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Abstract

The unit cell method is widely used in thermal calculations -of composite. The formulation of a unit cell
involves the construction of geometric configuration and the derivation of boundary conditions. The process
is closely related to the structure symmetries of composites and the macro heat flux. In this work, two issues
are studied to further appropriate utilization of such method. First, unit cells that formulated based on
different paths of different structure symmetries could have the same configuration while different
boundary conditions, and leads to some confusions; second, the uniform temperature boundary condition is
frequently used without rigorous mathematical derivation and physical consideration, and leaves some
uncertainty of its_reliability. In this work, three typical composites, unidirectional fiber reinforced, plain
woven and three-dimensional four-directional braided composites are studied. For each composite, one unit
cell is formulated and two types of boundary conditions are derived. The influence of formulation path on
unit cell formulation and the application scope of uniform temperature boundary conditions are then
clarified based on corresponding calculations and analysis.
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Nomenclature
Abbreviation

ATS antisymmetric thermal stimulus
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BC

boundary condition

BCa, BCb boundary condition derived from Path a and b, respectively
RVE representative volume element
STS symmetric thermal stimulus
UBC uniform temperature boundary condition
UC, UC1, UC2, UC3 unit cell and numbered ones
ub unidirectional fiber reinforced
1D, 2D, 3D one-, two-, three-dimensional
3D4d three-dimensional four-directional
symbols
a length of unit cell in x-direction
length of unit cell in y-direction
h length of unit cell in z-direction
ai, qi° local and macro heat flux in i direction
T temperature
X, Y, Z coordinate direction
pa effective thermal conductivity in i direction

VTS, VT2, VT2, VT,
subscripts

X1, Y1, 21

macro temperature gradients in i-, x-, y-, z-direction

coordinates of node

1. Introduction

For a high-speed vehicle like hypersonic one, the surface temperature may reach a value of 1600°C or
even higher [1, 2] in a very short time of hundreds of seconds. Under this condition, a reliable and efficient
thermal protection system (TPS) is required, and the thermal characteristics of relevant TPS composites
should be deeply studied.

The effective thermal properties of composites can be efficiently calculated by a representative volume
element (RVE) model. According to the structure of composites, there are two types of RVE can be
formulated. For composites with random phase distributions such as needled composites (randomly
distributed short fibers) [3, 4], fiber layers in proton exchange membrane fuel cell (randomly distributed

short fibers and pores) [5-8], porous materials (random pores) [9-11], granular composite (random



reinforcing granula) [12] and thermal barrier coatings (random pores) [13, 14], the RVE is formulated based

on statistical parameters (e.g., phase volume fraction) of the composite structure. Due to the structure

stochasticity, such RVE is an approximate rather than accurate model.

For another type of composite with certain geometric symmetries such as textile reinforced composites

[15-26] and idealized foam materials [27-30], the RVE can be formulated based on_structure symmetries.

Such RVE is the so-called unit cell (UC). In composites, any complex symmetric structures can be

decomposed into three types of symmetric structures: translation along an axis, reflection about a plane and

rotation about an axis for a certain angle (mainly 180°) [31]. The translational symmetry is always used to

formulate a full UC first, and the other two symmetries can then be used to reduce the unit cell size. Each UC

needs corresponding boundary condition (BC) to represent the macro structure. The derivation of BC should

be based on rigorous mathematical and thermo-physical considerations [32]. In most above Refs. [15-19, 22,

23], only translational symmetries are employed to formulate unit cells, and the periodic relative temperature

or periodic temperature gradient are the appropriate BC for such unit cells. In the authors’ works about plain

woven [20], satin woven [32, 33], three-dimensional four-directional braided (3D4d) [34] composites, the

reflectional and 180° rotational symmetries are used to formulate unit cells, and the results show that such

two symmetries will reduce the UC size while lead to more complicated BC.

Compare with the RVE of randomly structured composites, a UC model of symmetrically structured

composites can be theoretically accurate in representing the macro composite; however, the formulation of

an accurate UC is relatively complicated. In general, it involves construction of geometric configuration and

derivation of BC, and the process is closely related to the structure symmetries and macro thermal condition

(heat flux/temperature gradient field) of the composite. At present, the complex coupling relation between

these four factors needs further studies, mainly in two aspects. First, in previous literatures, the utilization of

different combination of symmetries (expressed as UC formulation path in this work) means different
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configurations and different BC of the UC; however, sometimes different symmetries may formulate the
same geometric configuration and meanwhile the derived BC are still different; this brings about some
confusions in simulations and needs to be clarified. Second, the typical uniform temperature BC (UBC) is
very easy to apply, good for convergence, and thus preferred by many simulations; however, sometimes it is
used without rigorous mathematical derivations or physical considerations [24, 35, 36], this leaves some
uncertainty; thus the application scope of UBC should be determined.

In this work, three typical composites, the unidirectional (UD) fiber reinforced, plain woven and 3D4d
braided composites are studied. Such three composites can represent fiber yarns, 2D woven, 3D braided
composites, respectively. For each composite, one UC is formulated by two different paths. Then based on
corresponding calculations and analysis, the influence of formulation path on UC formulation is clarified and
the application scope of UBC is determined.

2. Constitutive equations

For a thermal conduction problem, e.g., the calculation of effective thermal conductivities of

composites, the constitutive relation between macro heat flux and temperature gradient is shown in Eq. (1).
q° =-AVT®,i=x,y,z 1)

where ¢.”is the-macro (global) heat flux, A°is the effective thermal conductivity, VT’ is the macro

temperature gradient, and i is the component direction. For a specific case, if one of ¢° and VT’ is given

as boundary conditions, the other one will be obtained by solving heat differential equation and appropriate

post-processing, and the effective thermal conductivities 1° can then be calculated based on Eq. (1).

3. Two formulation paths of the unit cell

As discussed above, the unit cell is established based on three types of structure symmetries, i.e.,
translation along an axis, reflection about a plane and 180° rotation about an axis. For a specific composite, a

UC can be formulated based on a certain path. Sometimes different formulation paths will build up the same
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UC configuration. In order to study the influence of formulation path, typical paths should be discussed first
for UD, plain woven and 3D4d braided composites. It should be noted that these three types of composites
are studied because: first, UD composite is relevant to all textile reinforced composites since the textile fiber
yarn is a sort of UD composite; second, the plain woven composite is a typical 2D woven composite with
laminar structures, while 3D4d braided composite is the representative of 3D braided composite; third, the
formulation paths (see later subsections) of UC for these composites involves all structure symmetries and
their combinations. It should be mentioned again that three types of structure symmetries, i.e., translational,
reflectional and 180° rotational symmetries are used to formulate UC in this work.

Figures 1, 2 and 3 show different paths from composite to unit cells for UD, plain woven and 3D4d
braided composite, respectively. It has to be stated that all the three composites are anisotropic while
transverse-isotropic, and thus the UC formulation can be discussed in transverse direction and axial direction,
respectively.

3.1 UD composite

Figure 1(a) is the unit-cell formulation in transverse (x-, y-) direction, while the lower Fig. 1(b) is the
axial (z-) direction. UC1 of black lines, UC2 with blue background, and UC3 with white background are
three unit-cells of reducing size. The right part of Fig. 1(a) lists three paths from composite to each unit cell.
It should be noted that UC3 is the smallest UC that can be formulated by translational symmetries, and it will
be 'used to conduct the simulation in this work. UC3 can be formulated based on three paths, Path a:
translational symmetries along x- and y-direction by periodic lengths of (a, b); Path b: translational
symmetries along x- and y-direction by periodic lengths of (2a, 2b), and additional reflectional symmetries
about P, and P," (indicated in structure of UC2); Path c: translational symmetries along x- and y-direction by
periodic lengths of (4a, 4b), additional reflectional symmetries about P,° and Py0 (indicated in structure of

UC1), and further reflectional symmetries about P,* and Pyl (indicated in structure of UC2).



In the axial direction as shown in Fig.1 (b), the structure has translational symmetries of arbitrary
periodic lengths, which means that the UC can have an arbitrary height. UC1, UC2 and UC3 can be
formulated by translational symmetries directly, and at the same time, there are corresponding reflectional
symmetries between them. The three formulation paths are very similar to that listed in Fig. 1(a). To be
summarized for UD composites, UC3 has three paths (Path a, b and c).

3.2 Plain woven composite

Figure 2 shows the formulation paths from plain woven composites to multi-size unit cells. Plain woven
composite has typical laminated structure. Figure 2(a) is the transverse (x=, y-) direction while Fig. 2(b) is the
axial direction. As shown in Fig. 2(b), the mainly difference with that of UD composite is in the axial
direction: UC1, UC2 and UC3 can only be formulated by one path, i.e., translational symmetries by certain
periodic length, and the length must be multiples of a single laminate (height of UC3). To be summarized for
plain woven composites, UC3 has three paths (Path a, b and c), and no reflectional symmetries exist in axial
direction.

3.3 Three-dimensional four-directional braided composite

Figure 3 shows the formulation paths from 3D4d braided composites to multi-size unit cells. Compared
with the plain woven composite, the structure of 3D4d braided composite is more complex and has totally
different formulation paths. As shown in the upper right part of Fig. 3, the mainly difference is in the
transverse direction, between UC1, UC2 and UC3, there are 180° rotational symmetries rather than
reflectional ones. For the axial (z-) direction, 3D4d braided composite has the same situation with plain
woven composite. To be summarized for 3D4d braided composites, UC3 has three paths (Path a, b, c), and
no reflectional symmetries exist in all directions.

In fact, for the axial (z-) direction of 3D4d composite, one can also formulate UC1 based on some 180°

rotational symmetries indicated in UC2 structure, and UC2 can also be formulated based on that of UCL. In
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this work such paths are not considered for the case of paper length, and only the translational symmetry is
considered in z-direction.
3.4 Path summary and unit cell models

The formulation paths from composites to UC3 are summarized in Table 1. The dimension of all the
UC3 is assumed to be a x b x h. In later discussions, it is used to conduct the example calculation for each
composite. UC3 can be formulated by three paths: Path a, the one based on translational symmetries only;
Path b and c, the combination of translational and other two types of symmetries. In this work, both Path a
and Path b are considered to derive two types of boundary conditions, BCa and BCb. It leads to a confusion
that one UC can have two different boundary conditions. Therefore, in later sections, BCa is used to conduct
corresponding calculations, and the numerical results on boundaries are compared with BCb and the
confusion is thus clarified.

Figure 4 shows the UC3 modelsfor UD, plain woven and 3D4d braided composites, respectively. The
red region is the fibers or fiber yarns while the blue region is the matrix. The right lower diagram is the
schematic of formulation Path a, which is based on three translational symmetries along x-, y-, and z-axis. All
the UC models can be simplified as a cube with dimension of a x b x h, which specifically are 1 x 1.732 x
0.25 mm,1.92 x 1,92 x 0.34 mm and 2.49 x 2.49 x 4.318 mm for UD, plain woven and 3D4d braided
composites, respectively. For plain woven composite, the cross section and the axis of fiber yarns are defined
by cosine functions and similar configurations can be found in [20]. For a 3D4d unit cell, according to the
discussion in [21], its geometric configuration is closely related to two parameters, i.e., the interior braiding
angle (the angle between fiber yarns and z-axis), and the fiber volume fraction which are 30° and 0.5 in this
work, respectively. Also, the elliptical cross-sectional fiber yarns are adopted in the model establishment.

4. Boundary conditions from different paths

4.1 Macro thermal stimuli



For reflectional and 180° rotational symmetric structures, the direction of macro heat flux will influence
the derivation of BC. In this work if the macro heat flux is parallel to the reflection plane or the 180° rotation
axis, it will be defined as symmetric thermal stimulus (STS), while if perpendicular it will be antisymmetric
one (ATS). Under STS and ATS, for reflectional and 180° rotational symmetric structures, the relative
temperature relations between symmetric nodes (M and M’) are summarized as two equations, Eg. (2) and

Eq. (3), respectively:

STS: T, =Ty =Ty —To (2)

ATS: Ty, =Ty =Ty =Ty 3)

where O is the reference node and O’ is its symmetric node. The two equations are confirmed by
corresponding calculations, and the physical meanings are stated in [32]. When M comes to a boundary, the
STS and ATS equations can be used to derived BC of unit cells. It should be noted that for translational
symmetric structures, all the macro heat flux will have STS expression, and Eg. (2) can be used to derived
relevant BC.

In this work, the boundary planes of UC3 are expressed as P; ~ Pg as shown in Fig. 5. The structure
symmetries used in the formulation of each boundary plane (Path b) are summarized in Table 2. The BC of
each plane are derived based on the periodic BC of UC2 and the relevant symmetries listed in Table 2. As
discussed above, for reflectional and 180° rotational symmetries, the macro heat flux (q,’, qy0 and g,°) should
be considered as STS or ATS by its relative relations to symmetric planes or axes. In Table 2, for each
boundary plane, q,, qy0 and g;’ are listed as STS or ATS, and it is very important for the BC derivation of
corresponding planes. Take P, of UD composites as an instance, during the Path b of UC3, P, is relevant to a
translational symmetry along x-axis and a further reflectional symmetry about plane P,> which is

perpendicular to x-axis. Under this condition, the macro heat fluxes g, g,° and g,° which are perpendicular,
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parallel and parallel to P,°, respectively, can be considered as ATS, STS and STS, respectively. It should be
noted that for translational symmetric structures, no matter the macro heat flux is perpendicular or parallel to
the translational axis, the relative temperature relations between symmetric nodes satisfy periodic
distribution.

For UC3, the boundary conditions derived base on Path a and b can be expressed.as BCa and BCb,
respectively. BCa is derived by translational symmetries, and should be the periodic BC, while BCb is that
derived based on the periodic one for UC2 with additional reflectional or 180° rotational symmetries. BCa
has a well-known expression, thus the key point of next subsection'is to derive BCb for each composite.

4.2 Boundary conditions from Path a

For three types of composites, the periodic BCa has the expression as shown in Eq. (4). The relative
temperature relations of corresponding nodes are in periodic distributions. The VT, VTy0 and VT, in
equations are the macro temperature gradients in x-, y- and z-direction, respectively. Equation (4-1) is the BC
of nodes on boundary planes excluding those on edges and vertices, this is because during the applying of
such BC, the nodes on edges and vertices are always over constrained: the nodes on a specific edge will be
constrained by BC equations of the two adjacent planes, and the nodes on a specific vertex will be
constrained by BC equations of the three adjacent edges. In commercial software like ANSYS or ABAQUS,
such redundant constraints will stop the program running. Therefore, the BC of edges and vertices should be
derived and imposed on separately. Equations (4-2) and (4-3) are the boundary conditions of edges and
vertices, respectively, and they can be derived based on Eqg. (4-1). The edges and vertices are indicated by
numbers with black and white circles, respectively, as shown in Fig. 5. Equation (4) will be used to conduct

relevant simulations.



Planes:

Pi= Py Ty ~ Ty =2V
P3 - P4 :T(leovzl) _T(xl,b,zl) = bVTYO
P5 - P6 :T(xl,yl,O) _T(xlv)’ph) = hVTZO

Edges:

9-17:Ty0.) ~Taos) =avVT’

9-11:Ty 0.y~ Topzy =OVT,’
9-14:T5 )~ Tapsy =aVT,2 +bVT
10-16:Ty, o) = Tay0) =2VT,’
10-12:To, o= Ty = VT,
10-18:Ty, o~ Tiay, m=2aVT," +hVT]
19-13:T,, 00~ Tixp0) =PVT,’
19-20:T,, 6.0~ Toom =hVT,°

19-15:T, o0~ Tom =DVT, +hVT]

Vertices :

1-2:Tp00) ~ o0 =aVT°
1-3:T00 — Tiano) = aVTX0 + bVTy0
1-4:T00~ Tono = bVTy0

1-5:T 00~ Toom =NVT,’
1-6:Tg00 —Taon =aVT, +hVT,

1-7:Tpo0 — Tapm = avT+ bVTyo +hvT?

1-8:T00 — Tionm = bVTy0 +hvT)

4.3 Boundary conditions from Path b

(4-1)

(4-2)

(4-3)

The second formulation Path b will lead to totally different boundary conditions, BCh. Before the

derivation of BCb, the periodic BC for UC2 should be stated first as shown in Eg. (5). BCb can then be

derived based on Eg. (5) and relevant structure symmetries indicated in UC2.

The derivation processes for UD, plain woven and 3D four-directional braided composites are listed in

Tables 3, 4 and 5, respectively. The derived BCb of UD, plain woven and 3D4d braided composites are

shown in Egs. (6), (7) and (8), respectively. It should be noted that the BC described in Egs. (5) ~ (8) will not

be directly used in calculations, thus the constraint equations on edges and vertices are not displayed. In all
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the equations, the subscript represents the coordinate of node. x;, y; and z; mean the coordinates of nodes on

a specific plane or edge; a, b and h are lengths of unit cell in x-, y- and z- direction, respectively.

Pl - P2 T(O ¥i.21) T(Zav ) = ZaVTXO
PS - P4 T(x1 0,) T(x1,2b,z1) = 2bvTyo
Ps =P " Tows0 ~ Tomzm = 2hVT,”

Boundary conditions for UD composites:

0 Pl :T(Ov)ﬁvzl) _T(O,O,O) =0
Under g’ _ i
2 'T(a,yl,zl) _T(O,O,o) = —aVTX
P T, -T =0
(%,0,2)) (0,0,0)
Under g i
4 'T(xl,b,zl) _T(O,O,O) = _bVTy

Under qoz: ES :T(leylvo) _T(O,O,o) =0

s Tonyor) ~ T000) = —NVT,’
For plain woven composites:
P To. Vi) ~T00 =0
Under q%: P, Ty o) —Tooo = —aVT,"
P, — P -T(xl,yl,O) _T(xl,yl,h) =0
Py T 0.) ~T000) =0
Under o%: P, i Ty i) = Too) =—DVT,’
Ps =P “Ty.00 ~ Toym) =0
Under g P, =P, T~ Toaym =hVTS

For 3D four-directional braided composites:

P Ty Toyun-z) ~ 2000 =0
P, T(ayZl +Tayh 2) _ZT(ooo ——2aVT°

Under ¢°: P, T 0m) ~ Towons =0
Ps Tz = Togonzy =0
P-P:T, . o-T

(%,¥1,0) (¥1,y1:h)

=0

)

(6-1)

(6-2)

(6-3)

(7-1)

(7-2)

(7-3)

(8-1)
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P Ty~ Tonzy =0
P, :T(a,ylvzl) _T(a,yl,hle) =0
Under o°: P, :T, o)+ Toeona — 2To00 =0 (8-2)
Py Ton + Townnz — 2Ti000) =—20VT,”
PPy T 00— Toyom =0
P Toye + Towne) — 2000 =—hVT,
P, Ty + Tanz — 2000 = —NVT,
Under 0’ Py T, o)+ Toonsy — 2000 = —NVT, (8-3)
Py T om + Towna — ZT000) =—hVT,’
Py =P Ty — Toym = VT,

It should be noted that BC in Egs. (4) and (5) can be used to simulate heat conductions in three
directions (.0, q,” and g.’) at the same time, however, that in Eqgs. (6), (7) and (8) are derived in three
directions separately. This is because for translational symmetries, the macro heat flux in all directions can
be considered as the same stimulus (STS), and Eq. (2) can be used to derive BC under all conditions (g, qyO
and g%, thus a unified form can be obtained; while for reflectional and 180° rotational symmetries, the
different direction of macro heat flux will lead to totally different Egs. (2) or (3), thus the BC should be
derived in three conditions, separately. This indicates that under a 3D heat conduction problem, only the UC
that formulated and the BC that derived by translational symmetries are available; for 2D problems, the UC
that formulated by reflectional or 180° rotational symmetries are also available under certain conditions, i.e.,
when the heat flux components are the same stimulus.

The derivation process listed in Tables 3, 4 and 5 should be described in more details, take case qx0 in
Table 3 as an instance: for P, and P, the macro heat flux can be considered as ATS (see Table 2), then BC of
P, and P, can be derived based on Eq. (5) and Eq. (2) (ATS); for P; ~ Ps the macro heat flux can be
considered as STS (see Table 2), then BC of P; ~ Ps can be derived based on Eq. (5) and Eq. (1) (STS);
finally, the BCb of UC3 under q,° can be derived as shown in Eq. (6-1). Similar processes can be found for

cases of g,”and q,’, and also for other two types of composites in Tables 4 and 5. The detailed BC derivation

12



(from Egs. (5) and (2) or (3) to Egs. (6) ~ (8)) can be described by the case P; with g,° of UD composite (see
Table 3):
UC3 is formulated based on UC2, and P, = (0, vy, z) is formulated by reflectional transformation about
P, = (a, Y, z) (see Fig. 1). M is an arbitrary node on Py, M’ is the node that reflectional symmetric to M, then
we can have coordinates of M = (0, y;, z;) and M’ = (2a, Vi1, z1). Node O = (0, 0, 0)<is assumed to be the
reference node, and its symmetric node is O = (2a, 0, 0).
The macro heat flux can be considered as ATS (see Table 2), thus Eg. (3) can be used to derive BC.
Express M, M, O, and O’ by coordinates, Eg. (3) becomes:
T(O,yl,zl) _T(O,O,O) :T(Za,O,O) _T(Za,yl,zl) ©)
According to the BC of UC2 (P, - P, in Eq. (5)), Eg. (9) can be further derived as:
Toy2) ~ V00 =9 (10)
It is clear that Eqg. (10) has the same expression as the first equation of Eq. (7-1). The other derivations
listed in Tables 3, 4 and 5 have the similar process, and will be omitted here. However, the reflection planes,
rotation axes and translation axes relevant to each boundary should be stated here: for UD composite (Eg.
(6)), Py and P, corresponds to reflection plane P,' = (a, y, z), Ps and P, correspond to reflection plane P,* = (x,
b, z), while Ps and Ps correspond to reflection plane P,* = (X, y, h) (see Fig. 1); for plain woven composite
(Eg. (7)), P1 and P, correspond to reflection plane P,' = (a, y, z), Ps and P, correspond to reflection plane P,*
= (X, b, z), while Ps and Pg correspond to translation z-axis (see Fig. 2); for 3D4d composite (Eg. (8)), P, and
P, correspond to rotation axis Ly’ = (a, y, h/2), P; and P4 correspond to rotation axis Lx* = (x, b, h/2), while
Ps and Pg correspond to translation z-axis (see Fig. 3).
The characteristics of BCb as shown in Egs. (6), (7) and (8) are summarized in Table 6. For UD
composites, as indicated in Eqg. (6-1), under qXO, the boundary planes in x-direction should have uniform

temperature BC (UBC) while the boundary planes in y- and z-direction are adiabatic ones, and the same
13



situation can be found for the cases of g,° and @,’. For plain woven composite, as indicated in Eq. (7-1),
under g,° and q,°, the boundary planes in x-direction should have UBC, while the boundary planes in
y-direction are adiabatic and that in z-direction are periodic ones; under q.,°, boundary planes in z-direction
are periodic while in x- and y-direction are adiabatic BC. For 3D4d braided composites, as indicated in Eq.
(8), for all the boundary planes in x- and y-direction, the upper part and the lower part should have constraint
relations, while the boundary planes in z-direction are periodic conditions. According to Table 2 and Table 6,
one can find that: 1%, reflectional symmetries will lead to uniform temperature distributions on the boundary
planes; 2". the 180° rotational symmetries will bring about constraint relations between two corresponding
halves (lower and upper, left and right, etc.) of a single boundary plane.

In this paper, the periodic BCa (Eq. (4)) are used to conduct the calculation, and the results on boundary
planes will be compared with the temperature fields constrained by BCb (Egs. (6), (7), (8)). If the numerical
results satisfy the descriptions of BCb, it can be concluded that a unit cell can have different BC but will
obtain the unique results. It means that for such a unit cell, the specific formulation path is not important
provided that its BC is derived rigorously based on its own path.

5. Model discretization

Figure 6 is the meshed models for UD, plain woven and 3D4d braided composites. ANSYS Mechanical
is-used to conduct the calculation. The element is the 3D thermal solid element SOLID70 which is a
hexahedron with 8 nodes. For UD, plain woven and 3D4d braided composites, the model has 21580 elements
and 24607 nodes, 704747 elements and 236906 nodes, and 3030525 elements and 4049794 nodes,
respectively. It also should be noted that the numerical results obtained in this work are independent of mesh
size.

In order to apply the periodic BC, the corresponding boundary planes should be meshed identically. As

shown in the right lower diagram of Fig. 6, for unit cells established in this work, the symmetric planes are
14



P, and P,, Pz and P4, and Ps and Pe.
6. Results and discussions
6.1 UD composites

Figures 7 (a), (b) and (c) are temperature fields obtained under macro heat flux in x-, y- and z-direction
(0", g,°, g.), respectively. In the calculation, the temperature of reference node (0, 0, 0) is assumed to be 0,
and the macro temperature gradient is 20. The fields on boundary planes in calculation directions, e.g.,
planes x = 0 and x = a for the case of q,°, are displayed separately. As shown in Fig.7, all the boundary planes
have uniform temperature distributions as described in Eg. (6) and as summarized in Table 6. It means that
the BC used in the simulation is derived by Path a (translational symmetries), while at the same time the
results on boundaries satisfy the conditions that derived by Path b (the combination of translational and
reflectional symmetries). Therefore, for UD composite, a unit cell can have different formulation paths and
different boundary conditions, while unigue numerical results.
6.2 Plain woven composites

Figures 8 (a), (b) ‘and (c) are the temperature fields of plain woven composite under g, qy°, a0,
respectively. The temperature of the reference node (0, 0, 0) is 0, and the macro temperature gradient is 20.
The fields-on boundary planes in calculation directions are displayed, separately. As shown in Figs. 8 (a) and
(b); the temperature on boundary planes P; ~ P, are uniform as summarized in Table 6. However, as shown in
Fig. 8(c) the boundary planes Psand Pg have non-uniform temperature fields. This phenomenon is very
closely related to the formulation path of those boundary planes as summarized in Table 2, i.e., P~ P, can
be formulated by the combination of translational and reflectional symmetries, while Psand Pg can only be
formulated by translational symmetries.

As shown in Fig. 8(c), if the temperature fields on Psand P are investigated, one can find further

reflectional symmetric and 180° rotational symmetric fields. The black dashed lines represent reflection
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planes (perpendicular to paper) while the black circle indicates 180° rotation axis (perpendicular to paper). It
worth noting that these boundary results imply corresponding structure symmetries in the UC structure as
shown in Fig. 9. In Fig. 9, the matrix is not shown to display the fiber yarns clear, the two blue planes are
reflection planes, and the black line is the rotation axis, and such structure symmetries can be used to further
formulate unit cells with smaller size.

6.3 3D four-directional braided composites

Figures 10(a), (b) and (c) are the temperature fields of 3D4d braided composites under q°, q,°, g.’,
respectively. The fields on boundary planes in calculation directions are displayed. All the boundary planes
(P~ Pg) of 3D4d braided composites have non-uniform-temperature fields since the formulation path of
these boundary planes are combinations of translational and 180° rotational symmetries, rather than
reflectional ones. Compare the results on Py and P, translational symmetric (periodic) relations between
corresponding locations can be found. The same situation can be found on P; and P4, and Ps and Pe.

If the boundary temperature fields are further investigated, 180° rotational symmetric fields can be
found. The black point in boundary planes indicates the rotation axis (perpendicular to the paper).
Temperature fields on.P; & P, and P; & P, imply 180° rotational symmetries about axis X; and Y,
respectively, while that on Ps and Pg indicate symmetries about Z; and further Z,. Figure 11 shows the 180°
rotational symmetries in the structure of the present UC. The radius of fiber bundles is smaller than that in
Fig. 4 to display its orientation clear. The thick red lines are the fiber yarns while the blue lines are the
rotation axes. In the right four diagrams of Fig. 11, one specific fiber bundle L; and its symmetric bundles are
used to clarify the structure symmetries. It is clear shown that L; and L;  are 180° symmetric to each other
about Xy, L, and L, ” are symmetric about Y,, and L; and L, " are symmetric about Z,, while L, and L, are
180° symmetric about Z,. Also, all these structure symmetries can be used to further formulate unit cells with

smaller size.
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From Figs. 9(c), 10(a), (b) and (c) one can notice that the nonuniformity on the non-isothermal

boundary planes is relatively small: for z-plane of plain woven, transverse (x-, y-) planes of 3D4d, and

z-plane of 3D4d braided composites are on the orders of about 1%, 6% and 2% of the global temperature

scales, respectively. This means that even if rigorously wrong, the UBC can be a good and easy

approximation for some problems. However, the error is dependent on several factors, €.g., the difference of

thermal conductivities between fiber yarns and matrix. An additional case of 3D4d braided composite is

calculated by increasing thermal conductivities (both transverse and axial) of fibers 10 times (no change of

matrix), and the finally calculated nonuniformity on transverse planes increases to 13%. Therefore, it is

essential to evaluate possible errors before the utilization of UBC.

6.4 Summary

First of all, according to the above discussions in this section we can obtain a conclusion: a UC can be

formulated by different paths and can have different BC, whereas the numerical results are unique. For such

a unit cell, the specific formulation path is not concerned provided that the BC is derived rigorously. Thus,

one can choose a formulation path and derive corresponding BC that appropriate for his own work.

Secondly, the temperature on all the boundary planes (P, ~ Pg) of UD and the x- and y- boundary planes

(P1 ~ P,)-of plain woven composite have the same distribution with UBC, which means that for such

boundary planes the UBC is fortunately correct. However, the results on z- boundary planes (Ps and Ps) of

plain woven and all boundary planes (P; ~ Ps) of 3D4d braided composites have totally different

distributions with UBC, which means that for such boundary planes of such unit cells, UBC is incorrect. If

Path b for P, ~ Psof UD composite and P, ~ P, of plain woven composite is re-examined, one can find

reflectional symmetries (see Table 2). So, it can be concluded that UBC is correct for boundaries that can be

formulated based on reflectional symmetries, while inappropriate for others. This gives researchers a
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criterion of whether UBC is appropriate for their models, especially for the situation that complex boundary

conditions are difficult to apply.

7 Conclusions

In this work, the utilization of unit cell method in thermal calculation of composites is studied and two

issues, i.e., the confusion of one configuration with different boundary conditions and-the application scope

of uniform temperature boundary condition are clarified. Three types of composites, unidirectional fiber

reinforced, plain woven and three-dimensional four-directional braided composites are studied. For each

composite, one unit cell is formulated, and two types of boundary conditions are derived based on two

different formulation paths: Path a of translational symmetries, and Path b of combinations of translational

with reflectional or rotational symmetries. The numerical results show some conclusions:

1. A unit cell can be formulated by different paths and can have different boundary conditions, whereas

the numerical results are unique. For such a unit cell, the specific formulation path is not concerned provided

that the boundary condition is derived rigorously. Thus, one can choose a formulation path and derive

corresponding boundary‘conditions that appropriate for his own work.

2. For unit _cells and boundaries that can be formulated by reflectional symmetries, the widely used

uniform temperature boundary condition (UBC) is correct, while for unit cells that can only be formulated by

translational symmetries or 180° rotational ones, it is inappropriate. For UD composites, UBC is correct for

thermal calculations in all directions; for plain woven composites, it is correct in x- and y-direction while

inappropriate in z-direction; for three-dimensional four-directional braided composites, it is inappropriate for

all directional thermal calculations.

3. The calculated temperature fields on boundary planes always indicate further structure symmetries

that can be used to formulate unit cells with smaller size.
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Table 1 Formulation paths from composite to UC3

ubD Plain woven 3D4d braided
Path a Transl. Transl. Transl.
X-,y- Pathb Transl.+Refl. Transl.+Refl. Transl.+180° Rot.
Path c Transl.+Refl.+Refl. Transl.+Refl.+Refl. Transl.+180° Rot.+180° Rot.
e Path a Transl. Transl. Transl.
z- Path b Transl. + Refl. / /
Pathc  Transl. +Refl.+Refl. / /
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Table 2 Structure symmetries for each boundary plane (formulation Path b)

ub

Plain woven

3D4d braided

Transl. (x) + 180° rot.

Symmetries Transl. (x) + refl. (L x) Transl. (x) + refl. (L x)
Py (/1y)
0 0’s 0 ATS; STS; STS ATS; STS; STS ATS; STS; ATS
Transl. (x) + 180° rot.
Symmetries Transl. (x) + refl. (L x) Transl. (x) + refl. (L x)
P2 (Hy)
0 0’s ATS; STS; STS ATS; STS; STS ATS; STS; ATS
Transl. (y) + 180° rot.
Symmetries Transl. (y) +refl. (Ly) Transl. (y) + refl. (L)
P, (/1x)
a: 0y°; o STS; ATS; STS STS; ATS; STS STS; ATS; ATS
Transl. (y) + 180° rot.
Symmetries Transl. (y) +refl. (Ly) Transl. (y) + refl. (Ly)
P4 (/ / X)
o a,% g STS; ATS; STS STS; ATS; STS STS; ATS; ATS
Symmetries Transl. (z) + refl. (L2) Transl. (z) Transl. (2)
Ps
o a,% g STS; STS; ATS STS; STS; STS STS; STS; STS
Symmetries Transl. (z) + refl. (L 2) Transl. (z) Transl. (2)
Pe
a; Oy O STS; STS; ATS STS; STS; STS STS; STS; STS
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Table 3 Derivation of BCb of UD composite

Boundary conditions Eqg. No.

under q°

Eqg. (5) +tATS EqQ. (3) =
P Ty ) ~Tooo =0
P, Ty ~ To00) = -avT)

Eq. (5) +STS Eq. (2) = P, P, , P, P, : adiabatic

(6-1)

under g°,

Eqg. (5) +tATS EqQ. (3) =

P :T(xl,O,zl) _T(O,O,O) =0

P, :T(lebvzl) _T(O,O,O) = —bVTyO

Eqg. (5) +STS Eq. (2) = P,, P, ,P;, P, : adiabatic

(6-2)

under g’

Eq. (5) +STS Eq. (2) = P,,P,,P;, P, :adiabatic
Eqg. (5) +ATS Eqg. 3) =
P, :T Tio00 =0 (6-3)

(x1.%1,0)

Ps:T,

: (X1,y1:h) -

Tioo0) = ~hvT?
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Table 4 Derivation of BCb of plain woven composite

Boundary conditions Eqg. No.
Eq. (5) +ATSEq. )=
Pr Moy ~ Tio00) =0
under qOX P, i Tiayzy) ~ To00) = —aVTXO (7-1)
Eqg. (5) +STS Eq. (2) = P;, P, : adiabatic
Periodicity = P, = Py 1T, o) = Toeyom =0
Eqg. (5) +STS Eq. (2) = P,, P, : adiabatic
Eq. (5) +tATS Eqg. (3) =
under g’y Ps “Tiw0.2) ~Toon =0 (7-2)
P, Tn) ~ Vo0 =—0VT,’
Periodicity = P, = Py 1Ty, o) = T yom =0
Eqg. (5) +STS Eq. (2) = P,, P, ,P,, P, :adiabatic
under g’ - _ (7-3)
Periodicity = P, —= Py 1T, o) =Ty =0
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Table 5 Derivation of BCb of 3D four-directional composite

Boundary conditions Eqg. No.

Eq. (5) +ATS Eq. (3) =

P Toy2) T Toyonz) ~ 2T 500 =0
Py Ty + Tayinz) ~ 21000 =-2avT’

under g% Eqg. (5) +STS Eq. (2) = (8-1)
Pt T 02y — Tixongy =0
P i Tobz) ~ Toxbinzy =0
Periodicity = P, = Py i T\ o) = Toeyom =0
Eq. (5) +STS Eq. (2) =
P T2~ Toynz) =0
P Ty~ Tayhoz) = 0

under q° Eq. (5) +tATS Eq. 3) = (8-2)
Py iT 02 F Tixoonz) — 21000 =0
Pyt Tob.ay T Tixbinozy — 2T00,0) = —2bVTy°
Periodicity = P, — Py 1T, o) =T yom =0
Eq. (5) +ATS Eq. (3) =
P Towen T Towatoz) ~2T000) = ~-hvT?

. P Ty o ey a) — 2T000) =—hVT,°

under g, Py Ty 0y * Tt sy — ZToos) = —hVT, (8-3)
Py T by Tixvinozy — 2T00,0) = ~-hvT?
Periodicity = P, = Py i T\ o) = Toyom =0
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Table 6 Summary of boundary conditions derived from Path b

ub Plain woven 3D4d braided
0 a° o O ay° g’ O ay’ 0.’
P, Uniform Adiabatic Adiabatic Uniform  Adiabatic Adiabatic  ULC! ULC ULC
P, Uniform  Adiabatic Adiabatic Uniform  Adiabatic Adiabatic ULC ULC ULC
P; Adiabatic Uniform  Adiabatic Adiabatic Uniform  Adiabatic ULC ULC ULC
P, Adiabatic Uniform  Adiabatic Adiabatic Uniform  Adiabatic ULC ULC ULC
Ps Adiabatic Adiabatic Uniform
Periodic Periodic Periodic Periodic  Periodic Periodic

P¢ Adiabatic Adiabatic Uniform

YULC: upper and lower constraint
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S S

Three formulation paths

Path a
Tran. (x: a,y: b)) —» UC3

Path b
Tran. (x: 2a,y: 20)— UC2
+Refl. (L PYH  — UC3

Path ¢

Tran. (x: 4a,y: 4b)—» UC1
+Refl. 7, B")  —> UC2
+Refl. LB  —UC3

(a) Transverse direction

Path a
Tran. (z: /) —» UC3
Path b
Tran. (z: 2h) —>UC2
+Refl. (P.}) — UC3
Path ¢
Tran. (z: 4h) —» UC1
+Refl. (2.) — UC2
+Refl. (P.) — UC3
(b) Axial direction

Fig. 1 Paths from UD.composite to unit cells

Three formulation paths

Path a
Tran. (x: a,3:5) — UC3

Path b
Tran. (x: 2a,y: 2b) — UC2
+Refl. (P, P) —> UC3

Path ¢

Tran. (x: 4a,y: 4b) —» UC1
+Refl. (P, P,") — UC2
+Refl. (P}, P,)) — UC3

Path a
Tran. (z: 1) — UC3
Path b
Tran. (z: 2h) — UC2
Path ¢
Tran. (z: 4h) —> UC1

(b) Axial direction

Fig. 2 Paths from plain woven composite to unit cells
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Three typical formulation paths

Path a

Tran. (x: a,y: b)
Path b

Tran. (x: 2a,y: 2b)
+180° Rot. (L., L,")

Path ¢

Tran. (x: 4a,y: 4b)
+180° Rot. (L., L,)
+180° Rot. (L, L,")

Path a
» UC3<«—Tran.(z: h)
Path b
» UC2 «—Tran. (z: 2h)
»UC3
Path ¢
» UC1 <« Tran. (z: 4h)
»UC2
> UC3

Fig. 3 Paths from 3D four-directional braided composite to unit cells

3D 4d

Plain

Matrix - Fiber / Fiber yarn

Path a:
3 transl. symm.
in x-, y-, z-axis

Fig. 4 Unit cell models for three types of composites
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Py: (0,31, 21)
Py: (a, 31, 21)

P3: (xl, 0, zl)
P4: (xl, b, 2',1)

PS: (xh Y1, 0)
Pg: (xy, y1, )

Fig. 5 Boundaries of the unit cell

Plain
Matrix - Fiber / Fiber yarn

Planes need identical mesh

A
*\ A / Pl&Pz
i P& Py
Vi - 5N Ps& Ps

Fig. 6 Meshed models
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@ ¢’ o) ¢,

Formulation path:
Py ~ Ps: Transl + Refl.

T fields:
Pl =) P6: Uniform

X
© ¢

Fig. 7 Temperature fields of UD composites

P32‘l'=0

Pey=b

—
X

@) ¢, ®) ¢,

Formulation path:
Py ~ Py Transl. + Refl.
P; ~ Pg: Transl. only

T fields:

P, ~ Py: Uniform

P; ~ Ps: Non-uniform
(Refl and 180° rot. symm.)

Fig. 8 Temperature fields of plain woven composites
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Fig. 9 Further structure symmetries in plain woven composites
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Fig. 10 Temperature fields of 3D four-directional braided composites

Fig. 11 Further structure symmetries in 3D four-directional braided composites
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Highlights
1. The thermal conduction properties of three typical composites are studied based
on the unit cell method.
2. The influence of paths on the formulation of unit cells is clarified.

3. The application scope of uniform temperature boundary condition.is clarified.

34



