< K(t, '), f>k, VfeHk.

We then estimate [y via the following regularized least square scheme

BeEHK

B = arg min {— /5 t)dt)* + AIIBIIK} (2)
where A > 0 is a regularization parameter. Given the estimate (3, 5, the prediction 7, ) is

obtained by
s (X) = / X () B (t)dt
T
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We consider the integral operator associated with kernel K as
L)) = [ K(s.00f(5)ds
I

for f € £2. Because of non-negative function of K, the square root operator L}(/Q of Li
can be constructed, see Section 2. The covariance function of X is also a symmetric,
square integrable, and non-negative definite function defined on I x I as

O(s,t) = E(X(s)X (1))

Hence, the integral operator

mwxwz/C@wﬂ@m

I

is well defined and non-negative definite. The main contribution of this paper is to show
that if

K% 1= esssup HL%ZX]F < 00, (3)

and
1/2

Tr((Li Lol + A1) 'L/ 2Leli®) < ed™®, WA > 0. (4)

where 0 < 6§ < 1 and c is a positive constant, then we have for any 0 < § < 1, we have
with confidence at least 1 — 4,
4\4
() — Em) < 8L, )

where C' is a positive constant. Condition (3) coincides that the range of L%Q on the
sample paths of the stochastic process forms a bounded subset of £2? almost surely. The
trace of the operator (L%QLCL%Z +)\I)_1L}</2LCL}(/2 is called effective dimension in learning
theory (see [17]). Condition (4) reflects the convergence of the eigenvalues of Lx and L¢,
as well as how their eigenfunctions align each other.

The outline of this paper is given as follows. In Section 2, we review basic preliminaries.
In Section 3, we show our main minimax optimal results and explain the conditions we
assume here. Finally, some concluding remarks are given in Section 4.

2 The Regularization Model

2.1 Preliminaries

For a real, symmetric, square integrable, and nonnegative definite function R : I x I — R,
we define an integral operator Ly : £2 — £2? as

LMﬁ@%=/R@JM®M&

I
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It is well-known (see Proposition 11.20 in [9]) that Lg is a Hilbert-Schmidt operator
on £2, and thus is compact. The spectral theorem implies that there exists a set of
orthonormalized eigenfunctions {F : k > 1} and a sequence of eigenvalues 0F > 0% >
.-+ > ( such that

R(s,t) = Y _0fuf(s)vil(t), Vs,tel,

k>1

and
Then the square root operator of Lg is defined by

Ly (WF) = Ly (0f) = (/0R0E,

where

R'V2(s,t) = > (J0fi(s)ef(t), Vstel

k>1
Define
(R1Ry)(s,t) = /Rl(s,u)Rg(u,t)du.
I

Then LR1L32 = LR1R2'

2.2 The Formulation

For brevity, we shall write
/2, . 1/2
T = L,/’LoLy,

Let 7, and ¢ be the eigenvalues and eigenfunctions of T as a compact operator on £2.
Then {¢y : k > 1} form an orthonormal basis of £ and

T(f) =Y 7 < frop > on, Vf € L2

k>1

Define the empirical covariance function as
1
Cn(S, t) = — Z XI<S)XZ(t)

and
T, = Li/’Le, LI/,

where L, is an integral operator such that for any f € £,

Lo, f(t) = / Co(s,8)f (3)ds.

4




Recall that L}(/Q(EQ) = Hg. Therefore, there exist fo, fx € £ such that

Bo=Lfo and Bux =L fur

In the following, we assume that Hy is dense in £2, which ensures that f, and fa\ are
uniquely defined. This assumption can be satisfied when K is a universal kernel, such as
Gaussian kernel, see [14, 13].

Now (2) can be rewritten as

NIRRT

Jox = arg {ﬁ Z(Yi_ < XL f )+ )\||f||2} :
i=1

It is not hard to see that

fn,)\ = (Tn + AI)_I(TnfO + gn)a

where I is the identity operator and
i=1 Z Z

It is also clear that
Emnn) = Emo) = ITV2(fur = fo)lI*
Recall that
Y, =< Xi, LI fo > +ei.

Then we obtain
T2 (far = SNl < ITV2(Ta + AL) 'gull +
T2 (T, + AT) " Tofo — fo)l- (6)

In the next section, we estimate the terms of (6) so that £(n,.) — E(no) can be obtained
in (5).

3 The Analysis

The main technical tool in our analysis is the integral operators, which is an important
approach in learning theory, see [12]. Some techniques used here are also closely connected
with the recent papers [5, 8] and references therein. We first define a quantity measuring
the learning complexity of kernel regression, the effective dimension of T [17, 4], to be the
trace of the operator (T + AI)~'T as follows:

D(A) = Tr((T + AI)"'T).

We consider that ||-[|,, stands for the usual operator norm, that is, [|Ul|,, = sup . =1 [[Uf]]
for an operator U: £2 — £2. Under the assumption in (3), we show the following results.
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Theorem 3.1. Under the assumption in (3), for any 0 < § < 1, with confidence at least
1 — 0, there holds
1T+ AT)"Y2(T = To) lop < Bualog(2/90),

where

To show the above theorem, we need the following probability inequality stated in

10].

Theorem 3.2. Let H be a Hilbert space and & be a random wariable with values in H.
Assume that ||€||ly < M almost surely. Let {&1, &, ,&,} be a sample of n independent
observations for &. Then for any 0 < § < 1,

_ 2Mlog(2/5) \/ZE(HéH%) log(2/9)

n n

)

n <
=1

H

with confidence at least 1 — §.

Proof of Theorem 3.1: Consider the random variable
= (T+ M) <L’X, > LI°X.

It takes values in HS(L?), the Hilbert space of Hilbert-Schmidt operators on £2, with
inner product < A,B >ps= Tr(BTA). The norm is given by ||A[|%,¢ = >, [|Ae;||* where {e;}
is an orthonormal basis of £2. The space HS(L?) is a subspace of the space of bounded
linear operators on £2, with the norm relations

1Allop < [|Allrs,  [1ABl[zrs < [[Allzs]|B|op- (7)

Recall the set of eigenfunctions {py : k¥ > 1} of T form an orthonormal basis of £2. By
the definition of the HS norm, we have

_ 1/2 1/2
I€l3s = YT+ < Li2X, o > LX)
k
< T+ AT ILEX Y < X g > P
k

AL X

IN

IN

K

e

It follows that

1§llms <

5
p DN



Also L%QX € L? can be expanded by the orthonormal basis {¢;}; as

L}(/QX = Z < L}(/2X, wr > Q.
l

Hence

I€l5s = DI <Li®Xope > <L*X, > (T+ A1) 0|
k l

1
< <LV2X op > 2 <LY’X o > 2
1/2 2
<Lt X wr > ’
< lexpy =te X

We can see that

Applying Theorem 3.2 to the random variable £ with M = %, we know by (7) that with
confidence at least 1 — 46,

R A [ DGR

IN

S IR &
i=1 HS

2k%10g(2/6) 2k2D(\) log(2/4)
o nvA * \/ n
< Bplog(2/4).

The theorem follows. O



We note that if A and B are invertible operators on a Banach space, one can see the
following decomposition of the operator product

BA'=(B—-AB'B-AA'+(B-AB+1 (8)

By considering A = T, + AI and B = T 4+ AI in (8), and applying Theorem 3.1, we have
the following results.

Theorem 3.3. Under the assumption in (3), for any 0 < § < 1 with confidence at least
1 — 0, there holds

B, log(2/6) 2

Moreover, the confidence set is the same as that in Theorem 3.1.

I+ AT) (T, + AD) oy < (

Proof: We apply (8) to the operator A = T, + AI and B = T + AI. By applying the
bounds ||(T, + AI) ™o, < 1/X and ||(T + AI)~2||,, < 1/V/X gives

1 :
FIT+AD) (T = T3, +

! g
=T+ AD) 72T = To)llop + 1

VA

(T + AI)(Ta + AI) Hlop <

Here we have used the fact that
[0V]|op = [[(UV) " lop = IIVTUT [op = [[VUlop 9)

for any self-adjoint operators U, V on Hilbert spaces. The application of Theorem 3.1 yields
with the same confident set in Theorem 3.1,

1T+ AT+ AD) Moy < (%H(HAI)‘l/Z(T—Tn)Hoﬁ1)

The theorem follows. [J
Next we can bound the first term on the right-hand side of (6) using Theorem 3.3.

Theorem 3.4. Under the assumption in (3), for any 0 < § < 1, with confidence at least
1 — 0, there holds

ITY2(T, + A1) g <

o(l0g3)* (Bun
KO vV

2
+ 1) B




Proof: By applying the fact (see e.g. [1, Lemma A.7]) that

A" B lop < |ABI[5,, 0 <~ <1,

op’

for positive operators A and B on Hilbert spaces and (9), we have

ITY2(T0 + A1) g
(T + A1) Y2(Ty + A1) ™2l (T + AT)T2(T + AT) Y2l (T + AT) 72, |

<
< T+ AD)(Ty + AL) " lop[(T + A1)~ 2g, ).

By using Theorem 3.3, we have with confidence at least 1 — §/2

By, x1log(4/90) y 1) 2

(T + AT)(T + A1) lop s( o

To estimate ||(T + AI)/2g,]|, we recall that

= % ; eiL}(ﬂX
and consider the random variable & defined by
€ = (T+ A1) 2(eL)*X).
It takes values in £? and satisfies
E(€) = E[e(T+ AI) Y22 X] = E[E[e(T + A1) Y2LY2 X|X]] = 0
and

Elé> = EleY <Ly?X,¢ > (T+ A1)
l

E( LY2X, g >)

9

g A+T7

) 4 Z<T9017901 >
)\+Tl

= UQD()\).

Hence we obtain

E||(T + A1) /2g, | = B~ Zau? BIEIE _ o2)

n



By applying Markov inequality, we have with confidence at least 1 — 0/2,

2 D(A
I(r+ 212, < 2P < T

n KO
This together with (10) proves the theorem. [J
Next we estimate the second term of the right-hand side in (6).

Theorem 3.5. Under the assumption in (3), with the same confidence set of Theorem
3.1, there holds

125 42D T~ ol < LV (222800 1),

VA

Proof: Since (T, + A\I)'T,.fo — fo = —A(T, + M) fy, we get from Theorem 3.3 with
confidence at least 1 — §/2,

IT2((T,, + AD) " T fo — fo)ll

< AT+ AD) 2Ty 4+ AD) 2 opl T+ AT
< ISlIVAIT + AT)(T, + AT 12
< ||fo||ﬁ(w+1). (11)

VA

Note that (10) and (11) hold simultaneously with probability at least 1 — ¢/2, we thus
derive the error bound. [J

Next we derive explicit learning rates of regularized least squares for functional linear
regression, we need to quantify the increment of D(\) with a parameter 0 < § < 1 and a
constant ¢ > 0 as in (4).

Theorem 3.6. Under the assumption (3) and (4), for any 0 < 6 < 1, by taking A =
(%)1%9, we have with confidence at least 1 — 9,

C(log 4)*n 50
() — E(m) < TE) T

where C' is a constant independent of n or §.

Proof: Let A = (%)ﬁls, it is easy to check B, \ < 2k(k + /c)V\. Since Theorems 3.4
and 3.5 hold simultaneously with probability at least 1 — §, we get from (6)
E(Mn) — E(no)

IT2(fr — fo)lI?

< 2 (VAT 4 ML) gl + [TV(T, + XD Tafo — S0)IP)
4y4 0'2 R\K C
< ol R (TR OT D et v+ 1P
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This proves the theorem with

C—9 (02<2H(I€ + \/5) + 1)6 N (2/1(,% n \/E) i 1>2HfOH2) ,

K2

O
Here we give some remarks for the above theorem. In terms of methodology, the
analysis in this paper is most closely related of that of [3], where a minimax rate of
convergence of the excess risk is derived under the assumption that the eigenvalues 75, of
T decay as follows:
e < ek, (12)

for some constant ¢; > 0 and 1/2 < r < oo'. We note that our assumption in (4) for

0 < # < 1is more general than that in (12). In fact, if (12) is satisfied, it is easy to check
that

127' 2

D)\ — = _—
= P

o c
/ — T dgt< A
0 Cl + )\t2T

It implies that condition in (4) holds with # = 5-. We thus conclude the results in the
following theorem.

Theorem 3.7. Suppose the eigenvalues {1y : k > 1} of T satisfy 7. < c1k™" for some
constant ¢; > 0 and 1/2 < r < oo. Under the assumption in (3), for any 0 < 6 < 1, we
have with confidence at least 1 — 6,

E(Mn) — E(mo) < 52

The convergence rate presented in Theorem 3.7 is the same as the minimax rate in
[3]. It is interesting to note in [3] that the following assumption

B ([ X(t)f(t)d) <o ( ([xwswa) ) (13)

for all f € £% with ¢, > 0, is required in order to derive the minmax rate for (2). We
know by Cauchy inequality that

(E (/HX(t)f(t)dt>2>2 <E (/HX(t)f(t)dt)4. (14)

!The original assumption in [3] requires eigenvalues {7 : k > 1} satisfy 7, < ¢/k=2" for some 0 < r <
oo and ¢ is a positive constant. But the proof of [3, Lemma 1] requires r > 1/2.
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It is clear to see that (13) is an opposite inequality to (14). Therefore, (13) may be very
difficult to verify except for Gaussian data X. Compared with (13), our assumption (3)
is more realistic. In fact,

E|L2X|? = E<LgX, X >=E H HK(s,t)X(s)X(t)dsdt
X

= K(s,t)C(s,t)dsdt
IxI

< K| z2ax - 1O z2axn-
By Markov inequality, for any 0 < n < 1, with confidence at least 1 — 7,

HK||£2(11X11) ) HCHG’(I{XD

L2 X% <
K n

This implies ||L}(/2X |? is a bounded set with high probability. From a practical point
of view, although condition (3) is not satisfied for any non-degenerate Gaussian process,
real-data processes are bounded as usual. Hence, results of the paper can be considered
as complimentary results to [3].

4 Concluding Remarks

In this paper, we have derived the minimax rate of of regularized least squares for func-
tional linear regression. Our required assumptions are more general and realistic than
those in the literature. On the other hand, we focus on scalar response in the functional
linear model. It would be interesting to consider multiple responses arising from multi-
linear model and study the corresponding regularized least squares setting as a future
research work. Such a setting can have useful applications in image and multi-dimensional
signal processing.
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