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ABSTRACT

Computational process models in combination with innovative design methodologies provide a powerful
reactor design platform. Yet, model-based design is mostly done in a pure deterministic way. Possible
uncertainties of the underlying model parameters, prediction errors due to simplifying assumptions
regarding the reactor behavior and suboptimal realizations of the design along the reaction coordinate
are in general not considered. Here we propose a systematic design approach to directly account for the
impact of such variabilities during the design procedure. The three level design approach of Peschel et al.
(2010) based on the concept of elementary process functions (EPF) serves as basis. The dynamic opti-
mizations on each level are extended within a probabilistic framework to account for different sources of
randomness. The impact of these sources on the performance prediction of a design is quantified and used
to robustify the reactor design aiming at a more reliable performance and thus design prediction. The
uncertainties of model parameters, non-idealities of the reactor behavior and inaccuracies in the design
are included via statistical moments. By means of the sigma point method (Julier and Uhlmann, 1996)
random variables are mapped to the design objective space via the nonlinear process model. Importantly,
this work introduces a full probabilistic orthogonal collocation approach, i.e. random and stochastic vari-
ables can be described. Whereas the former one relates to randomness independent on the reaction time
(e.g. kinetic model parameters or initial conditions), the latter one describes stochasticity along the reac-
tion time (e.g. fluctuating pressure or temperature control). As an example process the hydroformylation
of 1-dodecene in a thermomorphic solvent system consisting of n-decane and N,N-dimethylformamide
is considered.

Our probabilistic EPF approach allows designing robust optimal reactors, which operate within an esti-
mated confidence at their expected optimum considering almost any kind of randomness arising in the
design procedure. An additional value is that with increased predictive power of the reactor performance
its embedding in an overall process is strongly simplified.

© 2016 Elsevier Ltd. All rights reserved.

1. Introduction

Horn, 1964)yield only solutions, which are limited by the set of pre-
defined reactors and are not very practical for higher-dimensional

A process system is composed of a variety of different units
serving specific functions, to ultimately transform mass or/and
energy into high-value products. Pretreatment of resources and
post-processing of products are strongly depending on the require-
ments and the performance of the reactor unit. Computational
design methodologies are used to identify and predict an optimal
performing reactor design. Common reactor design methods such
as heuristics or attainable region approaches (Glasser et al., 1987;
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systems. Mostly they do not consider the requirements for com-
plex reaction networks, behavior of complex solvent systems and
recycles. Freund and Sundmacher (2008) have developed a design
approach, which is not based on predefined reactor types. It is
fully decoupled from the limitations of certain apparatuses so that
the full thermodynamical and chemical potential of the process
can be explored leading to new integrated reactor concepts. Sev-
eral examples for the application of the concept of elementary
process functions (EPF) toward a deterministic design of optimal
reactors have recently been presented by Freund et al. (2011) and
Peschel etal.(2011). State-of-the-art reactor design methodologies
typically involve computational intense optimizations of super-
structures (Achenie and Biegler, 1990; Kokossis and Floudas, 1991)
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Nomenclature

Latin symbols

coefficients for Gibbs energy equations [diverse, see
Table 2]

coefficients for density equations

concentration [mol/ml]

covariance matrix

design

differential time

mean value of variable/parameter

activation energy [Kk]/mol]

right-hand side function of the ODE within the col-
location

nonlinear functions

Gibbs energy [k]/mol]

equality constraints

inequality constraints

Henry coefficient for component i

Henry parameter for component i [bar ml/mol]

i,j, kI, m index

branched form of component

molar flux [mol/min] or arbitrary flux [(...)/min]
reaction rate constant [diverse, see Table 1]
molar mass [g/mol]

amount of substance [mol], or number of parame-
ters in a set, or linear form of component
arbitrary criterion

realization of an arbitrary criterion
parameter

partial pressure [bar]

heat flux [J/min]

gas constant [k]J/mol/K]

reaction rate [mol/g/min]

selectivity

realization of selectivity

temperature and realization of T [K]

time [min]

control variable

volume [ml]

variance of a variable/parameter

weighting matrix

work [J]

conversion

arbitrary state variable, or realization of X

Abbreviations

carbon monoxide

carbon dioxide

set of liquid reactants

continuous stirred tank reactor

differential algebraic equation
deterministic dynamic optimization
deterministic dynamic optimization problem
dimethyl formamide

design of experiments

dynamic optimization problem
elementary process functions

matrix of elementary process functions
finite elements

Gaussian mixed distributions

hydrogen

methodical dynamic optimization problem
multi-objective optimization

ODE ordinary differential equation
PDE partial differential equation

PDOP  probabilistic dynamic optimization problem
RBDO reliability-based design optimization

RCT set of reactions

RDO robust design optimization

RTD residence time distribution

STY space time yield

TMS thermomorphic solvent

WS method of weighted sum

e-CM e-constraint method
nCl2en 1-dodecene

iC12en iso-dodecenes
nCl12an n-dodecane

nC13al n-tridecanal

iC13al isomeric aldehyde
nCl0an n-decane

Greek symbols
o, k, B, A tuning factor for sigma point method

A difference

e parameter deviation

0,0 random variable, or uncertain model parameters

P density function

Pi density of component i [g/ml]

o source term [mol/min], or variance

T residence time [min]

Indices

A areal

o collocation points

cat catalyst

max maximum value

min minimum value

ref reference value

t technical

tot total amount

\Y volumetric

o arbitrary component(s)

(S set of random variables, or uncertain model param-
eters

Bold font vector-valued variable

or dynamic optimization problems (see e.g. Hillestad, 2010; Peschel
et al,, 2010; Srinivasan et al., 2003a,b).

For any design methodology it is of vital importance to have reli-
able and accurate model predictions to reduce or even avoid costly
redesign, process sensors and controller equipment. However, the
predictive power of mathematical models regarding the reactor
performance can be limited. The limitation originates from differ-
ent kinds of assumptions within common design procedures, e.g.
fixed model parameters, simplifications regarding reactor behav-
ior (=non-idealities) or perfect realization of the resulting process
design. In a deterministic design procedure these limitations are
completely ignored. To quantify the impacts of neglected model
parameter uncertainties, non-ideal reactor behavior and design
inaccuracies (see e.g. Beyer and Sendhoff, 2007) their random char-
acter must be incorporated into the design optimization. This can
be done by use of probabilistic-based design procedures.

Two different approaches can be found in literature: reliability-
based design optimization (RBDO) and robust design optimization
(RDO) (see e.g. Schuéller and Jensen, 2008). Reliability-based
design optimization aims at ensuring a specified reliability of the
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performance, i.e. the design is supposed to violate certain pre-
scribed probabilistic constraints such as probabilities of failure or
reliability indices only with an acceptable likelihood. The solution
provides an optimal design at given confidence with respect to
its reliability (see e.g. Enevoldsen and Sgrensen, 1994; Li et al.,
2008). In contrast, robust design optimization aims at maximiz-
ing the performance of the process by minimizing the sensitivity
of the objective function(s) to different sources of randomness. It
is typically applied to robustify the process against uncertainties
by optimal choice of the control or design variables for fixed con-
straints (see e.g. Beyer and Sendhoff, 2007; Mulvey and Vanderbei,
1995). Notably, existing probabilistic reactor design approaches do
not handle stochastic variables, i.e. fluctuations along the reaction
coordinate. Such fluctuations are however very likely to be found
in the real process and include fluctuations in the optimal design
itself. Note however that stochastic variabilities are non-trivial to
embed into a reactor design procedure as this results in a stochas-
tic ODE/DAE or PDE system with heavily increased computational
burden.

In this work we present a probabilistic design methodology
that handles random and stochastic variables in ODE/DAE systems.
We use orthogonal collocation on finite elements (see e.g. Biegler,
1983) in combination with the sigma point methodology by Julier
and Uhlmann (1996) to derive a discretized numeric probabilistic
representation. The presented probabilistic orthogonal collocation
approach provides the basis for reactor design approaches that rely
on dynamic optimization or optimal control problem formulations.
Here we focus on the structured EPF reactor design approach to
highlight different sources of randomness that can be accounted
for during the design procedure to ultimately obtain a reliably per-
forming optimal reactor.

In the following section the conceptual basis of the EPF reactor
design procedure including a 3-level structure, the mathematical
basis of the sigma point method and its use for RDO in the form of
a discretized optimal control problem is introduced. Subsequently
the model of the hydroformylation process is shown and the dif-
ferent types of random and stochastic variabilities are included in
the EPF design approach. Section 3 covers the results of the RDO in
each level of the reactor design approach for the aforementioned
example process. The article closes with a discussion in Section 4
and conclusion in Section 5.

2. Methods
2.1. Process design via elementary process functions

In the EPF approach a fluid element is tracked along the reac-
tion coordinate while its thermodynamic states are optimized by
manipulating external mass and energy fluxes, see Fig. 1. Along the
chemical reaction coordinate the composition of the fluid element
experiences a continuous change, which can be adjusted by the
external fluxes (ju,a, ga, wt) to reach a desired state configuration
at the end of the reaction process.

Based on the EPF concept, Peschel et al.(2010) developed a three
level reactor design procedure. On level 1, the maximum poten-
tial of the process is revealed for different enhancement concepts

Jaa Jaa Jan Jaa
"‘I_A :I—A qa qa
- -
W' W Wt we
t=0

time
Fig. 1. Fluid element with control fluxes, jo 4 — surface related dosing fluxes of com-
ponents «, qs — surface related heat flux, w; - technical work, ryy — volume related
source/sink term of components c.

resulting in optimal mass and energy fluxes into/out of the fluid
element. In each enhancement concept different constant and vari-
able fluxes are considered in the dynamic optimization. In a second
step (level 2) limitations due to transport kinetics describing phys-
ical phenomena are considered and control variables are chosen
to realize the optimal mass and energy fluxes from level 1. In the
third level the trajectories of the control variables are then realized
inan optimal but non-unique technical approximation to obtain the
final reactor design. So far the EPF based reactor design procedure
assumes model parameters as perfectly determined. Furthermore
the reactor behavior is partly idealized regarding e.g. pressure
drop, flow field or temperature gradients when transforming the
problem from the time-based optimal control to a continuous
design. The possible inaccuracies in the technical approximation,
by e.g. actuator or controller imprecisions or variations in the feed,
are also not taken into account. In a probabilistic interpretation,
randomness resulting from uncertainties in model parameters,
non-idealities in the reactor characteristics or inaccuracies in the
reactor design can be represented by an appropriate density dis-
tribution function. The challenge lies then in efficiently describing
how the density functions are transformed by the nonlinear pro-
cess model and thus mapped to the space of design objectives, see
Fig. 2.

2.2. Sigma point method

A very efficient and accurate method for nonlinear transforma-
tion of random variables is the sigma point method (Julier and
Uhlmann, 1996). It has been successfully applied in several chal-
lenging applications including design of experiments (DOE) (see
e.g. Flassig and Sundmacher, 2012; Schenkendorf et al., 2009; Telen
et al., 2014), the design of robust optimal process trajectories (see
e.g. Rossner et al., 2010) and for the design of robust model predic-
tive controller (see e.g. Heine et al., 2006).

The idea of the sigma point method is to describe how mean
E(@) and covariance Cov(0) of a density function pg(0) of an ng -
dimensional random variable T,..s=378.15K are transformed by a
nonlinear mapping h : R" — R The distribution pg(0) charac-
terized by E(0) and Cov(0) is approximated via 2ng + 1 sigma points
given by

0o = E(0), (1)

0, = 0g +sign(ng — i)/ (n+«)\/Co(0);,, i=1...2ny, (2)

where 4/ Cov(9); is the ith row or column of the matrix square root
of Cov(0) and sign the signum function. The sigma points 0; with
i=0, 1..., 2ng are transformed via the nonlinear transformation
h(0;)=0; to yield the set of transformed sigma points in the range
R"="e of h, With this set, mean and covariance in the range of h
can be calculated via

2n
E(0)=) w0, (3)
i=0
P(6) p{o)
= Nonlinear e
— | transformation | —
2] 4]

Fig. 2. Propagation of random variables via nonlinear transformation, p - density
function, ® - set of random.
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2n
T
Cov(0) = Zwi {0;—E(0)} {0; ~E(0)} . (4)
i=0
The weighting factors are
A A .
WO:neT-)»’ Wi:iZ(n9+k)’ i=1,...2ng (5)

The tuning parameter A, with A € R, for higher order moments
is calculated via A = a®(ng + k) — ng. For selecting the tuning param-
eters «, B and «, Julier et al. (2000) suggest some rule of thumbs
depending on the knowledge of the parameter distribution func-
tions of the random variables. We used «=1.

In the EPF concept, the nonlinear transformation h (0, D) =

g (f (8, D)) can be decomposed into a function f that maps uncer-
tain variables onto the model states, and a function g, which maps
the process state variables onto the space of design objectives.
By changing the reactor design D, the nonlinear transformation
0=h(0, D)is varied. In case of a single objective robust design opti-
mization the aim is to identify a design D that has a very small
variance Var(o|D) of the best-expected objective E(o|D). Then the
expected objective is insensitive with respect to the uncertain vari-
ables. The use of the sigma point for RDO purposes is illustrated in
Fig. 3.

2.3. Dynamic optimization: probabilistic orthogonal collocation

The EPF method was introduced as conceptual basis of the
reactor design approach, where the applied model class is a
DAE system. The DAE system consists of ODEs of the balance

OPtyi—1.. e p [E(0), Con(0)]"

.....

ncp-1

s.t. Xile = Xjio + dt; Zwkjf(xﬂj, 0;,u,p) Vi=1,...,ng, Vk=1,...,ncp

j=0
Xi’l_LﬂCIL1 = Xilo vi=2,..., Ngg
Xi10 = Xio
‘E’.
dt; = - Vl:l,...,nFE
il
Npg

+ additional constraintsh(x) = 0 andg(x) > 0 indiscretized formfori, [, k

equations, which are formulated in the Lagrangian formalism
and algebraic equations for phase properties, reaction Kinetics
and physical boundaries. The manipulating fluxes are the solu-
tions of dynamic optimizations, which are constrained by the DAE
system. In this work orthogonal collocation on finite elements
method is used (Biegler, 1983), to solve the standard deterministic
dynamic optimization problem of the EPF framework (Freund and
Sundmacher, 2008). The problem reads

Opty(r),p O (MDOP1)
st X = EPF((0) + 0(x) = f(x(0), 0, u(t), p)
(Material, energy balances),

h(x) = 0 (Kinetics, physical properties,
g(x) > 0(Boundaries, solubilities, etc.)

etc.),

where, o is the objective to be optimized by adjusting the con-
trol variables u(t) and design parameters p, e.g. dimensions of

(MDOP 3)

the reactor, and 0 are model parameters. The differential equa-
tions, typically material and energy balances, are consisting of the
elementary process function matrix EPF(x), the fluxes j(t) and a
source/sink term o(x). With orthogonal collocation, the resulting
NLP problem reads

opt, (MDOP?2)

Uit P ©
ncp—l
s.t. Xy = Xjo +df Z ijf(xlj, 0,u,p) Vi=1,...,ng,
j=0
Vk=1,...,ncp

X 1nep-1=Xo VI=2,... ng

Xj0 =Xo

+ additional constraintsh(x) = 0 and g(x)
> 0 indiscretized form

Here, ncp represents the number of collocation points on each
finite element [=1, ..., npg and Wj; the collocation point weighting
matrix. The control u(t) is discretized as piecewise constant on each
finite element.

2.3.1. Random variables

To account for random variables such as ng uncertain model
parameters (including kinetic model parameters and initial con-
ditions) in level 1 of the design approach, the NLP is enlarged by a
factor of 2ng when applying the sigma point approach. The resulting
NLP problem reads

Vi

Il
o

vy 2n9

oi:h(xilk) VI:],...,HFE, k:O,...,(ncp—l)

2ng

E(o) = Zw,-o,-
i=0

2ny

Cov(0) =Y “w(0; - E(0)}(0; — E(0)}".
i=1

In level 2 non-ideal reactor characteristics are included as
random variables ¢+ as well to the design approach. The afore-
mentioned discretized optimization problem is hence extended
to
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04 \ sololD) B(0)}
. | (6, D)
E(o|D)—- | R (Var(o|D), E(o| D))
01 3
pe(f) l
Var(0|D)‘ b o b2 @: <— min Var(o:)

Fig. 3. Left: Sigma point mapping from the parameter space ® to the criterion space O by the process model h depending on the chosen design D. Right: Corresponding

design point in a Pareto set.

OPtU_1,._ne.p [E(0), Cov(0)]" (MDOP4)

nep—1

s.t. Ximlk=Ximlo+dfuZijf(Ximy,ei,ﬂm,Uz,p) vi=1,..,ng, Vk=1,...,ncp

j=0
Xim-1,ncp-1 = Ximio Yl =2, ..., npg
Xim10 = Ximo

‘C.
dtil:—l Vi=1,... ng
Ngg

+ additional constraints h(x) = O and g(x) > 0 indiscretized formfori, m, [, k

oim:h(ximlk) Vl:l,...,nFE, ’(:0,...,(ncp—1)
2ny 2ngy
E(o) = Z WmZWiOim
m=0 i=0
2ny 2ng

Cov(0) = Z

m=0

Win | > WilOim — E(0)}{04m — E(0))"
i=0

2.3.2. Stochastic variables

To account for stochastic variables, e.g. reaction coordinate
dependent randomness from fluctuations of the optimal control
variable u(t), we propose the following discretization:

OptElzl,...,nFE(ul)»P o (MDOP5)

nep—1

s.t. Xik = EU[(XIO) + dtl Z ijf(Elll(xl])s 07 1}7 ), p) vl= 1,..., ng, Vk = 1,..., ncp

j=0

Eul—] (xl—l,ﬂcp—1 ) = E“l (Xlo) Vvl = 2,..., Ngg

Xi10 = Eu;(Xj0)

+ additional constraints h(x) = 0 and g(x) > O in discretized form fori, I, k

2ny

Elll(xlk): Zwixilk Vl: 15 .« NFE, k:Oﬂ "'7(nCP_ 1)
i=0
o=h (Eul(sz)) Vi=1,...,np, k=0,...,(ncp—1),

where the reaction coordinate dependent fluctuating variable is
transformed on each finite element I via the sigma point method
given Ej(u;) and Cov(u). Note that here the mean of the control
variable for given variance-covariance is optimized.

Vi=0,...,2ng, Ym=0,...,2ny

2.4. Multi-objective design optimization

Even for a single-objective design optimization, the exten-
sion to a probabilistic design approach leads to a multi-objective
optimization (MOO) problem, since expected value E(o) and vari-
ance Var(o) are to be optimized. In this case we deal with a set
of Pareto optimal solutions from which a design can be cho-
sen given a specific trade-off between expected objective E(0)
and its variance Var(o) (= predictive power). An excellent review
on multi-objective optimization problems in the field of process
design can for instance be found in Bhaskar et al. (2000). The
existing approaches for identifying the Pareto optimal solutions

Vi

Il
e

.., 2Ny

can be separated into vectorial methods and scalar methods. In
the former case, the MOO is directly solved with a vector-valued
objective function, whereas in the latter case several objectives
are transformed into a scalar function. For the sake of brevity the
different methods will not be discussed. Details can be found e.g.
in Marler and Arora (2004). In the present work the Method of
Weighted Sum (WS) and the e-constraint Method (e-CM) are used.
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nCl2an
.

H2 H2
% 2 t4\
nCl2en — — iC12en
H2 N H2 H2
co |rl -850 15 co

r6 T
nC13al iC13al

Fig. 4. Extended reaction network of the rhodium catalyzed hydroformylation in
TMS as derived in Hentschel et al. (2015). nC12en=1-dodecene, iC12en=internal
dodecenes, nC12an =n-dodecane, nC13al =n-tridecanal, and iC13al =internal alde-
hydes.

The WS is used to find reasonable ranges of the two objectives,
where Pareto optimal solutions might exist. Then within this ranges
the Pareto set is calculated via the -CM.

2.5. Example process

The robust design optimization framework developed here is
applied on the hydroformylation process of long-chained alkenes.
The alkenes are functionalized via addition of CO and H, to alde-
hydes which are used as platform chemicals for many applications.
The reaction is homogeneously catalyzed by rhodium catalysts and
the selectivity to the desired linear aldehyde is increased by use
of expensive biphephos ligands. For the sake of economic viability
the catalyst and ligand have to be separated and recycled almost
completely (Xie et al., 2013). The arising aldehydes are produced
as a mixture of linear (n) and branched (iso) forms, whereby the
demand for linear aldehydes is much higher. More information
about hydroformylation processes can be found in e.g. Wiebus and
Cornils (1994) and Bohnen and Cornils (2002).

The industrial most relevant process for rhodium catalyzed
hydroformylation is the Ruhrchemie-Rhéne/Poulenc process (see
e.g. Kohlpaintner et al., 2001). This process is not applicable for
long-chained alkenes (>C4) due to low solubility of reactants in
the process solvent. To overcome both the problem of solubility
of the reactants and the problem of separation and recycling of
expensive catalyst in the hydroformylation process of long-chained
alkenes, several innovative solvent systems are under investiga-
tion. Among others, thermomorphic solvent (TMS) systems (see
e.g. Behr and Fangewisch, 2002; Behr et al., 2008) show promising
performance for hydroformylation of long-chained alkenes. There-
fore a TMS system according to Schifer et al. (2012) consisting of
N,N-dimethylformamide (DMF) as polar solvent and n-decane as
nonpolar solvent is assumed in this work for reactor design pur-
poses.

2.6. Model formulation

For the special TMS system of n-decane and dimethylformamide
Markert et al. (2013) and Kiedorf et al. (2014) investigated exper-
imentally the hydroformylation of 1-dodecene catalyzed by the
rhodium(acac)(CO,)/biphephos catalyst and derived a reaction net-
work and the related rate expressions, respectively. In a subsequent
work Hentschel et al. (2015) refined the kinetic background of
this process resulting in an extended reaction network shown in
Fig. 4. They also refined rate equations (6)—(11). Besides the chemi-
cal reaction rates there is a kind of catalyst equilibrium previous
to the catalytic cycles, shown in Eq. (12). The reaction network
consists of 6 competing reactions, namely the hydroformylation
of 1-dodecene to the desired main product n-tridecanal (rq), the

reversible isomerization of 1-dodecene (1) and its hydrogenation
to n-decane (r3), the hydrogenation of the internal dodecenes (ry4),
the hydroformylation of the internal dodecenes (5) and the hydro-
formylation of the main educt 1-dodecene to the internal aldehyde
(rg). Latter reaction was added by refinement of the reaction net-
work.

k1,0 (T) Cnci2enCH2CCO
r= (6)
1+ K1,1¢nc12en + K1,2C6nc13a1 + K1,3CH2

c
ka0 (T) (Cnc12en - ‘me“)

Koo
ry = (7)
14+ K> 1¢nc12en + K2,2Cic12en
k3,0 (T) (CnC129nCH2 - C’}gz;")
r3 = : (8)
1+ K3,1¢nc12en + K3,2Cnc12an + K3,3¢H2
r4 = Kkq,0(T)Cic12enCH2 (9)
15 = Kks,0 (T)Cic12enCH2CCO (10)
16 = ke,0(T)Cnc12enCH2CCO (11)
Coat = Ccat, tot (12)

Keat,3

Keat,3 <
+ Keat,2 CCOT

K
1+ Keat, 1608

The temperature dependencies of the reaction constants k; g are
modeled via an Arrhenius equation, with T,.f=378.15K

—EAJ 1 1 .
ki(T) = ko j exp ( R (T - Tref)) , Je€RCT (13)

The equilibrium constants K, ; are calculated via

—AG;
Kp,jzexp ( RT]> ) (14)

je{2,3). (15)

AG] =0qgj+ a]’jT + az’sz,

The parameters for rate equations and reaction constants are
given in Tables 1 and 2.

Although the process consists of a liquid and gas phase only
the former one is modeled and the latter is treated as a service
phase, which can be manipulated by adjusting its partial pressures
(Hentschel et al., 2014). The material balance for the liquid phase
components (COM) in Eq. (16) consists only of the source term
containing the reaction rates weighted with the catalyst mass

dn'd
i
dt
Ideal mixing is assumed for the phase within the fluid element
and thus there are no gradients inside.

The volume of the liquid phase is determined in Eq. (17), the
required densities are given via Eq. (18)

=ccat1v1mvliqzj Vil 1€ COM. (16)
€

liqg

n.M;

Vig= D>~ (17)
ie COM !

p,—:ap’o’,--i-ap’l’,-T. (18)

The corresponding parameters can be found in Table S1.

The concentrations of the dissolved gases in the liquid phase
are equal to their maximal solubilities, which are calculated with
their partial pressures and Henry coefficients expressed with an
exponential expression for the temperature dependency

«_Pi
¢ = H i € {GAS}, (19)
—EaH.
0 s
Hi = Hi exp ( RT 1) N (20)
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Table 1
Parameters for rate equations and catalyst equilibrium (Egs. (6)-(14)).
Variable Eq. Ea (KkJ/mol) ko Unit Ky (ml/mol) K> (ml/mol) K3 (ml/mol)
r (1) 113.08 4.904e16 gm:ﬁ 574,876 3,020,413 11,732,838
r (2) 136.89 4.878e6 e 38,632 223,214 -
r3 (3) 76.11 2.724e8 m%‘zml 2661.2 7100 1280
T (4) 102.26 2.958e4 g|11+ngol - - -
rs (5) 120.84 3.702e10 m-_ - - -
g min ?10]
r6 (6) 113.08 3.951el1 me__ - - -
g min mol
Ceat (7) - - - 3.041e4 0 0.644
Table 2 o considered, including space-time yield (STY), conversion and regio-
Parameters for equilibrium constants (Eq. (15)). selectivity. Although they are not subject of the optimization, they
Variable ao (kJ/mol) a; (kj/molK) a, (k]/mol K?) ought to be as high as possible. Thus, they are forced to stay in rea-
AG, 11,0034 0 0 sonable bounds during the optimization. The space-time yield is
AG; _126.275 0.1266 6.803e—6 constrained by a reference STY of a continuous stirred tank reactor
(CSTR) at 80% conversion. In an industrial adaptation of this process
under the same conditions this seems to be a reasonable refer-
ence process. The regio-selectivity (n/iso ratio) is supposed to stay
Table 3

Parameters for the solubility coefficient calculation in Eq. (20).

Component Hp (bar ml/mol) Ean (KkJ/mol)
H, 66,400 -3.06
Cco 73,900 -0.84

with refined parameters of the Henry coefficient equations, see
Table 3.

2.7. EPF based design

In the following the inclusion of the aforementioned sources
of randomness for each level and the corresponding modifications
of the dynamic optimization problem (DOP) in each level owing
the inclusion of random variables are described. Since the reac-
tor performance is characterized not only by the selectivity to
the desired product, additional performance measures have to be

higher than 95% to ensure that the complexity of the subsequent
separation process is not too high.

2.7.1. Level 1 optimization

In level 1 the main objective is to explore the maximum poten-
tial of the process by investigating the reaction network without
any transport kinetic limitations. The only boundaries to account
for are intrinsic properties of the catalyst system. Owing to its
intention, level 1 seems to be the ideal step to take model param-
eter uncertainties into account, which are entering the model as
uncertain model information (see Fig. 5), e.g. parameters of the
underlying reaction rate system or gas solubilities. Model param-
eter uncertainties result from experiments and the subsequent
parameter estimations, which are done partly in Kiedorf et al.
(2014) and Hentschel et al. (2015). For some of the model param-
eters no reference for uncertainties is available and therefore
typically arising uncertainties are assumed. The nominal values of
the model parameters in the deterministic optimization are givenin
Tables 1-3 and the confidence intervals of them used in the robust
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Level 3: Technical approximation errors
A A
pe( e ) * Nonlinear transformation po( 0)
Design
1 T;’ cde;s —_—> Evaluaton |—T—>
ei ° Yi Model o]
Levd 2: Non-idedities in
»- reactor behavior »
0]

G

Level 1: Uncertainties of model parameters

Fig. 5. Introduction of types of uncertainties in optimization environment, index i — sigma points, y — output of the process model, o - output of the design evaluation model.
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Fig. 6. Illustration of dynamic optimization approach for stochastic variables, see Level 3 optimization, T - temperature, t — (discrete) time, x — arbitrary state variable, ny -
amount of sigma points of uncertain model parameters, n, - amount of sigma points of non-uniform residence time.

Table 4
Confidence intervals of kinetic parameters and catalyst equilibrium.

Variable Eq. Ea (kJ/mol) ko Unit Ky (ml/mol) K> (ml/mol) K3 (ml/mol)
r (1) +33.0% +13.9% "‘7'32 +355.0% +270.0% +1.0%
g min mol
2 (2) +29.0% +9.7% g?r]]]m +252.1% +21.0% -
3 3) +26.0% +8.5% #‘iﬂol +139.1% +97.2% +117.2%
o o 12
T4 (4) +13.0% +6832.3% gm“i’mgol - - -
Ts (5) +408.0% +5.1% —m_ - - -
g min gno]
re (6) - +10.9% —m__ - - -
g min mol
Cecat (7) - - - +84.1% - +12.4%
Table 5
Assumed confidence intervals for solubility constants and equilibrium constants.
Variable AG, AG; HY, HY, Enco Eamy,
+10.0% +10.0% +10.0% +10.0% +10.0% +10.0%

design optimization in each level are given in Tables 4 and 5. Main
target of the robust design optimization on level 1 is the quan-
tification of the impact of model parameter uncertainties on the
predictive power of the performance.

To calculate the variances of the density functions of the
uncertain model parameters the confidence intervals given in
Tables 4 and 5 are taken as two times the standard deviation

2
0&:<ﬂ%m>,

where E(0;) are the expected values from Tables 1-3 and ¢; are the
confidence intervals from Tables 4 and 5. Due to missing informa-
tion of possible correlation all covariances are assumed to be zero

(21)

leading to a diagonal covariance matrix Cov(0) (Eq. (22)). Although
it is possible to carry out the design steps assuming all of these
parameters uncertain, it is not reasonable since only a few of them
have an actual impact on the performance. Thus, a global sensitivity
study is conducted by means of Sobol indices to identify the highly
sensitive parameter uncertainties (Sobol’, 2001). The rate constants
of reaction 1 and 2, kg, j € {1, 2}, and the non-zero constants in
the catalyst equilibrium Kcat1, Kear3 are considered as uncertain.
The covariance matrix for these model parameters results in

Cou(®) = diag(03). (22)

The arising probabilistic dynamic optimization problem in level
1 (PDOP 1) follows the form given in MDOP 3. Details can be found
in Section S.I in the Supplementary Material.
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2.7.2. Level 2 optimization

The time-based optimal control of level 1 can hypothetically
be realized in a discontinuous reactor design, in which often a
homogeneously mixed reaction zone can be assumed with certain
degree of justification. In contrast, for designing a continuous
reactor the optimal design with its control trajectories has to be
transformed to a spatially distributed optimal design. The arising
continuous flow and the distributed control is accompanied by
non-idealities, e.g. due to flow field, diffusion phenomena or heat
conduction and the corresponding axial and radial gradients. If
those non-idealities are modeled in detail, e.g. as a 3D flow field, the
complexity of the DAE system increases drastically and the conver-
gence of the optimization might not be guaranteed anymore. Here
we apply the probabilistic interpretation. In contrast to the uncer-
tainties of the model parameters in the first level, the distribution
of the variable of non-ideality does not describe its probability of
occurrence. Instead the deviations itself are described, e.g. from
ideal plug flow behavior in form of a steady-state segregated flow.
Thus, radial mixing is neglected which leads to the idea of several
parallel reactors without interaction regarding mixing. Starting
from a predefined residence time distribution (RTD) at the end of
the reactor, the moments of the RTD can be used to describe the
non-ideal flow behavior. It has a special impact, since in this case
the fluid elements traveling through the reactor are manipulated
by the optimal control fluxes differently due to their different
velocities. Hence another performance can be expected compared
to the case of an ideal plug flow reactor. The arising probabilistic
dynamic optimization problem in level 2 (PDOP 2) is derived from
MDOP4 with ¢ being a distributed residence time (details see
Section S.II in the Supplementary Material).

2.7.3. Level 3 optimization

In the third level of the design approach of Peschel et al. (2010)
the technical approximation of the control profiles and design vari-
ables of level 2 is carried out. On this stage the consideration of
imperfect approximation of the optimal control, e.g. due to system-
atic imprecision or a limited amount of actuators, or inaccuracies
in the manufacturing of the optimal reactor can be included. In the
following, we use the temperature control as an example for an
imperfect design realization.

If the temperature control cannot be realized optimally, because
heaters are not working precisely or the heat conductivity of the
reactor material differs along the length, the temperature at each
point in the reactor will deviate from the desired value in a certain
degree. The inclusion of this type of randomness in the dynamic
optimization differs from the two previously shown. Notably, the
random variable is a control variable and thus dependent on the
reaction coordinate. Its variations at each point of the reactor influ-
ence states and thereby the optimal control in all following points
(Fig. 6). Therefore we apply MDOP 5 of our presented probabilistic
design approach to derive the corresponding probabilistic design
optimization problem on level 3 (PDOP 3). Details can be found in
Section S.III of the Supplementary Material.

3. Results

Here we illustrate our probabilistic design approach and
compare the results to the corresponding deterministic design.
Therefore, we first solve the deterministic design optimization on
level 1 of the EPF concept followed by three probabilistic design
optimization steps that correspond to each of the three EPF levels
including representative sources of uncertainties: model parame-
ters (level 1), non-idealities of the flow field (level 2) and design
approximation errors of the temperature control (level 3).
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Fig. 7. Profiles of amounts of liquid substances resulting from the deterministic
design optimization (DDOP) at X=0.995.
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Fig. 8. Optimal control profiles from the deterministic design optimization (DDOP)
at X=0.995.

3.1. Deterministic design optimization

The problem formulation of the deterministic dynamic opti-
mization (DDO) is given in the Supplementary Material in Section
S.IV. Bounds and initial values for all DOP are listed in Table S2.

The design objective is to maximize the selectivity to the lin-
ear aldehyde tridecanal S,cq35 The resulting optimal trend of the
reactant concentrations over time are shown in Fig. 7. The cor-
responding optimal control of temperature and partial pressures
are shown in Fig. 8. Due to changes in the reaction rate equa-
tions (Hentschel et al., 2015) the control differs slightly from those
shown in Hentschel et al. (2014). As can be seen, the optimal reac-
tion progress has two different reaction zones. In the first zone
the temperature is slowly increased to the maximum temperature
during excess of carbon monoxide in the gas phase. This control
supports an ideal ratio of hydroformylation (red line) and isomer-
ization (green line) in Fig. 7. In the second zone, where almost
all reactant is converted, the temperature is kept at its maximum
and the ratio of partial pressures shifts toward an excess of hydro-
gen. This leads to a backward-isomerization of the iso-dodecenes.
The resulting 1-dodecene is then hydroformylated to additional
aldehyde. The conditions in the second zone promote as well the
formation of iso-aldehydes. Thus, the increase of selectivity to the
n-aldehyde leads to a decreasing n/iso ratio. This is shown in Fig. 9,
where the selectivity to the linear aldehyde and the ratio of lin-
ear to branched aldehydes is plotted over the conversion of the
main reactant 1-dodecene. For a more comprehensive analysis of
the reaction progress and a design of an optimal reactor embedded
in an overall process the authors refers to the article of Hentschel
et al. (2014).
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Fig. 10. Pareto front resulting from the robust design optimization in level 1 (PDOP
1) with Ex(x) = 0.995 illustrating the mean of the selectivity over its variance. Colored
points (A, B, C) show the characteristic Pareto optimal design samples for further
analysis in the grouped bar plots (see Figs. 14-16). (For interpretation of reference
to color in this figure legend, the reader is referred to the web version of this article.)

3.2. Robust design optimization: Level 1

As stated in PDOP 1 (see Section S.I of Supplementary Material)
the robust design optimization task in level 1 is to maximize the
mean value of selectivity to the linear aldehyde (n-tridecanal)
at minimal variance given four uncertain model parameters. The
resulting Pareto set, calculated by the e-constraint method, is
shown in Fig. 10. The mean of the conversion is fixed at the opti-
mal determined conversion Ex(x)=0.995 (red circle in Fig. 9). As can
be seen the Pareto optimality leads to loss in the expected selec-
tivity for smaller variances and vice versa, see Fig. 10 dark green
vs. yellow circles. Note that the yellow design point is close to the
deterministic design case.

In Figs. 11-13 the optimal control profiles and optimal reaction
times are shown for three Pareto optimal designs (see Fig. 10 col-
ored circles (A, B, C)). For the three selected designs, the control
profiles are qualitatively following the same behavior. In the first
zone of the reaction progress the temperature is increased from
lower to highest possible value and then stays almost constant until
the end of the reaction time. The partial pressures are in a ratio
of pco/pn, =2/1 to 3/1 and shift to a ratio of ca. 1/3 at the end.
These designs differ from the design without uncertainty (Fig. 8)
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Fig. 11. Optimal control profiles resulting from the RDO (PDOP 1) with Ex(x)=0.995
corresponding to the dark green point in Fig. 10.
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Fig. 12. Optimal control profiles resulting from the RDO (PDOP 1) with Ex(x)=0.995
corresponding to the light green point in Fig. 10.
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Fig. 13. Optimal control profiles resulting from the RDO (PDOP 1) with Ex(x)=0.995
corresponding to the yellow point in Fig. 10.

only slightly regarding the time points of temperature and par-
tial pressure ratio changes. But it is obvious that the more robust
the process is designed the later the temperature shift is set and
the smaller the partial pressure ratio is over most of the reaction
progress. This can be explained by remembering the reaction zones
in Fig. 7. The more robust the process should be the smaller the
second reaction zone with higher temperature is chosen to keep
more time for the first reaction zone since it is much more sensi-
tive to the parameter uncertainties. Because the CO partial pressure
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is able to slow down the reaction rate by its inhibiting influence on
the catalyst, the solver chooses to hold it high in case of uncertain
parameters.

3.2.1. Comparison of the robust design optimization results for
several conversions

So far the optimal operation point for conversion to achieve
highest selectivity is considered to be at the same point as the
results of the DDO revealed. To analyze whether the robustness
of the performance can be further increased at other conversion
points, we calculated Pareto sets for other mean conversions as
well. In Fig. 14 we show mean values of the selectivity for five dif-
ferent mean conversion values in grouped bars. Each group consists
of three bars corresponding to the three design points (A, B, C) in
the Pareto set as indicated in Fig. 10. The black error bars show the
variance of the selectivity at each point and the blue error bars the
corresponding variances of the conversion.

For mean conversions of Ex(x)=0.5, 0.8and0.9 the potential
of the RDO to robustify the performance prediction and thus the
reactor design is very low. Both, the variance of the selectivity
and the variance of the conversion cannot be reduced signifi-
cantly. For higher mean conversions of Ex(x)=0.97 and 0.995 the
influence of the design on the variance of the selectivity and con-
version is higher. The variance of the conversion can be pushed
to zero, but the variance of the selectivity is higher than for
lower mean conversions. It can be reduced by expense of mean
selectivity.

For the three lower conversions Ex(x) < 0.9 the optimal designs
do not reach the second reaction zone (see Figs. 7 and 8). The reac-
tion time in the first zone is rather short and therefore the variance
of the conversion is higher, since not enough reaction time is avail-
able to reach the targeted conversion for all realizations of the
parameters (represented by the set of sigma points). For the two
higher conversions Ex(x) > 0.97 the reaction time is longer and the
process provides enough time to reach the desired conversion for
all parameter realizations. The variances of the conversion become
very small. Furthermore the solver is forced to small conversion

variances since conversions higher than 1 are not possible
atall.

For the selectivity the mechanisms are different. Since the selec-
tivity is much more depending on the reaction progress, deviating
parameters have a higherimpact onit. The increased variance of the
selectivity at higher conversions results from the second reaction
zone, where the shifts in temperature and partial pressures lead
to additional formation of the linear aldehyde. This section of the
reaction can either not be reached or is rather short for some param-
eter realizations. Finding an optimal control strategy that allows
all parameter realizations to reach the second reaction section
for optimal selectivity to the linear aldehyde is very difficult and
leads to an optimal robust design prediction with strong decreased
selectivity.

3.3. Robust design optimization: Level 2

To exemplify how non-idealities in the continuous reactor can
be included in our probabilistic design procedure in addition to
the model parameter uncertainties, the residence time is assumed
non-ideal, i.e. with deviation from the desired plug-flow behavior
(PDOP 2). The residence time t is considered normally distributed,
whereby its mean value corresponds to the case of ideal plug flow in
level 1. The variance of the RTD is varied over a range to analyze its
impact on the performance. For those varying RTDs the impact on
the performance for a mean conversion of H}, is quantified exem-
plarily by calculating the corresponding Pareto sets. The results are
depicted in Fig. 15, whereby the three bars in each bar group are
again the aforementioned points in the corresponding Pareto sets
(see Fig. 10).

The left case STD(t)=0 corresponds directly to the right case
in Fig. 14. With increasing spread of the RTD the variance of the
selectivity increases drastically by slightly decreasing mean selec-
tivity. Note, that even a small deviation of the residence time
decreases the width of the Pareto set drastically comparing to
the case of plug flow (STD(7)=0). Conversion variance is almost
not changing due to aforementioned reasons. For further design
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Fig. 16. Mean of the selectivity over the STD of the temperature STD(T) in K resulting from PDOP 3. The blue and black error bars show the corresponding variances of the
conversion and the selectivity, respectively. (For interpretation of reference to color in this figure legend, the reader is referred to the web version of this article.)

steps a STD(t)=10 is chosen to keep the variance of the selectivity
small.

3.4. Robust design optimization: Level 3

At the end of the design procedure a technical approximation
of the reactor design and its optimal control profiles is developed.
In addition to the model parameter uncertainties in level 1 and
the non-ideal RTD in level 2, an inaccurate realization of the
temperature control profile is introduced in level 3. The impact
on the performance and its predictive power is quantified and a
robustification against all three types of uncertainties is carried
out. In Section 2.3 it was shown how to include uncertainties

that vary along the reaction time (see PDOP 3). The probabilistic
dynamic optimization is carried out exemplarily for different STD
of the optimal mean temperature control. The resulting Pareto
sets are shown in form of grouped bars for the characteristic
design points of the Pareto sets (see Fig. 10 for the characteristic
design points). In Fig. 16 the results for temperature control STD of
0.5,...,3K are depicted, whereby the left grouped bars are directly
corresponding to the STD(t)=10 case in Fig. 15.

The grouped bars at STD(T)=0 correspond directly to the right-
most in Fig. 15. The temperature fluctuations have only a slight
impact on the performance. With increasing temperature fluctu-
ations the maximum expected selectivity decreases as expected.
But interestingly this is accompanied by a decrease of its variance.
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The optimal solutions for the case of maximum mean selectivities
(yellow bars, C) for higher fluctuations correspond to the slightly
robustified solutions of the case without temperature fluctuations.
The corresponding controls are almost similar as well. Only for very
high fluctuations STD(T) =3 this does not suffice anymore and the
mean selectivities have to be stronger reduced for compensation of
the control fluctuations.

4. Discussion

In the previous section three different sources of randomness
are included in an EPF based robust design optimization approach
for chemical reactors: (i) model parameter uncertainties, (ii) non-
idealities in reactor behavior and (iii) inaccuracies in the realization
of the optimal design, which is related to deviations from the opti-
mal control.

In level 1, deterministic and probabilistic designs are very
similar, whereby the characteristic points of the design, namely
the switches in temperature and partial pressure profiles, are
shifted toward time points, which generate less sensitivity of
the criterion to the model parameter uncertainties. Considering
these results, it is promising to think about a reactor realiza-
tion, which allows realizing nearly every point in the Pareto set,
since the control trajectories of the designs with different robust-
ness are quite similar. Such a flexible reactor design would be
very beneficial for e.g. start-up processes or embedding in overall
processes.

Already at this early stage of the design procedure a lot of
additional information about the process is gained by use of the
probabilistic approach. These information about the predictive
power might also be used for an integrated overall process design.
Since the design of subsequent separation units benefit more from
a high predictive power than from a high expected value of the
reactor outlet stream the possible enhancement of the overall
process by applying the probabilistic design approach on it is
promising. Since the focus of this article lies on the reactor unit
design without its dependencies on other process units, these
effects have not been analyzed. However, the probabilistic design
approach allows doing so.

In Section 3.2 it was shown how the probabilistic design
approach creates a framework to analyze impacts of parameter
uncertainties on different performance measures and thereby iden-
tify the interdependencies of these measures. From this analysis it
was concluded that model parameter uncertainties have very dif-
ferent impacts on the conversion and the selectivity. Here, new
vistas are opened for the process designer. It is possible to choose

a design with either conversion or selectivity, which is less sensi-
tive to the model parameter uncertainties. This information is again
even more valuable when additional information of the overall
process requirements are available.

In level 2 of the design procedure non-idealities of the reactor
behavior are introduced to the design approach. This was exempli-
fied by the impact of a non-uniform residence time distribution, i.e.
a deviation from ideal plug flow behavior. The mean of the RTD is
the corresponding optimal residence time from the previous level,
i.e. it was fixed to quantify only the impact of deviations from it.
If the mean residence time is not to be fixed, the residence time
itself can be included as a decision variable in the RDO. Moreover
specific residence time distributions can be approximated with this
method as well to investigate in particular their impact on the pro-
cess. If they are not normally distributed one could use Gaussian
Mixed Distributions (GMD) to introduce certain skewness. In case
of non-segregated flow the non-uniform RTD has to be considered
as a stochastic source of randomness and the approach of level 3
has to be applied.

In addition to the consideration of a RTD for describing a seg-
regated steady-state flow field, non-idealities in the temperature
field or pressure field can be included. This would lead to addi-
tional information about the required flow-field to avoid high
radial temperature gradients and a high pressure drop. Latter
could otherwise be compensated by change of the gas dosing
strategy.

In level 3, the last step of the EPF design procedure, the opti-
mal design of level 2 is approximated in a technical realization. A
detailed description of the probabilistic design approach of level 3
is given in Section 2.7.3. It is clearly indicated that the presented
probabilistic EPF approach enables the handling of stochastic vari-
ables that fluctuate along the reaction coordinate. The results in
level 3 give an understanding of the impact of the design accu-
racy of a certain control variable. To use this knowledge for the
design purpose additional information about the cost for each
realization accuracy is necessary. Then one can find a trade-off
between the cost for the accuracy of the control realization and
the additional selectivity gained by it. In a similar way the accu-
racy of the design regarding partial pressure realization could be
investigated.

Finally, Pareto sets for particular casesinlevel 1,2 and 3 are com-
pared in Fig. 17 to illustrate exemplarily the evolution of impacts
of uncertainties/randomness on the performance and its predictive
power.

It can be seen, that for every further considered source of uncer-
tainty/randomness in the predicted design performance, the shape
and position of the Pareto optimal solution sets are changing. The
consideration of a non-uniform residence time distribution in level
2 results in a Pareto set which shows less robustification poten-
tial and higher uncertainty to realize the same performance as
for the case with uniform RTD in level 1. The imperfect control
realization in level 3 introduces an additional loss of performance
especiallyin the area of high variance and high expected value of the
selectivity.

Since almost every kind of uncertainty can be associated within
the here presented classification, they can as well be included in
the reactor design procedure. One can think of uncertain composi-
tions of recycle streams, gradients in the radial temperature field,
uncertain mass transfer rates, or catalyst degradation. Furthermore
the presented approach is not limited to chemical reactors. The
underlying DAE system can also describe other units in a chem-
ical process, e.g. distillation columns, or other kind of processes,
e.g. mechanical or fluid mechanical problems. In any case, to ulti-
mately choose a design point the cost for realization of each design
has to be known to find the best trade-off between cost and accu-
racy of the optimal design. The general procedure of analyzing the
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impact of different kind of uncertainties/randomness on the design
performance, as well for different performance measures, and the
quantification of the impacts and the costs to reduce both lead-
ing to a profitable trade-off can be carried out for every kind of
process.

A further smart property of our procedure is the possibility to
reduce control burdens by choosing a more robust design which
already compensates some uncertainty influences. If control bur-
dens are included in the design procedure as additional objectives,
a promising approach for simultaneous design and control of the
reactor unit arises.

5. Conclusion

This article presents a new approach for probabilistic opti-
mization by combining the EPF based reactor design approach
of Peschel et al. (2010) with the sigma point method (Julier and
Uhlmann, 1996). In contrast to existing work on robust design opti-
mization based on sigma points, we developed a full probabilistic
orthogonal collocation approach, i.e. random and stochastic vari-
ables are considered. Whereas the former one relates to stochastic
variables that are independent on the reaction time (e.g. kinetic
model parameters or initial conditions), the latter one describes
stochasticity along the reaction time (e.g. fluctuating pressure or
temperature control). As a reactor design example, we presented
the hydroformylation of 1-dodecene in a thermomorphic sol-
vent system consisting of n-decane and N,N-dimethylformamide.
Applying our probabilistic EPF concept, we showed how to account
for (i) model parameter uncertainties, (ii) non-idealities in the
reactor behavior and (iii) inaccuracies in the realization of the
optimal design. We further analyzed the benefits in view of the
corresponding optimal deterministic design. Finally it was shown
that: (i) a simultaneous analysis of the impact of randomness
on more than one design criteria reveals their interdependencies
and thus, opens new vistas for the process designer to choose a
suitable reactor design; (ii) the presented method can be applied
to roughly approximate the impacts of higher dimensional (2D,
3D) phenomena like flow fields on the performance and thus,
reduces the optimization problem; and (iii) with this probabilistic
approach influences of stochastic uncertainties can be quantified
to find an optimal trade-off between realization costs and design
performance.
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