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Abstract

We embed downward wage rigidity into a rational bubble model. We analytically characterize how the collapse of
bubbles can interact with wage rigidity to generate deep and protracted recessions with involuntary unemployment,
such as those in Japan or Spain.
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1 Intro

The collapse of asset and credit bubbles often precedes financial crises and protracted recessions (Jorda
et al., 2015), such as the “lost decades” following the collapse of Japan’s housing bubble in 1991. However,
understanding post-bubble crises and recessions remains an open question for the general equilibrium bub-
ble literature (see surveys by Barlevy, 2012 and Miao, 2014), as most existing models predict a relatively
benign post-bubble transition. A standard prediction is that while bubbles give rise to economic booms,
their collapse simply precedes a gradual reversion to the pre-bubble trend while the economy retains full
employment (e.g., Hirano and Yanagawa, 2016).

Our contribution is a tractable model where the collapse of bubbles can lead to a protracted slump, or
even a “hysteresis” — periods in which investment, output, and employment are persistently below the pre-
bubble trend. We embed downward wage rigidity (real or nominal, a-la Schmitt-Grohé and Uribe, 2016) into
an otherwise relatively standard rational bubble model (a-la Martin and Ventura, 2012, 2016). Despite being
a standard friction in New Keynesian models, wage rigidity has been largely absent from bubble models. We
show its presence leads to drastically different post-bubble dynamics. As usual, bubbles in our model crowd
in lending and investment. However, their collapse causes a slump in which wages cannot flexibly fall and
firms have to cut employment, causing involuntary unemployment and a drop in net worth. This process
amplifies and propagates the effects of collapse. Figure 1’s top panel illustrates the model’s dynamics (versus
the standard dynamics with flexible wage).

Our model allows for analytical characterizations of the depth and duration of the slump. While a higher
rate of credit creation leads to bigger bubbles and economic booms, it also causes a deeper and longer
recession after bubbles collapse. Additionally, we show that post-bubble inflation can reduce the depth and
duration of the recession, but deflation would exacerbate them. Overall, by combining the rational-bubble
and New Keynesian frameworks, our paper provides a new and complementary perspective on long recessions
(see, inter alia, Krugman, 1998, Christiano et al., 2015).

The model’s predictions are largely consistent with Jorda et al. (2015)’s empirical evidence that the
combination of credit and asset bubbles increases crisis risks. They are also consistent with the experiences
of Japan in 1991 and Spain in 2008 (figure 2). Both countries enjoyed sizable increases in employment and
real wages during the boom-phase of asset prices (in Japan’s late 1980s and Spain’s early 2000s). However,
when the booms turned into busts, real wages remained rigidly high for many years while the the economies
fell into recessions and unemployment substantially increased.

*University of North Carolina, Chapel Hill, NC 27599. Corresponding author: phan@unc.edu, 224-399-6782. We thank the
editor, an anonymous referee, and Vladimir Asriyan for helpful suggestions.



2 Real Model

We start with a real model. Consider a deterministic overlapping generations economy where agents live for
two periods (called young and old).! Agents consume when old and are risk-neutral. Young agents earn labor
income, borrow/lend, and accumulate capital with a technology that transforms each unit of consumption
good to a’ units of capital, where the productivity a’ can take two possible values a’ > a” > 0. The fraction
of agents with productivity a’ (the “high type”) in each generation is fixed at u € (0,1). Agents supply
labor and capital to competitive firms which produce the consumption good using a standard technology
yr = k2% o € (0,1). For simplicity, assume capital depreciates completely, the population of each
generation is fixed at one, and there is no exogenous TFP growth.

To model bubbles’ expansionary effect on capital, we assume bubble creation as in Martin and Ventura
(2016). Let B; > 0 denote the market value of the portfolio consisting of all bubbles in ¢. Some of these
bubbles, whose aggregate market value denoted by Bfld7 are old since they were initiated by previous
generations and purchased by agents of generation (born in) ¢ — 1. Some, whose aggregate market value
denoted by Bj*", are new since they are initiated by agents of generation ¢ — 1. Thus,

By = B + B{"".
For simplicity, assume only the high type create new bubbles. Let

Btnew 0

new,H new,L
by , by

denote the value of new bubbles generated by each individual of generation ¢ — 1. .

Given labor income wyl;, rental rate of capital R}, ;, interest rate Ry, and value of new bubbles b}’
an agent of generation ¢t with productivity a’ € {a?,a"} chooses capital accumulation k{,; > 0, a share
xy > 0 of the portfolio of all existing bubbles, and net borrowing d; to solve:

L Ci+1 (1)

ki >0, @3>0, di

subject to budget constraints:

t+1
—aj. + Byt = wyly + di
7 y Rk ki _I_Bold i_l_ new,i _ R di
Cep1 = L1 Re t+10¢ t+1 t+10¢

and a collateral constraint:2 _ _
Rypady < by (2)

Hence bubble creation increases the high type’s borrowing capacity, and can represent credit creation. We
focus on equilibria in which the relative size of new bubbles is constant:

BIY = nB;,

where n € (0,1) represents an exogenous rate of bubble (or credit) creation, and where (2) binds for the
high type.
Finally, we impose a downward real wage rigidity:>

wy > Yw_1, (DWR)

where v € [0,1] governs the degree of rigidity (v = 0 implies full flexibility). Downward real wage rigidity
has been empirically documented (e.g., Babecky et al., 2010), and was present in Japan and Spain (figure 2).

I We interpret the overlapping generations structure as representing the entry and exit of entrepreneurs/investors, and the
duration of a period as the length of a loan contract.

2 The result does not change if the collateral also includes old bubbles.

3 Schmitt-Grohé and Uribe (2016) impose a similar form of rigidity on local-currency wage and a fixed exchange rate, which
amount to a form of real rigidity as in (DWR).



The presence of rigid wages implies that the labor market does not necessarily clear. In each ¢, each young
agent inelastically supplies one unit of labor, but the equilibrium employment I, (symmetric across agents)
satisfies:

Iy <1, (3)

and complementary-slackness:
(1 — lt)(ll)t — "}/'U.Jt_l) =1. (4)

(4) states that involuntary unemployment must be accompanied by a binding (DWR). Conversely, when
(DWR) does not bind, the economy must be in full employment.
In equilibrium, competitive factor prices satisfy:

where k; = pkl 4+ (1 — )kl is the aggregate capital stock; markets clear:

pdi! + (1= p)dy =0
prtl + (1 —p)zk =1if B, >0,

and portfolio allocations solve (1). Initial By and ko are given.

2.1 Bubble-less Steady State (SS)

Without bubbles (B; = 0,Vt), agents cannot borrow and lend, and all labor income is invested in capital.
Since (DWR) does not bind in SS, it is straightforward to characterize the bubble-less SS by:

I=1,
w = (1—a)k®,
Rodbpi— @ C
al—a’
k= ((1-a)a)~=, (6)

where @ = pat? + (1 — p)ak.

2.2 Bubble SS

With bubbles, the high type can borrow (recall collateral constraint (2)). The equilibrium interest rate
satisfies aLRéC 11 S Ryp1 < afl Rf 11, as Ryy1 cannot be below the low type’s return from capital (else the low
type would not lend) or above the high type’s return from capital (else the high type would not borrow). For
simplicity, we focus on equilibria where a*R},; = Ry11 (i.e., constraint k%, > 0 does not bind).* Then the
low type’s optimization implies a no-arbitrage condition between bubble speculation, lending, and capital
investment:

(1 —n)Bipy

By
—_——

old
B
Bt

= Ry = a"Rf,,. (7)

4 For a thorough analysis of equilibria where aLRf_H = R¢41 vs. equilibria where aLRf+1 < Rit1, see Ikeda and Phan
(2015).



Since aff Rf "1 > Ryy1, the high type are credit-constrained and do not speculate in bubbles. Thus, assuming
(DWR) does not bind, the capital stock evolves as:

1 TLBt+1
k2 = af (wy + =
t+1 ( t M Rt+1
1 nB 1
ktL+1 _ CLL<’lUt . t+1 . Bt)

l—p Rpr 1—p
B

Dol lp, . (8)

Rt+1 T

N—————" crowd—out

crowd—in

= kt+1 = aw; + (CLH - aL)

The last two terms in (8) show different effects of bubbles on capital. First, the crowd-in effect: a higher rate
of bubble creation n increases the low type’s ability to lend to the high type. Second, the crowd-out effect:
bubble speculation crowds out the flow from savings to capital accumulation. We focus on expansionary

bubbles by assuming
L

n>— 9)

so that the crowd-in effect dominates.
As (DWR) does not bind in SS, the deterministic bubble SS is characterized by:

lbzla
Wy = (1 _a)kl?v

Rb:aLszlan,

1

o\ Ta aba \ T
(&) =)

ky

with aggregate bubble value:

ky — awy
B= .
(0 — b} 2 — ol
B > 0 if and only if &k, > awy, or equivalently:
L
n>1-— af a .
al—-o

Hence, we impose the following necessary and sufficient condition for the existence of a SS with expansionary

bubbles: . .
n>max{l— — 2 Ly (10)

al—a'a?

2.3 Post-bubble dynamics

Suppose the economy is in the bubble SS, but bubbles unanticipatedly collapse at T' (Brys = 0, Vs > 0).
As bubbles were expansionary, the post-bubble capital stock and wage will decline towards the bubble-less
SS levels.

Flexible wage: If wages are flexible (y = 0), then the labor market clears and the economy maintains full
employment along the transition path from the bubble SS to the bubble-less SS:

oy =1

k§+s+1 = aw§+sl§+s7 (11)
why, = (1-a)(kf,,)

R{F_I_s = aLR?_{S = aLa(kifp_I_s)a_l,Vs > 0.



This full-employment transition path is illustrated by the dashed lines in figure 1’s top panel.

Rigid wage: However, if the downward wage rigidity constraint binds, then wage cannot flexibly fall to
clear the labor market, leading to involuntary unemployment. The contraction in employment reduces young
agents’ net worth, which in turn reduces their ability to accumulate capital. The wage rigidity thus amplifies
and propagates the shock of bursting bubbles. We can analytically characterize the depth and duration of
the post-bubble unemployment episode. Let

s* = min{s > 0|Ly4s = 1},

then T + s* is the first post-bubble period when full employment is recovered. If s* > 0, then the economy
is said to be in a slump between T and T + s* — 1. Let

k* =inf{kris: 0 < s <s"}
be the recession’s trough.

Proposition 1. [Post-bubble slump|
1. During the slump, (DWR) binds:

Wrys = Y wp, (12)
the capital stock is:
krys=n’ 'FS(S;U ks, (13)
where n = %%(1 —-n)€(0,1), = fy‘l?Ta > 1, and involuntary unemployment is positive:
. 1
J— a «
1- lT—I—s =1- <’y8wb > k‘T.|_s > 0. (14)

After the slump (t > T+ s*), the economy follows the full employment transition path to the bubble-less
SS.

2. The slump’s duration and trough are functions of v and n:

S* — ’712—7021 lOg,YT] o %—‘ Zf/y<1 (15)
o0 ify=1
k* = e ky (16)

where [x] is the ceiling function and {(n,~y) = inf{w InT +slnn: 0<s<s*}.

Intuitively, the credit market shuts down after bubbles collapse, and the aggregate capital then evolves
according to kiy1 = awily. However, wage is rigidly constrained by (12). Combined with firms’ optimal
hiring condition (5), this implies (13) and (14). The rest follows. Note in (15) that in the extreme rigidity
case of v =1, the economy never recovers from unemployment.

Proposition 1 implies £* and s* are monotone functions of v and n. An increase in v makes wages more
rigid, weakening the “recovery term” 5 in (13). An increase in bubble creation rate n raises bubbles’
size, leading to a larger necessary post-bubble adjustment, i.e., a larger “contractionary term” n® in (13).
Consequently, increases in n and/or «y will exacerbate the depth and duration of the slump. Moreover, the
economy can fall into a hysteresis (defined as k* < k), where capital, employment, and output fall below the
pre-bubble levels. Formally:

Corollary 2. [Comparative statics|

1. Slump duration s* is increasing in wage rigidity parameter v and bubble/credit creation rate n.



2. Trough k* is decreasing in v and n.
3. Hysteresis (k* < k) occurs if and only if v and n are sufficiently large that ((n,v) < 0.

This result has an important implication. From an ex-ante perspective, a marginal increase in bub-
ble/credit creation n raises aggregate activities in the bubble SS. However, from an ex-post perspective,
the increase in n causes a deeper and longer recession. Hence, a macroprudential policymaker who can tax
bubble creation or investment may face a time-inconsistency problem. Future work can explore this problem.

Figure 1 summarizes the main results.

3 Nominal Rigidity

Our insights carry through to an environment with nominal instead of real rigidity. To fix ideas, we introduce
money through a cash-in-advance framework as in Krugman (1998). Suppose each agent i needs to hold
cash (M) to finance a small fraction € of consumption expenditure:
i M
ec; < —=,
t
where P; denotes the price level. We focus on equilibria where this constraint is binding. To avoid distribu-
tional effects, we follow Asriyan et al. (2016) and assume that the monetary authority transfers the seignorage
to a fiscal authority who uses it to finance useless spending. Thus, monetary policy simply consists of setting

the money supply to achieve a desired inflation target.
Most importantly, we replace (DWR) with the following nominal rigidity:

Powy > yP;_qwi_1,

or equivalently:

wy > Hltwtfl, (17)

where w; denotes real wage and II; = %. Constraint (17) implies that inflation (II; > 1) can reduce the
“effective” degree of rigidity 4; = 7/Il;. Formally, suppose for simplicity that the authority sets a constant

inflation target IT*. Then:

Proposition 3. Monetary policy can restore full employment transition (11) if:

I zmax{’y-na,l},w. (18)
1-n

Intuitively, by setting the inflation target above a certain threshold, the authority can prevent binding
nominal wage rigidity and post-bubble slumps. Equation (18) also shows that a higher rigidity v and
bubble/credit creation rate n would raise the required threshold. In practice, many factors could hinder
policymakers ability to raise inflation, such as deflationary pressures (e.g., Eggertsson and Krugman, 2012)
that are absent from our simple model. A monetary analysis that combines our model and such deflationary
pressures is left for future research.
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Japan: Housing Price and Stock Indices

Japan: Real Wages and Unemployment Rate
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Fig 2. Asset prices (left panels) and employment and wages (right panels) in Japan and Spain. Dashed vertical lines indicate
beginnings of post-bubble recessions (1991 for Japan and 2008 for Spain). Grey bars indicate recessions, according to OECD. Real
wages calculated from nominal wages and consumer price indices. Sources: Statistics Bureau of Japan, CECD, FRB St. Louis, FRB Dallas.
Appendix

Proof of Proposition 1.

1. (12) follows immediately from the definition of s* and (4). Firms’ first-order-condition (5) then implies

Q=

kt/lt:<1wt ) VT <t<T+s —1. (19)
a
Substitute (19) into aggregate capital’s motion:

kiy1 = awsly = awy—

kt

1
1-— e
= C_I,’U)t < Oé) kt
wy

l—«a
:d(l—a)éw;Tkt, VT <t<T+s" —

Combining with (12) yields:

l—a _l-a
kt+1 = 77Tt ((_1(1 — a)éwb @ ) kt,



whose recursion leads to (13). Combined with (19), this implies (14). The rest of part 1 follows
straightforwardly.

2. The definition of definition of s* and (4) imply:
s* = min{s > 0‘w7f“+s(kT+S) > Wris}

where w, +s(krys) = (1= a)kg, is the wage associated with full-employment given capital kr .
Equivalently:

s* = min{s > 0|(1 — a)kT, > ¥’kp}.
Combining with (13) yields:

s — min{s > Ohf(lfa)s(ssrl)nas > '78},

which leads to (15). Finally, (16) follows from (13) and (15).

O
Proof of Corollary 2. Tmmediate consequences of (6), (16) and (15).
O
Proof of Proposition 3. The full-employment transition is restored if and only if (17) does not bind, i.e.,
w’
Tz > y——F=%,¥s > 0, (20)
wT+s
or equivalently:
wl
IT* >~ - sup % .
s>0 IUT+S
o
It is straightforward to verify that Ol = Kpyer = L and {K. s }s>0 is declining
wh, K, a(l—a) (K4, )1 T+sls= :
wf 8— 1
Hence SuPszo{ ££+sl} = e Ryt m*.
Finally, to ensure the cash-in-advance constraint binds, a sufficient condition is:
1 1 1
I >sup —— = — = ,
szo{R:ﬁH} Ry 1-n
which guarantees that the return from lending dominates the return from holding cash.
O
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