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Abstract In this paper, an iterative algorithm is constructed for solving linear
matrix equation AX B = C over generalized centro-symmetric matrix X. We
show that, by this algorithm, a solution or the least-norm solution of the matrix
equation AX B = C can be obtained within finite iteration steps in the absence
of roundoff errors; we also obtain the optimal approximation solution to a
given matrix X0 in the solution set of which. In addition, given numerical
examples show that the iterative method is efficient.

Keywords Algorithm · Generalized centro-symmetric solution ·
Least-norm solution · Optimal approximation

1 Introduction

We first introduce some notations to be used. Let Rm×n be the set of all m × n
real matrices, Rm = Rm×1, SRn×n be the set of all symmetric matrices in Rn×n,
ASRn×n be the set of all anti-symmetric matrices in Rn×n, SORn×n be the set
of all symmetric orthogonal matrices in Rn×n. Denoted by the superscripts T
and In be the transpose and identity matrix with order n, respectively. For
matrices A = (a1, a2, . . . , an), B ∈ Rm×n, ai ∈ Rm, R(A) and tr(A) represent
its column space and trace, respectively; Symbol vec(·) represents the vec

M.-l. Liang (B) · C.-h. You · L.-f. Dai
School of Mathematics and Statistics, Lanzhou University,
Lanzhou, Gansu 730000, People’s Republic of China
e-mail: liangml2005@163.com

M.-l. Liang · L.-f. Dai
College of Mathematics–Physics and Information Science, Tianshui Normal University,
Tianshui, Gansu 741001, People’s Republic of China



174 Numer Algor (2007) 44:173–184

operator, i.e., vec(A) = (aT
1 , aT

2 , . . . , aT
n )T ; A ⊗ B stands for the Kronecker

product of matrices A and B; Moreover, 〈A, B〉 = tr(BT A) is defined as the
inner product of the two matrices, which generates the Frobenius norm, i.e.
‖A‖ = √

< A, A > = √
tr(AT A).

Let J = (en, en−1, . . . , e2, e1), ei is the ith column of identity matrix In, noting
that J = JT = J−1. If J AJ = A, we say that A ∈ Rn×n is centro-symmetric
matrix, which has practical applications in information theory, linear system
theory, linear estimate theory and numerical analysis (see [1, 2]). As the
extension of centro-symmetric matrix, we define the following conception (see
[10] for detail).

Definition 1.1 For arbitrary given matrix P ∈ SORn×n, i.e., P = PT = P−1, we
say that matrix A ∈ Rn×n is generalized centro-symmetric (generalized central
anti-symmetric) with respect to P, if PAP = A (PAP = −A). The set of order
n generalized centro-symmetric (generalized central anti-symmetric) matrices
with respect to P is denoted by CSRn×n

P (CASRn×n
P ).

In addition, the following definition is necessary.

Definition 1.2 Assume M, N ∈ Rs×t, where s, t are arbitrary positive integers,
if tr(MT N) = 0, matrices M, N are called orthogonal each other.

Remark 1 In this paper, let the given symmetric orthogonal matrix P be the
same as in Definition 1.1.

From Definitions 1.1 and 1.2, if matrices F ∈ CSRn×n
P , G ∈ CASRn×n

P , it is
easy to verify that tr(FT G) = 0, i.e., F, G are orthogonal each other, then for
given matrix P, we have the following lemma.

Lemma 1.1 Rn×n = CSRn×n
P ⊕ CASRn×n

P ⊕ ASRn×n.

We consider the following two problems.

Problem I For given matrices P ∈ SORn×n, A ∈ Rm×n, B ∈ Rn×p and C ∈
Rm×p, find X ∈ CSRn×n

P , such that

AX B = C. (1)

Problem II When Problem I is consistent, let SE denote the solution set of (1),
for given matrix X0 ∈ Rn×n, find X̂ ∈ SE such that

‖X̂ − X0‖ = min
X∈SE

‖X − X0‖ (2)

In fact, (2) is to find the nearness matrix to X0 in SE.
Linear matrix equation (1) has been discussed extensively with some special

unknown X, such as, Dai [3] and Chu [4] has studied the symmetric X
by singular value decomposition (SVD); Mitra [5] has obtain the common
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solution of simultaneous matrix equations A1 X B1 = C1, A2 X B2 = C2 by g-
inverse; And the reflexive and anti-reflexive solutions of matrix equation (1)
have been represented in [6], by generalized SVD. In addition, Pengs [7–9]
have constructed iterative methods to find the symmetric solutions and least-
squares solutions of the matrix equation (1) and matrix equations A1 X B1 =
C1, A2 X B2 = C2, respectively. For generalized centro-symmetric matrix, the
inverse eigenvalue problem has been considered by Xie in [10].

However, the generalized centro-symmetric solution of matrix equation
AX B = C has not been studied by iterative method. In this paper, we establish
an iterative algorithm, which is similar but different from that in reference [7],
to solve Problems I and II.

This paper is organized as follows. An iterative algorithm will be constructed
to solve Problem I in Section 2. We will show that, for any initial matrix X1,
a solution or the least-norm solution of matrix equation (1) can be obtained
within finite iterative steps in the absence of roundoff errors; In Section 3,
applying to this iterative method, we will derive the optimal approximation
solution to a given matrix X0 by a new matrix equation AX̃ B = C̃, where
X̃ = X − X0, C̃ = C − CX0 B, that is Problem II; in Section 4, we will offer
some numerical examples to verify our results.

2 An iterative method for solving Problem I

In this section, we will establish an iterative algorithm to solve Problem I, some
lemmas will be given to analyze the properties of the algorithm. Meanwhile,
we will show that any solution of the matrix equation (1) can be obtained
within finite iterative steps.

Algorithm 2.1

Step 1 : Input matrices A ∈ Rm×n, B ∈ Rn×p, C ∈ Rm×p, P ∈ SORn×n.
Choose an arbitrary matrix X1 ∈ CSRn×n

P .
Step 2 : Calculate

R1 = C − AX1 B,

P1 = 1

2
(AT R1 BT + PAT R1 BT P),

k := 1.

Step 3 : Calculate

Xk+1 = Xk + ‖ Rk ‖2

‖ Pk ‖2
Pk.
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Step 4 : Calculate

Rk+1 = C − AXk+1 B

= Rk − ‖ Rk ‖2

‖ Pk ‖2
APk B

Pk+1 = 1

2
(AT Rk+1 BT + PAT Rk+1 BT P) + ‖Rk+1‖2

‖Rk‖2
Pk.

If Rk+1 = 0, or Rk+1 	= 0, Pk+1 = 0, stop, otherwise, let k := k + 1,
go to Step 3.

Obviously, we know that Xi, Qi ∈ CSRn×n
P (i = 1, 2, . . . ). In the sequel, we

will illustrate the feasibility of Algorithm 2.1.

Lemma 2.1 For the sequences {Ri}, {Pi} (i = 1, 2, . . . ), in the iterative algorithm,
we have

tr(RT
i+1 R j) = tr(RT

i R j) − ‖Ri‖2

‖Pi‖2
tr(PT

i P j) + ‖Ri‖2‖R j‖2

‖Pi‖2‖R j−1‖2
tr(PT

i P j−1). (3)

Proof From Lemma 1.1, 2.1 and the Algorithm 2.1, noting that PPi P = Pi,
P ∈ SORn×n, we can obtain

tr[(APi B)T R j] = tr(PT
i AT R jBT)

= tr
[

PT
i

(
AT R jBT + PAT R jBT P

2

+ AT R jBT − PAT R jBT P
2

)]

= tr
(

PT
i

AT R jBT + PAT R jBT P
2

)

= tr
[

PT
i

(
P j − ‖R j‖2

‖R j−1‖2
P j−1

)]

= tr(PT
i P j) − ‖R j‖2

‖R j−1‖2
tr(PT

i P j−1).

Therefore,

tr(RT
i+1 R j) = tr

[(
Ri − ‖Ri‖2

‖Pi‖2
APi B

)T

R j

]

= tr(RT
i R j) − ‖Ri‖2

‖Pi‖2
tr[(APi B)T R j]

= tr(RT
i R j) − ‖Ri‖2

‖Pi‖2
tr(PT

i P j) + ‖Ri‖2‖R j‖2

‖Pi‖2‖R j−1‖2
tr(PT

i P j−1).

We complete the proof of equality (3). 
�
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Lemma 2.2 For sequences {Ri}, {Pi} generated by the iterative method, we
have that

tr(RT
i R j) = 0, tr(PT

i P j) = 0, i, j = 1, 2, . . . , k (k ≥ 2), i 	= j. (4)

Proof We prove the conclusion by induction.
When k = 2, from Lemma 1.1 , Algorithm 2.1 and the proof of Lemma 2.1,

then

tr(RT
2 R1) = tr(RT

1 R1) − ‖ R1 ‖2

‖ P1 ‖2
tr[(AP1 B)T R1)

= tr(RT
1 R1) − ‖ R1 ‖2

‖ P1 ‖2
tr(PT

1 P1) = 0. (5)

tr(PT
2 P1) = tr

[(
AT R2 BT + PAT R2 BT P

2
+ ‖R2‖2

‖R1‖2
P1

)T

P1

]

= tr(RT
2 AP1 B) + ‖R2‖2

‖R1‖2
tr(PT

1 P1)

= tr
[

RT
2

‖P1‖2

‖R1‖2
(R1 − R2)

]
+ ‖R2‖2

‖R1‖2
tr(PT

1 P1)

= 0, (6)

Assume (4) holds for k=s, that is, tr(RT
s R j)=0, tr(PT

s P j)=0, j = 1,

2, . . . , s − 1, by Lemma 2.1 and the iterative method, similar to the proofs of
(5) and (6), we can verify that tr(RT

s+1 Rs) = 0, and tr(PT
s+1 Ps) = 0.

Next, we will complete the proof of Lemma 2.2 if the two items tr(RT
s+1R j)=

0, tr(PT
s+1 P j) = 0 hold.

In fact, according the assumptions and the iterative method, when j = 1, we
have that

tr(RT
s+1 R1) = tr(RT

s R1) − ‖Rs‖2

‖Ps‖2
tr(APs B)T R1)

= −‖Rs‖2

‖Ps‖2
tr(APs B)T R1)

= −‖Rs‖2

‖Ps‖2
tr(PT

s AT R1 BT)

= −‖Rs‖2

‖Ps‖2
tr(PT

s P1)

= 0,
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and connecting with (3), then

tr(PT
s+1 P1) = tr

[(
AT Rs+1 BT + PAT Rs+1 BT P

2
+ ‖Rs+1‖2

‖Rs‖2
Ps

)T

P1

]

= tr[RT
s+1(AP1 B)] + ‖Rs+1‖2

‖Rs‖2
tr(PT

s P1)

= ‖P1‖2

‖R1‖2
tr[RT

s+1(R1 − R2)] + ‖Rs+1‖2

‖Rs‖2
tr(PT

s P1)

= ‖P1‖2

‖R1‖2
tr[RT

s+1 R2)

= 0. (7)

Furthermore, when 2≤ j≤s−1, Lemma 2.1 and the assumptions imply that

tr(RT
s+1 R j) = tr(RT

s R j) − ‖Rs‖2

‖Ps‖2
tr(PT

s P j) + ‖Rs‖2‖R j‖2

‖Ps‖2‖R j−1‖2
tr(PT

s P j−1) = 0,

similar to the proof of (7), we have tr(PT
s+1 P j) = 0. Hence, (4) holds for

k = s + 1.
Such are the proofs of formulas (4). 
�

Lemma 2.3 Suppose that X̄ be an arbitrary solution of Problem I, then for
Rk, Pk generated by the Algorithm 2.1, we have

tr[(X̄ − Xk)
T Pk] =‖ Rk ‖2, k = 1, 2, . . . . (8)

Proof When k = 1, from the Algorithm 2.1 and Lemma 2.2, we have that

tr[(X̄ − X1)
T P1] = 1

2
tr[(X̄ − X1)

T(AT R1 BT + PAT R1 BT P)]

= 1

2
tr[BRT

1 A(X̄ − X1) + PBRT
1 AP(X̄ − X1)]

= tr[RT
1 A(X̄ − X1)B]

= tr(RT
1 (C − AX1 B)]

= ‖RT
1 ‖2.

Assume equality (8) holds for k = s, we get

tr[(X̄ − Xs+1)
T Ps] = tr

[(
X̄ − Xs − ‖Rs‖2

‖Ps‖2
Ps

)T

Ps

]

= tr[(X̄ − Xs)
T Ps] − ‖Rs‖2

‖Ps‖2
tr(PT

s Ps)

= ‖Rs‖2 − ‖Rs‖2

= 0,
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moreover,

tr[(X̄ − Xs+1)
T Ps+1]

= tr
[
(X̄−Xs+1)

T AT Rs+1 BT +PAT Rs+1 BT P
2

+ ‖Rs+1‖2

‖Rs‖2
(X̄−Xs+1)

T Ps

]

= 1

2
tr[BRT

s+1 A(X̄ − Xs+1) + PBRT
s+1 AP(X̄ − Xs+1)]

+ ‖Rs+1‖2

‖Rs‖2
tr

[
(X̄ − Xs+1)

T Ps
]

= tr[RT
s+1 A(X̄ − Xs+1)B]

= tr[RT
s+1(C − AXs+1 B)]

= ‖Rs+1‖2.

Therefore, we complete the proof by the principle of induction. 
�

Theorem 2.1 When Problem I is consistent, then for an arbitrary initial matrix
X1 ∈ CSRn×n

P , a solution of matrix equation (1) can be obtained within finite
iterative steps.

Proof If Ri 	= 0, i = 1, 2, . . . , mp, we get Pi 	= 0 from Lemma 2.3, then we can
compute Xmp+1, Rmp+1 by Algorithm 2.1, which satisfy that tr(RT

mp+1 Ri) =
0, tr(RT

i R j) = 0, where i, j = 1, 2, . . . , mp, i 	= j. Hence, the sequence {Ri}
consists of an orthogonal basis of matrix space Rm×p, which implies that
Rmp+1 = 0, i.e., Xmp+1 is a solution of Problem I.

Furthermore, if Problem I is consistent, we can prove that the solution
of which can be obtained within almost t0 + 1 iteration steps, where t0 =
min(mp, n2). In fact, if n2 ≤ mp and Ri 	= 0, i = 1, 2, . . . , n2, Lemma 3 implies
that Pi 	= 0, using the iterative algorithm, we can compute Xn2+1, Rn2+1, Pn2+1.
Similar to the previous proof, we can obtain Pn2+1 = 0, and Rn2+1 = 0, i.e.,
Xn2+1 is a solution of Problem I. 
�

From Theorem 2.1, we have the following assertion.

Corollary 2.1 Problem I is inconsistent, if and only if there exists a positive
integer k, such that Rk 	= 0 and Pk = 0 in the process of the iteration.

Proof If there exists a positive integer k, such that Rk 	= 0 and Pk = 0, which
contradicts to Lemma 2.3, so Problem I is inconsistent.

Conversely, the inconsistency of Problem I implies that Ri 	= 0 for all
positive integer i. If Pi 	= 0 for all positive integer i, then Problem I has a
solution by Theorem 2.1, which contradicts to the inconsistency. Therefore,
the conclusion holds. 
�
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Theorem 2.1 and its corollary imply that, in the absence of roundoff errors,
the solvability of Problem I can be determined automatically within finite
iterative steps.

The following lemma can be seen in [7].

Lemma 2.4 Suppose that the consistent linear equations My = b has a solution
y0 ∈ R(MT), then y0 is the unique least-norm solution of which.

Theorem 2.2 Suppose that Problem I is consistent. Let initial iteration matrix
X1 = AT HBT + PAT HBT P, where arbitrary H ∈ Rm×p, or especially, X1 =
0 ∈ Rn×n, then the solution, generated by the Algorithm 2.1, is the unique least-
norm solution of Problem I.

Proof Algorithm 2.1 and Theorem 2.1 imply that, if let X1 = AT HBT +
PAT HBT P, where H is an arbitrary matrix in Rm×p, we can obtain a solution
X∗ of Problem I within finite iteration steps, which has form like that X∗ =
ATY BT + PATY BT P. Hence, in order to prove the conclusion, it is enough
to show that X∗ is the least-norm of Problem I.

Considering the following matrix equations with X ∈ CSRn×n
P

{
AX B = C

APX PB = C
.

Obviously, the solvability of which is equivalent to that of Problem I.
Moreover, denote vec(X∗) = x∗, vec(X) = x, vec(Y) = y, vec(C) = c, then

the matrix equations can be transformed equivalently to

(
BT ⊗ A

(BT P) ⊗ (AP)

)
x =

(
c
c

)
.

In addition, by above notations, X∗ can be rewritten as

x∗ =
(

BT ⊗ A
(BT P) ⊗ (AP)

)T (
y
y

)
∈ R

((
BT ⊗ A

(BT P) ⊗ (AP)

)T
)

,

which implies that, from Lemma 2.4, X∗ is the least-norm solution of the matrix
equations, so is that of Problem I. 
�

3 The solution of Problem II

Suppose that Problem I is consistent, i.e., SE is not empty. It is easy to verify
that SE is a closed convex set in CSRn×n

P , so the optimal approximation
solution is unique. Without loss of generality, we assume that the given matrix
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X0 ∈ CSRn×n
P in Problem II. In fact, from Lemma 1.1, for X ∈ SE, we have

that

‖X − X0‖2 =
∥∥∥∥X − X1 − X0 − XT

0

2

∥∥∥∥

2

=
∥∥∥∥X − X1 + PXT

1 P
2

− X1 − PXT
1 P

2
− X0 − XT

0

2

∥∥∥∥

2

=
∥∥∥∥X − X1 + PXT

1 P
2

∥∥∥∥

2

+
∥∥∥∥

X1 − PXT
1 P

2

∥∥∥∥

2

+
∥∥∥∥

X0 − XT
0

2

∥∥∥∥

2

,

where X1 = X0 + XT
0

2
.

Writing X̃ = X − X0, C̃ = C − AX0 B, then Problem II is equivalent to find
the least-norm solution X̃∗ ∈ CSRn×n of the following matrix equation

AX̃ B = C̃. (9)

By Theorem 2.2, if let initial iteration matrix X̃1 = AT H̃BT + PAT H̃BT P,
where H̃ is an arbitrary matrix in Rm×p, or especially, let X̃1 = 0 ∈ Rn×n, we
can obtain the unique least-norm solution X̃∗ of matrix equation (9) by the
Algorithm 2.1. Furthermore, the unique optimal approximation solution X̂ to
X0 can be obtained by X̂ = X̃∗ + X0.

4 Several numerical examples

Example 1 Let m = n = 6, p = 5, choosing matrices A, B, C and arbitrary
given symmetric orthogonal matrix P as follows:

A =

⎛

⎜⎜⎜⎜⎜⎜
⎝

−3 −5 −2 2 9 −3
0 −4 9 −9 −2 −8
6 1 −7 7 1 4

−2 −4 5 −5 −8 −3
−1 6 −2 2 −2 0

0 9 1 −1 −8 −6

⎞

⎟⎟⎟⎟⎟⎟
⎠

, B =

⎛

⎜⎜⎜⎜⎜⎜
⎝

5 2 0 −5 −3
0 −4 6 2 −6

−6 1 −7 0 5
2 5 3 8 −3
4 −3 1 −2 0

−7 5 −7 4 −1

⎞

⎟⎟⎟⎟⎟⎟
⎠

,

C =

⎛

⎜⎜⎜⎜⎜⎜
⎝

48 195 235 241 − 173
−398 442 − 168 1096 − 104

562 − 308 512 − 576 − 171
−279 271 − 239 578 3

111 − 98 − 344 − 475 273
120 101 − 723 − 232 431

⎞

⎟⎟⎟⎟⎟⎟
⎠

, P =

⎛

⎜⎜⎜⎜⎜⎜
⎝

1 0 0 0 0 0
0 −1 0 0 0 0
0 0 1 0 0 0
0 0 0 −1 0 0
0 0 0 0 −1 0
0 0 0 0 0 −1

⎞

⎟⎟⎟⎟⎟⎟
⎠

.

Next, we will find the associated solutions of Problems I and II by
Algorithm 2.1. However, Ri will usually unequal to zero in the iterative
progress for the influence of roundoff errors, therefore, for any chosen positive
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number ε, however small enough, e.g., ε = 1.0000e − 010, whenever ‖Rk‖ < ε,
stop the iteration, and Xk is regarded to be a required solution.

(I) The solutions of Problem I:
Choosing arbitrary initial matrix X1 ∈ CSR6×6

P , for instance,

X1 =

⎛

⎜⎜⎜⎜⎜⎜
⎝

−15 0 − 10 0 0 0
0 20 0 25 16 12

−16 0 − 27 0 0 0
0 − 13 0 10 10 − 23
0 − 12 0 − 14 25 − 11
0 − 27 0 − 22 28 − 13

⎞

⎟⎟⎟⎟⎟⎟
⎠

,

then, by the iterative method, we obtain a solution of Problem I, that is

X31=

⎛

⎜⎜⎜⎜⎜⎜
⎝

−3.0000 0 − 8.0000 0 0 0
0 − 4.0000 0 − 5.0000 6.0000 2.0000

−17.0809 0 − 21.0154 0 0 0
0 7.8734 0 6.8939 − 1.4285 − 14.0877
0 2.0000 0 − 0.0000 − 5.0000 − 2.0000
0 4.0000 0 − 6.0000 − 8.0000 − 3.0000

⎞

⎟⎟⎟⎟⎟⎟
⎠

,

and in this case, we have ‖R31‖ = 8.4393e − 011 < ε, ‖X31‖ = 36.8161.
In addition, we know that, just as previous analysis, if initial matrix X1 =
AT HBT + PAT HBT P, where arbitrary H ∈ R6×5, then the solution Xk

generated by the iterative method is the unique least-norm solution X∗
of Problem I. Choosing H ∈ R6×5 as follows:

H=

⎛

⎜⎜⎜⎜⎜⎜
⎝

0 2 0 −1 0
0 −1 0 0 2

−2 0 0 0 0
0 0 −2 −1 0
1 0 0 0 −2
0 0 1 0 0

⎞

⎟⎟⎟⎟⎟⎟
⎠

, ⇒ X1 =

⎛

⎜⎜⎜⎜⎜⎜
⎝

−216 0 108 0 0 0
0 528 0 322 66 −242

−34 0 176 0 0 0
0 280 0 316 −168 240
0 −68 0 216 −132 136
0 200 0 180 −100 212

⎞

⎟⎟⎟⎟⎟⎟
⎠

.

By Algorithm 2.1, the least-norm solution X∗ is

X∗ = X̄31 =

⎛

⎜⎜⎜⎜⎜⎜
⎝

−3.0000 0 −8.0000 0 0 0
0 −4.0000 0 −5.0000 6.0000 2.0000

−5.8792 0 2.2509 0 0 0
0 −3.1186 0 −2.0970 0.0156 −3.8900
0 2.0000 0 0.0000 −5.0000 −2.0000
0 4.0000 0 −6.0000 −8.0000 −3.0000

⎞

⎟⎟⎟⎟⎟⎟
⎠

,

(10)
at this time, ‖R̄31‖ = 9.5866e − 011 < ε, ‖X̄31‖ = 19.5163.
Especially, if let X1 = 0, we can also obtain the least-norm solution as
in (10).
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(II) The solution of Problem II
In this part, we will obtain the solution of Problem II by the iterative
algorithm in this paper. Suppose that the given matrix X0 ∈ CSR6×6

P is

X0 =

⎛

⎜⎜⎜⎜⎜⎜
⎝

5 0 6 0 0 0
0 − 2 0 3 − 6 2
3 0 7 0 0 0
0 − 3 0 9 − 7 − 3
0 4 0 5 − 5 8
0 7 0 2 − 8 − 4

⎞

⎟⎟⎟⎟⎟⎟
⎠

.

Computing C0 = AX0 B, then we can obtain the solution X̂ of Problem
II by finding the least-norm solution X̃∗ of (9), that is,

X̃∗ =

⎛

⎜⎜⎜⎜⎜⎜
⎝

−8.0000 0 − 14.0000 0 0 0
0 − 2.0000 0 − 8.0000 12.0000 0.0000

−7.6398 0 − 2.1748 0 0 0
0 − 1.3347 0 − 12.0917 7.1753 0.2383
0 − 2.0000 0 − 5.0000 0.0000 − 10.0000
0 − 3.0000 0 − 8.0000 − 0.0000 1.0000

⎞

⎟⎟⎟⎟⎟⎟
⎠

,

furthermore,

X̂ =

⎛

⎜⎜⎜⎜⎜⎜
⎝

−3.0000 0 − 8.0000 0 0 0
0 − 4.0000 0 − 5.0000 6.0000 2.0000

−4.6398 0 4.8252 0 0 0
0 − 4.3347 0 − 3.0917 0.1753 − 2.7617
0 2.0000 0 0 − 5.0000 − 2.0000
0 4.0000 0 − 6.0000 − 8.0000 − 3.0000

⎞

⎟⎟⎟⎟⎟⎟
⎠

.

The following numerical example derives from [7].

Example 2 Suppose that the given matrices

A =
⎛

⎝
1 − 1 0 3

−1 − 3 − 4 4
3 1 4 2

⎞

⎠ , B =

⎛

⎜⎜
⎝

2 − 1 0 1
−3 0 1 − 1

0 − 2 4 1
1 − 2 1 1

⎞

⎟⎟
⎠ ,

C =
⎛

⎝
20 3 − 22 2
24 24 − 72 6
16 − 18 28 − 2

⎞

⎠ , P =

⎛

⎜⎜
⎝

1 0 0 0
0 − 1 0 0
0 0 1 0
0 0 0 − 1

⎞

⎟⎟
⎠ .

Because of the influence of the error of calculation, for any chosen positive
number ε, e.g., ε = 1.0000e − 005, we will stop the iteration when ‖Rk‖ < ε, or
‖Pk‖ < ε. Let initial iterative matrix X1 = 0, by using the iterative method, we
obtain that ‖R7‖ = 356.8780 > ε, and ‖P7‖ = 7.2120e − 006 < ε. Therefore,
from the Corollary 2.1, we know that Problem I is inconsistent, and has no
solution in CSR4×4

P .
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5 Conclusions

In this paper, an iterative algorithm, i.e., Algorithm 2.1, is established to solve
matrix equation AX B = C over generalized centro-symmetric matrix X. By
this algorithm, the solvability of the equation AX B = C can be determined
automatically. When the equation is consistent, for any initial symmetric
matrix X0, its solution can be obtained within finite iterative steps in the
absence of roundoff errors; And the least-norm solution of which can be
derived by choosing a suitable initial iterative matrix X1, or especially, let
X1 = 0; Furthermore, by the iterative method, the optimal approximation
solution to a given matrix X0 can be obtained from the least-norm generalized
centro-symmetric solution of a new matrix equation AX̃ B = C̃. Finally, some
numerical examples given have illustrate the efficiency of the iterative method.
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