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Abstract

This paper considers a problem of scheduling on parallel machines where each
machine requires maintenance activity once over a given time window. The objective is
to find a coordinated schedule for jobs and maintenance activities to minimize the
scheduling cost represented by either one of several objective measures including
makespan, (weighted) sum of completion times, maximum lateness and sum of lateness.
The problem is proved to be NP-hard in the strong sense in each case of the objective
measures. Some restricted cases of the problem are also characterized for their

complexities, for which the associated dynamic programming algorithms are derived.
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1. Introduction and Problem Description

The majority of machine scheduling models often assume that machines are available
all the time for processing jobs over their associated planning horizon. However, this
assumption is not realistic in many manufacturing situations, since machines require
maintenance activity periodically to prevent malfunctions. During the associated
maintenance activity machines are not available for processing jobs. Maintenance
encompasses activities including installation, vehicles, equipment, or some physical
assets enabling effective work. Preventive maintenance is an activity that a priori
prevents potential faults resulting in malfunctions and also prevents critical non-
availability of the system. Note that maintenance costs cover a big percentage of the
total operating costs, making it very reasonable to include maintenance activities in the
production schedule (Angel-Bello et al., 2011).

In the airline industry, planned maintenance activities can reduce production time by
as much as 15% (Laalaoui and M’Hallah, 2016). Moreover, especially in semiconductor
manufacturing, it is often observed that machines are idle while waiting for maintenance
personnel to do preventive maintenance, even though jobs are waiting. Thus, the
operations managers have to create their production schedule carefully so as to
minimize their costs while avoiding unexpected resource unavailability. Obviously,
careful coordination between maintenance activity and job processing would result in a
better schedule, which is the motivation for this study. Here, the authors consider a
coordinated scheduling model that takes into account such associated machine
maintenance activities.

In the literature, scheduling problems with maintenance activities incorporated can be
classified into “fixed” and “coordinated” models. The first model considers the
maintenance activity durations, which are known and fixed in advance, so that the
starting and completion times of the maintenance activity are given. The problem of
scheduling jobs with this type of maintenance has often been referred to in the literature
as “scheduling with machine availability constraints”. Angel-Bello et al. (2011),
Hfaiedh et al. (2015), Laalaoui and M’Hallah (2016), Molaee et al. (2011), and Sadfi et

al. (2005) have studied various single machine problems subject to various types of



machine availability constraints. Fu et al. (2011), Gedik et al. (2016), Liao and Sheen
(2008), Mellouli et al. (2009), and Wang and Cheng (2015) have studied various parallel
machine problems allowing various types of unavailable intervals for machines. Cheng
and Wang (1999, 2000), Kubiak et al. (2002), Kubzin et al. (2009) and Lee (1997,
1999) have studied a two machine flow shop problem allowing various types of
unavailable intervals for machines.

The second model is concerned with simultaneously determining when to conduct
each maintenance activity and when to process each job. Some research has been
conducted on scheduling maintenance activities and jobs jointly. For example, Graves
and Lee (1999) and Cassady and Kutanoglu (2003) -have studied single machine
problems allowing maintenance activities to be scheduled jointly with jobs. Aggoune
(2004) has studied a flowshop machine problem allowing maintenance activities to be
made within any given time window. Costa et al. (2016), Lee and Chen (2000), and Sun
and Li (2010) have studied some parallel machine problems, subject to the constraint
that maintenance activity on each machine should be made within a given time window.
Specifically, Lee and Chen (2000) have studied a parallel machine problem to minimize
the weighted sum of completion times of jobs. They have proved that the problem is
NP-hard and have derived a branch and bound algorithm based on the column
generation approach. Sun and Li (2010) have researched two two-machine parallel
machines with the makespan or sum of completion times. Costa et al. (2016) have
developed a genetic algorithm for a parallel machine problem.

This paper considers a coordinated scheduling model on parallel machines where
each machine requires maintenance activity once over a given time window, as in Lee
and Chen (2000). Moreover, two different maintenance activities are considered. The
first one allows more than one machine to be put under maintenance simultaneously if
necessary and is called “independent case”. The second one, called “dependent case”,
allows only one machine to be put under maintenance at any time point due to
insufficient maintenance resources (equipment or person); hence, the maintenance
activity duration on machines cannot be overlapped onto each other. The model
proposed here considers several different objectives of minimizing scheduling costs,
each being represented by either one of several objective measures including makespan,

(weighted) sum of completion times, maximum lateness and sum of lateness. Each of



these scheduling problems is proved to be NP-hard in the strong sense and then some
solution properties are characterized. Therewith, solution algorithms are derived using a
dynamic programming (DP) approach. A few restricted cases of the problems are also
analyzed for their complexities.

The proposed problem is stated in detail as follows: there are n jobs available at time
zero to be scheduled on m identical parallel machines without preemption.-Maintenance
on each machine must be completed exactly once within the given time length T, that is,
during the given time window [0, T], where the maintenance activity requires a
maintenance time length t, while any job processing is allowed after time T. It is
assumed that T>t and T>mt in the independent and dependent cases, respectively.
processing time, weight, due date, and completion time of job j are denoted by p;, w;, d;
and C; , respectively. It is assumed that t, T, p;’s, W;’s and d;’s have integer values.
Moreover, this paper does not allow any preemption, so that a job should not be allowed
to start until completing its associated maintenance activity if there is not enough time
to complete any job processing before starting maintenance activity on the machine,
which may incur an occurrence.of machine idle time.

The standard classification scheme for scheduling problems (Pinedo (1995)) «|A |y
is adapted in this paper where « indicates the scheduling environment, B describes
the job characteristics or restrictive requirements, and » defines the objective function

to be minimized. Accordingly, the proposed problem is represented by an identical
parallel machines problem with « = “P”. For g, the problem considers “ind”, “dep”,
“pi=p”, “dj=d” and “m=q” constraints, where “ind”, “dep”, “p;=p”, “d;=d” and “m=q”
indicate the independent case, the dependent case, all identical processing times case, all
identical due dates case, and the q identical parallel machines case, respectively.

Moreover, for y , the objective function of the proposed problem may be represented by
one of the following:

Crax = max,;.,C; (makespan),

ZLCJ. = sum of completion times,

Z”. w;C. = weighted sum of completion times,
j=1 171

Lmax = MaXy;., {Cj —d;, 0} (maximum lateness),



>k :Z?Zlmax(cj —d,, 0) (sum of lateness).

Table 1 provides the complexities of all of the tested scheduling problems associated
with various objective measures. In the table, the complexity orders represent the
computational time complexities of the associated DP algorithms, which are derived in
Sections 2.1 and 4, where R;, R,, R3 and R4 are derived in Theorems 10 and 11 in
Section 2.

>> |nsert Table 1 <<

2. General case analysis

This section will prove that the problems P|ind| » and P|dep|y are NP-hard in the

strong sense, where y €{Crax, >.-.C;, > W;C;, Lmax, ZLLJ. }.

= = 17

Theorem 1. The problem P|ind|Cax is NP-hard in the strong sense.
Proof. The proof is-done by reduction from the 3-Partition Problem (Garey and Johnson,
1979), which is known to be NP-hard in the strong sense. The 3-Partition Problem is

stated as follows:
Given 3qg elements being integer size e,..., €35, Where Z?jlei =qB and B/4 < g <

B/2 for i =1,..., 3q, does there exist a partition Si,..., Sq of the index set {1,..., 3q} such
that [Sf=3and > e =B forj=1,..,q?

Now, consider the following instance of the problem P|ind|Cpax;
n=23qg,m=q,t=qB, T =(q+1)B,
pi=¢ej=1,...,30.
Moreover, define a threshold value, Q, as
Q=B
Then, it will be proved that there exists a feasible schedule for the problem instance

satisfying the relation Cyax<Q if and only if there exists a solution to the 3-Partition



Problem.
a) For the if-part; suppose that there are q disjoint sets Sa,..., Sq which comprise a
solution to the 3-Partition Problem, such as {Xi1, X12, X13}, {Xo1, X22, X23},..., {Xq1, Xq2s

Xq3}, where {Xu1, X12, X13, X21, X22, X23,..., Xq1, Xq2, Xq3} = {€1, €2, €3, €4, €5, s, ..., €3g-2 €391,

es3q} and z;xji =B forj=1,..., q. Then, the associated job sets S;={J1, Js, Js},...,

S ={Jag-2, Jag1, Jaq} have processing times {Xu1, X1z, X13}, {Xe1, X2z, X23},.. -5 {Xq1, X2, Xqa},
respectively. Consider the schedule = such that three jobs in S, and the maintenance
activity are scheduled on machine k during [0, B] and [B, (g+1)B], respectively, for each
k =1,..., q, where the three jobs in each job set S, can be scheduled in arbitrary order
without machine idle time allowed. The structure of the schedule = is depicted as in

Figure 1. Then, the schedule 7~ has the makespan Cnax =B=Q.
>> |nsert Figure 1 <<

b) For the only if-part; suppose a schedule = is feasible as satisfying the relation
Cmax< Q. Any job cannot be scheduled after completing maintenance activity on any
machine in the schedule ~, since the maintenance length t is larger than Q. Then, all
the jobs should be completed before starting the maintenance activity on each machine
in the schedule 7=, that is, completed on each machine within the time interval [0, B],
since T - t =B. Since there are q parallel machines and the total processing times of all
the jobs is gB, the schedule = has no machine idle time. This implies that there exists

a-solution to the 3-Partition Problem. m

Theorem 2. The problem P|dep|Cmax is NP-hard in the strong sense.

Proof. The proof is similar to that of Theorem 1. m

Theorem 3. The problem Pjind| ZLCJ. is NP-hard in the strong sense.

Proof. The proof is done by reduction from the Numerical 3-Dimensional Matching
Problem (Garey and Johnson, 1979) which is known to be NP-hard in the strong sense.

The problem is stated as follows;



Given three sets X, Y, Z of q positive integers X={X1, X2,..., Xq}, Y={Y1, Y2,..., Yo} and
Z={z1, ..., 75} such that D' (x +y,+z)=qB, decide if there exist one-to-one

functions ¢ and y defined on the sets Sy, Sy,..., Sq such that x; + vy, +2,4 =B, for

w(i)
all Si= { Xy Y gy zy,(i)}, i=1,..., 0.
Now, consider the following instance of the problem P|ind| ZLCJ. ;
n=3qg, m=q, t=200B, T = 4B(50+2),
pi=B+x,j=1,...,q,
pj=2B +Yjq j =q+1,..., 20,
Pj = 4B + Zj.2q, ] = 20+1,..., 30.
Moreover, define a threshold value, Q, as
Q=11gB +Z?:1(3Xi +2y, +2;).

Then it will be proved that there exists a feasible schedule for the problem instance
satisfying the relation ZLC] <Q if and only if there exists a solution to the Numerical
3-Dimensional Matching Problem.

a) For the if-part; suppose that there are g disjoint sets Ss,..., Sq, which comprise a
solution to the Numerical 3-Dimensional Matching Problem, such as {xi, VY, .
Z,a) $oos Xar Yyq)r Zyr Where Xp+ vy, + 2, =B, for j =1,..., q. Then, the
associated job sets S;={J1, 501 Jogip oo Se=War Jgup@r Jaqip(@ + have the
processing ‘times {B+xi, 2B+y,, , 4B+ 2z, },..., {B¥Xq, 2B+y,., 4B+, }
respectively. Then, the total processing time of the three jobs in S| is
Pt Py ¥ Zogrwo = 1BHXkt Y001 Z,00) = 8B, for k =1,..., g. Consider the schedule
x such that three jobs in S, and the maintenance activity are scheduled on machine k

during [0, 8B] and [8B, 4B(59+2)], respectively, for each k =1,..., q, where the three

jobs in each job set S, are scheduled in SPT order without machine idle time allowed.

The structure of the schedule = is depicted as in Figure 2. Then, the schedule = has

the sum of completion times, Zi’lcj =11qB + ' (3% +2y, +7,)=Q.



>> Insert Figure 2 <<

b) For the only if-part; suppose a schedule r is feasible as satisfying the relation

ZLC ; <Q. Any job cannot be scheduled after completing maintenance activity on any

machine in the schedule = since the maintenance length t is larger than Q. Then, all
the jobs should be completed before starting the maintenance activity on each machine
in the schedule ~, that is, completed on each machine within the time interval [0, 8B],
since T - t =8B. Since there are q parallel machines and the total processing times of all
the jobs is 8gB, the schedule ~ has no machine idle time.

Now, the following claims can be made for the schedule =

Claim 1. In the schedule =, q jobs Jxg+1,..., Jaq are scheduled separately on g
machines during [0, 8B]. Suppose, to the contrary, that there are two jobs J; and J;
among Jog+1,. .., Jaqg Which are processed on the same machine during [0, 8B]. Then, the
sum of their processing times is 8B +zi.qt2j-2q, Which is larger than the interval length
8B, since 1<7j.q, Zj-2q <B, which is contradiction.

Claim 2. In the schedule” 7, @ jobs Jg+1,..., Joq are scheduled separately on g
machines during [0, 8B]. Suppose, to the contrary, that there are two jobs J; and J;
among Jq+1,.. ., Joqg Which are processed on the same machine during [0, 8B]. According
to Claim 1, Jyq+ IS already scheduled on the machine, so that the sum of processing
times of three jobs Ji, Jj, and Jog+k IS 8B+YiqtYjq+zk, Which is larger than the interval
length 8B, since 1<yiy, Yj-q <B, which is a contradiction.

Claim 3. In the schedule 7z, q jobs J,..., Jq should be scheduled separately on g
machines during [0, 8B]. Suppose, to the contrary, that there are two jobs Ji and J;
among Ji,..., Jq which are processed on the same machine during [0, 8B]. According to
Claims 1 and 2, Jq+ and Joq+« are already scheduled on the machine, so that the sum of
processing times of four jobs J;, Jj, Jg+1 and Jag+k is 8B+xi+Xj+y+zy, which is larger than
the interval length 8B, since 1<x;, X; <B, which is a contradiction.

According to Claims 1, 2 and 3, each set of exactly three jobs selected from among
Ji,..., Jaq should be scheduled (in SPT order) on each machine during [0, 8B]. This
implies the existence of a solution to the Numerical 3-Dimensional Matching Problem.



Theorem 4. The problem P|dep| er‘:lcj is NP-hard in the strong sense.

Proof. The proof is similar to that of Theorem 3. m

=1 17

Corollary 1. The problems P|ind|2?:1chj and P|dep|2? w.C. are also'NP-hard in

the strong sense.

Proof. According to the result of Theorem 3 and 4, it is obvious. m

Theorem 5. The problems PJind|Limax, P|dep|Lmax, P|ind|Z?:1Lj and P|dep| ZLLj are
NP-hard in the strong sense even if all the due dates are identical.
Proof. Consider a special situation such that the value 0 is assigned to each due date d;’s,

for j=1,..., n. Then, the problems P|ind|Lma, Pldep|Lmax, PJind| ZLLj and
P|dep|2?:1Lj will be equivalent to the problems P|ind|Cumax, P|dep|Cmax, P|ind|ZLCj

and P|dep| ZLC] , respectively. This implies that these problems are NP-hard in the

strong sense even if all the due dates are identical, since their special cases are NP-hard

in the strong sense. m

As proved above, the problems P|ind| y and P|dep|y are NP-hard in the strong sense,

where' 7 € {Cpax, ?:lcj, Z?:lecj, L mas, ZLLJ. }. Now, this section provides

non-dominated sequencing properties for the problems Plind|y as in Theorem 6, where

n n n
}/E{Cmax1 j:le ’ Zj:leCj , Lmax, Zj:l Lj }

Theorem 6. For the problems Plind|y, where y e{Cmax, Z?:lcj, > w,C;, Lmax,

=1 i

n

1L }» there exists an optimal schedule such that
(2) for y e{Cmax, ZLCJ. }, all the scheduled jobs on each machine, as depicted in

Figure 3-a), are in SPT (Shortest Processing Time) order, and no machine is idle.

10



(2) for y e{Lmax, ZLLJ. }, all the scheduled jobs on each machine, as depicted in
Figure 3-a), are in EDD (Earliest Due Date) order, and no machine is idle.
(3) for 7/:2?: ;C; , all the scheduled jobs in each of the sets Bx and Ak (k=L.

m) are in WSPT (Weighted Shortest Processing Time) order, where By and Ax
denote sets of all the scheduled jobs before and after the maintenance activity,
respectively, on machine k. Moreover, no machine is idle, as depicted in Figure
3-b).

Proof. This can be proved using interchange arguments. m
>> |nsert Figure 3 <<

Furthermore, non-dominated sequencing properties for the problems P|dep|y are

provided as in Theorem 7, where y € {Cnax ?:le : Z ~ WiCj, Lma Z

Theorem 7. For the problems P|dep|y, where y e{Cmax, Z, Ci, S WiC, Lmax

2 WiCi
Z, _Lj }, and B and Ay are defined as in Theorem 6, there exists an optimal schedule
such that
(1) for y €{Cmnax ZLC] }, all the scheduled jobs in each of the sets By and A
(k=1,..., m) are in SPT order.
(2) for y e{Lmax, ZLLJ. }, all the scheduled jobs in each of the sets Bx and Ag
(k=1,..., m) are in EDD order.
(3) for ;/:Z?: ;C; . all the scheduled jobs in each of the sets Bx and Ay (k=1,.

m) are in WSPT order.

Proof. This can be proved using interchange arguments. m

Note that for the problems P|dep|y, where »e{Cpmax, Z, Ci Z W:C:, Lmax

ER

Z, _, Lj }, there may exist idle time on any machine in an optimal schedule. Since it is

11



important to decide when to start a job-processing, when to start the maintenance
activity and when to keep the machine idle, this paper provides the following theorem
associated with the possible start-times of job-processing, maintenance activity and

machine idle duration.

Theorem 8. For the problems P|dep|y, where y e{Cuax, ?:le : Z?:lecj , Lmax,

ZLLj }, there exists an optimal schedule such that for each job j (j=1,..., n) and

machine k (k=1,..., m),
(1) the processing of job j starts at the completion time of another job or
maintenance activity on a machine.
(2) the maintenance activity on machine k starts at the completion time of any job
on machine k or the maintenance activity on another machine.
(3) there exists at most one idle time on each machine only before starting the
maintenance activity.
Proof. For (1), if all the machines are under process of other jobs or under maintenance
activity, then job j should wait until at least one machine becomes available. For (2), if
machine k is under process of any job or if another machine is under maintenance
activity, then the maintenance activity on the machine cannot be made due to the
dependent case assumption. For (3), suppose that there exists an optimal schedule ="
which has at least one idle time on machine k. Therewith, the following three cases need
be discussed.
Firstly, consider the case where machine idle time is inserted between two jobs j; and j,
such that job j; precedes job j, on machine k. Then, a non-dominated schedule 7 can
be found by processing the two jobs consecutively without any idle time inserted, so

that y; <y .. This implies that the idle time can be eliminated in this case.

Secondly, consider the case where machine idle time is inserted between maintenance
activity and job j such that the maintenance activity precedes job j on machine k. Then,
a non-dominated schedule 7 can be found by doing the maintenance activity and
processing the job j consecutively without any idle time inserted on machine k, so that

7z <. This implies that the idle time can be eliminated in this case.

12



Thirdly, consider the case where machine idle time is inserted between job j and
maintenance activity such that job j precedes the maintenance activity on machine Kk,

where s; and C] denote the starting and completion times of job j, respectively, and
sy, and Cy denote the starting and completion times of the maintenance activity-on

machine i, for i=1,..., m, respectively. Then, from the result of (2), a non-dominated
schedule 7 can be found by doing the maintenance activity on machine k during

[ S, . Cu 1 where 5§, = s, -A , C, = Cj-A and
A= min{s’;,,k—C’;,s;‘,,k—maxKiSm{C:Ai‘C:,|i gs’;ﬂk}}, so that y.<y.. If the relation
A:(s;;k —C}‘) holds, then the machine idle time will be eliminated. However, if the
relation A<(s;:,,k —C’;) holds, then the machine idle time occurs at the amount, (sy, -

C;-A). This implies that the machine idle time can appear only before starting

maintenance activity on machine k. Furthermore, there exists at most one idle time on
each machine, since there is at most one maintenance activity on each machine during

the planning horizon. m

Without loss of generality, this paper assumes that the maintenance activity on
machine k is made at the k-th order among m machines. Then, based on the result of
Theorem 8, more specific non-dominated properties associated with the sets By and Ay,

and the amount of the idle time can be provided for the problems P|dep|y as in

n n n
Theorem 9, where y €{Crax, >, ,C;. > wiCi, Lmax, ijle 1.

=i

Theorem 9. For the problems P|dep|y, where y e{Cmnax J_:le : Zj:lecj , Lmax,
ZLL ; }» there exists an optimal schedule such that

(1) Sum(By) < Sum(Byk+1) and ax>ax+1, for k=1,..., m-1, where Sum(Bk):ZjEB JE

ax>0, axeZ and ax denotes the number of scheduled jobs in Ay, for k=1,..., m.

(2) the amount of idle time on machine k cannot be larger than the value (k-1)-t,

for k=1,..., m.

13



(3) Considering the relations y,=max{Sum(B, )+t, y, , +t}, for k=2,..., m, where y;
=sum(B, )+ t and yx denotes the start-time of the first-starting job in Ac (on
machine k), that is, the completion time of the maintenance activity on machine
k; if the relation y,=Sum(B, )+ t holds, then there is no idle time on machine k,
while if the relation yix > Sum(B, )+ t holds, then there exists idle time on machine
k.

Proof. For (1), this can be proved using interchange arguments. For (2), there is no idle
time on machine 1; otherwise, a non-dominated schedule can be found by eliminating
the idle time on machine 1. Then, consider the situation where idle time does not appear
on machine j (1<j<k), but appears on machines j+1,..., k consecutively, as depicted in
Figure 4. Since Sum(B;) <Sum(Bj:1) < ...<Sum(By), the amount of the idle time on
machine k cannot be larger than the value (k<j):t<(k—1)-t (due to 1<j<k). For (3),

referring to Theorem 8 and Figure 4, it is obvious. =

>> |nsert Figure 4 <<

For the problems Plind|y and P|dep|y, where ye{Cnax ?Zlcj, Z” w.C,

j=1 171
Lmax, ZLL ; }» hon-dominated properties are provided to be used to restrict the search

space, as in. Theorems 10 and 11.

Theorem 10. For the problems Plind| y, where 7 € {Cmax, ?:1CJ , ZT W.C:, Lmax

ZLL] }, there exists an optimal schedule such that on each machine, P = Zr;:l p; and

Prex = My jcn 1P .
(1) the last scheduled job in By is completed no later than the time
R, =min{(T —t), [P+(M—=1)-t — P,y )M+ Py }» fOF k=1,..., m.
(2) the first scheduled job in A starts no earlier than t and no later than (R;+t), and
the last scheduled job in Ay is completed no later than the time
R, =[P = Py [/M+1+ Py » TOr k=1,..., m.

Proof. For (1), the first term (T-t) implies that the maintenance activity should be

14



completed before time T, so that the last scheduled job in Bk should be completed before

(T-t), and the second term [P+(m-1)-t—p,, ]/m+ p,, can be derived. For (2), since

the maintenance activity on each machine requires time duration t, the first scheduled
job in Ay starts no earlier than t. Moreover, since there does not exist idle time.in an
optimal schedule (as in Theorem 6), the first scheduled job in A starts no later than
(Ry+t), from the result of (1). m

Theorem 11. For the problems P|dep|y, where » e {Cpax, LC] , > wiC;, Lmax

j=t e
ZLL ; }» there exists an optimal schedule such that on each machine,
(1) the last scheduled job in By is completed no later than the time
Ry =min{(T —(m—k+1)-t), [P+(m—=1)-t+(m—2)p, [/Mm+ P |, fOr k=1,..., m.
(2) the first scheduled job in Ay starts no earlier than k-t and no later than
(T —(m—-k)-t), and the last scheduled job in Ay is completed no later than the
time R, =[P+(m-1)p,, J/m+t+p,,, fork=1,..., m.

Proof. The proof is similar to that of Theorem 10. m

In summary, for the problems Plind|y, the associated optimal schedule needs to
satisfy the properties specified as in Theorems 6 and 10, while for the problems P|dep| 7,

the associated optimal schedule needs to satisfy the properties specified as in Theorems

7,8 9and 11, where y e{Cnax, > C;\ 2 W,Cj, Lma, >, L}

2.1. DP algorithms

This section derives DP Algorithm A for the problems P|ind| » based on Theorems 6

n
j=1 i

and 10, where 7 € {Cax, ZLC i Loae Y.

DP Algorithm A
Indexing: Index all the jobs in SPT order for the problems P|ind|Cmax and PJind| Z?:J.Cj :

15



and index all the jobs in EDD order for the problems P|ind|Lmax and P|ind| ZLLJ. .

Value Function: fj(uy,..., Um, V1,..., Vm) = minimum objective value of a partial schedule
for jobs 1,..., j such that the total operation time (including job-processing or
maintenance times) on machine k is uy, for k =1,..., m, where if w=1, the
maintenance activity on machine k is made during the time interval [0, uy], or if v=0,
the maintenance activity on machine k is not made during [0, uy].

Boundary Condition: fo(0,..., 0, 0,..., 0) = 0.

Optimal Solution Value: min{ ) fo(uy,...,uy, 1,..., 1)

(uy.ees U Jt S Uy < Ry, k=L,...m, kazluk:(zr;zl pj+mt

Recurrence Relation: fj(us,..., Um, Va,..., Vm) =
a) for the problem P|ind|Cpax ;
oo, if max{uk| v =0,1<k<m }< p; and max{uk| vp=L1<k<m }<t+ P;
oo, if max{uk| v, =0,1<k<m é> R,
- min{k‘ukzpjvKkm}{max{fj,1 Upyeo U g5l = P Upgg el Vi Vi ) uk}} ,
MIN oy, o, v, ]Sksm}{fj (Ugyss U g U =t U Uy Vi Vi 1,0 Vi Vi )}

b) for the problem P|ind| er’:lcj ;

oo, if max{uk| v =0,1<k<m }< p; and max{uk| Vi =L1<k<m }<t+ P;
o0, if max{uk| vy =0,1<k<m }> R,
min{min{kukzpj,]ﬁkﬁm} fj,l(ul,...,uk,l,uk -p, ,uk+1,...,um,v1,...,vm)+ uk} ,

M ot 1,15k £ (U Ui g Uy =8 U Uy Ve Vi 3,0, Vi eV )}

c) for the problem P|ind|Lmax ;

oo, if max{uk| v =0,1<k<m }< p; and max{uk| Vi =L1<k<m }<t+ P;
oo, if max{uk| v, =0,1<k sm2> R,
min{min{kukzpjvKkm}{max{fj1 Up,...,U g, U = P ,ukﬂ,...,um,vl,...,vm), Uy —dj}} ,

Mg 1oy, ot v, 15kem)] £ (U Ui Uy =8 U Uy Ve Vi 3,0, Vi eV )}

d) for the problem P|ind| ZLLJ. ;
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oo, if max{uk|vk =0,1<k<m }< p; and max{uk|vk =11<k<m }<t+ P;
o0, if max{uk|vk =0,1<k<m }> R,
min{min{ku@pj,zksm}{fi1(ul ..... Uy o Uy = P Ugreen Uy Vy e, vm)+uk —dj}

Mg 7oy, ot o1, 15kem)] £ (Up e Ui Uy =8 U Uy Ve Vi ,0, Vi e vm)}

In each recurrence relation, the first term represents an infeasible case such that there
IS no space to schedule job j on any machine. The second term represents that the
associated partial schedule (us,..., Um, V1,..., Vm) can be dominated according to Theorem
10. The third term represents that job J; is scheduled during [uk-p;, U] on machine k, as
depicted in Figure 5-a). The fourth term represents that the maintenance activity on
machine k is made during [uk-t, uk], as depicted in Figure 5-b).

In DP Algorithm A, there are a total of O(n(R;+R2)™) states and the function value of
each state is calculated in O(m) time, so that DP Algorithm A can be applied to the
problems Plind| y in the complexity order of O(nm(Ri+Rz)™), where y e {Cmax,

n n
Zj:lcj ] LmaX1 Zj:l LJ }'
>> Insert Figure 5 <<

Now, DP _Algorithm B is also derived for the problem P|ind|2? w.C; based on

=1 17
Theorems 6 and 10. Denote by xx the completion time of the last-starting job in By, and
by yk the start-time of the first-starting job in Ax, and by zx the completion time of the
last-starting job in Ay, where 0<xx<Rj, t<yx<Ri+t, t<z <Ry, for k =1,..., m, as in

Theorem 10. Then, the maintenance activity on machine k is made during [y« - t, yi].

DP Algorithm B

Indexing: Index all the jobs in WSPT order.

Value Function: fi(X1,..., Xm, Y1,-+-» Ym, Z1,..., Zm) = Minimum objective value of a partial
schedule for jobs 1,..., j such that the scheduled jobs in By are processed during [O,
x¢] and the scheduled jobs in Ay are processed during [y, z], for k=1,..., m.

Boundary Condition: fo(0,..., 0, V1,..., Ym, Z1,..., Zm) = 0, if t<y=z <R+t fork=1,..., m,

17



fo(X1,e ey Xmy Y1seeer Yy Z25- -5 Zm) =00, IF X > 0 Or Y < zc for k =1,..., m.

Optimal Solution Value:

mm{(x1 ..... X YooY veee Zim )| 0SX, SRy, 1<y, SR+, t<Z, <R, fn(xl""'xm Yo Ymo Zl""’zm)
YeSZco X Ht=Yy, k=L,...m, z;n:l(kar(Zk’YK )):ijl Pj

Recurrence Relation: fi(X1,..., Xm, Y1,--+, Ym, Z1,.-+, Zm) =

oo, if MaX,gm, {Xk}< p; and max,n, {Zk - yk}< Pj
min{mln{kkapJkaﬁm} fj—l Xl""’Xk—l’Xk - pj,Xk+1,...,Xm,yl,...,ym,Zl,...,Zm)+Wij}

mln{k‘(Zk—yk)ij,KkSm} fj_l(Xl,...,Xm, yl,...,ym,Zl,...,Zk_l,Zk - pj,Zk+1,...,Zm)+WjZk}

The relation xx = 0 represents the situation where any-job cannot be scheduled in By,
while the relation xi > 0 represents the situation where more jobs should be scheduled in
Bk. Furthermore, the relation yx = z« represents the situation where any job cannot be
scheduled in Ay, while the relation yx < z represents the situation where more jobs
should be scheduled in Ay.

In the equation associated with the optimal solution value, the relation x + t = yy
represents that there does not exist machine idle time on machine k in an optimal
schedule as in Theorem 6.

In the recurrence relation, the first term represents an infeasible case such that there is
no space to schedule job j on any machine. The second term represents that job Jj is
scheduled in By during [X«-pj, X«], as depicted in Figure 6-a). The third term represents
that job J; is scheduled in A during [z-p;, z¢], as depicted in Figure 6-b).

In DP Algorithm B, there are a total of O(nR;*"R,™) states and the function value of

each state is calculated in O(m) time, so that DP Algorithm B can be applied to the

problem PJind| Z?:lecj in the complexity order of O(nmR;*"R,™).

>> Insert Figure 6 <<

Moreover, DP Algorithm C is derived for the problems P|dep|» based on Theorems 7,
8, 9 and 11, where y e{Cpax, ?:lcj, Z?:lecj, L max, ZLLJ. }. Recall that the

maintenance activity on machine k is made at the k-th order among m machines. From
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the result of Theorem 11, 0<x(<Rj3, k-t <yx< (T —(m—k)-t), k-t <zx<Ra, where Xy, Yk
and zy are defined as in DP Algorithm B. Then, the maintenance activity on machine k is
made during [y« - t, Y]

DP Algorithm C

Indexing: Index all the jobs in SPT order for the problems P|dep|Cmax and-P|dep| Z?:lcj

and index all the jobs in WSPT order for the problem P|dep| Z w;C ., and index all

-1
the jobs in EDD order for the problems P|dep|Lmax and P|dep| Z?ﬂ"i :

Value Function: fj(X1,..., Xm, Y1,---» Ym, Z1,.-., Zm) = Minimum objective value of a partial
schedule for jobs 1,..., j such that the scheduled jobs in By are processed during [0,
xx] and the scheduled jobs in Ay are processed during [yx, z], for k=1,..., m

Boundary Condition: fo(0,..., 0, Y1,..., Ym, Ziseees Zm) = 0, if k-t <yi=ze< (T —(m—k)-t)
for k=1,...,m, fo(X1,..., Xmy Y15-+» Yy Z1s..., Zm) =00, if Xk > 0 0r yy <z fork=1,..., m

Optimal Solution Value:

mm{(x1 ----- X Y15 Yms 21+ 2 )| 0<% SRgy K<y (T —(m—k M), k<2 <Ry, ¥ <2, X X, fn(Xl,...,Xm Yioe Y Zl"“'zm)
Vi <Yiaa—t, 0y —x <t<(k=1)t, k=1,...m, zkmzl(kar(zk—yk )):z:?:lpJ

Recurrence Relation: fi(X1,..., Xm, Y1,-- -, Ymy Z1,.-, Zm) =
a) for the problem P|dep|Crax ;
oo, Iif_max,q.., {Xk}< Pj and maXyq.. {Zk - Yk}< Pj
_ min{k‘xkzpjvjskgm} max fj_1 Xpreeos Xiogo Xk = P Xiaa oo Xmos Yoo ,ym,zl,...,zm), Xy }} ’
min{ .
mln{k‘(zk_yk)zpj’]skgm} max{fjfl(xl, Xy Yoo Yo Zoveees Zy g0 Zy — pj,zk+l,...,zm), zk}}

b) for the problem P|dep| ZLCJ

0, if My Xy} < Pj AN My {2 = Vi < P
] {mm{kxkzpj,ﬁksm} fj—l Xisees X Xy — pj,Xk+1, X Yieeea Ymo Zyeen )+ Xk}
min

mln{k‘(zk_yk)zpj’]ékgm} fH(xl, Xy Yoo Yims Z 1,...,zH,zk—pj,zkﬂ,...,zm)+zk}

c) for the problem P|dep| Z

1Jl’
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0, if MaXyoem Xy} < Pj AN My {2 = Vi < P
. {mln{kxk>pp]§k<m} fj—l Xl""’Xk—l’Xk - pjaxk+1| " m!yll 1ym’ e )+W Xk}
min

mln{k‘(zk_yk)zp“]ékgm} fj_l(xl, Xy Yirees Y Z 1,...,zk_l,zk—pj,zkﬂ,...,zm)+wjzk}

d) for the problem P|dep|Lmax ;

0, if MaX;oem Xy} < Pj AN My {2 = Vi < P
min mln{k‘xkzpj,ﬁksm} max fj—l Xl""le—l’Xk - pj,Xk+la 0 myyj_l ,ym,Zl,...,Zm), Xk _dj}}
mm{k‘(zk—yk)zpj,]skﬁm} maX{fj_l(Xl, ) m,y]_, 1ymy 1"--'Zk—1*Zk - pj;Zk+1y...,Zm)1 Zk _dj}}

e) for the problem P|dep| ZLLj :

o, if MaXyg.p (X } < p; and maXyg.p, Ze—yi )< Pj
. {mln{kxk>py]§k<m}{fj1 Xl""’Xk—l’Xk - pj,Xk+ls .y myyls .ym, yros )+ Xk —d }
min

mln{k‘(zk_yk)zpj’]ékgm} fj_l(xl, Xy Yyaee s Yo 2 1,...,zk_1,zk—pj,zk+l,...,zm)+zk—dj}

In the equation associated with the optimal solution value, the relation Xy < Xx+1
implies the relation Sum(By)< Sum(By:1) in Theorem 9, and the relation 0<yy - X —
t<(k—1)-t represents that the amount of idle time on machine k cannot be larger than
the value (k-1)-t as in Theorem 9, and the relation y,<y.1 - t represents that the
maintenance activity on machine k precedes that on machine (k+1).

In the recurrence relation, the first term represents an infeasible case such that there is
no space to-schedule job j on any machine. The second term represents that job Jj is
scheduled in By during [x«-pj, X], as depicted in Figure 6-a). The third term represents
that job J; is scheduled in A during [z-p;, z¢], as depicted in Figure 6-b).

In DP Algorithm C, there are a total of O(nRs"R,"T™) states and the function value of
each state is calculated in O(m) time, so that DP Algorithm C can be applied to the
problems P|dep| y in the complexity order of O(nmR3"R,"T™), where y e {Cmax,

Zjl i 2_1 ] J'LmaX' Z

This section has derived three DP Algorithms A, B and C for the problems
Plind|  and P|dep| y, where y € {Cmax, ZJl i O wiC;, Lmax, ZLLJ. }. Some of

=1

their restricted cases will be characterized in the following sections.
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3. Fixed number of machines case

This section shows first that the proposed scheduling problems with only two

machines, Plind, m=2|yand P|dep, m=2|y are NP-hard, where y e{Cpmax ?:lcj,

ZT_l j j1|—max, Z 1LJ}

Theorem 12. The problems P|ind, m:2|Z';Zlcj and P|dep; m:2|Z';Zlcj are NP-hard.
Proof. Lee and Chen (2000) have proved that the problems P|ind, m:2|22210 ; and

P|dep, m:2|zr;zlcj are NP-hard by reduction from the Partition Problem.

Corollary 2. The problems P|ind, m:2|2?:1chj and P|dep, m= 2|Z are also

1JJ

NP-hard.

Proof. According to the result of Theorem 12, it is obvious. m

Theorem 13. The problems P|ind, m=2|Cpax and P|dep, m=2|Cax are NP-hard.
Proof. The proof.is similar to that of Lee and Chen (2000) associated with Theorem 12.

Theorem 14. The problems Plind, m=2|Lmax, P|dep, m=2|Lmax, PJind, m:2|Z?:1Lj and

P|dep, m:2|2?:1Lj are NP-hard even if all the due dates are identical.

Proof. The proof is similar to that of Theorem 5. m

The results of Theorems 12, 13 and 14 imply that the problems P|ind, m=q(> 2)| » and

Pldep, m=q(> 2)| » are NP-hard, where ye {Cnax, ?:lcj, Z w.C: , Lmax

I I I

ZLLJ. }. Now, it will be proved that the problems Plind, m=q(>2)| and P|dep,
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m=q(>2)|y are NP-hard in the ordinary sense, where y e{Cpnax, ?:lcj : Z w.C,

S I I
LmaX1 Zr;:lLJ}

Theorem 15. The problems P|ind, m=q(>2)|y and P|dep, m=q(>2)|y are NP-hard in
the ordinary sense, where y € {Crax, ?:10 Iy Z WiCj, Limax, Z

Proof. It has been shown that those problems are NP-hard as shown in Theorems 12, 13,

14 and Corollary 2. DP Algorithm A can be applied to the problems P|ind, m=q(>2)|y

in the pseudo-polynomial complexity order of O(ngq(Ri+R2)), where »e {Cmnax,
Z, ,Ci Limax, Z’;:le }. DP Algorithm B can be applied to the problem Plind,
m=q(> 2)|Z?:lec:j in the pseudo-polynomial complexity order of O(nqR:*'R,%). DP
Algorithm C can be applied to the problems P|dep, m=q(>2)|y in the pseudo-

polynomial complexity order of O(nqR3*R4*TY), where y € {Cnax, 211 DO wiC

j=t i

Lmax, Zr;:lL i }- Thus, those problems are NP-hard in the ordinary sense. m

4. ldentical processing time case

This section considers the case when all the processing times are identical. Firstly, for

the problems Plind, pj=p| » non-dominated properties are provided as in Theorem 16,

where }/E{Cmax, Zjl jo Z i} W;j J’Lmax' Zjl i

Theorem 16. For the problems Plind, pj=p|y, where y e{Cmnax ?:le , Z w;C.

Tl Al I

Lmax ZLL ; }» there exists an optimal schedule such that

(1) for » € {Cmax, ZLCJ. }, all the scheduled jobs on each machine are in

arbitrary order without machine idle time allowed.
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(2) for y= Z WGy, all the scheduled jobs on each machine are in non-increasing
weight order without machine idle time allowed.
(3) For y e{Lmax ZLLj }, all the scheduled jobs on each machine are in EDD

order without machine idle time allowed.

Proof. This can be proved using interchange arguments. m

Now, this paper derives an optimal Algorithm D for the problems P|ind, pj=p|y

based on Theorems 16, where y €{Cpax, Z, Ci ZT_I iCy » Limax, Z

Algorithm D
Indexing: index all the jobs in arbitrary order for the problems P|ind, pj=p|Cmax and P|ind,

pj:p|Z?:le , and index all the jobs in non-increasing weight order for the problem

Plind, pj= IO|Z _W;C;, and index all the jobs in EDD order for the problems Plind,

pi=plLmax and Plind, p=pl > L; .
Schedule Construction

Step 1. Set k=1.If the relation k< [ (T —t)/p| holds, then go to Step 2. Otherwise, go
to. Step 4.

Step 2. If k+-m<n, then m jobs are scheduled on m machines separately and go to
Step 3. Otherwise, go to Step 7.

Step 3. Set k = k +1. If the relation k< |(T -t)/p| holds, then go to Step 2.
Otherwise, go to Step 4.

Step 4. The maintenance activities on all the machines are made simultaneously
during [[(T ~t)/pp.[(T~t)/pJp+1].

Step 5. If k-m<n, then m jobs are scheduled on m machines separately and go to
Step 6. Otherwise, go to Step 7.

Step 6. Set k =k +1 and go to Step 5.

Step 7. The remaining (n—(k—1)-m) jobs are scheduled on m machines separately.
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For the problems Plind, p=p|y, where y e{Cpmax, Z?:lcj }, the complexity of the
optimal Algorithm D is in the order of O(n). For the problems PJind, pj=p|y, where
}/e{zr;:lecj , Linax, ZLLj }, the complexity of the optimal Algorithm D is in-the
order of O(nlogn).

Now, for the problems P|dep, pj=p| 7, where y e {Cmax, ?:lcj , Z?:lecj » Limax,

Z?ﬂ"i }, non-dominated sequencing properties are provided as in Theorem 17.
Theorem 17. For the problems P|dep, p;/=p| 7, where _y e {Ciax, ?:lcj , Z?:lecj ,
L max, ZLL ; }» there exists an optimal schedule such that

(1) for y e {Cmax, Z?:lcj }, all the scheduled jobs on each machine are in

arbitrary order.

(2) for 7:Z?:1chj , all the scheduled jobs on each machine are in non-increasing

weight order.

(3) For y e{Lmax ZLLJ. }, all the scheduled jobs on each machine are in EDD

order.

Proof. Thiscan be proved using interchange arguments. m

Note that for the problems P|dep, pj=p|y, where y e{Cpmax, ?:lcj, Z?:lecj,
L max, ZLL] }, there may exist idle time in an optimal schedule, so that Theorem 8 in

Section 2 still holds. Furthermore, non-dominated properties are provided as in Theorem

18, which is similar to Theorem 9 in Section 2.

Theorem 18. For the problems P|dep| 7, where y € {Cpax, ?:le , ZT W.C. , Lmax,

ZLL ; }» there exists an optimal schedule such that

(1) by<bys1 and ax>ays1, for k=1,..., m-1, where by and ax denote the number of
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scheduled jobs in B¢ and Ay, respectively, and by, a>0, and a, bxeZ, for k
=1,...,m.

(2) the amount of idle time on machine k cannot be larger than the value (k-1)-t,
for k=1,..., m.

(3) Considering the relations yx =max{p-b, +t, y, , +t}, for k = 2...., m, where y;
=p-b+ t, k-t <Y< (T—(m-k)-t) and yx is defined as in Theorem 9; if the
relation yx = p-b, + t holds, then there is no idle time on machine k, while if the
relation yx> p-b, + t holds, then there exists idle time on-machine k.

(4) the total number of all the combinations (yi,..., ym) cannot be larger than the
value (n+1)".

Proof. For (1), (2) and (3), the proof is similar to that of Theorem 9. For (4), the
following relations hold;

yi=p-b+t,

y2=max{p-b, +t, y, +t}=max{p-b, +t, p-b, + 2t}

yzs=max{p-b, +1, y, +t}=max{p-b; +t, max{p-b, +t, p-b, +2t}+t}

Yk
= max{p-b, +t, y, ; +t} =
max{p-b, +t, max{p-b, , +t,max{p-b, , +t,max{...}+t}+t}+t}.
Then, the total number of values of y; is (n+1), since 0<b;<n. Given any value of y;,
the total number of values of y, cannot be larger than the value (n+1), since 0<b,<n, so
that the total number of all the possible (y1, y2) pairs cannot be larger than the value
(n+1)°. Furthermore, if the values of yi,..., yk1 are given at any values, then the total
number of values of yx cannot be larger than the value (n+1), since 0<by<n, for k=2....,
m, so that the total number of all the possible (yi,..., yk) tuples cannot be larger than the
value (n+1)*. Therefore, the total number of all the combinations (y,..., Ym) cannot be

larger than the value (n+1)". m

In summary, the associated optimal schedule needs to satisfy the properties specified

as in Theorems 17 and 18. Now, this paper derives DP Algorithm E for the problems
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P|dep, pj=p|y based on Theorems 8, 11, 17 and 18, where y e {Cmax ?:lcj,

2 .WiCy Lma, D0 Ly} b & and yi are defined as in Theorem 18, where y,

=p-b+t, yr=max{p-b, +t, y,, +t}, for r =2,..., m, k-t <yx< (T —(m—k)-t), and by,
a=>0, and a, bkeZ, for k =1,..., m, and > (a, +b,)=n. Then, the maintenance

activity on machine k is made during [yx- t, yk].

DP Algorithm E
Indexing: index all the jobs in arbitrary order for the problems P|dep, pj=p|Cmax and

P|dep, p,-:p|zr;:lcj , and index all the jobs in non-increasing weight order for the
problem P|dep, p=p| ZLWJ'CJ , and index all the jobs in EDD order for the

problems P|dep, pj=p|Lmax and P|dep, p;=p| ZLLj :

Value Function: fj(bs,..., bm, Y1,.., Ym, &1,..., @m) = minimum objective value of a partial
schedule for jobs 1,..., j such that by jobs in By are processed during [0, p-b, ] and
ax jobs in Ay are processed during [y, Y«+ p-a, ], for k=1,..., m.

Boundary Condition:  fo(0,..., 0, Vi,..., Ym, 0,..., 0) = 0, if y1 = p-b+ t, ¥
=min{p-b, +t,y,, +t} forr=2,...,m, k-t <y< (T -(m-k)-t) and 0<hy<n, for k
=1,..., m.

Optimal Solution Value:
min{(

ket<yy <(T—(m—k }t), Y~ pB (kLM <By1, 4 >a1, 8 by >0, beeZ k=L, > (By+ay ):n}

Recurrence Relation: fj(bs,..., bm, Y1,..., Ym, @1,..., @m) =

a) for the problem P|dep, pj=p|Crax;

_ min{k‘bpo’]Skgm}{max{fj,l(bl,...,bk,l,bk “1,B gD Vi Y B ) P-Dy ]
min{ .
mln{k‘akw’Kksm}{max{fj_l(bl,...,bm,yl,...,ym,<';11,...,ak_1,ak 1,841,080 ) Vi + P8y }}

b) for the problem P|dep, p=p| ZLCJ ;
min{min{kbkw’]skgm}{fjl(bl,...,bkl,bk “1,B gD Vi Vi B8y )+ P Dy |

min{k‘apoyKkgm}{fj_l(bl,...,bm,yl,...,ym,al,...,ak_l,ak ~1,8y,,0r8p )+ Yy + p-ak}
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c) for the problem P|dep, pj= plz

1JJ’

- min{k‘bpo’Kkm}{fj,l(bl,...,bk,l,bk —LBygsee s Vivees Vi By el )+ W - p-b )
min{k\ak>o,KkSm}{fj—l(blv--'bm,Y1a---’ymval----vak—1:ak ~Lay,1,8p )+ WYy + P2y )}

d) for the problem P|dep, pj=p|Lmax;

_ min{k‘w’]ﬂgm}{max{fj,l(bl,...,bk,l,bk — LBy g1 Bs Vire s Vi Bgreeni )y DDy —dj}}
mins .
Ming . o, 1ckem) max{fj_l(bl,...,bm,yl,...,ym,al,...,ak_l,ak ~L a0 ) Vi + P-ay -d; }}

e) for the problem P|dep, pj=p| ZLLJ

. Mg o, e {11 BB 1B ~LBytoe B, Voo ¥ 22 )+ DBy — |
min{k‘ak>0’Kkgm}{fj_l(bl,...,bm,yl,...,ym,al,...,ak_l,ak _1,ak+1,...,am)+ yk =+ pak _d]}

In the equation associated with the optimal solution value, the relation yi -

pbe< (k—1)-t represents that the amount of idle time on machine k cannot be larger
than the value (k—1)-t as in Theorem 18.

In the recurrence relation, the first term represents that job J; is scheduled in By during

[p(bk-1), pby]. The second term represents that job Jj is scheduled in Ax during [yx+p(ax-

1), yi+pa].

In DP Algorithm E, since 0<by<n, O<ax<n, and the total number of all the
combinations (yi,..., Ym) cannot be larger than the value (n+1)", there are a total of
O((n+1)*™) states and the function value of each state is calculated in O(m) time, so that

DP Algorithm E can be applied to the problems P|dep, pj=p|y, where y e {Cmnax
Z, Gy Z _W;Ci, Lmax, Z ; } in the complexity order of O(m(n+1)*"), which is

a polynomial complexity order for any fixed m. However, their problem complexities

remain open to prove for arbitrary value of m.
5. Identical due date case

As proved in Theorem 5 in Section 2, the problems P|ind, d;=d|» and P|dep, d;=d|y»
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are NP-hard in the strong sense, where y e{Lmax, ZLLJ. }. However, DP Algorithm A
can be applied to the problems P|ind, dj=d| y in the complexity order of O(nm(R;+R2)"),

where  y e {Lmax, ZLL] }. DP Algorithm C can be applied to the problems P|dep,

dj=d|y in the complexity order of O(nmR3"R,"T™), where » € {Lmax, Z?:le 1.

6. Conclusion

This paper considers the problem of scheduling on parallel-machines, where each
machine requires maintenance activity once during a given time window. In the problem
presented here, two different maintenance activities are considered, including the
independent case and the dependent case. The first one allows more than one machine to
be under maintenance activity simultaneously, if necessary The second one allows only
one machine to be under maintenance activity at any time point. Thus, the complexities
of various parallel machine problems are characterized with each of the two
maintenance activities considered for various scheduling measures. Moreover, some
restricted cases of the proposed problem are also characterized for their complexities,

for which the associated DP algorithms are derived.
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Objective

Additional
problem
characteristics

Independent case

Dependent case

Unary NP-hard,

Unary NP-hard,

O(nm(R1+Rg)m) O(nngmR4me)
Crnax m=q (>2) Binary NP-hard, Binary NP-hard,
—4{= O(ng(R1+Rx)7) O(ngRs*R4TY)
pi=p O(n) Unknown, O(m(n+1)*")
Unary NP-hard, Unary NP-hard,
5 O(nm(R1+R2)™) O(nmR3"R,"T™)
.G _ Binary NP-hard, Binary NP-hard,
= m=q (=2) O(ng(R1+R2)?) O(ngR"RTY)
pi=p O(n) Unknown, O(m(n+1)*")
Unary NP-hard, Unary NP-hard,
5 Q(nme’“Rzm) O(nmR;"Rs™T")
_w,C, _ Binary NP-hard, Binary NP-hard,
- m=q (=2) O(NAR:ZR,Y) O(NARRITY)
pi=p O(nlogn) Unknown, O(m(n+1)*™)
Unary NP-hard, Unary NP-hard,
O(nm(R1+R2)™) O(NmR3"R,™T™)
m=q (>2) Binary NP-haEd, Binary l\(qu-Eagd,
Lmax O(nq(R1+RZ) ) O(anS R4'T )
pi=p O(nlogn) Unknown, O(m(n+1)*™)
di=d Unary NP-hard, Unary NP-hard,
T 4 O(nm(R1+R2)m) O(nngmR4me)
Unary NP-hard, Unary NP-hard,
O(nm(R1+R2)m) O(nngmR4me)
) m=q (>2) Binary NP-haEd, Binary I\AP-EaEd,
Zj:le O(nq(R:+R2)") O(NgR3™R4'TY)
pi=p O(nlogn) Unknown, O(m(n+1)*™)
d=d Unary NP-hard, Unary NP-hard,
™ O(nm(R1+Rg)m) O(nngmR4me)

Table 1. Complexities of the scheduling problems.
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Figure 3. lllustrative examples associated with Theorem 6.
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Highlights of this paper

- Parallel machine scheduling with maintenance activity.
- makespan, sum of completion times, maximum lateness and sum of lateness.
- For each scheduling measure, the problem is proved to be strongly NP-hard.

- Some restricted cases are also characterized for their complexities.
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