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� Mixed-mode cohesive law was employed in simulation of notched steel beams strengthened by CFRP plate.
� Crack propagation and CFRP plate debonding processes were well simulated.
� Plastic behaviour of the CFRP strengthened notched steel beams was revealed.
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a b s t r a c t

Carbon fibre reinforced polymer (CFRP) externally bonding is an efficient and effective method to
strengthen damaged steel beams, and thereby prolong their service life. However, debonding failure,
which requires accurate predictions to ensure safety, can occur before the full usage of CFRP. In this study,
the notched steel beams strengthened with CFRP plate were simulated by finite element method where
the mixed-mode cohesive law was employed to determine the interfacial stress. The load–deflection
curves and strain development at different load levels from experimental study were used to verify
the validity of the numerical model. The interfacial stress distribution with increasing load was analysed,
and good correlation with theoretical calculations at elastic stage was observed. In contrast to the previ-
ous elastic analytical study, the plastic behaviour of the CFRP strengthened notched steel beams was
revealed. More importantly, interfacial crack initiation, propagation and debonding were accurately sim-
ulated. This simulation method can be used to predict debonding process in actual engineering applica-
tions. In addition, parametric analysis was conducted to assess the effects of notch depth, CFRP elastic
modulus and CFRP thickness. The ultimate load and ductility decreased substantially with increasing
notch depth. Furthermore, although increased bearing capacity was achieved by increasing the CFRP elas-
tic modulus and thickness, ductility decreased and premature debonding failure occurred more easily.

� 2017 Elsevier Ltd. All rights reserved.
1. Introduction and adhesive failure (debonding between the adhesive layer and
The use of fibre reinforced polymer (FRP) to strengthen con-
crete structures has been extensively studied in recent decades
[8,11,21,53,54,55], while carbon fibre reinforced polymer (CFRP)
is favoured for strengthening steel structures due to its higher
stiffness [22,26,34,35,38,40,52]. The load capacity and stiffness
of steel structures, as well as the fatigue life, can be improved
by externally bonded with CFRP [14,27,39,49]. However, prior to
the full usage of CFRP, premature debonding failure may occur
[3,15,17,28,30,32,33], which limits the wide application of the
strengthening technique. To clarify the debonding mechanism,
researchers have studied the bond behaviour of the CFRP/steel
interface [2,10,13,20,36,42,44,45,50]. The common debonding fail-
ure modes are cohesive failure (delamination of CFRP or adhesive)
steel) [52]. Single lap [50] and double strap [18,19] shear tests
were conducted to determine the bond-slip relationship, which
is important for understanding of the adhesive debonding failure.
While delamination failure was considered to occur mainly due to
the shear stress concentration, the normal stress concentration is
also an important factor [7,9,37,41]. Therefore, both of the slip
and separation result in debonding failure, it is necessary to study
the bond behaviour of CFRP and steel beams with consideration
of the two effects. The mixed-mode cohesive law was applied
to simulate the debonding failure of continuous steel beams
strengthened by CFRP plates with consideration of both the shear
and normal stress concentrations [6,41]. However, strengthened
steel beams usually have defects and have different failure modes
compared with the case of sound steel beams [15,16,25,56]. The
mechanical performance of notched steel beams strengthened
by CFRP plates requires further investigation.
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There are two main theoretical methods to predict the mechan-
ical performance of steel structures strengthened by FRP: fracture
mechanics and stress-based criteria [3]. For the latter, researchers
have focused on steel plates and steel beams [24,48]; however, the
theoretical analysis is limited to elastic stage, for which the stress
concentration is overestimated [4,41]. Theoretical and experimen-
tal studies have also been conducted on notched steel beams [15].
The results basically agree in the elastic stage, but difference
becomes obvious in the plastic stage. The actual debonding process
cannot be predicted accurately. The theoretical result can be useful
in simplifying the design, but it is inadequate for the mechanical
performance evaluation. In contrast, fracture mechanics is consid-
ered as a more reliable debonding prediction method [29]. Numer-
ical studies can be conducted based on the fracture mechanics. It
could be a common useful method for debonding prediction
because only typical cases have been considered in experimental
study and the results are difficult to apply in practice [23,31,47,51].

In this study, the mixed-mode cohesive law was applied to sim-
ulate the stress distribution and debonding process of notched
steel beams strengthened by CFRP plates. Previous theoretical
and experimental results [15] were used to verify the numerical
results. The purpose was to develop a numerical method to simu-
late the debonding failure of CFRP strengthened notched steel
beams with consideration of plastic behaviour and to provide use-
ful information for debonding prevention by parameter analysis.

2. Theoretical background

The most common failure mode of strengthened steel struc-
tures is debonding. As shown in Fig. 1, there are three types of frac-
ture modes. Mode I, opening, usually occurs in the delamination of
CFRP and cohesive failure of the adhesive layer. The fracture is due
to the normal stress concentration. Mode II, shear cracking, is due
to the shear stress concentration. Mode III, tearing cracking, is a
mixture of Mode I and Mode II. The constitutive laws have been
developed for Mode I, Mode II and Mode III (bond-separation
model and bond-slip model for both shear directions), as shown
in Fig. 2(a) and (b), respectively. According to the mixed-mode of
interface debonding, both of the shear and normal stresses concen-
tration were considered. For accurate prediction of debonding, the
mixed-mode cohesive law was proposed for numerical simulation
[41,43], in which pure Mode I, Mode II and Mode III can be simu-
lated. The details of each model are described below.

2.1. Bond-separation model

The bi-linear bond-separation model followed the approach
suggested by Camanho et al. [6] and Campilho et al. [7], as shown
in Fig. 2(a). When the adhesive layer is damaged by pure tension,
the damage of the adhesive layer initiates when the normal stress
(a) (b)
Fig. 1. Crack types: (a) Mode I
exceeds its tensile strength (ft), which can be obtained from mate-
rial test results. With increasing of crack opening, the normal trac-
tion stress (tn) decreases gradually until reaching zero, and the
corresponding displacement is defined as the final failure displace-
ment (dnf ).

tn ¼
Kndn if dn 6 d0n
Kndnð1� dnÞ if d0n < dn 6 d f

n

0 if dn > d f
n

8><
>: ; ð1Þ

in which

Kn ¼ Ea

ta
; d0n ¼ f tta

Ea
and dn ¼ d f

nðdn � d0nÞ
dnðd f

n � d0nÞ
; ð2Þ

where Ki is the initial stiffness before cracking, di is the opening dis-
placement, di0 is the opening displacement at the point of initial
interfacial cracking, di

f is the final failure opening displacement
when the normal traction force is zero, di is the damage factor
due to the opening cracking (in the range of 0–1) (i = n,s, means nor-
mal and shear directions respectively), Ea is the elastic modulus of
the adhesive layer, ta is the thickness of the adhesive layer and ft
is the tensile strength of the adhesive layer.

Based on double cantilever beam tests, the final failure displace-
ment can also be determined based on the interfacial fracture
energy. The relationship was proposed by [1],

GI ¼ 1
2
f td

f
n ; ð3Þ

where GI is the interfacial fracture energy of Mode I failure.

2.2. Bond-slip model

Xia and Teng [46] proposed an interfacial bond-slip model to
predict the bond behaviour of the steel-FRP interface, as shown
in Fig. 2(b). Similar to the bond-separation model, it is also a bi-
linear relationship. We define the adhesive shear strength (ss) as
the interfacial debonding strength, and it can be determined by
the tensile strength of the adhesive layer (0.8ft). The relationship
of the shear traction stress (ts) and slip displacement (ds) can be
defined as

ts ¼
Ksds if ds 6 d0s
Ksdsð1� dsÞ if d0s < ds 6 d f

s

0 if ds > d f
s

8><
>: ; ð4Þ

in which

Ks ¼ Ga

ta
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2GII
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f t
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ss
and ds ¼ d f

s ðds � d0s Þ
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;

ð5Þ
(c)
; (b) Mode II; (c) Mode III.
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Fig. 2. Constitutive laws: (a) bond-separation model; (b) bond-slip model; (c) mixed-mode cohesive law.
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where ss is the shear strength of adhesive layer, Ga is the shear mod-
ulus of the adhesive layer and GII is the interfacial shear fracture
energy per unit area. GII can be calculated by the following equation

GII ¼ 31
f t
Ga

� �0:56

t0:27a : ð6Þ
2.3. Mixed-mode cohesive law

According to the simultaneity of the three fracture modes,
Camanho et al. [6] applied a mixed-mode cohesive law for finite
element analysis, and the debonding process of composite materi-
als was accurately simulated. Meanwhile, Teng et al. [41] also used
the mixed-mode cohesive law to simulate sound steel beams
strengthened by CFRP. The model considered the three fracture
modes, which means that it was a combination of bond separation
in the normal direction and bond slip in the two shear directions
(see Fig. 2(c)). In this case, tn, ts and tt represent the normal stress
and shear stresses in two directions, and the corresponding dis-
placements are dn, ds, and dt. If the initial thickness of the adhesive
layer cohesive element is T0 (it has the meaning of three directions
which is different from ta (normal direction)), the interfacial strains
are

en ¼ dn
T0

; es ¼ ds
T0

and et ¼ dt
T0

: ð7Þ

In the elastic stage, the relationships between the traction stres-
ses and displacements are
tn ¼ Kndn
ts ¼ Ksds
tt ¼ Ktdt

8><
>: ð8Þ

Kn ¼ Ea

T0
; Ks ¼ Kt ¼ Ga

T0
; ð9Þ

where Kn, Ks and Kt are the normal and two shear directions’ initial
stiffness.

In the damage evolution stage, the initiation of interfacial crack-
ing can be determined by the quadratic failure criterion

htni
f t

� �2

þ ts
sf

� �2

þ tt
sf

� �2

¼ 1; ð10Þ

where hi is the Macaulay bracket. htni is zero when the normal
stress tn is negative. The physical meaning is that bond-separation
failure will not occur if the adhesive layer is under compression.

To describe the interfacial damage evolution of both the normal
and shear directions, an effective displacement dm is included [6]
and can be calculated as

dm ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
hdni2 þ d2s þ d2t

q
; ð11Þ

where hdni is the opening displacement of the adhesive layer under
tension.

Then, the damage factor can be reproduced as

d ¼ d f
mðdm � d0mÞ
dmðd f

m � d0mÞ
; ð12Þ
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where dm
0 is the effective displacement at the point of initial inter-

facial cracking, dmf is the final failure effective displacement when
the traction force is zero.

The mixed-mode fracture criterion can apply the power law, as
provided by ABAQUS. The equation is then

Gn

GI

� �a

þ Gs

GII

� �a

þ Gt

GIII

� �a

¼ 1; ð13Þ

where GI, GII and GIII are the interfacial fracture energies of the three
directions, respectively. Parameter a is taken as 1 for simplicity. In
this case, it becomes a linear fracture criterion.

3. Summary of test programs

As presented in our previous study, notched steel beams
strengthened by CFRP plates were prepared for four-point bending
test [15]. The geometry of the specimens is shown in Fig. 3. The
steel had a yield strength of 305.3 MPa, a tensile strength of 460
MPa and a Young’s modulus of 205.1 GPa, whereas the CFRP plate
had a tensile strength of 745.9 MPa, Poison’s ratio of 0.3 and a
Young’s modulus of 127.2 GPa in the fibre direction. In addition,
Sikadur-30 adhesives for bonding steel were employed in the test.
According to the manufacture’s instruction, the adhesive has a ten-
sile strength of 25.5 MPa, a shear strength of 18 MPa, a shear mod-
ulus of 4.3 GPa and a Young’s modulus of 11.2 GPa. The ultimate
tensile strain is 0.0035. The thickness of the adhesive layer was
approximately 1 mm. Four-point bending tests were conducted,
and the debonding load, ultimate load, strain and corresponding
deflections were obtained. For CFRP strengthened steel beams,
the strain distribution was measured by 2 mm long strain gauges
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Table 1
Details of the test results [15].

Specimen Notch Repair Ultimate

C-1 Without No 52.9
A-1 With No 21.5
A-2 With No 22.2
AR-1 With Yes 41.0
AR-2 With Yes 40.9
AR-3 With Yes 40.4

Note: The failure mode ‘steel buckling’ means the compressive up flange buckling.
along the longitudinal centre line of CFRP plate (nine strain gauges
mounted on the bottom of CFRP plate, four on the steel beam
flanges and one on the web in the mid-span of specimen). For
notched steel beams without strengthening, one strain gauge
was mounted at the notch tip. Besides, a potentiometer was placed
in the middle of the specimens to measure the deflections. A cam-
era was used to monitor the debonding progress near the position
of the notch. Details of the test results [15] are shown in Table 1.
4. FE model

According to our previous experimental study [15], a finite ele-
ment (FE) model (notched steel beam-adhesive layer-CFRP plate)
was developed and verified by the experimental results. The geom-
etry and material properties of the specimen in Section 3 were
applied in this model. According to the adhesive properties, the
displacement at debonding load and the interfacial fracture energy
in the normal direction (Mode I) were obtained based on the the-
ory discussed in Section 2, whereas the two shear directions
applied the parameters as same as in Mode II. The key parameters
for the traction-separation model are shown in Table 2.

For the notched steel beam and CFRP plate, the eight-node
three-dimensional non-coordinative solid element (C3D8I) was
used for the simulation. The element was chosen due to its accu-
racy in simulating the problems of bending and contact. The adhe-
sive layer plays an essential role in stress transfer between the
steel beam and the CFRP plate, so it is the key point for the simu-
lation model. The eight-node three-dimensional cohesive element
(COH3D8) was applied in the mixed-mode bond degradation
model. Because the cohesive element can consider the behaviour
of materials in the thickness direction, it was developed in ABAQUS
based on the traction-separation model, in which the interface is
not the weak point. The accuracy of the cohesive element has been
proved by many existing studies [5,41].

Adhesive layer damage evolution was applied to represent
interface failure damage. Before debonding failure, the CFRP and
steel beam were assumed to be compatible. As a result, the steel/
adhesive and adhesive/CFRP interfaces used TIE for bonding and
were meshed with the same size, which means that the interface
of the two different materials had no freedom. The relationship
of the adhesive principle stress at the notch and the number of ele-
ments when the load is 6.3 kN are shown in Fig. 4. The convergence
of the FE model occurs when the adhesive element reaches 1200 as
the principle stress remains constant. Considering the efficiency
load (kN) Deflection (mm) Failure mode

37.2 Steel buckling
4.6 Notch propagation
5.3 Notch propagation
6.1 CFRP debonding
5.2 CFRP debonding
5.5 CFRP debonding

Table 2
Parameters for the traction-separation models.

Bond model
(mixed-mode)

Debonding
strength (MPa)

Displacement
at debonding
load (mm)

Interfacial
fracture
energy (N/mm)

Normal stress (Mode I) 27 0.00241 0.0473
Shear stress (Mode II) 18 0.00418 1.81
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and accuracy, the FE model meshing was conducted as below (see
Fig. 5): adhesive mesh size (2.5 mm � 2.5 mm � 1 mm (1 mm is
the thickness)), steel beam mesh size (2.5 mm � 2.5 mm � 2.5
mm) and CFRP plate mesh size (2.5 mm � 2.5 mm � 0.7 mm (0.7
mm is the CFRP thickness)).

5. Results and discussions

5.1. Load-deflection curves

As shown in Fig. 6, the simulated results agree with the exper-
imental results for the notched steel beams and CFRP plate
strengthened notched steel beams. The results validated the rea-
sonability of the parameters selected in the FE model and the accu-
racy of the simulation model for notched steel beams strengthened
with CFRP plate. The load-deflection curves of the notched steel
beams and the CFRP plate strengthened notched steel beams are
shown in Fig. 6(a) and (b), respectively. They all show plastic beha-
viour due to the plastic state of up flange and notched part of steel
beam. The steel near the notch could be in plastic state at a rather
low load level. It could have marginal influence on the plastic
behaviour of steel beam. However, with load increases, the up
flange of steel beam under compression could turn to the plastic
state. Then the plastic behaviour of the notched steel beams
becomes clear. For notched steel beam (see Fig. 6(a)), the up flange
of steel beam turns to the plastic state soon after the yielding of
steel near the notch. Then the notch propagation becomes the fail-
ure mode. While for CFRP strengthened notched steel beams (see
Fig. 6(b)), the up flange of steel beam becomes plastic state when
the load increased to more than 30kN. Because the CFRP externally
bonding can reduce the stress concentration at the notch, the steel
yield at the notch could be impeded, as well as the up flange steel
yielding. When the CFRP strengthened steel beam show obvious
plastic behaviour, the notch of the steel beam starts to propagate
before the debonding initiated. After the debonding of CFRP plate,
the notch crack propagation is accelerated and becomes failure
finally. The ultimate load and ductility were largely improved after
strengthening. It is worthy to note that the loads of strengthened
specimens after debonding were similar to those in the cases with-
out strengthening.

5.2. Longitudinal strain distribution in CFRP plates

The bond behaviour is important for the overall mechanical per-
formance of the composite strengthening system, especially for
understanding of the debonding failure. While the failure mode
of steel beams without notches is usually CFRP plate-end debond-
ing, it becomes intermediate debonding when the steel beam has a
notch because of the stress concentration at the notch [13,15]. For
CFRP strengthened steel beams with and without notches, the
strains development with the CFRP bondline are also different.
Therefore, the strains distribution along the CFRP plate at debond-
ing load and ultimate load were simulated and compared with the
test results, as shown in Fig. 7. It is clear that the results showed
good agreement. The figure shows that the debonding failure
occurs near the notch (Fig. 7 a) and then propagated toward the
plate ends (Fig. 7 b). For the specimen at debonding load, the strain
reached its maximum at the notch, and the strain remained a low
value at 100 mm away from the notch. When the load reached the
ultimate load, the strain rapidly increased to the maximum from
the CFRP plate end to the location 100 mm away from CFRP plate
end. After that, up to the notch, the strains remained almost con-
stant. It indicates that the stress concentration area propagates
from the notch toward the CFRP plate end with load increase (from
debonding load to ultimate load). The increased difference near the
notch can be explained by the lower stiffness of the notched steel
beam in the FE model, as shown in Fig. 6a. The results validated the
reliability and accuracy of the FE model.

5.3. Load capacity of notch-damaged steel beams strengthened by
CFRP plates

As shown in Table 3, the debonding load, ultimate load and
deflection from the FE model were compared with the test results
of notched steel beams strengthened by CFRP plates, and the devi-
ation was calculated. The scattering of the test results was obvious,
and the FEM results essentially agree, indicating that the FE simu-
lation is applicable for predicting the debonding and ultimate loads
and the maximum deflection.

5.4. Interfacial stress distribution

According to the simulation results, the longitudinal shear
stress and normal stress distributions with the CFRP plate bondline
are shown in Figs. 8 and 9 for different load levels. When the load
level was 6.25 kN, the interfacial stress concentration initiated at
positions close to the notch and CFRP plate ends. The maximum
shear stress was near the notch and was much greater than that
near the CFRP plate ends. As the load increased to 9.36 kN, the area
of interfacial stress concentration near the notch increased, and the
normal stress reached the maximum along the CFRP plate bond-
line. When the load reached 20.88 kN, the maximum shear stress
shifted to a position 20 mm from the mid-span, indicating that
the interfacial stress concentration moved from the notch towards



(a) (b)
0 2 4 6 8 10

0

5

10

15

20

25

30

35

40

45

L
oa

d
(k

N
)

Deflection at mid-span (mm)

FEM
A-1
A-2

0 2 4 6 8 10
0

5

10

15

20

25

30

35

40

45

L
oa

d
(k

N
)

Deflection at mid-span (mm)

FEM
AR-1
AR-2
AR-3

Fig. 6. Load-deflection curves of (a) notched beam (b) notched beam strengthened with CFRP plate.

(b)(a)

G1 G2 G3 G4 G5
100 50 30 20

Notch

G1 G2 G3 G4 G5
100 50 30 20

Notch

Fig. 7. Comparison of the experimental and finite element model strains at (a) debonding load (b) ultimate load.

Table 3
Capacity comparison of the experimental results and finite element model.

Steel beams Debonding load (kN) Deviation Ultimate load (kN) Deviation Deflection in mid-span at ultimate load (mm) Deviation

FEM 33.02 / 38.73 / 5.95 /
AR-1 32.5 �1.6% 41.0 5.5% 5.88 1.2%
AR-2 34.4 4.0% 40.9 5.3% 5.42 �9.8%
AR-3 38.7 14.7% 40.4 4.1% 5.66 �5.1%
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the CFRP plate ends. In the FE model, after the interfacial stress
exceeds the strength of the material, the element is invalid, and
the interfacial stress becomes zero. Therefore, at a load of F =
33.02 kN (debonding load), the interfacial stress at position less
than 5 mm away from the mid-span were zero, and the maximum
shear stress moved to a position 60 mm away from the mid-span.
Furthermore, when the load reached the ultimate load of 38.73 kN,
the zero interfacial stress transferred to a position 90 mm from the
mid-span and complete debonding of the CFRP was observed after
a slight decrease in load.

According to the theoretical background, the initiation of
debonding will not occur when the adhesive layer is under com-
pression. As shown in Fig. 8, before debonding failure, the normal
stress near the notch was always positive and remained small,
whereas the shear stress was much higher and the maximum
shifted from the notch to the CFRP plate ends. Therefore, the inter-
mediate debonding failure was mainly due to the shear stress con-
centration near the notch.

With regard to the damage mode of the notched steel beam
strengthened by CFRP plate, three composite specimens had simi-
lar test results. Specifically, beam AR-1 was in the elastic stage, and
no cracking was observed when the load reached 32 kN. Based on
the camera monitoring, initiation cracking was observed in the
adhesive layer near the notch of the steel beam when the load
was 32.5 kN. As the load increased, the interfacial crack propagated
continuously. After the load reached the ultimate load 41.01 kN,
the load decreased slowly, and deformation of the steel beam
web was observed at the notch. As the load decreased to 40.2 kN,
one side of the CFRP plate debonded completely, whereas a small
part maintained bonding on the other side. However, as shown
by the numerical model, the interfacial shear and normal stresses
reached their maximum values at a load of 6.25 kN and then
decreased, as observed in the case of a load equal to 9.36 kN. As
the load increased to 20.88 kN, obvious softening of adhesive layer
close to the notch was observed. Moreover, the adhesive element
became invalid when the load reached the debonding load 33.02
kN because cracks could initiate, and the number of invalid ele-
ments increased with the load. The adhesive elements were
entirely invalid at the notch when the load reached the ultimate
load of 38.73 kN. Then, the load decreased slightly to 37.53 kN
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before dropping dramatically without a major change in deflection.
Finally, CFRP debonding failure was observed, and all the adhesive
elements on the right side of the beam became invalid. Therefore,
the debonding process results from the test agree with the simula-
tion results. The adhesive crack initiation starts at the notch and
moves toward the CFRP plate end, resulting in debonding failure.
These results further verified the applicability and reliability of
the FE model.

5.5. Comparisons of the analytical and FEM interfacial stress
distributions

Theoretical study on notched steel beams strengthened with
CFRP plate was reported in our previous publication [15]. As
derived, the equations for calculating of interfacial shear and nor-
mal stresses are summarized as below
s ¼ � kc
b
e�kx þ Zs

bf2EsIs
ðV1ðxÞ � VpðxÞÞ ð14Þ
rðxÞ ¼ e�bxðs1cosðbxÞ þ s2sinðbxÞÞ þ f 5
f 4

ds
dx

ð15Þ

in which

k ¼
ffiffiffiffiffi
f 2
f 1

s
; b ¼

ffiffiffiffiffiffiffiffi
f 4
4f 3

4

s
; f 1 ¼ ta

Gb
; f 2 ¼ ðZs þ Zf ÞZs

EsIs
þ 1
EsAs

þ 1
Ef Af

;

f 3 ¼ ta
Eab

; f 4 ¼ 1
EsIs

þ 1
Ef If

; f 5 ¼ Zs

EsIs
� Zf

Ef If
ð16Þ

where E, I, G and A are the elastic modulus, the second moment of
area, rigidity modulus and the area. The subscripts s, f and a denote
steel beam, CFRP plate and adhesive, c is a constant value. Zs, Zf, ta
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Fig. 9. Interfacial stress distributions along section II-II at load levels of (a) 6.25 kN (b) 9.36 kN (c) 20.88 kN (d) 33.02 kN (debonding load) and (e) 38.73 kN (ultimate load).
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and b are the distance from the neutral axis to the bottom of the
steel beam, the distance from the neutral axis to the top of the CFRP
plate, the adhesive thickness and CFRP plate width. V1(x) and Vp(x)
are the shear forces caused by applied loading and load-relief
jacking.

The boundary conditions are employed to obtain s1 and s2.

(1) CFRP plate ends

s1 ¼ c

2b3b
� f 5
f 3

kþ f 5
f 4

k5 � b
f 5
f 4

k4
� �

þ 1
2b3

f 5Zs

f 3bf2EsIs
V1ð0Þ � bEa

ta

M1ð0Þ
EsIs

� Ea

ta

V1ð0Þ
EsIs

� �
ð17Þ

s2 ¼ 1
2b2

Ea

ta

M1ð0Þ
EsIs

þ f 5
f 4

c
b
k4

� �
ð18Þ

where M1(0), V1(0) are the bending moment and shear force of the
CFRP plate at the ends of the CFRP plate.
(2) Notch

s1 ¼ c

2b3b
� f 5
f 3

kþ f 5
f 4

k5 � b
f 5
f 4

k4
� �

þ 1
2b3

f 5Zs

f 3bf2EsIs
V1ð0Þ � bEa

ta

M1ð0Þ
ðEIÞ1

� Ea

ta

V1ð0Þ
EsIs

 !
ð19Þ

s2 ¼ 1
2b2

Ea

ta

M1ð0Þ
ðEIÞ1

þ f 5
f 4

c
b
k4

 !
ð20Þ

where M1(0), V1(0) are the bending moment and shear force of the
CFRP plate at the notch location. ðEIÞ1 is the combined stiffness of
the strengthened sections.

The interfacial stresses from the FE modelling and the analytical
calculations for loads of 6.25 kN and 9.36 kN are shown in Fig. 10.
Stress concentration appeared near the notch, and a good agree-
ment was observed. When the load increased to 9.36 kN, the inter-
facial stress started to decrease in the FE modelling results,
whereas no decrease was observed in the analytical results. The
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Fig. 10. Comparisons of the analytical and finite element model interfacial stress distributions along section II-II at load levels of (a) 6.25 kN and (b) 9.36 kN.
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main reason for this difference is the simply elastic analysis used
for the analytical calculations. The degradation process of the
adhesive was not considered. Therefore, the analytical interfacial
stress increased consistently and the debonding load was
underestimated.

6. Parametric analysis

In this section, three parameters, notch depth, CFRP elastic
modulus and thickness, were systematically analysed. Their influ-
ence on the bearing capacity and interfacial stress of notched steel
beams strengthened by CFRP plates was discussed for a better
understanding of the strengthening of damaged steel structures.

6.1. Notch depth

To understand the influence of the notch depth to the strength-
ening effect, three notch depths were modelled, 14.4 mm, 34.4 mm
and 54.4 mm. The load-deflection at mid-span curve is presented
in Fig. 11(a). The debonding and ultimate loads decreased with
increasing notch depth, as did the deflection in accordance with
the ultimate load. When the notch depth increased from 14.4
mm to 34.4 mm and 54.4 mm, the debonding load decreased
21.5% and 34.5%, the ultimate load decreased 18.6% and 34.6%,
and the deflection decreased 7.3% and 12.2%, respectively. In addi-
tion, the interfacial stress developed with the load near the notch
(where the adhesive was cracking), as shown in Fig. 11(b). At notch
depths of 14.4 mm, 34.4 mm and 54.4 mm, the shear and normal
stresses reached their maxima at loads of 9.36 kN, 5.99 kN and
5.81 kN and then reached zero at loads of 33.02 kN, 25.92 kN and
21.63 kN, respectively. The interfacial stress decreased after reach-
ing the debonding load, which means adhesive layer softening ini-
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Fig. 11. Strengthened beam with different notch depths: (a) Load-
tiated near the notch. Additionally, the deeper the notch was, the
lower the load required for the initiation of adhesive layer
degradation.

After the adhesive layer was softened, for deeper notches, the
interfacial stress at the notch was lower and the decrease in stress
was more rapid. As a result, the debonding load and ultimate load
also decreased with increasing notch depth. Thus, deeper notches
promoted cracking of the adhesive layer, which caused premature
debonding failure by decreasing the bearing capacity and ductility.
Therefore, CFRP strengthening should be designed with special
considerations for deep-notched steel beams.

6.2. CFRP elastic modulus

Since steel beams have higher stiffness than concrete, the
strengthening effect could be minimal if CFRP with a lower elastic
modulus is applied. Some researchers have argued that better
mechanical performance can be achieved if we use ultra-high elas-
tic modulus CFRP [45]. To clarify the effect of the CFRP elastic mod-
ulus, three elastic moduli (127.2 GPa, 200 GPa and 250 GPa) were
applied in the simulation, and the results are shown in Fig. 12. It
is evident that the higher the elastic modulus is, the larger the ulti-
mate load and debonding load that can be reached, although the
deflection is lower (see Fig. 12(a)). When the CFRP elastic moduli
increased from 127.2 GPa to 200 GPa and 250 GPa, the debonding
load increased 15.1% and 26.4%, the ultimate load increased
11.4% and 17.8%, whereas the deflection decreased 8.3% and 9.4%,
respectively. Thus, ultra-high elastic modulus CFRP is suitable for
improving the bearing capacity of steel beams, but the reduction
in ductility should be considered for premature debonding failure.

Accordingly, the interfacial stress changes with load was also
analysed for steel beams strengthened with CFRP plates with dif-
)

0 10 20 30 40 50

-20

-15

-10

-5

0

5

10

15

20

In
te

rf
ac

ia
ls

tr
es

se
s(

M
Pa

)

shear stress-14.4mm
normal stress-14.4mm
shear stress-34.4mm
normal stress-34.4mm
shear stress-54.4mm
normal stress-54.4mm

Load (kN)

deflection relationship; (b) Interfacial stress-load relationship.



(a) (b)
0 2 4 6 8

0

10

20

30

40

50

L
oa

d
(k

N
)

Deflection at mid-span (mm)

127.2GPa
200GPa
250GPa

Debonding
load

0 10 20 30 40 50

-20

-15

-10

-5

0

5

10

15

20

Load (kN)

In
te

rf
ac

ia
ls

tr
es

se
s(

M
Pa

)

shear stress-127.2GPa
normal stress-127.2GPa
shear stress-200GPa
normal stress-200GPa
shear stress-250GPa
normal stress-250GPa

Fig. 12. Strengthened beam with different CFRP elastic moduli: (a) Load-deflection curves; (b) Interfacial stress-load relationship.

(a) (b)
0 2 4 6 8

0

10

20

30

40

50

L
oa

d
(k

N
)

Deflection at mid-span (mm)

1.4mm
2mm
3mm

Debonding
load 0 10 20 30 40 50

-20

-15

-10

-5

0

5

10

15

20

Load (kN)

In
te

rf
ac

ia
ls

tr
es

se
s(

M
Pa

)

shear stress-1.4mm
normal stress-1.4mm
shear stress-2mm
normal stress-2mm
shear stress-3mm
normal stress-3mm

Fig. 13. Strengthened beam with different CFRP thicknesses: (a) Load-deflection curves; (b) Interfacial stress-load relationship.

J. Deng et al. / Construction and Building Materials 163 (2018) 622–633 631
ferent elastic moduli. As shown in Fig. 12 (b), for CFRP with elastic
moduli of 127.2 GPa, 200 GPa and 250 GPa, the shear and normal
stresses reached the maximum values at loads of 9.36 kN, 9.72
kN and 9.93 kN, respectively. There was no obvious difference
observed in the ascending stage, which means the elastic modulus
has an insignificant effect on adhesive layer degradation. In addi-
tion, for each case, when the load increased to 33.02 kN, 38 kN
and 41.74 kN, the shear stress and normal stress decreased to zero,
indicating the initiation of debonding. Therefore, the higher the
CFRP elastic modulus is, the higher the interfacial stress near the
notch when the adhesive layer is softening and the lower the rate
of degradation. Meanwhile, the debonding load and ultimate load
of the strengthened steel beams can be improved at higher elastic
moduli. It is worth noting that a different trend was observed for
the plate-end debonding failure. The higher the elastic modulus
of the CFRP plate was, the lower the debonding load [12].

6.3. CFRP thickness

The CFRP thickness can affect the strength of strengthened steel
beams [13]. To enhance the understanding of the effect of the CFRP
thickness on the strengthening of notched steel beams, in consid-
eration of previous experimental studies and common engineering
applications, three CFRP thicknesses (1.4 mm, 2 mm and 3 mm)
were selected for the FEM analysis. The load-deflection results
are shown in Fig. 13(a). The thicker the CFRP plate is, the higher
the observed ultimate load. However, as the ultimate load
increases, the deflection decreases. When the CFRP thickness
increased from 1.4 mm to 2 mm and 3 mm, the debonding load
increased 11.5% and 30.7%, the ultimate load increased 8.7% and
21%, whereas the deflection decreased 6.2% and 14.2%, respec-
tively. Therefore, the bearing capacity of strengthened steel beams
can be effectively improved by increasing the CFRP plate thickness,
but the sacrifice of ductility should be noted.

Fig. 13(b) shows the interfacial stress and load relationship.
When the shear and normal stresses reached their maximum val-
ues, the loads of the strengthened steel beams were 9.36 kN,
9.64 kN and 14.96 kN. Then, the shear and normal stresses
decreased to zero (CFRP thickness 1.4 mm, 2 mm and 3 mm) when
the loads were 33.02 kN, 36.82 kN and 43.15 kN. Clearly, the effect
of the thickness is similar to that of the CFRP elastic modulus.
Using a thicker CFRP plate could also be an effective way to
improve the debonding and ultimate loads. The results could be
beneficial reference for the design of CFRP strengthening. However,
as discussed in the above section, the conclusion may only be valid
for strengthened deficient steel beams. For strengthened sound
steel beams, plate-end debonding can occur, and the increase of
CFRP thickness has a negative effect on the debonding strength
[12].

7. Conclusions

In this paper, the mixed-mode cohesive law was applied to sim-
ulate notched steel beams strengthened by CFRP plates, and
authors’ theoretical and experimental results were compared for
model verification. As discussed, the following conclusions can be
made.

(1) The mixed-mode cohesive law was validated by the experi-
mental results as an effective model for simulating the
mechanical behaviour of notched steel beams strengthened
by CFRP plates. Compared with the average debonding and
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ultimate loads from test and FEM results, the deviations are
about 6.0% and 5.4%, respectively. The accuracy of the model
is also demonstrated by the load-deflection curves and the
strain distributions at the debonding load and ultimate load.

(2) The debonding process of notched steel beams strengthened
with CFRP plates can be accurately simulated by the numer-
ical model. How the longitudinal shear stress and normal
stress change with increasing load is clear from the
simulated results. The simulation tool is important for the
development of debonding prevention measures and
improvement of the bearing capacity.

(3) The simulated results agree with the theoretical results for
specimens in the elastic stage. However, the difference
becomes obvious in the plastic stage, which implies that
the results from the theoretical calculation were overesti-
mated. For better accuracy and safety, in engineering appli-
cations, it is necessary to predict the debonding and ultimate
loads of specimens using numerical models.

(4) The effects of the notch depth, CFRP elastic modulus and
CFRP thickness were assessed through parametric analysis.
The debonding load and ultimate load of the strengthened
steel beams decreased with the notch depth substantially.
Moreover, the bearing capacity increased with the elastic
modulus and thickness of the CFRP plates, while the ductility
decreased, resulting in premature debonding failure. When
the CFRP elastic moduli increased from 127.2 GPa to 200
GPa and 250 GPa, the debonding load increased 15.1% and
26.4%, the ultimate load increased 11.4% and 17.8%, respec-
tively. In addition, when the CFRP thickness increased from
1.4 mm to 2 mm and 3 mm, the debonding load increased
11.5% and 30.7%, the ultimate load increased 8.7% and 21%,
respectively. The results are only valid for strengthened defi-
cient steel beams that are subject to intermediate debonding
failure since increases in the CFRP elastic modulus and thick-
ness have negative effects in cases of plate-end debonding
failure.
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