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A neural field model of the corticothalamic system is applied to investigate the temporal and spectral
characteristics of absence seizures in the presence of a temporally varying connection strength between
the cerebral cortex and thalamus. Increasing connection strength drives the system into an absence
seizure-like state once a threshold is passed and a supercritical Hopf bifurcation occurs. The dynamics
and spectral characteristics of the resulting model seizures are explored as functions of maximum con-
nection strength, time above threshold, and the rate at which the connection strength increases (ramp
rate). Our results enable spectral and temporal characteristics of seizures to be related to changes in the
underlying physiological evolution of connections via nonlinear dynamics and neural field theory. Spec-
tral analysis reveals that the power of the harmonics and the duration of the oscillations increase as the
maximum connection strength and the time above threshold increase. It is also found that the time to
reach the stable limit-cycle seizure oscillation from the instability threshold decreases with the square

root of the ramp rate.

© 2018 Published by Elsevier Ltd.

1. Introduction

Epileptic seizures involve intense, abnormal, synchronous neu-
ral firing in the corticothalamic system (Browne and Holmes,
2000; Coombes and Terry, 2012; Engel and Pedley, 1997; Hall and
Kuhlmann, 2013; Jirsa et al., 2017; Kim et al., 2009; Kramer et al.,
2012; Larter et al, 1999; Liley and Bojak, 2005; Lytton, 2008;
Lytton et al., 2005; Penfield, 1933; Robinson et al., 2002; Salek-
Haddadi et al., 2006; Schiff, 2012; Velazquez et al., 2006; Wendling
et al., 2005). Absence seizures are generalized epileptic seizures,
most commonly observed in children (Crunelli and Leresche, 2002;
Engel and Pedley, 1997; Proix et al., 2014; Suffczynski et al., 2004;
2005; Vercueil et al., 1998), which involve a sudden loss of con-
sciousness, motionless stare, and cessation of ongoing activities
(Browne and Holmes, 2000; Engel and Pedley, 1997; Panayiotopou-
los, 1999). The majority of absence seizures last for 20 seconds or
less (Panayiotopoulos, 1999).

The characteristic hallmark of absence seizure is bilaterally syn-
chronous “spike and wave” discharges (SWDs) with a frequency
of 3-4 Hz (Breakspear et al., 2006; Crunelli and Leresche, 2002;
Jirsa et al., 2014; Marten et al., 2009; Panayiotopoulos, 1999; Proix
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et al., 2014; Lopes da Silva et al., 1997; Suffczynski et al., 2004;
2005; Vercueil et al., 1998; Zhao and Robinson, 2015). A number
of authors have investigated the mechanism behind SWD gener-
ation (Breakspear et al., 2006; Crunelli and Leresche, 2002; Jirsa
et al., 2014; Marten et al., 2009; Panayiotopoulos, 1999; Proix et al.,
2014; Lopes da Silva et al., 1997; Suffczynski et al., 2004; 2005;
Vercueil et al.,, 1998; Zhao and Robinson, 2015) by using both neu-
ral network (Crunelli and Leresche, 2002; Panayiotopoulos, 1999;
Proix et al., 2014; Suffczynski et al., 2004; 2005; Vercueil et al.,
1998) and neural field approaches (Breakspear et al., 2006; Marten
et al., 2009; Zhao and Robinson, 2015). It is widely considered that
the transitions from healthy states to spike-wave discharges occur
upon changing corticothalamic connectivity strengths, e.g., increas-
ing excitatory connections between the cortex and the thalamus
(Breakspear, 2017; Breakspear et al., 2006; Chen et al., 2014; Des-
texhe, 1999; Dhamala et al., 2004; Guye et al., 2006; Kim and
Robinson, 2007; Luo et al., 2012; Marten et al., 2009; Meeren
et al.,, 2002; Roberts and Robinson, 2008; Robinson et al., 2002;
Rodrigues et al., 2009; Tan et al., 2007; Ullah et al., 2015; Wallace
et al.,, 2001; Zhao and Robinson, 2015). Thalamic involvement in
the SW generation is also supported by in vivo studies (Andrew,
1991; Prevett et al., 1995; Seidenbecher et al., 1998; Steriade et al.,
1998; Steriade and Contreras, 1998; Vergnes and Marescaux, 1992;
Voss et al., 2009; Williams, 1953).
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Many modeling studies have been done to find the underlying
corticothalamic mechanisms of absence seizures (Breakspear et al.,
2006; Chen et al., 2014; Marten et al., 2009; Roberts and Robin-
son, 2008; Robinson et al., 2002; Rodrigues et al., 2009; Yang and
Robinson, 2017; Zhao and Robinson, 2015), as well as oscillatory
activity during the pre-ictal to ictal transition in the cortex and
the thalamus (Berényi et al., 2012; Godlevsky et al., 2006; Liley
et al,, 1999; van Luijtelaar et al., 2016; Wendling, 2008). However,
the impact of underlying parameter changes on the onset and dy-
namics has not been studied in detail. The possible physiological
reasons behind the variation of the amplitudes of the oscillations
with time (Breakspear et al., 2006), which are seen in the clinical
EEGs like Breakspear et al., are also needed to be explored.

In this study, we apply a widely used neural field model of the
corticothalamic system (Breakspear et al., 2006; Kim and Robinson,
2007; Marten et al., 2009; Roberts and Robinson, 2008; Robinson,
2006; Robinson et al., 2002; 2004; Zhao and Robinson, 2015). Neu-
ral field theory (NFT) is a continuum approach that predicts the
dynamics of large numbers of neurons (Deco et al., 2008; Pinotsis
et al., 2012). This model (Freeman, 1975; Jirsa and Haken, 1996;
Nunez, 1974; Robinson et al., 1997) has reproduced and unified
many observed features of brain activity, including alpha rhythm
(O’Connor and Robinson, 2004; Robinson et al., 2003), age-related
changes in the physiology of the brain (van Albada et al., 2010),
evoked response potentials (Rennie et al, 2002), arousal state
(Abeysuriya et al., 2015) dynamics, and many other phenomena
as well as enabling estimation of underlying brain parameters by
fitting model prediction to data (Abeysuriya et al., 2014a; 2014b;
Breakspear et al., 2006; 2003; Chiang et al., 2011; Kim and Robin-
son, 2007; Marten et al., 2009; Roberts and Robinson, 2008; Robin-
son, 2006; Robinson et al.,, 2002; 2004; 2005; 2001; Rodrigues
et al., 2006; Zhao and Robinson, 2015). This model has also been
used in seizure studies (Breakspear et al., 2006; Kim and Robinson,
2007; Marten et al., 2009; Roberts and Robinson, 2008; Yang and
Robinson, 2017; Zhao and Robinson, 2015).

Several studies have demonstrated that a gradual increase of
the connection strength between the cortex and thalamus can pro-
voke seizure like dynamics in a NFT model of the corticothalamic
system as a result of a supercritical Hopf bifurcation (Breakspear
et al,, 2006; 2003; Marten et al., 2009; Zhao and Robinson, 2015).
However, the dependence of the seizure on the time course of the
connection strength has not been studied in detail. In this study,
we implement a smooth flat-topped temporal variation function
to vary level, duration, and ramp rate to explore the dependence
of the seizure dynamics on these parameters. The aims are to un-
derstand the effects of physiological parameters, such as, the max-
imum connection strength, the rate of change of the connection
strength, and the time course of the connection strength on the
temporal and spectral characteristics of model seizure dynamics,
and how the observed dynamics constrain the underlying physio-
logical parameters. We also intend to see the dependence of the
amplitude of the model seizure oscillations on these parameters
which possibly could lead us to relate the underlying physiological
changes to the variation of the amplitude of the oscillations with
time seen in clinical EEG (Breakspear et al., 2006).

The outline of this study is as follows: In Section 2 we present
the theory of corticothalamic neural field model, in Section 3 we
explain the numerical method, in Section 4 we explore the depen-
dence of seizure dynamics on the temporal variation of connection
strength, and in Section 5 we give a summary.

2. Theory
In this section we present a brief description of the corticotha-

lamic neural field model, along with the form of temporal variation
of corticothalamic coupling strength.
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Fig. 1. Schematic diagram of the corticothalamic model system. The neural popu-
lations shown are cortical excitatory (e), inhibitory (i), thalamic reticular (r), thala-
mic relay (s), and n = external inputs. The parameter vy, quantifies the connection

to population a from population b. Inhibitory connections are shown with dashed
lines.

2.1. Corticothalamic field model

In order to investigate the dynamics of absence seizure, we
use the neural field model of the corticothalamic system seen in
Fig. 1. The neural populations are denoted as: e = excitatory cor-
tical; i = inhibitory cortical; s = thalamic relay neurons; r = thala-
mic reticular nucleus; and n = external inputs. The dynamical vari-
ables within each neural population a are the local mean cell-body
potential V,, the mean rate of firing at the cell-body Q,, and the
propagating axonal fields ¢,. The firing rates Q, are related to the
potentials V; by the response function

Qa(r. t) = S[Vu(r.0)], (1)

where S is a smooth sigmoidal function that increases from 0 to
Qmax as Vg increases from —oo to oo, with

Qmax
1+exp[-7 (Vg —0) /03]

where 6 is the mean neural firing threshold, o is the standard de-
viation of this threshold, and Qmax is the maximum firing rate.

In each neural population, firing rates Q, generate propagating
axonal fields ¢, that approximately obey the damped wave equa-
tion

S(Vp) = (2)

Dagpa(r, t) = Qa(r, t), 3)
where the spatiotemporal differential operator D, is
1 92 20 22

where Yy, = vq/14, 14 and v, are the characteristic range and con-
duction velocity of axons of type a, and V2 is the Laplacian opera-
tor.
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The cell-body potential V, results after postsynaptic poten-
tials have been filtered in the dendritic tree and then summed.
For excitatory and inhibitory neurons within the cortex, this
is approximated via the second-order delay-differential equation
(Robinson et al., 2001)

Dava (l', t) = Vue¢e (l', t) + 1)aid’i (l‘, t)

'H)usd)s(n t— t0/2), (5)
where a = e, i and
1 d? 1 1\ d
DQZ@E_'_(&_'_E)E—F]' (6)

The quantities o and B in Eq. (6) are the inverse decay and rise
times, respectively, of the cell-body potential produced by an im-
pulse at a dendritic synapse. Note that input from the thalamus
to the cortex is delayed in Eq. (5) by a propagation time ty/2. For
neurons within the specific and reticular nuclei of the thalamus, it
is the input from the cortex that is time delayed, so

Do Va(r, t) = vaete (r, t — to/2) + vasps(r, t)
+Var@r (T, t) + Van@Pn (1, 1), (7)

where a =s, r. The connection strengths are given by vg, = NgpSqp
, where Ng, is the mean number of synapses to neurons of type
a from type b and sg, is the strength of the response in neurons
a to a unit signal from neurons of type b. The final term on the
right-hand side of Eq. (7) describes inputs from outside the corti-
cothalamic system.

2.2. Temporal ramping

Synchronous oscillations between neurons are generated and
propagated through the coupling of the various neuronal popula-
tions. Previous studies have shown that a gradual increase of the
coupling strength between the cortex and thalamus, vse, can drive
the system from a stable steady state to a periodic seizure-like os-
cillations (limit cycle) via a supercritical Hopf bifurcation (Andrew,
1991; Breakspear et al., 2006; Jirsa et al., 2014; Zhao and Robinson,
2015). In this paper, we thus ramp the corticothalamic coupling
strength vs from an initial value vy to a maximum value vpax
and back over time. We therefore incorporate a temporal variation
function into the model in order to vary vge

f(t) =tan™! [%] —tan~! [%] (8)

where t represents continuous time; t; is the time at which the
first inverse tangent function reaches its zero; t, is the time at
which the second inverse tangent function reaches its zero; and,
A is the characteristic rise and decay time. Next, 0 <f(t)<m, so
we scale the range of f(t), so v (t) ranges between vy and vmax
bie(©) = o+ (v — o) F—fmin ] (9)
fmax - fmin
where fmax and fi,;, are the maximum and minimum values of f(t)
for specific values of tq, t;, and A. An illustration of the resulting
profile given by Eq. (9) is shown in Fig. 2(a).

3. Numerical methods

We use NFTsim (Sanz-Leon et al., 2018), which is a publicly
available software, to solve Eqs. (1)-(7) numerically for the spa-
tially uniform case in which the V2 term in Eq. (4) vanishes. For
the spatially uniform case, the whole population responses simul-
taneously, which is consistent with the primary generalized ab-
sence seizures, where oscillations begin simultaneously across the
whole cortex. These are delay differential equations, because there

is a propagation time delay ty/2 between the different neural pop-
ulations present in Eqgs. (5) and (7). So, for this specific case, NFT-
sim uses a standard fourth-order Runge-Kutta integration method
to solve these equations with a time step dt of 10~% s.

We use the parameters in Table 1 as the initial parameters,
which are taken from (Breakspear et al., 2006), with the exception
of vse which we set to vg =1 mV s, at the start for every simu-
lation. Thus, we do not repeat the value of vy in the remainder of
the text. For the set of parameter values mentioned before, the cor-
ticothalamic system only has one stable steady state at low firing
rates representing normal waking states (Breakspear et al., 2006;
Robinson et al., 2002). Indeed, extensive comparisons with exper-
iment have demonstrated that the normal brain operates close to
stable fixed points (Abeysuriya et al., 2014a; 2015; 2014b; Breaks-
pear et al., 2006; Chiang et al., 2011; Rennie et al., 2002; Robin-
son et al., 2002; 2004; 2005). Note that because of the delay time
to/2, these initial steady state conditions are specified for times
—tp/2 <t <0.

The temporal evolution of vs is given by Eqs (8) and (9) and
depends of three parameters: The maximum connection strength
Vmax, Characteristic rise time A, and characteristic duration t, — t;.
Thus, to investigate the effect of the variation of vpax, we ramp up
Vse from v to vimax by setting t; = 100 s, t; =200 s, and A =10 s.
The maximum connection strength v,y is varied from 2.5 mV s
to 6.2 mV s. To investigate the effects of the variation of t; —tq,
we set Vmax =6 mV s, and A =10 s. The characteristic duration,
t, —tq is varied from 75 s to 125 s. Finally, to investigate the ef-
fects of the variation of A, we set vpax =6 mV s, t; = 100 s, and
t, =200 s, with a variation of A from 10 s to 50 s. A constant in-
put ¢, =2 s~ ! is given and no external noise is used for the simu-
lation. Simulations are made 300 s long. We record timeseries ev-
ery 5 ms. For the dynamic spectrum and power spectrum analysis,
we employ the FFT (fast Fourier transform) algorithm with a Han-
ning window of 600 data points with an overlap of 200 points and
sampling frequency of 200 Hz.

4. Seizure dynamics

In this section, we first describe the general characteristics of
a generalized absence seizure elicited by the corticothalamic sys-
tem under a temporal variation of v (Section 4.1). Based on
the observations from the previous subsection, Section 4.2 intro-
duces an analytically derived approximation to predict the transi-
tion time from the pre-ictal state (steady state dynamics) to the
ictal state (limit cycle dynamics). Next, in Section 4.3, we analyze
the limit-cycle dynamics of each of the corticothalamic popula-
tions. Finally, in Sections 4.4-4.6, we present a detailed investiga-
tion of the effects of changes in the temporal evolution of vg on
the model seizure dynamics by varying the maximum connection
strength vmax ; characteristic rise time A; and characteristic dura-
tion t, — t;, respectively.

4.1. General characteristics

The general characteristics of the dynamics of a model absence
seizure onset and offset are illustrated in Figs. 2(a)-(h).

Fig. 2(a) shows the temporal variation of vg. In this diagram,
we distinguish three different regions based on the rate of change
of vs and its sign: Region I from 50 — 125 s, is the rising period
in which ve(t —dt) < vse(t) < Vmax, and thus the rate of change
dvse/dt is positive and it reaches its maximum at t;. Region II from
125 — 175 s is the plateau period in which vg reaches its maxi-
mum value and dvg/dt ~ 0. Lastly, Region III from 175 — 250 s, is
the decaying period in which the rate of change dvs./dt is negative
and reaches its maximum decaying value at t,. These regions have
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Fig. 2. Corticothalamic dynamics for temporally varying v, with vy, =6 mV s, t; =100 s, t; =200 s, A =10 s, and rest of the parameters as in Table 1. (a) Temporal
profile of vg varying from vy to vmax and back. Three different regions are identified as: I = rising period, Il = plateau period, and Il = decaying period. (b) Cortical
excitatory field ¢, vs. t, showing a ~3 Hz spike-wave oscillation. (c) Zoom of ¢, at seizure onset. (d) Zoom of ¢, at seizure offset. (e) Time series of ¢, at seizure onset.
(f) Time series of ¢, at seizure offset. (g) Time series of ¢ at seizure onset. (h) Time series of ¢ at seizure offset. (i) Power spectrum of ¢, in Region II. An arbitrary dB
scaling is used to normalize the power because clinical EEG recordings involve an additional attenuation by structures between the cortex and the electrode, which we do

not model here.

a fixed width and are used in the remainder of the text to ana-
lyze different segments of the corticothalamic fields with respect
to variations of vg(t).

Fig. 2(b) shows the time series of ¢.. A sudden appearance of
oscillations is seen in this figure at t~102.2 s. The system transi-

tions rapidly to a periodically oscillating state from a stable steady
state as v increases, and then returns smoothly to the same sta-
ble steady state as vs decreases. The transition to periodic dynam-
ics is via a supercritical Hopf bifurcation (Breakspear et al., 2006)
for vee~1.8 mV s, while the SWDs develop for vee>3.4 mV s
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Excitatory corticocortical connectivity
Inhibitory corticocortical connectivity
Specific thalamic to cortical connectivity
Cortical to thalamic reticular connectivity
Specific to reticular thalamic connectivity
Cortical to specific thalamic connectivity
Reticular to specific thalamic connectivity
Subthalamic input onto specific thalamus
Maximum firing rate

Mean neuronal threshold

15

Table 1
Parameters of neural field model of (Breakspear et al., 2006).
Parameter  Value  Unit Meaning
Vee, Vie 1.0 mV s
Vei, Vii -1.8 mV s
Ves, Vis 3.2 mV s
Vre 1.6 mV s
Vrs 0.6 mV s
Vse 4.4 mV s
Vr -0.8 mV s
Vsndn 2.0 mV
Qmax 250 S’l
6 15 mV
o 6 mV
Ve 100 5!
o 50 s1
B 200 s7!
to 80 ms

Threshold standard deviation

Ratio of conduction velocity to mean range of axons
Decay rate of membrane potential

Rise rate of membrane potential

Corticothalamic return time (complete loop)

(Breakspear et al., 2006). The SWDs are consistent with the spike-
wave oscillations of the EEG of absence seizures (Breakspear et al.,
2006; Robinson et al., 2002).

A zoom around the seizure onset presented in Fig. 2(c), shows
that periodic oscillations of growing amplitude appear in ¢,, are
shortly followed by the appearance of SWDs which become more
prominent with time. The growth of the amplitude of the oscilla-
tions is very rapid until the spike-wave oscillations appear, then
gradually saturates as vge increases and reaches vpax.

Fig. 2(d) shows a zoom around seizure offset, where the sys-
tem returns to the resting equilibrium state after oscillations damp
away, consistent with the behavior of a supercritical Hopf bifur-
cation (Breakspear et al., 2006). The damping away of the oscilla-
tions is more gradual than the appearance of the oscillations in
Fig. 2(c). A close zoom also reveals the disappearance of spike-
wave discharges well before the oscillations vanish. This dissimilar-
ity between the onset and offset oscillations pattern, which arises
because the system bifurcates from a different stable state dur-
ing onset and offset, is accentuated by the long t, —t; and a slow
ramp rate A used in for this case. An additional test case with
ty —t; =14 s and A =2 s shows a much symmetric pattern like
the one presented in Fig. 3(b) of Breakspear et al. (2006). How-
ever, the asymmetry between offset and onset is still present. In
Breakspear et al. (2006), a small, yet evident, dissimilarity in the
onset and offset pattern can be seen in modeled time series and
clinical EEG time series showed in Figs 3(d)-3(e), 4(a) and 4(b), re-
spectively.

Fig. 2(e) shows the time series of ¢, for seizure onset. It again
shows the spike-wave oscillations like Fig. 2(c). From this plot, it
can be seen that ¢~ 10¢, during seizure. The secondary wave
spikes are also more prominent than those for ¢.. A very small
peak can be detected in the valleys of the waves, in accord with
previous results (Breakspear et al., 2006; Schiff et al., 1995). We
study these small peaks in more detail in Section 4.3.

Fig. 2(f) shows the time series of ¢, for seizure offset, which
exhibits a gradual decrease of the envelope with several sinusoidal
oscillations in the tail. The oscillations damp away nearly at the
same time as they do for ¢, but the amplitudes are larger.

Fig. 2(g) shows the time series for ¢s during seizure onset.
Here, we observe that the thalamic field of the specific nuclei is
smaller than ¢, but nearly equal to ¢.. In addition, the secondary
wave peaks are more prominent than those of the ¢, and ¢, but
the width of the waves is smaller than that of ¢, and ¢;.

Fig. 2(h) shows the time series of ¢s for seizure offset.
The oscillations damp away as for ¢. and ¢,. The specific
thalamic field also has a smaller value than ¢, and ¢, at
seizure offset. These outcomes coincide with the observations
of Breakspear et al. (2006), except that in this example we

6. (s

0 1 1 1 1
90 92 94 96

t(s)

Fig. 3. An overview of seizure onset of the time series of ¢., with vmax =6 mV s,
t, —t; =100 s, A = 30 s, and rest of the parameters as in Table 1. The gray squares
indicate (i) the threshold time, t,, at which oscillations start; and, (ii) the time at
which the first spike-wave discharge occurs, t.. The gray dashed line represents the
upper envelope of the oscillations during the characteristic time t;,. — ty. The black
dashed line represents the upper envelope of the SWDs amplitude which grow in
amplitude for t> t;. until reaching a maximum.

explore seizure dynamics in a longer time scale and for a
higher vmax. If we use the t, —t; =14 s, A=2 s, and vpax =
5.3 mV s, we can exactly replicate the results and figures of
Breakspear et al. (2006) despite the slight changes in the smooth-
ness the temporal evolution of vg,.

Finally, Fig. 2(i) displays the normalized power spectra of ¢, in
Region II as defined in Fig. 2(a). As expected, multiple harmonics
of ~3 Hz seizure oscillations are present in the power spectrum,
and their power decreases steadily with increasing frequency.

4.2. Analytic prediction of transition time from pre-ictal state to
spike-wave oscillations

In this section we predict the characteristic time required
by corticothalamic system to develop spike-wave discharges after
Vee(t) crosses a threshold enough to initialize periodic oscillations.

In the following paragraphs the characteristic time is analyti-
cally approximated as a function of (i) the amplitude of the upper
envelope of the oscillations A; and, (ii) the rate of change of v

tic =ty = f(A(t). dv/dt), (10)
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where ty is the time at which the first oscillation cycle starts as
illustrated in Fig. 3; and ¢ is the time at which the highest peak
of first SWD occurs, whose amplitude we denote with Aj. Also,
we use the following substitutions vy = vse(t = ty) and Ay = A(t =
tp), to denote the value of the corticothalamic strength and the
amplitude of the oscillations at the threshold time.

If we assume that the rapid-increase phase after crossing vy is
dominated by the leading term in the normal form of the equa-
tions for a stable supercritical Hopf bifurcation, i.e., dA/dt = BA,
where B o vr — vy, the growth of the oscillations amplitude A can
be approximated as

dA
a SO —velA, (11)

where C is a constant, v(t) is the instantaneous value of vg and vy
is the threshold value.

Because vs only varies with time t, we can make the approxi-
mation, v(t) — vy ot —tg near the threshold, when the oscillation
starts at Ay.

dA

a:c(tftg)A, (]2)
whose solution is

2

A =Apexp |:C(t2t€)i| (13)
Next, dividing both terms by Ay

A c(t —ty)?

A= exp |: 3 , (14)
where ¢ = Cdv(t)/dt|t:t9 is a constant; we then find for t = ¢,

cltie—1)*] _ Ac
exp |: 3 = A (15)
2 Al
tlc—tg = Eln <Ag>, (16)
k
fe —t) = ——— (17)

Jav(e)/dtl—,

where k =[(2/C) In(A,./Ay)]/? is a constant and independent of
dv(t)/dt|e,. So, the characteristic time from the start of the peri-
odic oscillations to the first spike-wave oscillation can be approxi-
mated as

tlc - l'g X (18)

k .
Jdveydt
and it is inversely proportional to the square root of the rate of
change of vg.

4.3. Characteristics of spike-wave oscillations

To analyze the difference in the limit cycle dynamics of the
fields ¢, ¢, and ¢ presented in Section 4.1, we plot a few cy-
cles of the SWDs and the trajectories of limit cycle dynamics on
the phase space defined by d¢,/dt vs ¢,. Fig. 4(a) shows the time
series of ¢, from t=149.5 s to t = 150.5 s, which is in Region
Il when vs ~vmax. The two peaks discussed previously are very
prominent. We indicate the peaks of the cycle around t =150 s
with the letters P and R, while the letters Q and S show the min-
imums. Fig. 4(b) shows the trajectories phase space for the indi-
cated wave. We see the trajectory starts from S, has a loop between
P and Q, then returns to S via R.

149.5 149.9 150.3 0 100 200 306
t(s) 6, ()
60 T T
@) T
<40 ¢ B
@
20 | J
R
PQ U
0 1 1
149.5 149.9 150.3

6, (™)

Fig. 4. Limit cycle dynamics of three different fields at ve ~ Vimax and t~ 150 s with
Vmax =6 mV s, t; —t; =100 s, A =10 s, and rest of the parameters as in Table 1.
(a) Close zoom of ¢.. (b) Phase space trajectory of ¢, for a single wave at t~150 s.
In (a) and (b), P is the first maximum, Q is the first minimum, R is the second max-
imum, and S is the second minimum. (c) Close zoom of ¢,. (d) Trajectory of ¢,. In
(c) and (d), P is the first maximum, Q is the first minimum, R is the second maxi-
mum, S is the second minimum, T is the third maximum and finally, U corresponds
to the third minimum. (e) Close zoom of ¢ and (f) trajectory of ¢s. For this last
two figures P, Q, R, S, T, and U follow the same order of maximums and minimums
as the previous ones.

Fig. 4(c) shows the time series of ¢, for t = 149.5 — 150.5 s. The
cycle around t = 150 s is marked with six points. Point P corre-
sponds to the first wave peak, Q to the first minimum, R to the
second peak and S to the second minimum, T to the third peak,
and finally, U to the start of the next cycle. The alignments of
the peaks of the waves have a ty/2 time shift from ¢, due to
the propagation delay between the different population. A ¢.(t)
VS, @e(t —tg/2) graph will show the waves with same alignment.
This happens because the signal needs ty/2 to reach from cortex
to reticular thalamus. The phase space for this wave is given in
Fig. 4(d). A limit cycle with three peaks is seen in this figure. The
amplitude of peak P is very small compared to the peaks R and
T. The amplitude of peak T is the biggest. The relative difference
between the amplitudes of the two largest peaks of ¢; is also less
than that for ¢e.

Fig. 4(e) shows the time series of ¢ for t = 149.5 — 151.5 s. The
cycle around t = 150 s is again labeled with the six points P, Q, R,
S, T, and U as in Fig. 4(c). The phase space for this wave is shown
in Fig. 4(f). It is seen that ¢s also has a third peak similar to ¢,.
However, the amplitudes of the peaks are much smaller than ¢;.
The width of the first and second peaks are also less than that of
¢r. The alignment of the peaks and minimums of the waves for ¢
is slightly forward than that of ¢r.

The phase space trajectory of ¢ is very similar to that of ¢e,
except the appearance of the third small peak at point U. Both ¢,
and ¢ have their highest values nearly at the same time, but the
amplitude of the second highest ¢s peak is smaller than that of
¢e. The alignments of the waves of ¢ also have a time delay rela-
tive to ¢., because the signal needs tp/2 s to reach from cortex to
thalamus and thalamus to cortex.

A close examination of Fig. 4 reveals the mechanism of a signal
flowing through the populations. A peak from ¢, reaches at ¢, and
¢s simultaneously approximately 40 ms later. A positive excitation
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Fig. 5. Effects of vmax on seizure dynamics. (a) Profiles of vg for vmax = 2,2.5, and
4 mV s with t; —t; =100 s, A = 10 s, and other parameters as in Table 1. Labels re-
fer to subsequent pairs of figures. Dashed line corresponds to the seizure threshold.
(b) Field for vmax =2 mV s. (c) Phase space trajectory for vpmax =2 mV s. (d) Field
for vmax = 2.5 mV s. Note that individual oscillations are not distinguishable on this
scale. (e) Trajectory for vmax = 2.5 mV s. (f) Field for vmax =4 mV s. (g) Trajectory
for vmax =4 mV s.

of ¢, appears immediately, which suppresses ¢s. This suppression
then influences ¢. 40 ms later. As a result, a negative perturbation
to ¢. is generated at the cortex, which then flows to the thalamus
again. By this time, ¢, has decreased in the absence of inputs. A
period of near silence in all three fields is reached at that point.
After a further time 40 ms, the negative signal from ¢, reaches the
thalamus and generates a negative excitation of ¢, which allows a
positive excitation of ¢s. This positive excitation then flows to ¢,
and initializes the next cycle of the loop. This morphology is also
consistent with Breakspear et al. (2006).

4.4. Variation of maximum connection strength

Fig. 5(a) shows the effect of varying the maximum connection
strength from vmax =2 mV s to vmax = 6.5 mV s, with fixed t; —
t; =100 s, A =10 s, and rest of the parameters as in Table 1.

Fig. 5(b) and (c) present time series and trajectories of ¢, for
Vmax = 2 MV s, respectively. It is seen that ¢, gradually increases
with vge until vge = vpax, then gradually returns to its initial value
when v returns to vy. No oscillations are developed in this case.

Fig. 5(d) shows time series of ¢, for vmax = 2.5 mV s, which
is enough to initiate periodic oscillations in the system but with
a lower firing rate than for higher vmax. Fig. 5(e) is the phase
space diagram for vmax = 2.5 mV s. An unstable fixed point is seen
to spiral outward with a growing amplitude until it reaches onto
the limit cycle attractor. This region corresponds to the left half of
Fig. 5(d), when vge is ramped up to vmax from vg. When vge re-
turns to vy, the orbit decays on the same manifold.

A dominant spike-wave oscillation is observed from the time
series of ¢ for vmax =4 mV s in Fig. 5(f). The oscillations are
seen to start much earlier before vs reaches its plateau value
Vmax = 2.5 mV s, because the system crosses the threshold ear-
lier for greater vmax. Fig. 5(g) shows the phase space diagram for
Vmax = 4 mV s. A stable limit cycle oscillation with a greater am-
plitude is seen in this figure. The small second loop on the limit
cycle represents the second spike with a smaller amplitude. This
second spike was absent in the phase space diagram of vpax =
2.5 mV s. The amplitudes of the small loops, which correspond to
the small spikes remain equal for all v,k values. The amplitude
of ¢, is found to increase with increasing vmax. However, when
Vse > 6.2 mV s, we find that the system does not return to its ini-
tial resting state when vg returns to vy because system settles to
another stable steady state at ¢e ~ Qmax-

The dynamic spectrum and power spectrum of the harmon-
ics that have peak power above —20 dB are shown in Fig. 6.

log p (f) (dB)
=20 0 20 40

(b}

f{Hz)
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Fig. 6. Spectral variations for different vy, with t; —t; =100's, A = 10 s, and rest
of the parameters showing in Table 1. The power density of the harmonics is cal-
culated for frequencies in between 0-20 Hz and power in between —20-30 dB. A
Hanning window of 600 data points with an overlap of 200 points and sampling
frequency of 200 Hz was used for the spectrogram. Color bar shows the dB scale of
the power spectrum. (a) Dynamic spectrum for vpax = 2.5 mV s. (b) Average spec-
trum for vmax = 2.5 mV s. (c) Dynamic spectrum for vmax =4 mV s. (d) Average
spectrum for vmax =4 mV s.

Fig. 6(a) shows the dynamic power spectrum for vmax = 2.5 mV
s. During seizure we observe a frequency peak f~3 Hz in the
spectrum, consistent with the characteristic frequency of absence
seizures. Fig. 6(b) shows the average power spectrum from 125 s
to 175 s for vmax = 2.5 mV s. Three harmonics are observed above
—20 dB in this figure, but the second and third are much weaker
than fundamental. Fig. 6(c) shows the dynamic power spectrum for
Vmax = 4 mV s; multiple harmonics are seen in this figure. Fig. 6(d)
shows the average power spectrum for vpmax =4 mV s, showing
that both the number of intense harmonics and their power in-
crease for vpax =4 mV s.

From Fig. 6(a) and (c), it is seen that the number of intense har-
monics increases with vmax, as do the duration above —20 dB and
the spectral width and power of the harmonics. A broadening of
the frequency during the seizure onset due to the rapid change of
connection strength for higher vmax is also observed in these fig-
ures. Fig. 6(b) and (d) show that the amplitude of the harmonics
increases with vy,x. However, close examination shows that the
limit cycle frequency decreases as vmax increases; e.g., the first
harmonic frequency drops from 2.93 Hz to 2.70 Hz as vpax in-
creases from 2.5 mV s to 6 mV s, consistent with large limit cycles
taking longer to traverse. An initial drop in frequency is seen, with
additional broadening due to the sudden seizure onset. An oppo-
site feature is seen at seizure termination. A small increase in fre-
quency is seen due to the sudden seizure offset.

Fig. 7 shows the effects of the variation of v, on the system.
Fig. 7(a) shows that ¢max, which is the maximum amplitude of ¢,
increases with vmax. Fig. 7(b) plots the powers of the harmonics
for different vmax, showing an increase of the power with vmpax.
The number of harmonics above —20 dB is seen to increase and
the duration of these harmonics also increases with vmax because
the system stays above threshold longer.
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Fig. 7. Effects of the variation of vma, with t; —t; =100 s, A =10 s, and other
parameters as in Table 1. (a) Change of maximum firing rate with vmax. (b) Power
spectrum for different vyax. Legend shows corresponding values of vyax.
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Fig. 8. Effects of A on seizure dynamics with vp,x =6 mV s, t, —t; =100 s, and
other parameters as in Table 1. (a) Profile of vs for A =5 s. (b) Field A =5 s.
(c) Profile for A =30 s and (d) field A =30 s. Individual oscillations cannot be
distinguished on this scale.

4.5. Variation of ramp rate

Variation of ramp rate is done by changing A in Eq. (8), with a
large A corresponding to a slow rate of change of vs. In order to
see the effects of A, we fiX vmax =6 mV s, t; —t; = 100 s, and rest
of the parameters as in Table 1.

Fig. 8 show the effects of A on the time series of ¢.. Figures
(a) and (b) show the profile of vs and the time series of ¢, for
A =5 s, respectively. Figures (c) and (d) show the profile of v
and time series of ¢, for A =30 s, respectively. It is seen the os-
cillations start earlier for greater A as the system crosses the bifur-
cation earlier. A zoomed view of the time series of ¢, for A =30s
has been shown in Fig. 3, in which it can be observed that the am-
plitudes of the oscillations increase very rapidly at the beginning.
This fast increase corresponds to a short characteristic transition
time as defined by Eq. (18). On the other hand, the characteristic
time for A =30 s would be much longer.
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Fig. 9. Effects of the variation of A with vpax =6 mV s, t; —t; = 100 s, and rest of
the parameters as in Table 1. (a) Seizure threshold, ty, vs. A. (b) Time t,. —t, to go
to the limit cycle oscillations from threshold, vs. (dvse/dt)’l/z.
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Fig. 10. Frequency spectrums in the ictal (125-175 s) states for different A with
Vmax =6 mV s, t; —t; = 100 s, and rest of the parameters as in Table 1. Color bar
shows dB scale of the power spectrum. (a) Dynamic spectrum for A =5 s. (b) Aver-
age spectrum for A =5 s. (¢) Dynamic spectrum for A = 30 s. (d) Average spectrum
for A =30s.

We show the change of t; with A in Fig. 9(a) to verify Eq. (18).
It is seen that the oscillations indeed start earlier for large A.
Fig. 9(b) shows t;. —ty vs. (clvab/dt)’m; a least-squares fit yields

tie — by = (0.028 £+ 0.002) (dvse/dt) " — (0.2 £0.2), (19)

which is consistent with Eq. (18).

Dynamic spectrograms and average power spectra for differ-
ent A are shown in Fig. 10. Fig. 10(a) and (b) show the dynamic
spectrogram and average power spectrum for A =5 s, respec-
tively. Fig. 10(c) and (d) show the dynamic spectrogram and av-
erage power spectrum for A =30 s, respectively. From Fig. 10(a)
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Fig. 11. Effects of t, — t; on the durations of the harmonics seen in the spectrogram
with peak power greater than —20 dB with vp,x =6 mV s, A =10 s, and other
parameters as in Table 1. Round dots are the durations of the oscillations for t; —
t; = 50 s. Squares are for t, —t; =75 s. Downward pointing triangles are for t, —
t; =200 s and upward pointing triangles for t, = 225 s.

and (c), it is seen that for a higher A, which corresponds to a
lower ramp rate, the duration of the oscillations increases. This
is because, for greater A and fixed vmax and t; — t;, the system
reaches the threshold earlier. Which causes the system to spend
more time above the threshold; hence, the system gets more time
to develop oscillations before transitioning to SWDs. However, the
durations of higher harmonics are greater for lower A and de-
crease sharply with increasing A. The frequency drop from the
seizure onset to the limit cycle oscillation also increases with in-
creasing A. Fig. 10(b) and (d), show that the power of the harmon-
ics decreases slightly with increasing A.

4.6. Effects of characteristic duration

By keeping t; constant and changing t,, we can vary the seizure
duration. We examine the dynamics of ¢, for several cases ranges
from t, —t; = 15 s to 125 s in order to see the effects of the vari-
ation of t; —t; on seizure dynamics by fixing vmax = 5.3 mV s,
Vo =1mVs, A =10 s, and rest of the parameters as in Table 1. In-
creasing t, —t; implies increasing the time spent above threshold,
which as a result will increase the duration of the oscillating pe-
riod. Fig. 11 shows the impact of the variation of t, — t; on the du-
ration of the harmonics seen in the frequency spectrum. It is seen
that the durations of the harmonics increase with t, —t;. We also
find that decreasing t, — t; decreases the asymmetry in the spiking
oscillation pattern seen in Fig. 2(c) and (d) for seizure onset and
offset, respectively. Spectral analysis also showed that the power
of the frequency peaks increases slightly with t, — t;. However, we
find that maximum firing rates are unaffected by the ramp dura-
tion, so long as there is time for the limit cycle to become fully
established, and the seizure oscillations start at the same value
of vg. Despite the variation of the duration of the harmonics, the
limit cycle frequencies are also identical for all cases related to a
higher value of viax. However t; — t; has significant impact on the
system with a small vyax. Fig. 12 shows an example of such sys-
tem with vpax =2.2 mV s, A = 10 s, and rest of the parameters as
in Table 1. Fig. 12(a) shows the time series of ¢ for t; —t; =50 s.
No oscillation is seen in this figure. Fig. 12(b) shows the time series
for t; —t; = 100 s. In this figure, a ~3 Hz oscillation with a very
small power of ~ —30 dB is seen for a very short period of time.
Fig. 12(c) shows the time series of ¢, for t, —t; = 150 s. Here we
see a prominent ~3 Hz spike wave oscillation with a power of
~9.4 dB. Hence, for a smaller vpax, seizure like dynamics can be
introduced by a greater t, — t;.
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Fig. 12. Time series for different characteristic durations t; — t; with vpax = 2.2 mV
s, A =10 s and parameters in Table 1. (a) ¢ vs. t for t; —t; =50 s. (b) ¢ vs. t for
t, —t; =100 s, and (c) @ vs. t for t; —t; =150 s.

5. Summary

We have used an established neural field model of the corti-
cothalamic system (Breakspear et al., 2006; Zhao and Robinson,
2015) along with a temporally varying connection strength be-
tween the cortex and the thalamus in order to study the depen-
dence of model absence seizures on a physiological connection
strength and its time course. Specifically, we investigated spectral
and temporal characteristics of seizures by varying the maximum
height, duration, and ramp rate of the coupling strength. Using
these outcomes, it is also possible to qualitatively predict the ef-
fects of varying other connection strengths because they will ex-
hibit similar dynamics due to the universality properties of the
Hopf bifurcation. The key outcomes are:

(i) The system exhibits a ~3 Hz limit cycle oscillation once the
connection strength crosses the bifurcation threshold, which
is the characteristic frequency of absence seizures. This is
consistent with previous studies that showed that increasing
the corticothalamic connection strength beyond a threshold
can push the system into the seizure state via a supercriti-
cal Hopf bifurcation (Breakspear et al., 2006; Marten et al.,
2009; Robinson et al., 2002; Zhao and Robinson, 2015). The
system can be returned to the resting equilibrium by de-
creasing the connection strength below the threshold. How-
ever, in cases with vpax 2 6.2 mV s, the corticothalamic sys-
tem may settle in a steady state close to Qmax.-

(ii) The maximum amplitude ¢, reaches during oscillatory
dynamics mostly depends on the maximum connection
strength, vmax. Increasing vmax also increases the firing rate
because an increase of the connectivity strength increases
the strength of the negative feedback loop between the cor-
tex and the thalamus and the amplitude of limit cycle.

(iii) Because the maximum connection strength increases the
amplitudes of the non-sinusoidal limit cycle oscillations, in-
creasing the maximum connection strength increases the
power of the harmonics as well as the characteristic num-
ber of harmonics. The frequency drop of the limit cycle fre-
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quency from the onset also decreases with the increasing
Vmax -

(iv) An increase of vmax increases the total duration of the
seizure because the system reaches threshold earlier and
stays longer above the threshold for greater vmax.
Oscillations start earlier for a longer ramp time A, because
the system crosses the threshold earlier. The total duration
of the seizure increases with A, because the system remains
above threshold longer. The average power of the harmonics
also decreases slightly with A.
(vi) The characteristic time required to reach spike-wave oscil-
lations from the start of oscillatory activity is predicted to
be inversely proportional to the square root of the rate of
change of the connection strength. A linear fit to numerical
results confirms this prediction. Using Eq. (18), one can pre-
dict the temporal scales at which underlying physiological
parameters operate in order to trigger and suppress absence
seizures.

Increasing the characteristic duration t, —t; above thresh-

old increases the total duration of the oscillations. It also in-

creases the power of the harmonics slightly.

(Viii) The characteristic duration t, — t; do not have significant im-
pacts on the wave properties of ¢, useless the temporal pro-
file has small amplitude. For a small vpax, it is possible to
reduce the amplitude and the strength of the seizure oscil-
lations by reducing t, — ty.

(v

—

(vii

-

Overall, the present study enables the spectral and temporal
characteristics of model seizures to be related to underlying phys-
iological variations and makes a range of specific, testable pre-
dictions, as summarized in the preceding points. The neural field
model we used, has been successfully used by several authors
to reproduced and unified many observed features of brain ac-
tivity, including seizures (Abeysuriya et al., 2014a; 2015; van Al-
bada et al., 2010; Breakspear et al., 2006; 2003; Kim and Robinson,
2007; Marten et al., 2009; O’Connor and Robinson, 2004; Rennie
et al., 2002; Roberts and Robinson, 2008; Robinson, 2006; Robin-
son et al., 2002; 2004; 2001; 2003; Rodrigues et al., 2006; Zhao
and Robinson, 2015). Previous studies also showed the quantitative
comparison of the prediction of this model about seizure with the
real EEG data (Breakspear et al., 2006). Hence, the outcomes can
also be used for potential clinical applications, such as explaining
the variability of seizure onset across subjects by examining the
temporal and spectral characteristics of seizure. By comparing the
amplitudes of the frequency peaks or the phase diagram of the pa-
tient with our analysis, it will be possible to constrain the mag-
nitude of the connection strength during a seizure. By comparing
the duration, number, and the width of the harmonics of the pa-
tient with our spectrograms it is also possible to find the duration
above the threshold, and the rate of change of the corticothala-
mic connection strength. Because the connection strength is also a
function of time, the study of the variation of amplitudes of clin-
ical EEG with time and the relation we found here between the
maximum connection strength and the amplitude, will let us map
the change of connection strength during the seizure.

The better understanding of the effects of magnitude, dura-
tion, and rate of change of the connection strength between the
thalamus and the cortex of the patient will be helpful to under-
stand the physiology from the wave-spike characteristics. A bet-
ter approximation of the physiological properties of the connec-
tion strength will be helpful to potentially inform seizure control
strategies (Schiff, 2012).
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