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1. Terminology and notation

Since the discussion is based on the results of Levine [3], some notation from that paper are used in this note for consis-
tency. The digraphs considered here may have loops and multiple edges. For terminology and notation not defined we refer
the reader to Bondy and Murty [1].

Let G be a finite digraph. We use V(G) and E(G) to denote the vertex set and edge set of G respectively. For an edge e of G
which directs from a vertex u to a vertex v, u is said to be the tail of e, denoted by t(e) = u, and v the head of e, denoted by
h(e) = v. The out-degree and in-degree of vertex v are defined by outdeg(v) = ‘{e 1 t(e) = v}| and indeg(v) = ‘{e :h(e) =
v}!, respectively. G is said to be k-out-regular (k-in-regular) if outdeg(v) = k (indeg(v) = k) for every vertex v of G. A source
of G is a vertex with in-degree 0. Note that if there is a loop e at v (t(e) = h(e) = v), then v is not a source.

A rooted spanning tree of a digraph G is an oriented spanning tree such that every vertex except one (the root) has out-
degree 1. The number of rooted spanning trees of G is denoted by « (G). Let {x, },ev(c) and {X.}ee(c) be the indeterminates on
the vertex set and edge set of G, which can be regarded as weights on the vertices and edges respectively. In our discussion,
we will assume that x, > 0 forall v € V(G) and x, > 0 for all e € E(G). Consider the following two polynomials

%% (G, x) = Z er and «""*(G,x) = Z Hxh(e),

T eeT T eeT

where the sums are taken over all the rooted spanning trees of G. It is trivial that «®%¢(G, 1) = «""®*(G, 1) = « (G), where
1 is the vector with 1 as all of its components.
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Fig. 1. Digraphs G, LG, and £2G.

The line digraph of G is the digraph £G with vertex set V (£G) = E(G) and edge set E(£LG) = {(e, f) € E(G)XE(G)|h(e) =
t(f)} (see Fig. 1). The vertex weight of LG is the same as the edge weight of G, i.e., the vertex e in LG has weight x,.

For an unweighted digraph G, the iterated line digraph £'G = QC(.)CI*]G) is the t-th line digraph of G. The vertex set of
LG is denoted by

Ec={(e1.e2.....e) € E"|t(eis) = he),i=1,....t — 1},
in which whose elements are directed walks in G with t edges. This definition of E; is slightly different from the definition
in [3] where the elements of E; are directed paths in G with t edges.

2. Main results
There is a well-known result which relates the number of spanning trees of a regular (undirected) graph and its line
graph (see [2, pp. 218)): If a graph G is k-regular, then
k(LG) = 2M" M= (G).
A directed version of this result follows from the following theorem.

Theorem 1 (Zhang, Zhang and Huang [4]). Let G be a digraph with order n. If G is both k-out-regular and k-in-regular, then
K (£LG) = kKD (G).

By setting t = 1in Theorem 1, for digraphs which are both k-out-regular and k-in-regular there holds
K(LG) = K" k(G).

In 2011, Levine [3] gave a formula that relates x " (£G, X) and «*%¢(G, x).

Theorem 2 (Levine [3]). Let G = (V, E) be a finite digraph with no sources. Then

indeg(v)—1
KT (LG, %) = k(G X) - 1_[( 2 "") '

veV M(e)=v
Here we find that the restriction G has no sources can be removed.

Theorem 3. Let G = (V, E) be a finite digraph. Then

indeg(v)—1
(LG, X) = k(G x) - 1_[( 2 "e) '

veV M(e)=v

Proof. If G has no sources, the result follows from Theorem 2. Now we assume that G has a nonempty set of sources
S = {s1,52,...,S:}. By adding a weighted loop [; at each s; for 1 < i < s, there obtains another digraph G* (see Fig. 2).
It is trivial that
K% (G*, X) = " (G, X).
The out-neighbours of [; in LG* are exactly the out-going edges of v; in G, and [; has no in-neighbours in £G*, for all
1 <i < t. There holds

KverteX(OCG*,x) — Kvertex(£(G* — 1), X) . Z X, l=is<t.

ecE(G)
t(e):si

Moreover, note that £LG = LG* — {l1, 5, ..., l;},and {I;, I, ..., I;} forms an independent set of LG*. There follows

Kuertex(OCG*,x) — Kvertex(DCG’ X) . l_[( Z Xe). (])

veS \ e€E(G)
t(e)=v
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Fig. 2. Digraphs G, £G, G* and £LG*.

Let indeg”*(v) be the indegree of v in G*. Note that indeg*(v) = 1, indeg(v) = 0, if v € S; and indeg*(v) = indeg(v), if
v € V\S. Since G* has no sources, it follows from Theorem 2 that

indeg* (v)—1
KT (LGT ) = k(G0 l_[( 2 x")

veV \ ecE(G*)
te)=v

indeg* (v)—1
_ G- [ ( 3 )
)

veV\S \ eeE(G*
te)=v

indeg(v)—1
= k% (G, x) - l_[ (Z xe>

veV\S \ e€E(G)
t(e)=v

indeg(v)—1
%% (G, X) - H( > xe> H( > xe). (2)

veV \ e€E(G) veS \ e€E(G)
t(e)= t(e)=v

Since every source v € S has outgoing edges in G, there holds [ ], (Z i(egl:)‘fl} xe) # 0. The result follows from Egs. (1) and
(2. O
Corollary 1. Let G be a digraph with order n and size m. If Zt(e):v Xxe = f(x) for every vertex v of G, then
KT (LG, X) = f(X)™ - k(G ).
As noted in [3], setting all x, = 1 in Theorem 3 yields a product formula.
Corollary 2. Let G be a digraph. Then
K(£G) = k(G) - | [ outdeg(v) ™"

veV
When G is k-out-regular, there holds m = )" indeg(v) = }_, outdeg(v) = kn.

Corollary 3. If a digraph G is k-out-regular, then
Kk (LG) = k™" - k(G).
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The following corollary is a generalization of Theorem 1. Note that if G is an unweighted k-out-regular digraph with n
vertices and m edges, then £G is also k-out-regular. It follows that |V(£LG)| = m = kn and |E(LG)| = k|V(LG)| = km =
k?n. Thus |V (£LG)| = k'n and |E(£LG)| = k!*'n. There follows from Corollary 3 that

K(£LLG) = kKT e (£1716)
B I ) e (£L1726)

= k®m e (£6).

Corollary 4. If a digraph G is k-out-regular, then

Kk (LIG) = ek =Dn K (G).

For iterated line digraphs .£'G, let p(t, v) = ]{(el, ...,e) h(e) =t(ejr1),1<i<t—1landh(e) = v}‘ be the number
of directed walks of t edges in G ending at vertex v. (The definition of p(t, v) in [3] is defined to be the number of directed
paths of t edges in G ending at vertex v.) Levine [3] proved the following theorem.

Theorem 4 (Levine [3]). Let G = (V, E) be a finite digraph with no sources. Then
K (£LEG) = k(G) - Houtdeg(v)p(t,v)—l.

veV

By using Theorem 3 instead of Theorem 2 in the proof of this theorem, the restriction that G has no sources can also be
removed.

Theorem 5. Let G = (V, E) be a finite digraph. Then
K(L'G) = k(G) - | | outdeg(v)?""".
veV
Proof. Let e be an edge of digraph G, it is easy to see that
outdeg(e) = outdeg(h(e))
indeg(e) = indeg(t(e)).
Fori > 2,let (e1, e,, ..., e;) be an edge of £G. It follows from the definition that
h((er,ez,....e)) = (e2, ..., €)
t((er,e,....€)) = (e1,...,ei1).
Thus, for any i > 0, let (eq, e, .. ., e;) be an edge of £'G, there holds
outdeg((er, ez, ..., ;)) = outdeg(h(e;))
indeg((e1, ez, ..., €)) = indeg(h(ey)).
It follows from Corollary 2 that
)indeg((emez,...,ei))ﬁ

k(LT1G) = k(LIC) - 1_[ outdeg((e1, €z, ..., €)

(e1,€2,-..,6;) €E;

= k(LG) - 1_[ outdeg(h(e;)

(e1,€2,-..,6;) €E;

= k(LG) - H 1_[ outdeg(v)ndesten)—1,
veV (eq.ey,....ej)€E;
h(ej)=v

)indeg(t(e1 »—1

Since Y erep.eper; 1 =p(i, v) and Y e;.ey....ener; indeg(t(er)) = p(i + 1, v), there follows

h(ej)=v h(ej)=v

K (L71G) = K (L'G) - | | outdeg(v)P+1»P0w),

veV
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Thus
Kk (LG)

k(G) - 1_[ 1_[outdeg(v)pﬁﬂm)*p(im)

0<i<t—1veV

k(G) - | Joutdeg(w)?*"~". O

veV

In the rest of this section, we will discuss spanning trees with a fixed root. The following theorem relates the numbers of
spanning trees with a fixed root of .£G and G. Let G be a digraph with a given vertex v,,, we define

K€% (G, vy, X) = Z l_[xe, K V(G vy, X) = Z Hxh(e).

root(T)=vyx ecT root(T)=v4 e€T

Theorem 6 (Levine [3]). Let G = (V, E) be a finite digraph, and let e, = (wy, v,) be an edge of G. If indeg(v) > 1 for all
vertices v € V, and indeg(v,) > 2, then

KV (LG, e, X) Z indeg(vs)—2 l_[ Z indeg(v)—1
e X, X, .
XE*Kedge(Gv w*; X) ¢ ¢

t(e)=vx VF#Vy N(e)=v
This theorem also can be generalized to all kinds of digraphs.

Lemma 1. Let G = (V, E) be a finite digraph, and let e, = (w,, v,) be an edge of G. If indeg(v,) > 2, then

KV (LG, e, X) indeg(vs)—2 l_[ indeg(v)—1
e X, X, .
Xe, k% (G, w,, X) 2 % o D %

%

t(e)=vx t(e)=v

Proof. The proofis similar to the proof of Theorem 3. If G has no sources, the result follows from Theorem 6. Now we assume
that G has a nonempty set of sources S = {s1, s,, ..., S;}. By adding a weighted loop I; to each source s;, we obtain another
digraph G*. (See Fig. 2.)

By a similar analysis, it is easy to see that: indeg*(v) = 1, indeg(v) = 0,if v € S; and indeg*(v) = indeg(v), if v € V\S.
Moreover,

KEdge(G*s U)*, X) - Kedge(Gv w*s X);
KverteX(eﬁG*’ Wy, X) = Kvertex(OCG’ Wy, X) - H( Z Xe)-
veS M(e)=v

Thus

K.UEFIEX(GEG*, e*, X) K.UET[EX(DCG’ e*’ X) 1_[ Z
= . Xe |.
Xo kU (GH, W, X)) Xe k(G i X) 3 5\ 52,

Since every source must have outgoing edges, we have [ [, ¢ (Zt(e):l} Xe) # 0.0n the other hand, indeg*(v) > 1 for all
vertices v € V and indeg*(v,) = indeg(v,) > 2. It follows from Theorem 6 that

KverteX(GEG’ €, X) B ( Z . )1 Kverrex(ccc*’ e, X)
— 77 . - 77
ves

Xey Kedge(G’ Wy, X) B Xe*KEdge(G*, Wy, X)

() (ZH) )T

t(e)=v

vesS M(e)=v t(e)=vx V#Vy Nt(e)=v
indeg(vy)—2 indeg(v)—1
(2« T(Xx) o
t(e)=vx vF#Vs Nt(e)=v

Theorem 7. Let G = (V, E) be a finite directed graph, and let e, = (w,, v,) be an edge of G. If Zt(e):v* Xe = 0, then

KverteX(OCG’ e, X) 1_[ Z indeg(v)—1
_— e X, 5
Xe, k% (G, Wy, X) ¢

v#£vs Nt(e)=v
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Go LGy

Fig. 3. Digraphs G, £G, Gy and £G.

elseif Y )=y, Xe 7 0, then

KV (LG e, X) B Z . indeg(vx)—2 1_[ Z N indeg(v)—1
Xe, kU2 (G, w,., X) ‘ ’ '

t(e)=vx V#Vx Nt(e)=v
Proof. Since the result follows from Lemma 1 when indeg(v,) > 2, we may assume thatindeg(v,) = 1.When Zt(e):v* Xe =
0, v, has no outgoing edges and only one incoming edge. It is easy to see that
KU LG, X) = k" (LG, ey, X)
K% (G, X) = Xo, K (G, Wy, X).
It follows from Theorem 3 that
KV (LG, ey, X) KV (LG, X)

Xe, K°U2¢(G, w,, X)  Kk°0E(G, X)

l_[ ( Z Xe) indeg(v)—1

veV M(e)=v

indeg(v)—1
[ ( > Xe) : (3)

v#vy Nt(e)=v

Now we assume that Zt(e):v* Xe # 0, and construct a new digraph Gy by adding a weighted loop I at v, in G. (See Fig. 3.)
It is easy to see that indeg(v,) = 1and indeg,(v,) = 2. Moreover,

K% (G, Wy, X) = K°®(G, wy, X);
KU (LG, €, X) = K"TN(LG €4, X) - Y Xe
t(e)=vx
Thus
K VX ( LGy, ey, X) _ KV (LG, ey, X) ' Z .
Xo, KO8 (Go, Wy, X)  Xo, K°U8¢(G, Wy, X) ¢

t(e)=vx

On the other hand. Since indeg,(v,) = 2, it follows from Lemma 1 that

KvertEX(DCG’ e*’ X) _ < Z . ) KverteX(DCGO, e*, X)
- v 7 o - - 7 v

Xe, Kc°%¢(G, Wy, X) oty Xe, kc®4(Go, Wi, X)
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t(e)=v« t(e)=v« v#vy \t(e)=v
indeg(vy)—2 indeg(v)—1
:(er) H(ZXe) . O
t(e)=vx V#vy \t(e)=v

3. Remarks

Let G = (V(G), E(G)) be a digraph and .£G be its line digraph. The vertex weights and edge weights of G are denoted by
{XU}UEV(G) and {Xe}eeE(G)-

Although the definition of the vertex weights of LG is straight and reasonable, there are several different ways to define
the edge weights of .LG. Let e, f be two consecutive edges in G with h(e) = t(f) = v, then ef is an edge in L£G. One way to
define the weight of ef is to set it equal to x,. Under this definition all the edges in LG generated by the incoming edges and
outgoing edges of vertex v in G have the same edge weights x,. Another way to define the weight of ef is to set it equal to
Xn(r). Under this definition, the edge weight of the rooted spanning trees of LG is denoted by «®%8* (LG, X). There is a similar
formula of Theorem 3 that relates «x¢%¢*(£G, X) and k"¢ (G, X).

Theorem 8. Let G = (V, E) be a finite directed graph. Then

indeg(v)—1
Kedge*(DCG’ X) = Kvertex((;’ X) H( Z Xh(e)> )

veV M(e)=v

Proof. For a vertex weighted digraph G = (V, E) with vertex weights {x,},cv, let G* = G be the edge weighted digraph
with edge weights {X. = Xn(e) }eck. It is easy to see that " (G) = 98¢ (G*) and KV (LG*) = k% ((LG*)*). Moreover,
K888 ((LG*)*) = K% (L£G). The result follows from Theorem 3. O
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