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 We see clear proof of long-range correlation in bond market, which 

has important implications for monetary policy purposes.  

 Hurst exponents tend to be larger as bond maturities increase with a 

peak in 3 or 6 months. 

 The bond market exhibits segmentation pattern in the long run. 

 Long-range auto-correlations in bond market are decreasing in the 

recent years while long-range cross-correlations are strengthening. 

 We combine long-range correlation method with network analysis 

and reveal the long-range cross-correlation structure intuitively. 
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Abstract

This paper investigates the long-range auto-correlations and cross-correlations

in bond market. Based on Detrended Moving Average (DMA) method, empir-

ical results present a clear evidence of long-range persistence that exists in one

year scale. The degree of long-range correlation related to maturities has an

upward tendency with a peak in short term. These findings confirm the expec-

tations of fractal market hypothesis (FMH). Furthermore, we have developed a

method based on a complex network to study the long-range cross-correlation

structure and applied it to our data, and found a clear pattern of market seg-

mentation in the long run. We also detected the nature of long-range correlation

in the sub-period 2007 to 2012 and 2011 to 2016. The result from our research

shows that long-range auto-correlations are decreasing in the recent years while

long-range cross-correlations are strengthening.
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1. Introduction

As a measure of cost of capital and profit in modern financial market, interest

rate is a top priority for any country. Interest rates have become the core content

of the economic research not only for its nature of value measurement in bond

market, but also for its importance in monetary policy transmission. Changes in

interest rates generally reflect the tightness of the monetary policy of a country.

In this way, interest rates significantly influence money supply, lending, stock

market, and real economy in the end [1].

Earlier on, interest rates (prices of bonds) and prices of other financial prop-

erties are believed to follow random walk [2, 3]. Thus price changes are as-

sumed to obey Gaussian distributions. However, recent researches prove that

price changes follow a complex distribution with a more obvious peak and fat-

ter tails than Gaussian’s [4, 5, 6]. It states in some economists’ and physicists’

research that interest rates fluctuation shows some complex properties, such as

long range correlation or memory [7, 8, 9], fractals/multifractals [10, 11], and

so on.

Long-range correlations appear in several kinds of equities in literature [12,

13, 14], but only a few of them focus on bond market. Backus and Zin (1993)

[15]seem to be the first to consider the existence of long-range memories in

interest rates. They use a fractional difference model to study the features

of yields on US government bonds with modern asset pricing theory and find

the evidence of long memory in the 3-month zero-coupon rate. Cajueiro and

Tabak (2006) [10]test for long-range dependence in the term structure of London

Interbank offered rates (LIBOR), which are considered to be the benchmark

interest rates in European countries. They found significant evidence which

shows that interest rates have a strong degree of long-range dependence and

furthermore a multifractal nature. And they also suggest that the pricing of

interest rates derivatives and fixed income portfolio management should take

long memories into account.

Overall, only a small number of papers deal with long memory on interest
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rates. The main focus in these papers lies on one interest rate or interest rates of

one sort, and lack of large sample analysis, which can be considered insufficien-

t in this context. Furthermore, the existing literature mainly concentrates on

long-range auto-dependences and neglects the cross-correlations between inter-

est rates. As bond market is a complex system including correlations between

various interest rates, shocks in one rate may have a significant influence on

others in a short or long time. Market segmentation theory, an important e-

conomics thought, suggests that interest rates are divided into several groups

according to maturities and lack of substitution between each other. Some lit-

erature has found evidence of market segmentation in short run [16, 17, 18, 19],

but the analysis in long-range correlations is still absent.

In our work, long-range correlations of interest rates, including auto-correlations

and cross-correlations, are analyzed in a relatively large sample, which contains

nearly all the important rates in China bond market. Instead of simply providing

empirical evidence, we will investigate the underlying mechanisms of economics

by statistics and economic analysis. Furthermore, we will develop a long-range

memory network to show cross-correlations between interest rates and a clear

pattern of market segmentation. Findings from this research provide evidence

to the market segmentation theory and fractal market hypothesis.

This paper is organized as follows: the first part is an introduction of back-

ground of our research. The methodology to test long-range correlations will be

briefly introduced in part two. Then in section 3 there will be a description of the

databases we used in this study, followed by discussions about auto-correlations,

cross-correlations between interest rates and time line analysis. Finally, we end

with a conclusion in section 4.

2. Methodology

Long-range correlations in time series may be detected in several ways. Two

known methods are Rescaled Range Analysis (R/S) [20] and Detrended Fluc-

tuation Analysis (DFA) [21, 22]. However, R/S is seriously biased when the
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data also exists short range dependence [23] and DFA is based on discontinuous

polynomial fitting, oscillations in the fluctuation function and significant errors

in crossover locations can be introduced [24]. To overcome the shortcomings of

the DFA method, a moving average (MA) process is introduced to replace the

polynomial fitting detrending method in DFA by Alessio et al.(2002)[25]. For

this research, we will therefore use Hurst exponent provided by Detrended Mov-

ing Average method (DMA) to measure long-range correlation for the priorities

of DMA compared to DFA in several numerical experiments [26].

The Detrended Moving Average method (DMA) is similar with Detrended

Fluctuation Analysis (DFA) except for the trends fitting function. These two

are initially proposed for one time series and can be extended to two time series.

DFA or DMA method provides an easy way to analyse the long-range correlation

for time series. Not only in physics, it has been applied in the economic and

financial field [27, 28, 29].

Suppose {R(t)|t = 1, 2, . . . , T} to be the time series of interest rates, where

T is the length of the series. The fluctuation is defined as

X(t) = |R(t)−R(t− 1)| (1)

The profile is given by

Y (i) =
i∑

t=1

(X(t)− 〈X〉) , (2)

Divide the profile (length of series is N ) Y(i) intoNs = bN/sc non-overlapping

segments of equal length s. Since the series length N may not be a multiple of

the time scale s, a proper way is to repeat the method from the opposite end.

Thereby, 2Ns segments are obtained altogether. And then the local trends p(i)

are calculated by moving average method in this paper.

Moving average method is a well-known data smoothing technique. The local

trend (moving average function in this paper) in a moving window is defined as

p(i) =
1

s

d(s−1)/2e∑

k=−b(s−1)/2c
Y (i− k), (3)
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where s− b(s− 1)/2c ≤ i ≤ N − b(s− 1)/2c.
Thus the DMA method provides a simple way to estimate trend without any

assumptions on the type of trends.

We use the original data minus the local trend and get the detrended time

series

ε(i) = Y (i)− p(i). (4)

In every segment v, εv(i) = ε[(v − 1)s+ i].

Then the variance is given by

F 2
DMA(v, s) = 〈ε2v(i)〉 =

1

s

s∑

i=1

{ε2[(v − 1)s+ i]}. (5)

The detrended variance is calculated as follows

F (s) =
1

2Ns
[

2Ns∑

v=1

F 2
DMA(v, s)]

1
2 . (6)

If the time series X(t) is long-range correlated, the following scaling relation

can be expected

F (s) ∝ sH (7)

and 0.5 < H < 1. Through the least-squares fit, the slope of lgF (q, s) and lgs

is the Hurst exponent H, which is a measurement of long-range memories. In

particular, 0.5 < H < 1 corresponds to positive (persistence) correlations, while

H = 0.5 suggests a fully uncorrelated signal[22].

If there are two time series to be taken into consideration, the DMA method

is improved to Detrended Cross-Correlation Analysis (DCCA) method[30](This

approach was also extended to the case of multivariables recently, see Ref.[31,

32]), and the variance function is given by

F 2
DCCA(v, s) = 〈εv(i) · ε′v(i)〉 =

1

s

s∑

i=1

{ε[(v − 1)s+ i]× ε′[(v − 1)s+ i]}, (8)

where Y ′s (i) is the detrended time series of the other interest rate and the com-

puting process is the same with Ys(i).
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To measure the statistically significance of cross-correlation, Zebende[33] and

Podonik et al.[34] proposed a detrended cross-correlation coefficient, which is

defined as

ρDCCA(s) =
F 2
DCCA(s)

FDMA(s)F ′DMA(s)
. (9)

Here ρDCCA(s) is a dimensionless coefficient ranging from -1 to +1, similar to

standard Pearson correlation coefficient.

3. Data and Empirical Analysis

Our sample consists of daily observations on more than 100 major interest

rates published by China Central Depository and Clearing Company (CCDC),

which includes nearly all types of bonds active trading in the interbank market.

Built in 1997, the interbank market is the main bond-trading market in China.

Over 97% transaction of bonds are happening in interbank market. What’s

more, Our sample contains not only short-term monetary rates, but also long-

term rates, such as corporate bonds rates and policy financial bonds rates, etc.

(see Table.1. 1d means overnight in our research).

Since the study is on the long-range property in time scale, the timeline is

supposed to last as long as possible. The study period is from January 4, 2007

to January 11, 2016. The data sample in this study consists of interest rates of

bonds active trading, so the amount of data-missing is rather small. We use the

average value of two points before and after instead.

3.1. Long-range Auto-correlation

As it is presented in the previous part, when time series has a long-range

auto-correlation, lgF (s) and lgs will then have a linear relationship (see E-

qn.(6)). Fig.1 shows the result of power law correlation of our interest rates

sample(Fig.1(a) shows the result of interest rates shorter than 3 years, while

Fig.1(b) shows the result of rates longer than 3 years). The linear relationships

imply the dynamics insinuated in interest rates follows a pattern of power-law
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Table 1: The sample data and its abbreviations of our research

Types Abbrev. Maturities

Pledged Repo Rate R 1d-14d

Interbank Offered Rate IBO 1d-14d

SHIBOR SHIBOR 1d-1y

Central Bank Bill CBB 1d-3y

AAA-Short-term Note SN AAA 1d-5y

AAA-Subprime Rank Commercial

Bank Financial Bond

SuCBFB AAA 1d-20y

Treasury Bond TB 1d-30y

Policy Financial Bond PFB 1d-30y

AAA-Corporate Bond CB AAA 1d-30y

relationships in auto-correlation of all interest rates. Most rates are in good

linear relationships on the condition that the window size s < 102.4 ≈ 251,

which exactly is the amount of trading days in one year. The scale of power-law

relationships, or long-range correlations in interest rates are not indefinite but

within one year. When the window size is beyond one year, the slopes of most

rates are reduced to 0.5, which implies a random walk (but for some short-term

rates, as shown in Fig.1(a), the detected slopes are more than 1). So the win-

dow size is restricted to one year—250 days when we calculate Hurst exponents

using DMA method in the following study.

Fig.2 shows the distribution of Hurst exponents in our study sample. The

Hurst exponents range from 0.63 to 0.95, larger than 0.5, with a peak value

around 0.83, which means that the long-range correlation is positive. A sudden

shock in interest rates may have a persistent influence on itself in the future.

The fluctuation pattern of interest rates is not completely random; a large price

wave is more possible to be followed by another large wave rather than a small

one.

To have a better understanding inside the economic meanings, Hurst expo-
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Figure 1: The curve of F(s) versus s in log-log plot. Each line in the figure represents a

power-law relationship of one interest rate, which implies a long-range correlation existence

in the interest rate. We can see clearly that most rates are in good linear relationships when

window size is smaller than 250 days, which is exactly the amount of trading days in one year.

Figure 2: The PDF curve of Hurst exponents. The peak is near 0.83, and most of the

exponents range from 0.63 to 0.95, larger than 0.5, which means a long-range persistence.
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Figure 3: Hurst exponents of Treasury Bonds (TB), Policy Financial Bonds (PFB), Corporate

Bonds (CB AAA) change over maturities. Conceptually, Hurst exponents of the three kinds

of bonds have a term structure of an upward tendency, together with one vague peak near 3

months to 6 months term.

nents can be considered according to the bonds’ maturities. The way Hurst

exponents of Treasury Bonds (TB), Policy Financial Bonds (PFB), Corporate

Bonds (CB AAA) change over maturities is shown in Fig.3. Conceptually, Hurst

exponents of these three kinds of bonds tend to be larger as maturities increase.

Still we can see a vague peak in the maturity of 3 or 6 months.

The peak in short-term maturity indicates Hurst exponents of 3/6 months

are larger than contiguous terms, which is in line with empirical results in US,

Europe, Australia and Britain [8]. Larger Hurst exponent means a stronger long-

range auto-correlation in time series. When we consider predicting the value

of interest rates, higher exponents signifies a more predictable time series. The

famous Taylor Rule for monetary policymaking implies that Central banks in

most countries are referring to short-term targets, inflation targets for example,

and smooth the target interest rate path to achieve. In this way, short-term

interest rates (which are set up by Central Banks) are more predictable than
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longer term rates [35, 36].

However, the upward tendency of Hurst exponents along with the term struc-

ture differs from previous work that has been focusing on other countries [8].

Established in 1997, the development of interbank bond market of China has

history of only 20 years or so, has not reached its matured stage yet. Bond

trading in China is therefore not as active as developed countries, especially in

longer terms. Investors in bond market do not like to hold bonds with too long

maturities for the fear of the unknown risk in the future. Thus bonds trading

with too long maturities are inactive and lack of liquidity. According to fractal

market hypothesis (FMH) proposed by Edgar Peters [4], liquidity is the pre-

condition of market stability, causing the financial market to be turbulent when

there is a lack of liquidity. A price shock happening in the market might be the

sell-point for some market participants and since the market lacks participants

who take this shock as buy-point, the influence will last for a long time, causing

a stronger long-range memories of long-term bonds.

3.2. Long-range Cross-correlation Network

Bond market is believed to be a complex system composed of interest rates

that mutually interact in a complex fashion that the current value of each in-

terest rate depends on not only the past value of itself but also the value of

other interest rates. Using conditional Granger causality test method, Wang et

al.(2016)[19] constructs a directed causal correlation network to show the cross-

correlation structure between interest rates, which is segmented into different

groups according to bonds’ maturities, confirming the existence of market seg-

mentation in China bond market. However, restricted to the algorithm, Granger

causality test can only describe correlations in a rather short run.

As mentioned in previous part of the paper, interest rates have a significant

long-range auto-dependence. A shock to interest rate will have a long-range per-

sistent influence on itself. We can also expect the influence contagion from one

interest rate to others as well as persistency for the long run. Via the detrended

cross-correlation coefficient ρDCCA(s) as mentioned before, a measurement of

10



degree of cross-correlations is given between interest rates.

We selected several key interest rates in short, medium, and long term inter-

est rates groups separately—R1d, R7d in short-term group, CBB2Y, TB2Y in

mid-term group, and TB7Y, TB10Y in long-term group. According to the work

of [19], these interest rates are believed to be representative since they are in the

core position of causal network. Long-range correlation coefficients ρDCCA(s) of

the key rates are calculated for different window sizes s ranging from 5 to 500.

The result is shown in Fig.4. It is clear that correlation coefficients of interest

rates in the same term group (the top three solid lines) are larger than correla-

tion coefficients between different groups (the bottom two dashed lines) in any

window sizes. Long-range correlation between interest rates of same or similar

maturities is stronger than correlation between rates far apart in maturities.

Influence structure seems to be segmented according to different maturities.

In order to show our results intuitively, a network method is applied to rep-

resent the correlation structure. Fig.5 shows the long-range correlation network

with window size s = 50, 150, and 250. Nodes in the network represent the in-

terest rates and the edges relates to the long-range correlation described by the

value of ρDCCA(s). To be more concise, we remove the edges whose coefficient

absolute values are less than 0.8. A modularity algorithm [37, 38] is used to de-

tect the modules of the networks. The algorithm is a heuristic method which is

based on modularity optimization. It contains two steps: one where modularity

is optimized by allowing only local changes of communities; one where the found

communities are aggregated in order to build a new network of communities un-

til no increase of modularity. In our research, it is obvious that the long-range

correlation structure segmented into three groups according to the maturity.

The top left (represented in red) consists of bonds with maturities less than 6

months. Top right part (represented in blue) of network contains interest rates

longer than 3 years. And the rest of network (represented in green) is made of

rates longer than half a year but less than 3 years. Other edge thresholds range

from 0.6 to 0.9 are also studied and the segmentation structure is similar.

Market segmentation theory (or its improved version preferred-habitat theo-
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Figure 4: Long-range correlation coefficients of the key rates are calculated for different

window size s ranging from 5 to 500. Correlation coefficients of interest rates in the same

term group (the top three solid lines) are larger than correlation coefficients between different

groups (the bottom two dashed lines) in any window size.
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Figure 5: Long-range correlation network with windows size s=50 (left), 150 (midium), and

250 (right). An obvious segmentation structure is detected in each time scale.

ry) suggests that securities including bonds can be divided into different groups

according to maturities with a lack of substitution between groups for investors

[39, 40, 41]. For example, the typical investors for the long-term bonds are pen-

sion funds who are seeking to hedge their long-term liabilities. Life-insurance

companies are typically around the 15-year mark, while banks and asset man-

agers are the typical investors for bonds within 10 years. In addition, there are

some arbitrageurs who can invest in all maturities. Thus, shocks to the demand

or supply of bonds influence the interest rates locally in the certain maturities

and evolve the segmented market structure. Arbitrageurs intermediate across

maturity markets, buying bonds with maturities for which investor demand is

low and selling bonds which demand is high. Their presence ensures that the

bonds with nearby maturities trade at similar prices.

Market segmentation is an important theory to explain the term structure

of interest rates. Once put forward, several proofs of segmentation have been

found in municipal bond market, treasury bond market and so on [16, 17, 18].

However, to detect the segmentation structure, most literature built a regression

model using the supply and demand factors of bonds, which is indirect and the

supply and demand data is hard to collect. What is more, none of the literature
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focuses on long-range correlation between bonds. Using long-range correlation

test method, our research covers this void by detecting the segmentation struc-

ture directly. Based on fractal market hypothesis (FMH), a market consists of

investors with different investment horizons. In the sight of market participants,

bonds with different maturities are different securities instead of substitutions.

Shocks to bond market seem to diffuse within the maturity group even in the

long run.

3.3. Timeline Analysis

In the next part of this paper, we will detect the nature of long-range corre-

lation of interest rates that changes over time. The full sample is divided into

two groups according to the periods. One sub-period is from 2007 to 2012, the

other is from 2011 to 2016.

Firstly, we detect the long-range auto-correlation via the distribution of

Hurst exponents calculated by DMA process we mentioned before. The re-

sult is shown in Fig.6. Interest rates in earlier years (represented by red dotted

line) have a stronger degree of long-range dependence compared to recent years

(represented by black dashed line). The full sample period represented in blue

solid line is shown as a benchmark in the figure. This result is in accordance

with Cajueiro and Tabak [8], who find that the degree of long-range dependence

in the US interest rates has significantly decreased over time. As capital market

is growing more mature, liquidity is more and more sufficient. A shock in the

market will be recognized as investment opportunities by the investors and the

fluctuation will be borne sooner.

Secondly, long-range cross correlation coefficients ρDCCA(s) versus time scale

s are calculated for different sub-periods. For each window size s, a long-range

correlation network is constructed with interest rates to be the nodes and long-

range coefficients ρDCCA(s) to be the edges. The weighted degree of each node

i is defined as

Wi(s) =
∑

j3V (i)

ρij(s), (10)
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Figure 6: Distribution of Hurst exponents of earlier years (in red line) and recent years

(in black line). The full sample period represented in blue line is shown in the figure as a

benchmark. Interest rates have stronger long-range dependence in earlier years compared to

recent years.

where V (i) is the set of nodes links to node i, ρij(s) is the weight of edge links

node i and node j.

Then the average value of weighted degree W (s) is calculated for each net-

work. The W (s) can represent the level of long-range cross-correlation between

interest rates of the certain sub-period. The average weighted degree versus

time scale s for the two sub-periods is shown in Fig.7. Represented in solid line,

average weighted degree of network for earlier years is smaller than that of recent

years (represented in dashed line). That is, in long run, despite weaker auto-

correlation, links between interest rates have become stronger in recent years.

With the development of the bond market, more and more market participants

are involved in this game. Investment opportunities are easily found. The active

performance of investors in certain bonds makes the impact to the market weak-

er, while the active performance of arbitrageurs makes the correlation between

bonds stronger. Asset portfolio constructing is based on cross-correlation ma-

trices of different assets, which only takes short-range correlation into account

earlier on. However, for the existence of strong long-range correlation, it cannot
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Figure 7: The average weighted degree versus time scale s for the two sub-periods. Rep-

resented in solid line, average weighted degree of network for earlier years is smaller than

that of recent years (represented in dashed line). That is, in long run, despite of weaker

auto-correlation, links between interest rates become stronger in recent years.

ignore long-range correlation anymore.

4. Conclusions

In this paper, long-range correlations between interest rates are studied in a

relatively large sample of bonds. We have found a clear evidence of long-range

dependence and persistence in one year scale. We have also detected the long-

range correlation of some typical bonds varying over their maturities, and found

some different features compared with other countries, which can be explained

with the expectations of fractal market hypothesis. Then we construct a long-

range cross-correlation network to study the influence structure between bonds,

and find that bond market exhibits segmentation pattern even in long run.

What is more, we also detect long-range auto-correlation and cross-correlation

in different periods of time. The result suggests a decrease in the degree of auto-

correlations but an increase in cross-correlations in recent years, which can be
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seen as a mark of market maturity.

Our contribution to current literature can be summarized as following: in

theory, we combine long-range correlation method with network analysis and

reveal the long-range cross-correlation structure intuitively, which covers the

void of literature and provide a new way to study complex long-range correla-

tions. Using bond market data, we also develop and provide powerful evidence

to fractal market hypothesis and market segmentation theory. In practice, we

see clear proof of long-range correlation in bond market, which has important

implications for monetary policy purposes. Influence from a sudden shock may

last for a long time. Chinese market met with a serious shortage of money in

June, 2013, and overnight offered interest rate had a peak at 13.44%. This

widely volatile situation lasted for over 9 months, and interest rate was not

stabilized until March, 2014. The monetary policy in China is now in a process

of changing. This may be the reason why the interest rates become much more

volatile in recent years. Policy makers have to take long-range correlation into

account and prepare for the long-lasting volatility risks.
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