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used phase difference on the basis of a continuous wavelet transform. However, the extant literature
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wavelet phase difference, determine its most plausible interpretation, and thus attempt to address gaps
in the existing literature. Consequently, this study suggests that some lead-lag results of previous works
have been driven by incorrect interpretations of wavelet phase difference.
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1. Introduction

It is well recognized that lead-lag relationships exist in eco-
nomic data, hence understanding them is important for policy-
makers and other economic agents. For practical purposes, in
particular, it is essential for many economic agents to identify the
leading, coincident, and lagging indicators of business cycles in
order to predict their duration (see, e.g., Nefti, 1979).

In fact, a substantial number of papers have hitherto examined
lead-lag relationships between key macroeconomic and financial
variables. For example, Dekle et al. (2001) examine the relation-
ship between exchange rates and interest rates using high-fre-
quency data from Korea, and Alsakka and ap Gwilym (2010) in-
vestigate lead-lag relationships in sovereign ratings.

Recently, many authors have started utilizing wavelet methods
to capture the time-varying leads and lags across frequencies (see,
e.g., Aguiar-Conraria and Soares, 2014).! To be precise, in the
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1 Recently, an increasing number of studies have used wavelet methods to
conduct empirical analysis in the field of economics. See, for example, Aguiar-
Conraria and Soares (2011a, 2011b, 2014), Aguiar-Conraria et al. (2012), Rua (2012,
2013), Chen et al. (2013), Trezzi (2013), Fidrmuc et al. (2014), Tiwari et al. (2014),
Berdiev and Chang (2015), Cascio (2015), Dima et al. (2015), Jiang et al. (2015), Li
et al. (2015), and Aloui et al. (2016).
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growing body of wavelet literature, previous researchers have
used phase difference as a tool to obtain information about
changing lead-lag dynamics at specific frequencies, such as those
in business cycles.

This paper contributes to the literature in the following re-
spects. First, we identify previous works that use wavelet phase
difference to analyze lead-lag relationships and demonstrate that
wavelet phase difference has been subjected to multiple inter-
pretations. Second, and most important, we investigate the most
plausible interpretation and thus attempt to address the gaps in
the existing literature. Consequently, this study suggests that some
lead-lag results of previous works have arrived at an incorrect
conclusion due to the incorrect interpretation of wavelet phase
difference.

The remainder of the paper is structured as follows. In Section
2, after a brief explanation of wavelet phase difference, we indicate
that different interpretations coexist in the literature. In Section 3,
we deliberate on which interpretation should be considered
plausible. Section 4 concludes the paper.

2. Different interpretations of wavelet phase difference

To begin with, we summarize the different interpretations of
wavelet phase difference in the literature.
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Given a time series x(t), the continuous wavelet transform is
given by

Wae,s) = [~ xopinde, @
where i represents wavelet daughters, s is the scaling factor
controlling wavelet length, 7 is the translation parameter con-
trolling wavelet location in time, and the asterisk denotes complex
conjugation. Note that if the absolute value of s is less (more) than
1, the wavelet is compressed (stretched). Wavelet daughters y are
obtained by scaling and shifting the mother wavelet y:

1 t—1
() =
7, () mw( S @

In line with many other previous studies, we consider the
Morlet wavelet, one of the most widely used mother wavelets,

). s,7Te€R, s#0.

Vo) = n.—l/4(eiw0t _ e—m&/Z)e—tz/ZY 3)

where i denotes an imaginary unit (i.e., i = v—1) and @ controls
the number of oscillations within the Gaussian envelope. Follow-
ing earlier studies, we assume that wg = 6, because in this case, s is
almost equal to the Fourier period.

From the above wavelet transform, one obtains the phase angle

Im{Wy(z, s)}]

_ -1
px(z, 8) = tan [ Re{Wi(z, 5)}

4
where Re(W,) and Im(W,) are the real and imaginary parts of the
wavelet transform W,, respectively. The phase angle indicates the
oscillation position of the time series x(t) at a specified time and
frequency.

For the bivariate case, we consider two time series of interest, x
(t) and y(t). For each wavelet transform, the cross-wavelet trans-
form is given by

Wy(z, 5) = Wiz, WS (, 5). 5)

In order to evaluate the relationship between the two series, we
utilize the following phase difference from the phase angle of the
cross-wavelet transform:

Im{Wy(z, 5)} ]

—_— —_— = _]
Py(T $) = p(z, $) = py(z, 5) = tan [Re{ny(r, $)}

(6
with Py €1 — 7, 7l

As regards the sign of the correlation between x(t) and y(t), to
the best of our knowledge, all previous studies without exception
interpret the phase difference py, as follows: When
pry € (= 7[2, z[2), x(t) and y(t) move in phase (positive correla-
tion), whereas when p,, € (#/2, 7) U (= #, — z/2), x(t) and y(t)
move out of phase (negative correlation). In particular, if p,, = z or
= — #, they move in anti-phase.
However, as for lead-lag relationships, the literature presents
completely different interpretations. First, most previous works in
the wavelet literature adopt the following interpretation.?

pxy
Interpretation 1. If p,, € (0, z/2) U ( - 7, — z/2), then x(t) leads y

2 For Interpretation 1, see Aguiar-Conraria et al. (2012, 2013), Caraiani (2012a),
Trezzi (2013), Aguiar-Conraria and Soares (2014), Sousa et al. (2014), Cascio (2015),
Funashima (2015, 2016a, 2016b), Ko and Lee (2015), Li et al. (2015), Lin et al. (2016),
Dewandaru et al. (2015, 2016), Fousekis and Grigoriadis (2016), and Su et al. (2016).
A recent study by Funashima (2016a, Fig. 2) provides a graphic explanation sup-
porting Interpretation 1.

(t). If pyy € (= 7[2,0) U py, € (x]2, ), then y(t) leads x(t).

Second, some studies adopt an interpretation opposite to In-
terpretation 1.3
Interpretation 2. If p,, € (0, z/2) U ( - z, — z/2), then y(t) leads x
(). If pyy € (= 7/2,0) U py, € (%]2, n), then x(t) leads y(t).

Finally, to the best of our knowledge, two studies, that is,
Marczak and Gémez (2015) and Marczak and Beissinger (2016),
present the following interpretation.

Interpretation 3. If Pry € 0, n),
Pyy € (— =, 0), then y(t) leads x(t).

then x(t) leads y(t). If

However, since the above interpretations are provided without
any clear explanation, one does not understand why the previous
studies present different interpretations.

3. Discussion and illustrations

In this section, we deliberate on which interpretation can be
considered plausible and attempt to explain the difference be-
tween the three interpretations. The process of our deliberation is
as follows. First, as regards the discrepancy in the interpretations
when p,, € (- z/2, 0) U (0, #/2), a comparison of Interpretations 1
and 3 with Interpretation 2 shows Interpretation 2 to be in-
appropriate. Second, as regards the discrepancy when
Pxy € (= m, — x[2) U (]2, =), a comparison of Interpretation 1 with
3 shows that only Interpretation 1 is plausible.

Further, we also discuss the indicators of composite index (CI)
in Japan. One reason for choosing Japan is that all the data of the
leading, coincident, and lagging indicators are available for
roughly the last half century.”

3.1. Interpretations 1 and 3 versus Interpretation 2
When p,, € (- #/2, 0) U (0, z/2), we find that Interpretations 1
and 3 differ from Interpretation 2. In view of the difference, one

can readily disprove Interpretation 2. Now, consider a simple ex-
ample of data generated:

cos(z—”t + 1) + &, (£<36)

12 3
Xt = 2
T T
cos( ﬁt - §) + &, (E>36) 7
and

_ 2z

Vi = cosﬁt + &, ®)
where &; is i.i.d. N(0, 1). We give our observations in Panel A of
Fig. 1; x leads y by /3 for t < 36 at a 12 cycle, whereas y leads x for
t > 36. The phase difference py, calculated for 11-13 cycles is dis-
played in Panel B of Fig. 1.° For t < 36, the phase difference is
between 0 and #/2 (in the vicinity of z/3). On the other hand, for
t > 36, the phase difference lies between —z/2 and O (in the vici-
nity of —z/3). This simple exercise supports Interpretations 1 and
3.

3 For Interpretation 2, see Aguiar-Conraria et al. (2008), Aguiar-Conraria and
Soares (2011b), Caraiani (2012b), Tiwari (2013), Andries et al. (2014), Tiwari et al.
(20154, 2015b), and Klarl (2016).

4 Data are obtained from the website of the Cabinet Office for the Government
of Japan. We use the ASToolbox provided by Luis Aguiar-Conraria and Maria Joana
Soares to compute the phase difference. The ASToolbox can be downloaded at
http://sites.google.com/site/aguiarconraria/joanasoares-wavelets.

5 Note that the values are median over scales for 11-13 cycles.
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Fig. 1. x and y generated by (7) and (8) and the phase difference.
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Fig. 2. Japanese CIs (2010=100).

Next, we validate Interpretations 1 and 3 using real data. Fig. 2
plots the leading, coincident, and lagging Cls in Japan. Thus,
without any further analysis of their lead-lag relationships, we can
show that the leading CI leads the coincident CI and the latter CI
leads the lagging CI. Fig. 3 presents the results of their phase dif-
ference p,g,.6 First, for the case where x is the coincident Cl and y is
the leading CI, we depict the phase difference as a solid line in
Fig. 3; this is between —z/2 and 0. From Interpretations 1 and 3, we

6 Note that the values are median over scales corresponding to the business
cycle periodicities between 1.5 and 8 years, as in Baxter and King (1999).
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Fig. 3. Phase difference between coincident and leading CIs and between coin-
cident and lagging Cls in Japan.

confirm that the leading CI leads the coincident CI. On the other
hand, Interpretation 2 reaches the unacceptable conclusion that
the coincident CI leads the leading CI.

Further, for the case where x is the coincident CI and y is the
lagging CI, we depict the phase difference as a dashed line in
Fig. 3; this is between 0 and z/2. In contrast to Interpretations 1
and 3, Interpretation 2 once again provides the inconsistent result
that the lagging CI leads the coincident CI. These examples suggest
that the results based on Interpretation 2 could be erroneous.

3.2. Interpretation 1 versus Interpretation 3

Next, we attempt to determine whether Interpretation 1 or
Interpretation 3 is more plausible. Thus, besides x and y, we now
consider the inverted series of y, defined as y = — y. Noting that
§ = eiry or § = e-iry, we give its continuous wavelet transform as

Wz, 5) = e"W(z, 5), )
or
Wiz, 5) = e""W(z, 5). (10)

Accordingly, the phase angle of § is

py(@ ) = py(z, S) £ 7, (11)

and we obtain the phase difference between x and § as follows:

Pep(T ) = py(T, $) — p(7, S) = py(7, S) — py(7, S) £ 1= py(z,5) £ 7. 12)

Although y is inverted, as shown above, it holds when we consider
the case of the inverted series of x, defined as & = — x. The fol-
lowing proposition formally states these results.”

Proposition 1. Suppose the inverted series X and 3. Then,
P(7, S) = pyy(, S) £ 7 and Py, S) = pyy(z, S) = = are satisfied.

Since a test of lead-lag relationship should be robust even
when x or y is inverted, Proposition 1 provides us with informa-
tion useful to discussing the critical difference between
Interpretations 1 and 3. From Proposition 1, when x or y is in-
verted, Interpretation 1 indicates that the lead-lag relationship
remains unchanged whereas Interpretation 3 indicates that the
lead-lag relationship is reversed. This lead-lag difference for the
inverted series in Interpretation 3 indicates an inconsistency in
Interpretation 3.

For a relevant example, consider the relationship between the

7 Incidentally, in addition to phase difference, many previous studies use wa-
velet coherency to examine the extent of interdependence between two time series
of interest. Since wavelet coherency depends not on the phase angle of the cross-
wavelet transform but on the amplitude, it is unaffected by the inverted shift.
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Fig. 4. Japanese unemployment rate and its inverted series.
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Fig. 5. Phase difference between industrial production and (inverted) unemploy-
ment rate in Japan.

business cycle and unemployment rate. As is well known, the
unemployment rate lags behind the business cycle. To investigate
this lead-lag relationship, one often compares output with the
unemployment rate by inverting the latter. An important point to
note here is that we must obtain the same results for the re-
lationship between output and unemployment regardless of
whether the unemployment rate is inverted or not. However, In-
terpretation 3 changes the lead-lag results due to the inverted
operation.

For an example of real data, we examine the relationship be-
tween the industrial production and unemployment rate in Japan
and conduct some exercises. In fact, as regards the Japanese Cls,
the former series is a coincident indicator and the latter is a lag-
ging indicator. As shown in Fig. 4, compared to the original series,
the phase angle of the inverted unemployment rate is shifted by
or —z. Fig. 5 shows the results of the phase difference, py, (solid
line) and p,; (dashed line), where x is the industrial production, y

is the unemployment rate, and § is the inverted series of the
unemployment rate.* When we disregard the results around the
beginning and end of the sample periods, the outcomes indicate
that, on the whole, the phase difference py, lies between -z and
—r/2.9 According to Proposition 1, the phase difference pyp is in-
evitably shifted by x or —z, and hence it lies between 0 and /2 on
the whole. Both results suggest that the output and the original
(inverted) unemployment rate are negatively (positively)
correlated.

8 As earlier, the values are median over scales, corresponding to the business
cycle periodicities.

9 When running the wavelet transform as well as other types of transforms, the
problem of border distortions arises at the beginning and end of the sample periods
because of the finite length of the time series. Consequently, the edge results are
unreliable and should be disregarded. See Aguiar-Conraria and Soares (2014) for
more details.

According to Interpretation 1, regardless of whether the un-
employment rate is inverted or not, the same interpretation holds,
and hence we can conclude that the unemployment rate lags be-
hind the business cycle. On the other hand, according to Inter-
pretation 3, the original result indicates that the unemployment
rate is leading whereas the inverted result indicates that industrial
production is leading. In other words, although substantively we
conduct the same analysis with the original and inverted series of
unemployment rate, Interpretation 3 gives contradictory results.

4. Conclusion

In addition to researchers in different fields of science, such as
engineering and physics, wavelet methods are increasingly at-
tractive to researchers in the fields of economics and finance.
However, as this study indicates, there is no consensus in previous
works on the interpretation of phase difference, which is one of
the most widely used wavelet tools in economic analysis. As all the
interpretations in these works have been provided without any
clear explanation, the reason for these differences is uncertain.
Thus, results of leads and lags on phase difference are ambiguous
and unreliable.

In this paper, we have deliberated on the most plausible in-
terpretation of phase difference and this has, to some extent, ad-
dressed the gaps in the newly growing body of wavelet literature.
While our analysis is conducted by presenting several examples,
the conclusion can arguably be applied to other cases, almost
without exception. To summarize, only Interpretation 1 should be
considered as plausible, and the phase difference results based on
Interpretations 2 and 3 should be approached with caution.
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