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SUMMARY

Several researchers have reported that the mean effective stress of unsaturated soils having a relatively high
degree of saturation gradually decreases under fully undrained cyclic loading conditions, and such soils can
be finally liquefied like saturated soils. This paper describes a series of simulations of fully undrained cyclic
loading on unsaturated soils, conducted using an elastoplastic model for unsaturated soils. This model is a
critical state soil model formulated using effective stress tensor for unsaturated soils, which incorporates
the following concepts: (a) the volumetric movement of the state boundary surface containing the critical
state line owing to the variation in the degree of saturation; (b) the soil water characteristic curve considering
the effects of specific volume and hydraulic hysteresis; and (c) the subloading surface concept for consider-
ing the effect of density. Void air is assumed to be an ideal gas obeying Boyle’s law. The proposed model is
validated through comparisons with past results. The simulation results show that the proposed model prop-
erly describes the fully undrained cyclic behavior of unsaturated soils, such as liquefaction, compression,
and an increase in the degree of saturation. Finally, the effects of the degree of saturation, void ratio, and
confining pressure on the cyclic strength of unsaturated soils are described by the simulation results. The
liquefaction resistance of unsaturated soils increases as the degree of saturation and the void ratio decrease,
and as the confining pressure increases. Furthermore, the degree of saturation has a greater effect on the
liquefaction resistance than the confining pressure and void ratio. Copyright © 2017 John Wiley & Sons, Ltd.
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1. INTRODUCTION

Soils are often subjected to cyclic loading under unsaturated conditions in practical situations, such as the
deformation of embankments and reclaimed areas during an earthquake. In Japan, the Sanriku–Minami
earthquake triggered a landslide in the town of Tsukidate onMay 26, 2003. An artificial fill in this disaster
area lost its effective confining stress under cyclic loading although the degree of saturation was around
70% [1]. The landfills along the northeastern shorelines of TokyoBaywere liquefied because of theGreat
East Japan Earthquake in 2011, which caused soil subsidence in an area of around 42 km2 [2]. Thus far,
several questions have been raised about the liquefaction potential of unsaturated soils.

Recently, many researchers have investigated the cyclic behavior of unsaturated soils by conducting
laboratory tests under fully undrained cyclic loading conditions. Ishihara et al. [3] studied the effects of
the relative density and degree of saturation on the undrained behavior of nearly saturated sand through
multiple series of monotonic and cyclic triaxial tests. Selim and Burak [4] conducted a torsional shear
test on unsaturated silty clay to explore the small and large strain behavior of unsaturated soils.
Okamura and Noguchi [5] observed the influence of air and suction pressure on the liquefaction
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resistance of unsaturated soils through a series of cyclic triaxial tests on a fine, clean sand and a non-
plastic silt under fully undrained conditions. Liu and Xu [6] studied the effects of the degree of
saturation, relative density, and confining pressure on the cyclic behavior of saturated and
unsaturated sand by conducting a series of strain-controlled cyclic triaxial tests under fully
undrained conditions. Tsukamoto et al. [7] conducted a series of undrained stress-controlled cyclic
triaxial tests on unsaturated sand to examine the changes in the cyclic resistance of silty sand with
different grain compositions. Further, Unno et al. [1, 8, 9] conducted a series of strain-controlled
cyclic triaxial tests on unsaturated soils under fully undrained conditions to study the liquefaction
behavior of such soils. Importantly, the existing experimental studies have revealed that the mean
effective stress of an unsaturated soil having a relatively high degree of saturation gradually
decreases and such a soil can be finally liquefied in a manner similar to saturated soils.

So as to predict the behavior of unsaturated soils, the coupling of mechanical and hydraulic behaviors
needs to be considered. Over the past decade, many researchers have proposed the coupling of an
elastoplastic constitutive model and a water retention curve model to capture the behavior of
unsaturated soils. Khalili et al. [10] proposed coupled flow and deformation models based on the
effective stress concept for cyclic analysis using the bounding surface plasticity, the hydraulic
hysteresis considering the change in density, and the coupled effect of suction hardening. Yang et al.
[11] developed a constitutive model for unsaturated cemented soils under cyclic loading using the
bond damage theory for considering cemented soils, the Barcelona Basic Model for describing the
effect of suction on cohesion, and the bounding surface plasticity concept for modeling the strain due
to cyclic loading. Kikumoto et al. [12] proposed a simple critical state model for unsaturated soils
considering the degree of saturation-induced hardening and the effects of hydraulic hysteresis and
density on the water retention curve, which is capable of describing collapse and compaction
behaviors. Liu and Muraleetharan [13, 14] proposed a coupled hydro-mechanical constitutive model
in the general stress space for unsaturated sands and silts. They considered the hysteretic properties of
the soil–water characteristic curve (SWCC) using the bounding surface plasticity concept. In
addition, they investigated the effect of suction on hardening through the irrecoverable water content
calculated using the SWCC model. However, thus far, the liquefaction of unsaturated soils has not
been simulated using the aforementioned models. Meanwhile, Unno et al. [9] proposed a simplified
elastoplastic constitutive model combined with the three-phase porous media theory and the modified
SWCC model to study the effect of pore air pressure on the cyclic behavior of unsaturated sandy
soils; however, the suction does not affect the yield surface of unsaturated soils in this model.

The main objectives of this paper are as follows: (i) to extend the simple elastoplastic model proposed
by Kikumoto et al. [12] to three-dimensional problems to predict the liquefaction behavior of
unsaturated soils; (2) to present a series of simulations of fully undrained cyclic loading on
unsaturated soils using the aforementioned model; and (3) to propose a standard for the liquefaction
resistance of unsaturated soils in relation to the degree of saturation, specific volume, and effective
confining pressure. This model is a critical state soil model formulated using effective stress tensor
for unsaturated soils, which incorporates the following concepts: the volumetric movement of the
state boundary surface containing the critical state line (CSL) and normal consolidation line (NCL)
owing to the variation in the degree of saturation; the SWCC model considering the effects of
specific volume and hydraulic hysteresis; and the subloading surface concept [15]. The volumetric
behavior of void air is described by Boyle’s law. The validity of the proposed model is verified via
comparisons with experimental results [9]. The simulations show that the proposed model properly
describes the fully undrained cyclic behavior of unsaturated soils, such as liquefaction, compression,
and increase in the degree of saturation. Finally, the effects of the degree of saturation, void ratio, and
confining pressure on the cyclic strength of unsaturated soils are studied through the simulations, and
three-dimensional surfaces of the liquefaction resistance of unsaturated soils are presented.

2. BASIC CONCEPTS

The basic concepts applied to formulate a model for unsaturated soils are described herein. As for the
notations and symbols, bold letters denote vectors and matrices; ‘∙’ denotes an inner product of two
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vectors (e.g., a ∙b= aibi) or a single contraction of adjacent indices of two tensors (e.g., (c ∙d)ij = cikdkj);
‘:’ denotes an inner product of two second-order tensors (e.g., c :d= cijdij) or a double contraction of
adjacent indices of tensors of rank two and higher (e.g., (e : c)ij = eijklckl); ⊗ denotes a tensor product
of two vectors (e.g., (a⊗b)ij =aibj) or a tensor product of two second-order tensors (e.g., (c⊗d)

ijkl = aijbkl); ‘‖‖’ denotes the norm of a first-order tensor (e.g., ak k ¼ ffiffiffiffiffiffiffiffiffi
a : a

p ¼ ffiffiffiffiffiffiffiffi
aiai

p
) or a second-order

tensor (e.g., ck k ¼ ffiffiffiffiffiffiffiffiffi
c : c

p ¼ ffiffiffiffiffiffiffiffifficijcij
p

); 1 is the second-order identity tensor; I is the fourth-order identity

tensor I ijkl ¼ 1
2 δikδjl þ δilδjk
� �� �

; ‘_’ denotes the time derivative; and the subscript zero denotes the ini-
tial state (e.g., v0 = initial specific volume).

2.1. Effective stress

Sivakumar [16] indicated that the critical state stress ratio is uniquely defined by Bishop’s mean
effective stress versus the deviator stress plane regardless of the degree of saturation. Hence, a
unique critical state friction angle can be assumed in a model for unsaturated soils if it is formulated
on the basis of Bishop’s effective stress tensor [17]. Thus, we formulate the model for unsaturated
soils on the basis of Bishop’s effective stress tensor σ

0 0
, defined by:

σ
0 0 ¼ σ � 1� χð Þua1� χuw1 ¼ σ � ua1ð Þ þ χ ua � uwð Þ1 ¼ σnet þ χs1 (1)

where σ, σnet, ua, uw, and s represent Cauchy’s total stress tensor, Cauchy’s net stress tensor, air
pressure, water pressure, and suction, respectively. Further, χ is an effective stress parameter given
by a monotonic increasing function of the degree of saturation Sr ranging from 0 for dry conditions
to 1 for fully saturated conditions; for simplicity, it is assumed to be equal to Sr in this study.

σ
0 0 ¼ σ � 1� Srð Þua1� Sruw1 ¼ σnet þ Srs1 (2)

Equation (2) has been first proposed by Schrefler [18] in a similar expression as Bishop’s effective
stress, but using the degree of saturation Sr instead of χ. Borja [19] has also derived Equation (2) by
using the principles of thermodynamics.

2.2. Soil water characteristic curve considering the effects of density and hydraulic hysteresis

Considering the possible range of the degree of saturation Sr, the effective degree of saturation Se is
given by

Sr � Smin

Smax � Smin
¼ Se (3)

where Smax and Smin are themaximum andminimumdegrees of saturation, respectively. Classical SWCC
models give the effective degree of saturation Se as a monotonic decreasing, single-valued function of
suction s ranging from 0 to 1 (e.g., Gardner [20]; Brooks and Corey [21]; Fredlund and Xing [22]; van
Genuchten [23]). Any of such classical models can be applied to the proposed SWCC model presented
here. For this study, we selected the following function proposed by van Genuchten [23].

Se ¼ Se sð Þ ¼ 1þ αsð Þnf g�m (4)

where α, n, and m are material parameters.
However, past experimental studies (e.g., Tarantino and Tombolato [24]) indicate that volumetric

behavior influences the SWCC and that denser soils tend to retain a higher Sr. Therefore, we
extended classical SWCC models that assume a unique relationship between suction and degree of
saturation using a modified suction s�, where the effect of density is incorporated as

s� ¼ s
e
eref

� �ξe

(5)

where e is the void ratio, eref is a reference void ratio for which we use the void ratio of saturated,
normally consolidated soils under atmospheric pressure pa (= 98 kPa), and ξe is a parameter
controlling the effect of density. Thus, using s�, we can rewrite Equation (4) as
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Se ¼ Se s�ð Þ ¼ 1þ αs�ð Þnf g�m (6)

Further, it is well known that SWCCs trace hysteretic paths according to drying and wetting
histories [25–27]. Therefore, we define the main drying and wetting curves by Equation (6) as the
highest and lowest boundaries of the degree of saturation, Sdr and Swr , as follows:

SAr � Smin

Smax � Smin
¼ SAe s�ð Þ ¼ 1þ αAs�

� �n� ��m
; A ¼ d;w (7)

where d and w denote the main drying and wetting curves, respectively. The main drying and wetting
paths are schematically illustrated in Figure 1. We need to set different values for the parameters αd and
αw for the main drying and wetting curves, respectively, whereas we use the same values for the other
parameters, namely, n and m. As Sdr is always larger than S

w
r at the same suction value, αd should be set

to a smaller value than αw.
So as to define the current state (s� , Sr), we use a ratio Ih of interior division of the current state

between two reference states on the main curves under the same modified suction as follows:

Ih ¼ Sr � Swr
Sdr � Swr

: (8)

As the current state (s� , Sr) is always located between the two main curves, Ih always takes a value
between 0 and 1. Further, Ih can be used as a key state variable that reflects the wetting and drying
histories. It increases monotonically to 1 with decreasing Sr (drying) as the current state approaches
the main drying curve, and it decreases monotonically to 0 with increasing Sr (wetting) as the
current state approaches the main wetting curve. Thus, an evolution law for Ih must satisfy the
following requirements:

_Ih

≥ 0

≤ 0

¼ 0

when

when

when

_Sr ≤ 0

_Sr ≥ 0

Ih ¼ 0 or Ih ¼ 1

8>><
>>: : (9)

An evolution law given by the following equation satisfies this requirement and is employed in the
present study:

_Ih ¼ dIh
dSr

_Sr where
dIh
dSr

¼ �ξh 1� Ihð Þ3
�ξhIh3

when

when

_Sr ≤ 0

_Sr > 0

8<
: (10)

where ξh is a material constant controlling the effect of suction histories.
From Equations (5), (7), and (8), the time derivative of the degree of saturation is given by

increments of suction s, void ratio e, and variable Ih as

Figure 1. Modeling of hysteresis in water retention curve [12].
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_Sr ¼ ∂Sr
∂s

_sþ ∂Sr
∂e

_eþ ∂Sr
∂Ih

_Ih : (11)

Substituting Equation (10), we finally obtain

_Sr ¼
∂Sr
∂s _sþ ∂Sr

∂e _e

1� ∂Sr
∂Ih

dIh
dSr

: (12)

2.3. Stress–strain relationship for unsaturated soil

A critical state soil model for unsaturated soils was formulated by Kikumoto et al. [12] on the basis of
the modified Cam clay model [28], which incorporates the subloading surface concept [15] and the
volumetric movement of the state boundary surface (Figure 2) owing to the variation in Sr. We
extend this model to three-dimensional problems herein. For the model, we first assume additive
decomposition of the total strain rate tensor as

_ε ¼ _εe þ _εp (13)

where _εe and _εp are elastic and plastic strain rate tensors, respectively.

(a) Elastic stress–strain relationship

For the elastic stress–strain relationship, we use a conventional, nonlinear elastic bulk modulus for
soils, given by

K ¼ v0
κ
p″ (14)

where v0 is the initial specific volume, κ is the swelling index that represents the slope of the elastic
volumetric relationship in the semi-logarithmic ln p″–v plane, and Poisson’s ratio νe is assumed to
be constant. Thus, the rate form of the elastic relationship is given by

_σ″ ¼ De : _εe (15)

where _σ″ is the rate of effective stress tensor for unsaturated soils and De is the elastic stiffness tensor
given by

De ¼ K1⊗1þ 2G I � 1
3
1⊗1

� �
(16)

Figure 2. State boundary surface moving with Sr and state variable Ω under the effect of packing density.
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where G is the shear modulus given by

G ¼ 3K 1� 2νeð Þ
2 1þ νeð Þ : (17)

As an inverse tensor of the elastic stiffness tensor De always exists, we obtain

_εe ¼ De�1 : _σ″ (18)

(b) Yield function for unsaturated soil based on subloading surface concept

The specific volume vsatsbs of a saturated soil on the state boundary surface that defines the loosest state
(maximum specific volume) of the saturated soil for the given mean effective stress p0 and deviator
stress q can be expressed as

vsatsbs ¼ Ν � λ ln
p
0

pa
þ Γ � Νð Þζ ηð Þ (19)

where p
0

is the mean effective stress trσ0

3 , η is the stress ratio q/p0,

q ¼
ffiffiffiffiffiffiffiffiffiffiffi
3
2 s : s

q
¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3
2 σ : σ � 1

3 trσð Þ2
n or� �

is the deviator stress, and s(=σ� p1) is the deviator stress

tensor. Further, Ν and Γ are the reference specific volumes of saturated, normally consolidated soil
under atmospheric pressure pa in the isotropic stress state (η = 0) and critical state (η = Μ),
respectively, λ is the compression index, and ζ (η) is a monotonic increasing function of η that
satisfies 0 on the NCL with η = 0 and 1 on the CSL with η = Μ. We employ the following function
based on the modified Cam clay model:

ζ ηð Þ ¼
ln 1þ η

Μ

� �2n o
ln2

(20)

where Μ is the stress ratio in the critical state.
As an unsaturated soil exhibits a relatively high stiffness and tends to retain a larger specific volume

than a saturated soil, the state boundary surface is assumed to shift upward (downward) as the degree of
saturation Sr decreases (increases) in the direction of the specific volume axis. Thus, using a new
variable Ψ(Sr) to represent the upward shift of the state boundary surface in the v direction, we
define the specific volume vunsatsbs on the state boundary surface of the unsaturated soil using mean
effective stress p″ in a manner similar to Equation (19) as

vunsatsbs ¼ Ν � λ ln
p″
pa

þ Γ � Νð Þζ ηð Þ þ Ψ (21)

where Ψ is assumed to be a monotonic decreasing function of the degree of saturation Sr, which always
takes a non-negative value and is equal to 0 under the fully saturated condition (Sr = 1). Thus, we
introduce a simple linear relationship for Ψ as

Ψ ¼ ψ 1� Srð Þ (22)

where ψ is a material parameter representing the volumetric distance of the state boundary surface for
dried and saturated states in the specific volume direction.

So as to consider the effect of specific volume, the subloading surface concept [15] is applied to our
model. According to this concept, soil exhibits elastoplastic, irreversible deformation even below the
state boundary surface and then gradually approaches the state boundary surface with loading.
Therefore, the cyclic behavior of unsaturated soils can therefore be predicted relatively well using
this concept. On the other hand, classical models without the subloading surface concept will predict
purely elastic behavior within the yield surface and cannot simulate the cyclic behavior of soil.
Taking a state variable Ω as the difference between the specific volume of the current state and that
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on the state boundary surface under the same stress (p0, η), we can represent an arbitrary specific
volume v of an unsaturated soil using Ω as

v ¼ vunsatsbs � Ω ¼ Ν � λ ln
p″
pa

þ Γ � Νð Þζ ηð Þ þ Ψ Srð Þ � Ω: (23)

The definition of the state variable Ω(≥0) is shown in Figure 2. Although Been and Jefferies [29]
proposed a similar state parameter as the volumetric distance of the soil from the reference state on
the steady state line under the current mean effective stress, our parameter Ω always refers to the
volumetric distance from the current state to the loosest state of the soil (specific volume on the state
boundary surface) under the current stress condition (p0, q) and the current degree of saturation Sr.
As Ω necessarily decreases with the development of plastic deformation and finally converges to 0,
an evolution law of Ω can be represented by

_Ω
v0

¼ �ωΩ Ωj j _εp
		 		 (24)

where ω is a parameter controlling the effect of density.
We can obtain the current specific volume v from Equation (23), and we can obtain the initial

specific volume v0 by substituting the initial states v= v0, Ψ =Ψ 0, Ω=Ω0, p″ ¼ p″0 , and q = 0 into
Equation (23).

v0 ¼ Ν � λ ln
p″0
pa

þ Ψ 0 � Ω0 (25)

The total volumetric strain (compression is taken to be positive) generated from the initial state to the
current state is given by

εv ¼ � dv
v0

¼ v0 � v
v0

(26)

By substituting Equations (23) and (25) into (26), we obtain

εv ¼ 1
v0

λ ln
p″
p″0

þ Ν � Γð Þζ ηð Þ � Ψ � Ψ 0ð Þ þ Ω� Ω0ð Þ

 �

: (27)

Taking the trace on both sides of Equation (15), we obtain the elastic volumetric strain as

εev ¼
κ
v0

ln
p″
p″0

: (28)

The plastic volumetric strain can be determined by taking the difference between the total volumetric
strain and the elastic volumetric strain. From Equations (27) and (28), we obtain

εpv ¼
1
v0

λ� κð Þ ln p″
p″0

þ Ν � Γð Þζ ηð Þ � Ψ � Ψ 0ð Þ þ Ω� Ω0ð Þ

 �

: (29)

From Equation (29), the yield function f for an unsaturated soil can be written as

f ¼ 1
v0

λ� κð Þ ln p″
p″0

þ Ν � Γð Þζ ηð Þ � Ψ � Ψ 0ð Þ þ Ω� Ω0ð Þ

 �

� εpv: (30)

An associated flow is assumed in the model, and the function f is used as the plastic potential
function as

_εp ¼ h _Λi ∂f
∂σ″

(31)
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where _Λ is the rate of the plastic multiplier and 〈 〉 is a Macaulay brackets, which denote the ramp

function as x ¼ x if x > 0

0 if x ≤ 0



.

As the soil exhibits an unlimited distortional strain in the critical state without any change in stress
or volume, the derivatives of the yield function f p″; q; εpv;Ψ ;Ω

� �
with respect to p″ becomes 0 when

η = Μ. Thus, (λ� κ) is equal to (Ν�Γ ) ln 2 when Equation (20) is applied. Equation (30) can be
finally rearranged as

f ¼ λ� κ
v0

ln
p″
p″0

þ ln 1þ η
Μ

� 2

 �� �

� Ψ � Ψ 0

v0
þ Ω� Ω0

v0
� εpv (32)

(c) Elastoplastic stress–strain relationship

Taking the time derivative of the yield function f σ″; εpv;Ψ ;Ω
� �

given by Equation (32), we obtain
the consistency condition as

_f ¼ ∂f
∂σ″

: _σ″ þ ∂f
∂Ψ

_Ψ þ ∂f
∂Ω

_Ω þ ∂f
∂εpv

_εpv ¼ 0: (33)

Substituting Equation (31) and the evolution laws of Ψ and Ω, given by Equations (22) and (24),
respectively, into (33), we obtain

∂f
∂σ″

: _σ″ þ ψ
v0

_Sr � ωΩ Ωj jh _Λi ∂f
∂σ″

				
				� h _Λi ∂f

∂p″
¼ 0: (34)

From Equations (13) and (18), the stress rate tensor is given by

_σ″ ¼ De : _ε� _εp
� � ¼ De : _ε� h _Λi ∂f

∂σ″

� �
(35)

We obtain the rate of the plastic multiplier from Equations (34) and (35) as follows:

h _Λi ¼
∂f
∂σ″ : D

e : _εþ ψ
v0

_Sr
∂f
∂p″ þ ωΩ Ωj j ∂f

∂σ″

		 		þ ∂f
∂σ″ : D

e : ∂f
∂σ″

* +
(36)

Finally, we obtain the rate form of the elastoplastic stress–strain relationship from Equations (13), (18),
(31), and (36).

_σ″ ¼ De : _ε�
∂f
∂σ″ : De : _εþ ψ

v0
_Sr

∂f
∂p″ þ ωΩ Ωj j ∂f

∂σ″

		 		þ ∂f
∂σ″ : De : ∂f

∂σ″

* +
De :

∂f
∂σ″

(37)

When the rate of the plastic multiplier _Λ is positive, the rate form of the elastoplastic stress–strain
relationship can be expressed as

_σ″ ¼ Dep : _ε� DSr _Sr (38)

where Dep and DSr are defined as follows:

Dep ¼ De � De : ∂f
∂σ″⊗

∂f
∂σ″ : D

e

∂f
∂p″ þ ωΩ Ωj j ∂f

∂σ″
		 		þ ∂f

∂σ″ : De : ∂f
∂σ″

(39)

DSr ¼ De : ∂f
∂σ″

ψ
v0

∂f
∂p″ þ ωΩ Ωj j ∂f

∂σ″

		 		þ ∂f
∂σ″ : De : ∂f

∂σ″

(40)
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2.4. Calibration of model parameters

The parameters of a model for unsaturated soils [12] can be categorized into two types: parameters for
the water retention curve and parameters for the stress–strain characteristics.

The model parameters for the water retention curve can be calibrated by fitting the water retention
curve. Note that Smin, Smax, αw, αd, n, and m are parameters for the main wetting and drying curves
described by the van Genuchten model, and ξh and ξe are the parameters controlling the effect of
suction histories and density, respectively.

There are two sets of model parameters for the stress–strain characteristics. The first set (λ, κ, N, Μ,
and νe) can be readily obtained from the results of elementary tests on saturated samples. The results of
isotropic consolidation tests on saturated samples plotted in the e–ln p″ plane can be used to determine
λ from the slope of the NCL, κ from the slope of the unloading part, and N from the specific volume on
the NCL under atmospheric pressure. The slope of the CSL in the q–p″ plane, Μ, and Poisson’s
ratio, νe, are calibrated from the result of triaxial compression tests. The parameter ψ, which controls
the effect of Sr on the position of the state boundary surface, can be determined by the result of
soaking tests on dried or unsaturated soil samples or by the results of constant suction compression
tests on unsaturated soil samples; however, it is deduced by fitting the simulations of cyclic loading
tests under varying degrees of saturation to their corresponding experimental results in this study.
The parameter ω, which controls the effect of density, is the only parameter that needs to be
calibrated by a trial-and-error procedure to fit the experimental results of the soils at different densities.

3. SIMULATIONS

All the analyses were performed using the parameters of Tsukidate volcanic sand (non-plastic sand),
which has a specific gravity of 2.478 [9] (Tables I and II). In the simulation of the cyclic triaxial
tests for the calibration of the model parameters and validation of the model, three types of initial
shearing states were considered (Table III). Saturated soil was used in case c-1, while unsaturated
soils having different degrees of saturation were considered under varying pore air pressure in cases
c-2 and c-3. Then, cyclic shearing, for which the axial strain amplitude was increased every 10
cycles as shown in Figure 3, was applied to the specimens under the fully undrained conditions at a
constant confining pressure.

3.1. Fully undrained simulation

The fully undrained condition, that is, unexhausted air and undrained water, is the condition where air
and water are unable to drain out of the soil. In other words, the mass of water and air are constant. So
as to simulate the unexhausted air condition, we assumed that air is an ideal gas, and the temperature is
constant. Therefore, Boyle’s law, which states that the absolute pressure of a given mass of an ideal gas
is inversely proportional to its volume at a constant temperature, can be used as

uaV a ¼ constant (41)

where ua is the pore air pressure and Va is the volume of pore air. As the volume of soil particles, Vs, is
constant, we obtain

Table I. Parameters for stress–strain characteristics.

λ 0.123 Compression index
κ 0.022 Swelling index
Μ 1.5 Stress ratio in critical state
νe 0.3 Poisson’s ratio
Ν 1.90 Reference specific volume on the state boundary surfaceunder p″ = pa, q = 0, and Sr = 1
ω 90.0 Effect of density
ψ 0.90 Effect of Sr on the position of the state boundary surface
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ua
V a

V s
¼ uae 1� Srð Þ ¼ constant (42)

A classical equation for solving problems involving three-phrase relationships (solid, water, and air)
can be used to satisfy the undrained water condition as

w ¼ eSr
Gs

¼ constant (43)

where w, e, and Gs are the water content, void ratio, and specific gravity of the soil particles,
respectively. As Gs is constant, we get

eSr ¼ constant (44)

For the detailed procedure of the simulation, please refer to the Appendix A.

3.2. Model validation

The proposed constitutive model and its parameters for stress–strain characteristics (Table I) were
first calibrated through undrained cyclic triaxial tests on saturated samples (case c-1), as shown in

Table II. Parameters for water retention curve.

Smax 1.00
Parameters for main wetting and drying curves

described by van Genuchten’s
soil–water characteristic curve equation

Smin 0.20
αd (1/kPa) 0.04
αw (1/kPa) 2.00
n 1.724
m 0.42

ξh 10.0 Influence of suction histories
ξe 2.5 Influence of void ratio
eref 0.90 Reference void ratio

Table III. Initial state of cyclic shearing simulation [9].

Case no. c-1 c-2 c-3

Air pressure ua (kPa) — 6.0 14.8
Water pressure uw (kPa) 0.0 0.0 0.0
Suction s (kPa) — 6.0 14.8
Mean net stress pnet (kPa) — 18.6 19.9
Mean effective stress p″ (kPa) 20.8 23.3 30.8

Note: The mean effective stress is calculated on the basis of Bishop’s effective stress equation with the effective
stress parameter χ = Sr, and the pressure is gauge pressure, which excludes atmospheric pressure (98 kPa).

Figure 3. Time history of axial strain during cyclic shearing.
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Figure 4. The model captures the gradual increase in the excess pore water pressure and the
associated decrease in the mean effective stress, which finally leads to liquefaction after around
30 cycles of shearing. However, the decrease in the mean effective stress observed in the initial
shearing cycles is, however, larger in the test. The SWCC and its parameters (Table II) were
also calibrated using the water retention test under drying and wetting paths [1], as shown in
Figure 5.

Next, to verify the validity of the proposed model, we conducted a series of simulations of cyclic
triaxial tests on unsaturated soils under fully undrained conditions. Unno et al. [9] had performed
cyclic triaxial tests on unsaturated samples with the same initial void ratio of 0.93 under two
different initial degrees of saturation. In the simulations, the initial cyclic shearing state was first set

Figure 4. Comparison between the simulation results and the experimental results of case c-1 (Sr = 100% and
e0 = 1.09 kPa).

Figure 5. Comparison between the simulation results and the experimental results of the water retention test
under drying and wetting paths (ρd = 1.2 g/cm3).
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as cases c-2 and c-3 for Sr of 78.9% and 73.5%, respectively, by applying an increasing pore air
pressure to an initially saturated sample under constant pore water pressure. The initial value of Ih
was set to satisfy the degree of saturation and suction observed in cases c-2 and c-3. Then, cyclic
shearing with a step-wise increase in axial strain amplitude, as shown in Figure 3, was applied to the
specimens under unexhausted air and undrained water conditions at a constant confining pressure.
Finally, the experimental results and the corresponding simulation results, that is, the time histories
of mean effective stress, void ratio, air pressure, water pressure, and suction, were compared, as
shown in Figures 6 and 7 for cases c-2 and c-3, respectively.

Both unsaturated soil samples lost their mean effective stress (as shown in Figures 6(a) and 7(a))
because of the development of pore air and pore water pressures [8]. The increase in pore pressure
occurs because the generated excess pore pressure within the unsaturated soil cannot be drained out
of the soil under fully undrained conditions.

The volumetric behavior, that is, the magnitude of the decrease in the void ratio, shown in
Figures 6(b) and 7(b), was also predicted accurately. By incorporating Boyle’s law, the proposed
model can capture the compression behavior of unsaturated soils under fully undrained conditions.
As the air pressure increases during cyclic loading, the air volume will automatically decrease
following Boyle’s law, as shown in Figure 8. This decrease in air volume is assumed to be equal to
that of the unsaturated soils under the assumption that the soil particles and pore water are
incompressible materials. In Figure 8, the dashed lines represent the inverse relationship between air
void (or air content), ea, and air pressure according to Boyle’s law; in other words, the product of
the air void and the absolute air pressure is constant. The simulation results indicate that the
variations in air void with air pressure are consistent with Boyle’s law. Moreover, the air void in
case c-3 is higher than that in case c-2 at arbitrary air pressure. This is because the air void of
unsaturated soil depends on the degree of saturation. At the same void ratio, the lower the degree of
saturation, the higher is the air void.

In addition, the increase in the pore air pressure (as shown in Figures 6(c) and 7(c)) is higher than
that in the pore water pressure (as shown in Figures 6(d) and 7(d)). As mentioned earlier, the pore
air can absorb the generated excess pore pressure by compressing its volume [30]. However, the
pore water is an incompressible material; hence, the generated excess pore water pressure cannot be
reduced. In other words, the water void (or water content) was kept constant during the test under
the undrained water condition. Figure 9 shows that the water void remains constant when the water
pressure increases in cases c-2 and c-3. As with the air void, the water void of case c-3 is lower than
that of case c-2 at arbitrary water pressure. This is because the water void of unsaturated soil
depends on the degree of saturation. At the same void ratio, the lower the degree of saturation, the
lower is the water void. Finally, this difference between the increase in the pore air pressure and the
pore water pressure results in a decrease in the suction pressure under cyclic shear, as shown in
Figures 6(e) and 7(e).

The proposed soil water characteristic curve model considering the effects of density and hydraulic
hysteresis can also predict the increase in the degree of saturation owing to volumetric contraction [1],
as shown in Figure 10.

Figures 11 and 12 show the stress–strain curve obtained from the cyclic loading simulation of
unsaturated soils under fully undrained conditions for cases c-2 and c-3, respectively. It can be seen
that the shear stiffness gradually decreases as the number of cycles increases. The shear strength,
that is, the peak deviatoric stress, slightly increases until the third stage of cyclic shearing (20–30
cycles), but it decreases as the axial strain amplitude is increased further. Finally, the stress–strain
curve becomes rather flat, at which point the liquefaction of unsaturated soil is considered to occur
[31].

Figures 13 and 14 show the stress path obtained from the cyclic loading simulation of
unsaturated soils under fully undrained conditions for cases c-2 and c-3, respectively. These
figures indicate that the unsaturated soil loses its strength under cyclic loading in a manner
similar to saturated soils.

A comparison between the simulation results and the experimental results shows that the proposed
model precisely describes the cyclic behavior of unsaturated soils under fully undrained cyclic loading
conditions.
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Figure 6. Comparison between the simulation results and the experimental results of case c-2 (Sr = 78.9%
and s = 6.0 kPa).
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Figure 7. Comparison between the simulation results and the experimental results of case c-3 (Sr = 73.5%
and s = 14.8 kPa).
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Figure 9. Relationship between water void and water pressure of cases c-2 and c-3.

Figure 8. Relationship between air void and air pressure of cases c-2 and c-3, following Boyle’s law (air
pressure is gauge pressure).

Figure 10. Increase in the degree of saturation during fully undrained cyclic triaxial tests of cases c-2 and c-3.

Figure 11. Stress–strain curve obtained from the cyclic loading simulation of case c-2 (Sr = 78.9% and
s = 6.0 kPa).
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3.3. Effects of the degree of saturation and the void ratio on the cyclic strength of unsaturated soils

A series of simulations of cyclic triaxial tests was performed on unsaturated soils using the prescribed
void ratio (initial void ratio: 0.60 to 1.09) and degree of saturation (initial degree of saturation: 100% to
40%) under unexhausted air and undrained water conditions at a constant confining pressure of 20 kPa
to study the effects of the degree of saturation and the void ratio on the cyclic strength of the
unsaturated soils. So as to achieve the desired degree of saturation, suction was increased by
decreasing the water pressure. In the simulation, the cyclic axial strain amplitude, as shown in
Figure 3, was applied again to the specimens. The results of a series of simulations at a constant
total confining pressure of 20 kPa are shown in Figures 15 (3D space) and 16 (2D space) for simple
interpretation.

The mean effective stress reduction ratio [8] is the rate of decrease in the mean effective stress p″ of
unsaturated soils after they are subjected to cyclic shear loading, and it can be used to describe the
liquefaction resistance of unsaturated soils. The higher the mean effective stress reduction ratio, the
lower is the liquefaction resistance of unsaturated soils.

Figure 13. Stress path obtained from the cyclic loading simulation of case c-2 (Sr = 78.9% and s = 6.0 kPa).

Figure 12. Stress–strain curve obtained from the cyclic loading simulation of case c-3 (Sr = 73.5% and
s = 14.8 kPa).

Figure 14. Stress path obtained from the cyclic loading simulation of case c-3 (Sr = 73.5%, s = 14.8 kPa).
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Mean effective stress reduction ratio ¼ 1� p″

p″0
(45)

The mean effective stress reduction ratio is equal to 1 in the complete liquefaction state.
Points A, B, C, and D in Figure 16 represent examples of unsaturated soils having different initial

degrees of saturation and void ratios: A represents loose unsaturated soil with a high degree of
saturation (Sr0 = 90%, e0 = 1.05); B represents dense unsaturated soil with a high degree of
saturation (Sr0 = 90%, e0 = 0.65); C represents loose unsaturated soil with a low degree of saturation
(Sr0 = 50%, e0 = 1.05); and D represents dense unsaturated soil with a low degree of saturation
(Sr0 = 50%, e0 = 0.65).

All the specimens experience a reduction in the mean effective stress during cyclic shearing
simulation, and specimen A, which is a loose unsaturated soil with a high degree of saturation, is
finally liquefied after approximately 38 cycles, as shown in Figure 17. The cyclic strength of
unsaturated soils can be evaluated by the mean effective stress reduction ratio, as shown in
Figure 18. Specimen A shows a drastic loss in mean effective stress compared with the other

Figure 15. Three-dimensional surface of cyclic strength of unsaturated soils: effect of degree of saturation
and void ratio (constant total confining pressure of 20 kPa).

Figure 16. Effect of void ratio and degree of saturation on the cyclic strength of unsaturated soils (constant
total confining pressure of 20 kPa).
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specimens, and its mean effective stress reduction ratio reaches 1.0 after around 38 cycles. For
specimen B, which has a high degree of saturation and high density, the mean effective stress
reduction ratio nearly reaches 1.0 at the end of the simulation. However, even though specimens C
and D, which have low degrees of saturation, show a decrease in shear strength as the mean
effective stress decreases, they are not liquefied during the cyclic shearing simulation.

Figure 19 shows the variation in the void ratio during the simulation. The void ratios of specimens A
and B remain nearly constant. This is because a change in the volume of the unsaturated soils under
fully undrained conditions depends only on the volume of air. Specimens A and B have a high
degree of saturation; therefore, the volume of air that affects the variation in the void ratio is limited.
On the other hand, the variations in the void ratios of specimens C and D are higher than those of

Figure 17. Time histories of mean effective stress at points A, B, C, and D (as shown in Figure 16). [Colour
figure can be viewed at wileyonlinelibrary.com]

Figure 18. Time histories of mean effective stress reduction ratio at points A, B, C, and D (as shown in
Figure 16). [Colour figure can be viewed at wileyonlinelibrary.com]

Figure 19. Time histories of void ratio at points A, B, C, and D (as shown in Figure 16). [Colour figure can
be viewed at wileyonlinelibrary.com]
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specimen A and B because specimens C and D have a low degree of saturation. As shown in Figure 20,
Specimens A and C, which are loose unsaturated soils, exhibit compression behavior during the cyclic
shearing simulation. However, the normalized void ratio of specimen A becomes constant as it
approaches the liquefaction state while that of specimen C continuously decreases until the end of
the simulation. Specimens B and D, which are dense unsaturated soils, exhibit dilatancy at the
beginning of the simulation, followed by compression behavior. It is also seen that the normalized
void ratio of specimen B becomes nearly constant as it approaches the liquefaction state.

The pore air pressure and the pore water pressure of all the specimens increased during the simulation,
as shown in Figures 21 and 22, respectively. However, there was a decrease in the air pressure of
specimens B and D in the first 10 cycles, because the variation in the air pressure is inversely
proportional to the variation in the void ratio, as per Boyle’s law (Equation (3)). Moreover, the pore

Figure 20. Time histories of normalized void ratio at points A, B, C, and D (as shown in Figure 16). [Colour
figure can be viewed at wileyonlinelibrary.com]

Figure 21. Time histories of air pressure at points A, B, C, and D (as shown in Figure 16). [Colour figure can
be viewed at wileyonlinelibrary.com]

Figure 22. Time histories of water pressure at points A, B, C, and D (as shown in Figure 16). [Colour figure
can be viewed at wileyonlinelibrary.com]
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air pressure and the pore water pressure of specimen A stopped increasing after around 38 cycles, once
the liquefaction state was reached, as did those of specimen B at the end of the simulation.

Figure 23 show the suction decreased in all the specimens. However, the reduction rate of the
suction in specimens A and B was significantly higher than that in specimens C and D, as shown in
Figure 24. This is because specimens A and B had a higher degree of saturation than specimens C
and D; moreover, the initial pore air pressure and the initial pore water pressure were closer to each
other in specimens A and B than in specimens C and D. This reduction in suction, which depends
on the initial degree of saturation, was also observed in the experimental results obtained by Unno
et al. [1] and Liu and Xu [6].

Furthermore, this result can be explained by the following factors. Based on the volumetric
movement of the state boundary surface owing to the variation in the degree of saturation,
unsaturated soils behave more similarly to dense soils, which gain cyclic strength owing to their
dilatancy characteristics [31]. Figures 25 and 26 show examples of the stress–strain curve obtained

Figure 23. Time histories of suction at points A and B (as shown in Figure 16). [Colour figure can be viewed
at wileyonlinelibrary.com]

Figure 24. Time histories of normalized suction at points A and B (as shown in Figure 16). [Colour figure
can be viewed at wileyonlinelibrary.com]

Figure 25. Stress–strain curve obtained from specimen A (as shown in Figure 16).
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from specimens A and D; under cyclic loading, the cyclic strength decreases as the number of cycles
increases in both cases. When the initial degree of saturation is high, the peak deviatoric stress
decreases as the axial strain increases owing to the compression behavior, as shown in Figure 25.
On the other hand, the peak deviatoric stress of unsaturated soils having a low initial degree of
saturation increases with the axial strain owing to their dilatancy characteristics, as shown in
Figure 26. Furthermore, unsaturated soils with a low degree of saturation have a low volume of pore
air to absorb the generated excess pore pressure [30], as discussed in Section 3.2.

In conclusion, the liquefaction resistance of unsaturated soils increases as the degree of saturation
and void ratio decrease. However, the degree of saturation has a greater effect than the void ratio on
the liquefaction resistance of unsaturated soils.

3.4. Effects of the confining pressure on the cyclic strength of unsaturated soils

To consider the effect of the confining pressure on the cyclic strength of unsaturated soils, we
performed a series of simulations of cyclic triaxial tests on the specimens of unsaturated soils under
unexhausted air and undrained water conditions at a constant total confining pressure varying from
20 to 300 kPa. In the simulations, each saturated specimen with an initial void ratio of 1.09 was first
consolidated from 20 kPa to the desired confining pressure up to 300 kPa. Suction was then applied
to each specimen by decreasing the water pressure until the desired initial degree of saturation,
varying from 40% to 100%, was reached. Subsequently, cyclic axial strain was applied to all the
specimens under fully undrained conditions at a constant total confining pressure, as shown in
Figure 3. The results of the simulations are shown in Figures 27 (3D space) and 28 (2D space) for
simple interpretation.

Figure 26. Stress–strain curve obtained from specimen D (as shown in Figure 16).

Figure 27. Three-dimensional surface of cyclic strength of unsaturated soils: effect of confining pressure and
degree of saturation.
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Points A, B, C, and D in Figure 28 represent examples of unsaturated soils having different initial
degrees of saturation and total confining pressures: A represents unsaturated soil with a high degree
of saturation and low total confining pressure (Sr0 = 90% and σc0 = 40 kPa); B represents
unsaturated soil with a high degree of saturation and high total confining pressure (Sr0 = 90% and
σc0 = 280 kPa); C represents unsaturated soil with a low degree of saturation and low total confining
pressure (Sr0 = 50% and σc0 = 40 kPa); and D represents unsaturated soil with a low degree of
saturation and high total confining pressure (Sr0 = 50% and σc0 = 280 kPa).

All the specimens lost their mean effective stress during the cyclic shearing simulation, in which
specimens A and B liquefied after around 28 and 40 cycles, respectively, as shown in Figure 29.
However, as shown in Figure 30, the mean effective stress reduction ratio of specimen A was nearly
the same as that of specimen B, which is higher than that of specimens C and D. This indicates that
the cyclic strength of unsaturated soils is highly dependent on the degree of saturation, while the
effect of the total confining pressure on the cyclic strength of unsaturated soils is more evident at
lower degrees of saturation. These simulation results are in good agreement with the experimental
results obtained by Liu and Xu [6].

Figure 31 shows the variation in the void ratio during the simulation. The initial void ratio of
specimens A and C is higher than those of specimens B and D because of the total confining
pressure. As discussed in Section 3.3, the void ratio of specimens A and B remains nearly constant,
while specimens C and D show a greater reduction in the void ratio during the simulation owing to

Figure 28. Effect of confining pressure and degree of saturation on the cyclic strength of unsaturated soils.

Figure 29. Time histories of mean effective stress at points A, B, C, and D (as shown in Figure 28). [Colour
figure can be viewed at wileyonlinelibrary.com]
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the difference in the initial degrees of saturation. However, if we consider only the effect of the total
confining pressure on the variation in the void ratio by using the normalized void ratio at different
degrees of saturation, as shown in Figure 32, then it can be seen that the higher the confining
pressure, the higher is the compression rate of the void ratio. Specimens A, B, C, and D are found
to exhibit compression behavior during the fully undrained cyclic loading simulation even though
specimens B and D are dense soils, because dense soils usually show compression behavior under
low strain, followed by dilation behavior at higher strain. Therefore, it is possible that dense soils
will show only compression behavior if they are subjected to low strain [6].

Figure 32. Time histories of normalized void ratio at points A, B, C, and D (as shown in Figure 28). [Colour
figure can be viewed at wileyonlinelibrary.com]

Figure 31. Time histories of void ratio at points A, B, C, and D (as shown in Figure 28). [Colour figure can
be viewed at wileyonlinelibrary.com]

Figure 30. Time histories of mean effective stress reduction ratio at points A, B, C, and D (as shown in
Figure 28). [Colour figure can be viewed at wileyonlinelibrary.com]
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The pore air pressure and the pore water pressure of all the specimens increased during the simulation
owing to the decrease in the void ratio (as shown in Figures 33 and 34, respectively). At each degree of
saturation, it is seen that an increase in the pore air pressure and the pore water pressure depends on the
total confining pressure. The higher the total confining pressure, the higher is the increase in the pore air
and pore water pressures. Moreover, the pore air pressure and the pore water pressure of specimens A
and B stopped increasing after reaching the total confining pressure. In this state, specimens A and B
were completely liquefied. This development in the pore air and pore water pressures leads to a
decrease in the mean effective stress of unsaturated soils, as mentioned earlier.

The initial suction of each specimen was different depending on the desired degree of saturation, as
shown in Figure 35. It is seen that the suction in all the specimens decreased during the simulation.

Figure 34. Time histories of water pressure at points A, B, C, and D (as shown in Figure 28). [Colour figure
can be viewed at wileyonlinelibrary.com]

Figure 33. Time histories of air pressure at points A, B, C, and D (as shown in Figure 28). [Colour figure can
be viewed at wileyonlinelibrary.com]

Figure 35. Time histories of suction at points A and B (as shown in Figure 28). [Colour figure can be viewed
at wileyonlinelibrary.com]
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Moreover, the reduction rate of suction of specimens with higher total confining pressure is higher than
that of specimens with lower total confining pressure, as shown in Figure 36.

Figure 37 shows the stress–strain curves obtained from specimens C and D. At the same initial
degree of saturation, the deviatoric stress of specimen C was less than that of specimen D under the
same axial strain level. It can be concluded that the deviatoric stress of unsaturated soils increases
with the total confining pressure under the same initial degree of saturation. A stronger soil naturally
experiences a higher deviatoric stress than a weaker soil under the same axial strain level. Thus, the
higher the confining pressure, the higher is the cyclic strength of the soil.

In conclusion, the liquefaction resistance of unsaturated soils increases with the total confining
pressure. However, as indicated by the simulation using the parameters of Tsukidate volcanic
sand with cyclic loading history shown in Figure 3 that the effect of the total confining pressure
on the cyclic strength of unsaturated soils is insignificant when the degree of saturation is higher
than 70%, whereas it is more evident at lower degrees of saturation. Furthermore, the
unsaturated soils are observed to easily liquefy when the degree of saturation is higher than 70%
(i.e., when the mean effective stress reduction ratio is higher than 0.9), regardless of the initial
confining pressure.

Figure 37. Stress–strain curves obtained from specimens C and D (as shown in Figure 28).

Figure 36. Time histories of normalized suction at points A and B (as shown in Figure 28). [Colour figure
can be viewed at wileyonlinelibrary.com]
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4. CONCLUSIONS

This paper proposed a three-dimensional extension of an elastoplastic model for unsaturated soils. This
model was formulated on the basis of a critical state soil model, that is, the modified Cam clay model,
using effective stress tensor for unsaturated soils, which incorporates the following concepts: the
volumetric movement of the state boundary surface containing the CSL owing to the variation in the
degree of saturation; the soil water characteristic curve model considering the effects of specific
volume and hydraulic hysteresis; and the subloading surface concept. The volumetric behavior of
the void air was modeled by Boyle’s law.

The validity of the proposed model was verified through a series of cyclic triaxial tests on saturated
and unsaturated soils under fully undrained conditions. The results showed that the proposed model
properly describes the fully undrained cyclic behavior of unsaturated soils, such as liquefaction,
compression associated with Boyle’s law, and an increase in the degree of saturation owing to a
decrease in suction and volumetric compression.

The results also showed that unsaturated soils with a low degree of saturation and low void ratio
have high cyclic strength. Moreover, the cyclic strength increases with the total confining pressure.
Among various factors, the degree of saturation has a significant effect on the liquefaction resistance
of unsaturated soils.

In the future, we plan to solve the initial/boundary value problem of unsaturated reclaimed ground
under earthquake-induced cyclic loading by using a finite element method based on the critical state
model for unsaturated soils proposed in this study. Thus, we expect to obtain information about the
effect of cyclic loading on unsaturated soil layers in practical situations.

APPENDIX A.
RATE FORM OF THE STRESS–STRAIN RELATIONSHIP

The proposed model is capable of describing the behavior of unsaturated soils under various testing
conditions, for example, fully drained condition, constant water content condition, and fully undrained
condition. The constitutive equations of the proposed model are presented herein.

First, substituting the time derivative of effective stress tensor for unsaturated soils, as shown in
Equation (2), into Equation (38) gives

_σnet þ Sr1_sþ s1 _Sr ¼ Dep : _ε� DSr _Sr (A-1)

where _σnet and _s are the rate of Cauchy’s net stress tensor and suction, respectively. Assuming
incompressibility of soil particles, we obtain _e ¼ �v01 : _ε. Substituting this into Equation (12), we ob-
tain

_Sr ¼
∂Sr
∂s

_s� ∂Sr
∂e

v01 : _ε

1� ∂Sr
∂Ih

dIh
dSr

(A-2)

Substituting the rate of the degree of saturation _Sr into Equation (A-1) gives

_σnet ¼ Dep : _ε� Sr1_s� DSr þ s1
� �∂Sr∂s

_s� ∂Sr
∂e

v01 : _ε

1� ∂Sr
∂Ih

dIh
dSr

(A-3)

Equation (A-3) can be rearranged as

_σnet ¼ Dnet : _ε� Ds _s (A-4)
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where Dnet and Ds are defined by

Dnet ¼ Dep þ DSr þ s1
� �

⊗

∂Sr
∂e

v01

1� ∂Sr
∂Ih

dIh
dSr

(A-5)

Ds ¼ Sr1þ DSr þ s1
� � ∂Sr

∂s

1� ∂Sr
∂Ih

dIh
dSr

(A-6)

Substituting _σnet ¼ _σ � _ua1 and _s ¼ _ua � _uw into Equation (A-4), we obtain

_σ ¼ Dnet : _εþ 1� Dsð Þ _ua þ Ds _uw (A-7)

where _ua and _uw are the rates of air pressure and water pressure, respectively.
Drainage conditions for elementary tests

The testing conditions for predicting unsaturated soil behavior are varied according to the drainage
conditions of pore air and pore water, namely exhausted air condition, unexhausted air condition,
drained water condition, or undrained water condition.

The exhausted air condition is the condition that air is able to drain out of the soil. Therefore, we
usually assume that there is no change in air pressure. In other words, the increment in air pressure
is constant, which can be written as

_ua ¼ 0 Exhausted air conditionð Þ (A-8)

The drained water condition is the condition that pore water is able to drain out of the soil. There-
fore, we usually assume that there is no change in water pressure. In other words, the increment in wa-
ter pressure is constant, which can be written as

_uw ¼ 0 Drained water conditionð Þ (A-9)

The unexhausted air condition is the condition that air is unable to drain out of the soil. In other
words, the mass of air is constant. We assume that air is an ideal gas and the temperature is constant.
Thus, Boyle’s law can be applied here as

_V auað Þ ¼ 0 Unexhausted air conditionð Þ (A-10)

where Va is the volume of void air. As the volume of soil particles, Vs, is assumed to be constant and as
Va
V s

¼ e 1� Srð Þ, we obtain

_e 1� Srð Þuaf g ¼ 0: (A-11)

Solving Equation (A-11), we obtain the constraint for the unexhausted air condition as

_Sr ¼ 1� Srð Þ _ua
ua

þ 1� Srð Þ_e
e

(A-12)

where _e ¼ �v01 : _ε. Substituting Equation (A-12) into (A-2), we obtain

1� Srð Þ _ua
ua

� 1� Srð Þv01 : _ε
e

¼
∂Sr
∂s

_s� ∂Sr
∂e

v01 : _ε

1� ∂Sr
∂Ih

dIh
dSr

(A-13)

where _s ¼ _ua � _uw. Equation (A-13) can be rearranged as
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∂Sr
∂e

þ 1� ∂Sr
∂Ih

dIh
dSr

� �
Sr � 1ð Þ

e

� �
v01 : _ε ¼ 1� ∂Sr

∂Ih
dIh
dSr

� �
Sr � 1ð Þ
ua

þ ∂Sr
∂s

� �
_ua � ∂Sr

∂s
_uw (A-14)

The undrained water condition is the condition that water is unable to drain out of the soil. In other
words, the mass of water is constant. Therefore, taking the time derivative of water content w gives

_w ¼ _eSrð Þ ¼ 0 Undrained water conditionð Þ: (A-15)

Thus, we get the constraint for the undrained water condition as

_Sr ¼ �Sr _e
e

(A-16)

where _e ¼ �v01 : _ε. Substituting Equation (A-16) into (A-2), we obtain

Srv01 : _ε
e

¼
∂Sr
∂s

_s� ∂Sr
∂e

v01 : _ε

1� ∂Sr
∂Ih

dIh
dSr

(A-17)

where ds=dua� duw. Equation (A-17) can be rearranged as

1� ∂Sr
∂Ih

dIh
dSr

� �
Sr
e

� �
þ ∂Sr

∂e

� �
v01 : _ε ¼ ∂Sr

∂s
_ua � ∂Sr

∂s
_uw : (A-18)

Constitutive relationship for exhausted air and drained water condition (fully drained
condition)

The fully drained condition, that is, exhausted air and drained water, is the condition that air and
water are able to drain out of the soil. So as to simulate the fully drained condition, the constitutive
equation can be obtained by combining Equations (A-7), (A-8), and (A-9) as

_σ ¼ Dnet : _ε (A-19)

where Dnet is given by Equation (A-5).
Constitutive relationship for exhausted air and undrained water condition (constant water
content condition)

The constant water content condition, that is, exhausted air and undrained water, is the condition
that air is able to drain out of the soil but water is unable to do so. So as to simulate the constant water
content condition, the constitutive equations can be obtained by combining Equations (A-7), (A-8), and
(A-18) as

_σ ¼ Dnet : _εþ Ds _uw

0 ¼ 1� ∂Sr
∂Ih

dIh
dSr

� �
Sr
e

� �
þ ∂Sr

∂e

� �
v01 : _εþ ∂Sr

∂s
_uw

8><
>: (A-20)

Constitutive equations for unexhausted air and undrained water condition (fully undrained
condition)

The fully undrained condition, that is, unexhausted air and undrained water, is the condition that air
and water are unable to drain out of the soil. In other words, the masses of water and air are constant.
So as to simulate the fully undrained condition, we first subtract Equations (A-14) from (A-18):

0 ¼ 1� ∂Sr
∂Ih

dIh
dSr

� �
1
e

� �
v01 : _ε� 1� ∂Sr

∂Ih
dIh
dSr

� �
1� Srð Þ
ua

� �
_ua (A-21)

Combining Equations (A-4), (A-18), and (A-21), the constitutive equations for the fully undrained
condition can be obtained as
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_σ ¼ Dnet : _εþ 1� Dsð Þ _ua þ Ds _uw

0 ¼ 1� ∂Sr
∂Ih

dIh
dSr

� �
1
e

� �
v01 : _ε� 1� ∂Sr

∂Ih
dIh
dSr

� �
1� Srð Þ
ua

� �
_ua

0 ¼ 1� ∂Sr
∂Iw

dIw
dSr

� �
Sr
e

� �
þ ∂Sr

∂e

� �
v01 : _ε� ∂Sr

∂s
_ua þ ∂Sr

∂s
_uw

8>>>>>><
>>>>>>:

(A-22)
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