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 Using quantum modeling, we propose a novel approach to reputational risk management arguing that taking
care of corporate reputation can be considered a coalitional strategy framed into a quantumgame theory schema.
Following a stochastic mechanics approach, and assuming that the revenues of a firm can be modeled as an
Ornstein–Uhlenbeck process represented by the well-known Langevin equation for the diffusion of a particle
with unit mass under non-linear friction, we offer a mathematical derivation for the discount rate of a firm
that does not manage its reputational risk and for a company that optimally manages its reputational risk. By
comparison, we derive an analytical expression for the reputational risk premium. Our approach provides useful
managerial and financial implications, suggesting that the use of the quantum ideology may result useful in
enlarging the body of knowledge of corporate management.
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1. Introduction

Quantum finance is an interdisciplinary branch of research that uses
analogies from quantummechanics to describe and explain financial is-
sues. It is an emerging part of the prolific field of econophysics, which
shows that theories, concepts and methods originally developed for
the explanation of physical phenomena can be successfully applied to
the understanding of social-economic problems (Chen & Li 2012;
Haven & Khrennikov 2013). Some remarkable results in this subject in-
clude the proposal of economic analogs for basic physical quantities
such as economic mass and economic Plank's constant, or financial
applications for the Heisenberg's uncertainty principle (Soloviev &
Saptsin 2011) or the quantum anthropic principle (Piotrowski &
Sładkowski 2001).

The purpose of this paper is to offer a novel approach to reputational
risk management based on quantum modeling, something that to our
knowledge has not been done yet. Framing the analysis into a quantum
market game schema, and following the Nelson's stochastic mechanics
approach (Nelson 1966), we use differential equations, as well as re-
markable results from stochastic calculus and dynamic programming,
with the aim of acquiring an explicit expression for a reputational risk
premium. Ultimately, our contribution enlarges the current knowledge
in the branch of corporate social responsibility, encouraging the
addition of the quantum ideology and formalism in further investiga-
tion about corporate governance and business management.
marcos.vizcaino@udc.es
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The rest of the investigation is structured as follows. The second sec-
tion provides a literature review about financial applications of stochas-
tic partial differential equations and quantum modeling. The third
section relies on the link between the stochastic basis of diffusion pro-
cesses and quantummechanics. The forth section argues about the suit-
ability of a quantum approach for the analysis of reputational risk and
derives a reputational risk premium. Finally, the fifth section concludes
and points out themanagerial andfinancial applications of the results of
this research.

2. Literature review

The Black–Scholes formula for the valuation of a European option is
one of themost prominent applications of stochastic processes in finan-
cial research (Black & Scholes 1973). Further developments have result-
ed in an generalization of this methodology so that it can be used to
value a wide set of financial derivatives (Hull 2006; Poitras 2002;
Wilmott 2007), capital structure (Bensoussan, Crouhy, Galai, Wilkie, &
Dempster 1994), financial responsibilities (Longstaff & Schwartz 1995;
Merton & Samuelson 1990), corporate securities (Black & Cox 1976),
corporate liabilities (Brealey, Myers, & Allen 2006; Merton 1974), in-
vestment opportunities (Abel, Dixit, Eberly, & Pindyck 1996; Amram &
Kulatilaka 1999; Brennan & Schwartz 1985; Copeland & Antikarov
2001; Dixit 1994; McDonald & Siegel 1985; Smit & Trigeorgis 2012;
Trigeorgis 1993; Trigeorgis 1996), and even a whole company
(Bowman & Hurry 1993; Copeland Thomas, Koller, & Murrin 1994;
Koller, Goedhart, & Wessels 2010; McDonald & Siegel 1985; Sanchez
1995) or the issue of business failure (McGrath 1999).

At a more general level, the same approach has been successfully
applied in construction and technology projects (Benaroch 2002; Ford,
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Lander, & Voyer 2002; Kumar 2002; McGrath 1997; Schwartz &
Zozaya-Gorostiza 2003; Zou & Zhang 2009), research and development
(Eckhause, Hughes, & Gabriel 2009; Huchzermeier & Loch 2001; Paxson
2001; Schneider et al. 2008), production (Gamba & Fusari 2009; Xu, Lu,
& Li 2012), manufacturing (Kogut & Kulatilaka 1994), supply chains
(Cucchiella & Gastaldi 2006; Tang & Nurmaya Musa 2011; Wong,
Potter, & Naim 2011), joint ventures (Chi 2000; Kogut 1991), budgeting
(Costa & Paixão 2010; Meier, Christofides, & Salkin 2001), corporate
social responsibility (Husted 2005) and risk management (Cruz 2002).

These models are developed under the assumption that a certain fi-
nancial magnitude can be represented as a stochastic process. Among
other examples, the modeling of interest rates offers a wide range of
motivating results (Handhika 2012; McLeish & Kolkiewicz 1997;
Nowman 1997). In this sense, it is worthwhile mentioning the Merton
model (Merton 1973), the Vasicek model (Vasicek 1977), the Cox–In-
gersoll–Ross or CIR models (Cox, Ingersoll, & Ross 1980; Cox, Ingersoll,
& Ross 1985), the Dothan model (Dothan 1978), the Courtadon model
(Courtadon 1982) and the Brennan-Schwartz model (Brennan &
Schwartz 1980). In addition, some comparison has been carried out,
showing that a general formulationwith the appropriate parameters se-
lection can include all of them, leading to the Chan–Karolyi–Longstaff–
Sanders or CKLS model (Chan, Karolyi, Longstaff, & Sanders 1992).

It is worth to note that these financial stochastic models are usually
based on variations of the well-known Ornstein–Uhlenbeck process,
which has numerous applications in physics, usually cited as the
Langevin equation (Caceres & Budini 1997; Lindner 2010; Wilkinson &
Pumir 2011). This similarity opens the path for a shared knowledge be-
tween researchers in financial theory and physics. Thus, the financial
field has benefited from different mathematical tools coming from
physics and quantum mechanics, usually referred to the analysis of
non-linear dynamics, uncertainty, stochastic calculus and dynamic
programming. Therefore, there are notable results concerning financial
applications of quantum games (Piotrowski & Sładkowski 2002;
Piotrowski & Sladkowski 2004; Piotrowski & Sładkowski 2008) and
quantum financial modeling (Baaquie 2013; Ilinski 2001). In particular,
a quantum approach for the diffusion of prices and profits has been of-
fered (Piotrowski & Sładkowski 2005) and a quantum model for the
stock market has been proposed (Bagarello 2009a; Bagarello 2009b;
Cotfas 2013; Zhang & Huang 2010). In addition, the valuation of
financial derivatives has been enriched by the use of path integrals
(Dash 1989; Linetsky 1997) and Hamiltonian operators (Baaquie
2004; Baaquie 2013). As a consequence, we find some notable results
like a derivation of a quantum Black–Scholes equation (Accardi &
Boukas 2007) and the proposition of a Black–Scholes–Schrödinger
equation (Haven 2002; Haven 2003). Also, a quantum extension of a
European option valuation has been derived (Piotrowski, Schroeder, &
Zambrzycka 2006) and a quantum harmonic oscillator framework has
been considered for option pricing (Cotfas & Cotfas 2013). Finally, a
quantum reconsideration of the Cox–Ross–Rubinstein binominal
model has also been offered for option valuation (Chen 2001).

3. Quantummodeling and stochastic processes

There is a prolific branch of academic research that establishes deep
connections between well-known results of stochastic calculus applied
to the theory of diffusion processes and quantum modeling (Davidson
2006). In particular, it is worth mentioning the approach proposed by
Nelson (1966), who hypothesizes that any particle can be modeled
by a Brownian motion with no friction, using analogies from the
Ornstein–Uhlenbeck theory of macroscopic Brownian motion with
friction. Under this assumption, he is able to derive the Schrödinger
equation into a stochastic mechanics framework, based on stochastic
differential equations and remarkable results from stochastic calculus
(Bacciagaluppi 2005; Nelson 1985).

The approach proposed by Nelson is typically referred through
academic literature as a stochastic version of the pilot-wave theory of
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de Broglie (1928) and Bohm (1952a, 1952b), which is one of the most
famous approximations to the basis of quantum mechanics. In fact, it
is remarkable pointing out that the pilot-wave theory has been already
suggested as an accurate framework for the analysis of different finan-
cial phenomena (Choustova 2004; Khrennikov 2014). In particular,
this methodology has been successfully applied for the description of
stock markets (Choustova 2008b), as well as the dynamics of stock
prices (Choustova 2008a). Also, it has been used for offering a wave-
equivalent equation for the Black–Scholes equation (Haven 2004). At
amore general level, butwith deep implications in thefield of behavior-
alfinance, this framework has been also proposed for the explanation of
decision processes (Aerts & Aerts 1995).

In this paper we follow an approach similar to the one adopted by
Nelson (1966) based on stochastic mechanics. Thus, the mathematical
reasoning relies on stochastic partial differential equations, as well as
other notable results from stochastic calculus and dynamic optimization.

4. A quantummodel for a reputational risk premium

The public relevance acquired by recent reputational scandals, espe-
cially in the banking industry, has forced corporate managers to put a
special focus in social and reputation related issues (Fiordelisi, Soana,
& Schwizer 2013). Thus, in so far as the compromise with reputational
risk management and corporate social responsibility is mediated by
the attention given to this subject by stakeholders and society as a
whole, there is a connection between observer and observed phenome-
non that suits well with the quantum ideology and, as a consequence,
research on the field of reputational risk can take advantage of the
quantum formalism.

Actually, the aforementioned analogy has been already used to ex-
plain several social concerns, with some remarkable applications of
open quantum systems to decision making processes, either generally
considered (Busemeyer, Wang, & Townsend 2006) or framed into
specific scenarios, like a political context (Khrennikova, Haven, &
Khrennikov 2014) or a game theory framework (Asano, Ohya, &
Khrennikov 2011). That is whywe hypothesize that the analysis of rep-
utational risk can be also framed into a quantum market game schema
(Piotrowski & Sładkowski 2002). In fact, previous researchers have tack-
led corporate social responsibility related issues from a game theory
point of view (Lambertini & Tampieri 2011; Sacconi 2004; Sacconi
2006; Shaw 2009). So, as an extension of this analysis that benefits
from the ideology and formalism of quantum modeling, we argue that
reputational risk management can be conceptually framed into a quan-
tummarket game. Given that corporate social responsibility and reputa-
tional management require taking care of relations with stakeholders,
as well as cooperation with the environment (Castelo Branco & Lima
Rodrigues 2006), a company that does not intend to manage its
reputational risk is assumed to hold a non-coalitional strategy within
a quantum game theory scenario. Otherwise, if the company is willing
to deploy an active reputational risk management, this attitude can be
thought of as a coalitional strategy between the company and its
environment.

Adopting an approach based in stochastic mechanics that is close to
the one proposed by Nelson (1966), we assume that the revenues of a
firm follow an Ornstein–Uhlenbeck type process (Vizcaíno-González
2010). In particular, and focusing in the non-coalitional scenario
where a company does not manage its reputational risk, the revenues
can be modeled as the following Langevin equation for the diffusion of
a particle with unit mass under non-linear friction (Lindner 2010):

dR ¼ −μRdtþ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2μkBT

q
dW ð1Þ

In this equation:

- μ represents the friction coefficient
- R stands for the revenue
ntumderivation of a reputational risk premium, International Review of
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- dW is a Wiener process
- σ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2μkBT

p
is the volatility term obtained from the Stokes–

Einstein equation:

D ¼ σ2

2
¼ μkBT ð2Þ

In this expression:

- D is the diffusion constant.
- μ represents the mobility.
- kB is the Boltzmann constant.
- T represents the temperature.

We begin by computing the profit of the company (P), deducting
the proportion of varying expenditures (ke) and the amount of fixed
expenditures (E) from the revenue (Apabhai et al. 1997):

P ¼ 1−keð ÞR−E ð3Þ

This profit is invested at an interest rate r, so that the available cash
flow (C) at a given time t results:

Ct ¼
Z t

0
1−keð ÞRτ−Eð Þer t−τð Þdτ ð4Þ

Using the Leibniz rule for the derivation of this parametric integral,
we get:

dC ¼ 1−keð ÞR−E þ rCð Þdt ð5Þ

We can estimate the value of the profit generation potential associ-
ated to the company by calculating the present value of the expectation
of the terminal cash flow at time tN, using the discount factor ρA:

Vt ¼ V R;C; tð Þ ¼ E CtN½ �e−ρA tN−tð Þ ð6Þ

Now, we can derive the Fokker Plank equation as follows:

∂V
∂t

−μR
∂V
∂R

þ 1−keð ÞR−E þ rCð Þ ∂V
∂C

þ μkBT
∂2V
∂R2 −ρAV ¼ 0 ð7Þ

As a result, we can obtain an analytic expression for the discount
rate ρA:

ρA ¼ 1
V

∂V
∂t

−μR
∂V
∂R

þ 1−keð ÞR−E þ rCð Þ ∂V
∂C

þ μkBT
∂2V
∂R2

 !
ð8Þ

Now, we consider the coalitional scenario of the quantum market
game, that is, we contemplate the case of a company that actively
manages its reputational risk. In this situation, the revenue of the
company is assumed to be expressed as follows:

dR ¼ −μ Rþ α e−βγ−1
� �� �

dt þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2μkBT

q
dW ð9Þ

In this expression:

- γ represents the reputational effort
- α and β are multipliers that introduce some sort of leverage
phenomenon

This negative exponential relation collects the non-linearity inher-
ent to reputational risk management, since the marginal return of
reputational effort is assumed to be decreasing.
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Now, the available cash flow (C) at a given time t results:

Ct ¼
Z t

0
1−keð ÞRτ−γτ−Eð Þer t−τð Þdτ ð10Þ

We can derive this parametric integral as follows:

dC ¼ 1−keð ÞR−γ−E þ rCð Þdt ð11Þ

We have to take into account that reputational risk needs to be opti-
mally managed in a continuous basis, that is, the company is dealing
with a dynamic optimization problem (Epstein, Mayor, Schonbucher,
Whalley, & Wilmott 1998). Using the discount factor ρB, the value of
the profit generation potential for the firm results:

Vt ¼ max
γt

E CtN½ �e−ρB tN−tð Þ ð12Þ

Using the Bellman's principle of optimality (Dixit 1994), the previ-
ous expression can be disaggregated by differentiating between the
immediate action (ϕ) and the subsequent decision:

Vt ¼ max
γt

ϕ γt ;Rtð Þ þ E Vtþ1½ � 1þ ρBð Þ−1
� �

ð13Þ

Given that reputational risk management does not produce an
immediate outcome, we get:

Vt ¼ max
γt

E Vtþ1½ � 1þ ρBð Þ−1
� �

ð14Þ

Generalizing for any time interval dt:

Vt ¼ max
γt

E Vt þ dV½ � 1þ ρBdtð Þ−1
� �

¼ Vt þ max
γt

E dV½ �
� �

1þ ρBdtð Þ−1

ð15Þ

It follows that:

max
γ

E dV½ � ¼ VρBdt ð16Þ

Using Ito's Lemma, we get:

max
γ

∂V
∂t

−μ Rþ α e−βγ−1
� �� � ∂V

∂R
þ 1−keð ÞR−γ−E þ rCð Þ∂V

∂C
þ μkBT

∂2V
∂R2

 !
¼ VρB

ð17Þ

Given that reputational effort cannot be negative,we are located into
an optimization problem with non-negative restrictions. In this situa-
tion, the following conditions need to be satisfied (Chiang &
Wainwright 1987):

γ ≥ 0

Π ¼ ∂
∂γ

∂V
∂t

−μ Rþ α e−βγ−1
� �� � ∂V

∂R
þ 1−keð ÞR−γ−E þ rCð Þ∂V

∂C
þ μkBT

∂2V
∂R2

 !
≤ 0

γ �Π ¼ 0

These conditions require that γ=0 or Π=0. In the first case, the
reputational effort is null. In the second case, the following holds:

γ ¼ −
1
β

ln

∂V
∂C

∂V
∂R

� �
μαβ

0
BBB@

1
CCCA ð18Þ
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So, as a consequence the optimal value for reputational effort is:

γ� ¼ max 0;−
1
β

ln

∂V
∂C

∂V
∂R

� �
μαβ

0
BBB@

1
CCCA

0
BBB@

1
CCCA ð19Þ

Using this result in expression (17) it follows that:

∂V
∂C

−μ R−α e
−βmax 0;−1

βln
∂V
∂C

∂V
∂Rð Þμαβ

� �� �
−1

0
B@

1
CA

0
B@

1
CA ∂V

∂R

þ 1−keð ÞR−max 0;−
1
β
ln

∂V
∂C

∂V
∂R

� �
μαβ

0
BBB@

1
CCCA

0
BBB@

1
CCCA−E þ rC

0
BBB@

1
CCCA ∂V

∂C
þ μkBT

∂2V
∂R2 −ρBV ¼ 0

ð20Þ

As a consequence, we can get an analytic expression for ρB:

ρB ¼ 1
V

∂V
∂t

−μ

0
@ Rþ α e

−βmax 0;−1
βln

∂V
∂C

∂V
∂Rð Þμαβ

� �� �
−1

0
B@

1
CA

0
B@

1
CA∂V

∂R

þ 1−keð ÞR−max 0;−
1
β
ln

∂V
∂C

∂V
∂R

� �
μαβ

0
BBB@

1
CCCA

0
BBB@

1
CCCA−E þ rC

0
BBB@

1
CCCA∂V

∂C
þ μkBT ∂2V

∂R2

1
CA

ð21Þ

So, we have derived a discount rate for a company that does not
manage its reputational risk in expression (8). In addition, we have
obtained the discount rate for a firm that optimally manages its reputa-
tional risk in expression (21). Ultimately, we can conquer the analytical
expression for the reputational risk premium as follows:

ρA−ρB ¼ 1
V

∂V
∂C

max 0;−
1
β

ln

∂V
∂C

∂V
∂R

� �
μαβ

0
BBB@

1
CCCA

0
BBB@

1
CCCAþ μα

∂V
∂R

e
−βmax 0;−1

β ln
∂V
∂C

∂V
∂Rð Þμαβ

� �� �
−1

0
B@

1
CA

0
BBB@

1
CCCA

ð22Þ

In this expression, it is shown how the reputational risk premium is
inversely affected by the value of the company. Consequently, an
inadequate reputational risk management strategy will result in a
lower valuation of the firm, which will be instantly reflected in a higher
reputational risk premium.

5. Conclusions

We offer an innovative methodological approach to the analysis of
reputational risk based on quantum modeling. Previous researchers
have contextualized corporate social responsibility related issues into
a game theory scenario. As an extension of these analyses, we propose
that reputational risk management can be framed into a quantum
game theory schema, taking advantage of the ideology and formalism
from quantum modeling. In this sense, it is argued that taking care of
corporate reputation can be assimilated to a coalitional strategy into a
quantum market game.

In addition, and following a stochastic mechanics approach, we
model the revenue of a company as a stochastic process using the
Ornstein–Uhlenbeck approach represented by the Langevin equation
for the diffusion of a particle with unit mass under non-linear friction.
Exploiting stochastic calculus, partial differential equations and dynam-
ic optimization, we supply a mathematical derivation of the discount
rate for a company that does not manage reputational risk manage-
ment. In addition, by incorporating a measure of the reputational effort,
we derive the discount rate for a company that optimally manages its
Please cite this article as: Pineiro-Chousa, J., & Vizcaíno-González,M., A qua
Financial Analysis (2016), http://dx.doi.org/10.1016/j.irfa.2016.01.003
reputational risk. Finally, we calculate an analytic expression for a repu-
tational risk premium.

This research adopts a fresh approach to reputational management
based on econophysics, providing some promising insights on how
quantum ideology can become helpful in assessing reputational risk,
something that our knowledge has not been done yet. In this sense,
the novelty of our approach relies on pointing out that the relation be-
tween the observer and the observed phenomenon is important when
managing reputational risk and, as a consequence, it should be carefully
considered by means of a quantum analogy. So, this idea contributes to
advance the existent knowledge in the field of corporate social respon-
sibility, opening the path for the incorporation of the quantum ideology
and formalism in future research regarding corporate governance and
business management.

Finally, our approach permits conquering an explicit expression for a
reputational risk premium, and this result has immediate managerial
andfinancial implications andapplications. First, fromamanagerial per-
spective, it provides a receipt for the quantification of the reputational
risk exposure of any firm, which is one of the major tasks for academics
and researchers, aswell as for practitioners and boards of directors. And
second, adopting a financial point of view, it is worthwhile signaling
that an explicit expression for the reputational risk premium can be
used as any other risk premium, in so far as it can be incorporated to a
discount factor in order to get a fair valuation of an investment, a project
or a whole company.
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