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Abstract  Fuzzy graph coloring techniques are used to solve many complex real
world problems. The chromatic number of complement of fuzzy graph is obtained
and compared with the chromatic number of the corresponding fuzzy graph. The
chromatic number of the resultant fuzzy graphs is studied, obtained by various oper-
ations on fuzzy graphs like union, join and types of products. A solution to routing
problem is suggested by using chromaticity of fuzzy graphs.
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1. Introduction

Fuzzy graph theory has numerous applications in modern science and technology es-
pecially in the fields of information theory, neural networks, expert systems, cluster
analysis, medical diagnosis and control theory. Several papers in related areas of
fuzzy graph theory are available in literature [1, 2, 5, 8, 10, 15, 16]. Many practical
problems such as scheduling, allocation, network problems etc. can be modeled as
coloring problems and hence coloring is one of the most studied areas in the research
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of graph theory. Coloring of fuzzy graphs play a vital role in solving complications
in networks. A large number of variations in coloring of fuzzy graphs are avail-
able in literature. Coloring of fuzzy graphs were introduced by Monoz et al. [12].
The authors have defined the chromatic number of a fuzzy graph G = (V,o,u) as a
fuzzy subset of V. Eslahchi and Onagh [6] introduced the concept of fuzzy chromatic
number y7(G) as the number of partitions of the color classes. Anjaly and Sunitha
introduced chromatic number of fuzzy graphs and developed algorithms to the same
[4]. Samanta and Pal introduced fuzzy coloring of fuzzy graphs [14].

Even though many papers are available on coloring of fuzzy graphs and its appli-
cations, there are no papers known on the relationship between the chromaticity of
fuzzy graphs and resultant fuzzy graphs obtained by various fuzzy graph operations.
We provide the relationship between chromaticity of fuzzy graph and that of the re-
sultant fuzzy graphs obtained by performing various operations in fuzzy graphs like
union, join and different types of products. We also provide an application to illustrate
how chromatic number of fuzzy graphs can be used to solve routing problems.

2. Preliminaries
2.1. Some Definitions

Definition 2.1 [11] A fuzzy graph is an ordered triple G : (V, o, u) where Vis a set of
vertices {uy, Uy, -+ , Uy}, o is a fuzzy subset of V, i.e., o : V — [0, 1] and is denoted
by o = {(ur, o)), (uz, o(u2)), - - - , (Up, o(uy))} and w is a fuzzy relation on o, i.e.,
u(u,v) <o) Ao)Yu,veV.

‘We consider fuzzy graph G with no loops and assume that V is finite and nonempty,
w is reflexive (i.e., u(u, u) = o(u), Yu) and symmetric (i.e., u(u,v) = p(v, u), ¥(u,v)).
In all the examples o is chosen suitably. Also, we denote the underlying crisp graph
of G by G* : (o*,u*), where 0™ = {u € V| o(u) > 0} and u* = {(u,v) € VX V|
u(u,v) > 0}. Throughout we assume that o™ = V.

Definition 2.2 [11] The level set of fuzzy set o is defined as A = {a | (1) = « for
some u € V}. For each a € A, G, denotes the crisp graph G, = (04, o), Where
oo =fueV]ow) > al, o = {(u,v) € VXV |u(u,v) > al.

Definition 2.3 [9] An arc (u,v) is called M-strong if u(u,v) = o(u) A o(v). A fuzzy
graph G : (V, o, ) is called an M-strong fuzzy graph if p(u,v) = o(u) A oc(v)¥(u,v) €
H

Definition 2.4 [13] The complement of a fuzzy graph G : (V, o, p) is the fuzzy graph
G:(V,7, ) with a(u) = o(u) and p(u,v) = o(u) A o(v) — u(u, v).

Definition 2.5 A clique of a simple crisp graph G* is a subset S of V such that the
graph induced by S is complete [7].

Definition 2.6 [11] If G, = (Vi,01,u1) and Gy = (Va, 02, 12) be two fuzzy graphs
with G = (V1, E1) and G5 = (V2, E3), then G1 | Gy is the fuzzy graph (Vi U Va, o, p),
where

o) = o), uevVy—Vy,
T, ueV,-V,
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and

) = {m(u, V),  (u,v)€E-Ey,

’ Ha(u,v),  (u,v) € Er — Ey.
Definition 2.7 [11] The join of disjoint fuzzy graphs G| and G, is G = G| + G, =
(ViU Va, 0, 1), where o = 0y + 05 and . = py + o are fuzzy subsets of Vi |J V, and
E\ U E, U E’ respectively, where E’ is the set of all edges joining V and V5,

o) = o), uevy,
o), ueV,
and
p1(u,v), (u,v) € Ey,

Hu,v) = pa(u, v), (u,v) € E,
o1(u) A o (v), (u,v) € E’.

Definition 2.8 [11] Let G* = G} X G5 = (V,E”) be the cartesian product of two
graphs where V = Vy X V, and E” = {(uuy, uvy) | u € Vi, (uz,v2) € Eo} U{(u1v, vv) |
v e Vy, (uy,vy) € Ei}. Then G| X G is the fuzzy graph (V, o, 1), where

o(uuz) = o1(ur) A oz(ua) Yuy € Vi,us € Vs,
p(uug, uva) = o1 () A pa(u, v2) Yu € Vi,V (uz, v2) € E,

H@v,viv) = 02(v) Ay (ug,vi) Yv € Vo, Y(uy, vy) € E.

3. Coloring of Fuzzy Graphs

The concept of chromatic number of fuzzy graph (Definition 3.1) was introduced by
Munoz et al. [12]. The authors considered fuzzy graphs with crisp vertex set, i.e.,
fuzzy graphs for which o(x) = 1 VxeV and edges with membership degree in [0, 1].
The concept of fuzzy chromatic number (Definition 3.2) was defined by Eslahchi and
Onagh [6].

Definition 3.1 [12] If G : (V, ) is such a fuzzy graph, where V = {1,2,3,--- ,n} and
W is a fuzzy number on the set of all subsets of V X V. Assume I = A U {0}, where
A ={a; < ay < -+ < o} is the fundamental set (level set) of G. For each a € I,G,
denote the crisp graph G, = (V,E,), where E, ={ij|1 <i < j<n,u(i, j) > a}and
Xao = X(Gy) denote the chromatic number of crisp graph G,,.

By this definition the chromatic number of fuzzy graph G is the fuzzy number
X(G) ={(i,v(@))| i€ X}, where v(i) =max {a@ €[ |i € A,} and A, = {1,2,3,--- , xao}.

Definition 3.2 [6] A family T = {y1,v2, - , vk} of fuzzy sets on a set V is called a
k-fuzzy coloring of G = (V, o, ) if

i) vl =0,

(i) yiny; =0,
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(iii) for every strong edge (x,y) (i.e., u(x,y) > 0 ) of G, min {y;(x),y;(y)} = 0,
(1<i<h.

The minimum number k for which there exists a k-fuzzy coloring is called the
fuzzy chromatic number of G, denoted as y/(G).

Incorporating the features of the above Definitions 3.1 and 3.2, the chromatic num-
ber x(G) of fuzzy graph is modified by Anjaly and Sunitha [4] as follows.

Definition 3.3 [4] For each a € I, G, denote the crisp graph G, = (04, e) and
Xo = X(Gy) denote the chromatic number of crisp graph G,. The chromatic number
of fuzzy graph G is the number x(G) = max {(y(G,) | @ € 4}.

Theorem 3.1 [4] For a fuzzy graph G : (V,o, ), the chromatic number x(G) =
f
XN(G).

Remark 3.1 [4] The fundamental set I of G is the set I = {a/ either o-(u) = a, for
some u € V; or u(u,v) = a, for some (u,v) € Vx V}. We choose I = {a; < @, <
s < agh

Remark 3.2 [4] If o; < aj, then y(G(;)) > x(G(a))).

Theorem 3.2 For a fuzzy graph G : (V, o, i) except M-strong fuzzy graph, x(G) >
X(G) and x(G) = x(G) if G is self complementary.

Proof For all graphs except M-strong fuzzy graphs pu(u,v) = o(u) A o(v) — u(u,v)
> 0 VY(u,v). We know p(u,v) < o(u) A oo(v) Yu,v € V and equality holds if the fuzzy
graph is M-strong. Hence the corresponding crisp graph G, of G will have more
number of adjacencies than G, of G. The equality is obvious.

Theorem 3.3 For a fuzzy graph G : (V, o, ), ¥(G) +x(G) > n where n is the number
of nodes. Equality holds for fuzzy graphs G, such that G*= C,.

Proof  For all fuzzy graphs, G, and G, for the corresponding minimum values of
« satisfies the relation X(Ea) + x(G,) > n. This can be proved by considering the
following cases.

Case I If G is a complete fuzzy graph on n nodes, then G is a disconnected graph
with n isolated nodes. Hence y(K),) = n and X(E) =1.

Case II 1f for all arcs(u, v), u(u,v) < o(u) A o(v), then Gy isa graph with the same
or more number of adjacencies than G,. If u(u,v) < o(u) A o(v), then u and v are
assigned different colors in G, and in G,. If u(u,v) = o(u) A o(v), then u and v are
assigned the same color in G, and different in G,. Hence in either case, either in
X(Ea) or in y(G,)two colors are required to color u and v. This is repeated for all
adjacent nodes.

Theorem 3.4 For fuzzy graphs G, = (V,01,11) and Gy = (Va, 0, 12), x(G1 U G2)
= max {x(G1), x(G2)}-
Proof Weknow, G| | G, = (V| Vs, 0, ) with u(x,y) > 0 if and only if p(x,y) >

O or uy(x,y) > 0. For each « in the fundamental set of G| | G-, either a belongs to the
fundamental set of G or to the fundamental set of G,. Hence the minimum value of
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« in the fundamental set of G| | G is the minimum among that in the fundamental
sets of G; and G,. Let it be @, the minimum value of « in the fundamental set
of Gi. Then (G| U G2)a, has all the adjacencies of G| and G,. By Definition 3.3,
X(G1UG2) = x(G1 UG2)a, = max {x(G1),x(G2)}-

Theorem 3.5 For fuzzy graphs G, = (Vi, 01, 11) and Gy = (V, 02, 2), x(G1 + G»)
< nwheren =| Vi | +|Vy | Equality holds if G| and G are complete graphs.

Proof By the definition of join, the support of join becomes a complete graph if and
only if both G} and G are complete graphs.

Now we find the chromatic number of products of fuzzy graphs.

Definition 3.4 (Direct Product[3]) IfG| = (Vi,01,u1) and G, = (V,, 072, i), then the
direct product G| MGy is the fuzzy graph G = (V) X V,, o, p), where E = {(uvy, upv;)
| (u1,u2) € Ey, (vi,12) € Ea},

o(uv) = min {0 (1), oo (v)} Yuv € V| X V;,

H@uyvy, uava) = py(ur, u2) A pa(vi, va).

Theorem 3.6 For fuzzy graphs G, = (Vy,01,u1) and G, = (Va, 02, (2), the chromatic
number of the direct product, (G M G,) = min {y(G), x(G2)}.

Proof By the definition of direct product, any two nodes are adjacent if and only if
the corresponding nodes in G; and G, are adjacent. Since chromaticity depends on
adjacency, the number of colors required to color the nodes of G| M G, is minimum
of ¥(G1) and ¥(G»).

Definition 3.5 (Semi Product [3]) If G| = (Vi,01,1) and Gy = (Va, 02, 12), then
the semi product G| ¢ G is the fuzzy graph G = (V| X V,, o, u), where
E = {(uvi,uvy) | u € Vi, (vi,v2) € Ex} Ul(urvi, uav2) | (ur, u2) € Ey, (vi,v2) € Er},

o(uv) = min {0 (1), oo (v)} Yuv € V| X V;,
puvy,uvy) = o1(u) A pp(vi, v2),

p(uivy, uava) = py(ug, uo) A pa(ve, va).

Remark 3.3 A clique with maximum number of vertices is a maximal clique of the
graph G*.

Theorem 3.7 For fuzzy graphs G = (Vy,01,u1) and G, = (Va, 02, (2), the chromatic
number of the semi product, x(G| ¢ G,) = |V¢l|, where C is a maximal clique of
(G10Gy)".

Proof By the definition of semi product, the largest complete subgraph of G is the
graph with corresponding adjacent nodes u;v; and u;vy, where u; € V; and (v;,vy) €
E; and (u;vj, u,vy), where (u;,u,) € E; and (vj,v) € E», i.e., the largest complete
subgraph is the graph with arcs of the form (v, u;v;) with u; as a node of maximum
degree in V; and arcs of the form (u;v;, u,,vi), where (11, u,,) € Ey and (vj, i) € Es.
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Hence the chromatic number of the semi product is the chromatic number corre-
sponding to this largest complete subgraph.

Definition 3.6 (Strong Product [3]) If G| = (Vi,01,u1) and G, = (V,, 02, 1), then
the strong product G| ® G, is the fuzzy graph G = (V| X V,, 0, p), where

E = {(uvi,uvy) | u € Vi, (vi,v2) € Ep} Uluiw, uaw) | (u1,u2) € Er,w € Va}
UlGuvi uava) |y, u2) € Ev, (vi,v2) € B,

o(uv) = min {0 (1), o2(v)} Yuv € V; X V3,
Hvy, uvy) = o (u) A pa(vi, va),
pHGw, upw) = pn(ur, uz) A oa(w),

u@uvy, upva) = py(ug, uz) A (v, va).

Theorem 3.8 If u;(uy,up) > 0 and pr(vi,v2) > 0 Yuy,up € Vy and vy, vo € Vy, the
chromatic number of the strong product, (G| ® G,) = nyny, where n; = |Vi| and
ny = |Val.

Proof By the definition of strong product, if p(u;,uz) > 0 and (v, v2) > 0
Yui,uy € Vi and vy, v, € Vs, then (G| ® Gy)* is a complete graph with 1, nodes.
Hence (G| ® Gy) = nyn,.

5. Application of Chromatic Number of Fuzzy Graphs

Consider a routing problem with places represented as nodes u;, uy, us, uy of a fuzzy
graph. Let arcs represent approachability between pairs of nodes with strengths de-
noting difficulty in traveling modes. Depending on the tourist demand, the nodes are
assigned strengths as High (0.9), Low(0.1) and Medium(0.5). Let the following fuzzy
graph G in (a) which represents the situation.

U Uy p
0.2 ! Uy Uy

05 o s 09 0 e . ®

usz

U u3
2
0.5 0.1 (2) )

Fig. 1 Fuzzy graph G

Here the level set is {0.1,0.2,0.4,0.5,0.9}. Now consider G,, for @ = 0.1,0.2,0.4
and 0.5, the arc strengths of G. The graph in (b) represents Gy ;. Then by Definition
3.3, x(G) = x(Gp1). The numbers inside brackets shows the corresponding colors
of nodes in Gy ;. Hence x(G) = x(Go.1) = 3. The chromatic number 3 indicates that
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maximum 3 places can be reached from one another. That is, maximum number of
places, which are directly linked by road is 3, represented by nodes u;, u, and uy
which are adjacent to each other.

6. Conclusion

The concept of chromatic number of fuzzy graph is studied in the resultant fuzzy
graph of different operations of fuzzy graphs. The relation between chromatic number
of a fuzzy graph and its complement is studied. The chromaticity of the resultant of
the union of two fuzzy graphs, join and different types of products are also obtained.
Solution of routing problem using chromaticity of fuzzy graphs is proposed. The
solution suggested in the present approach gives the number of places which are
linked by road directly. One can apply different coloring approaches by considering
arc strengths to find the most effective route between different places.
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