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1. Introduction

We begin this article with background and motivation for
studying some theoretical properties of the Gibbs-Helmholtz Con-
strained (GHC) equation of state (Lucia, 2010; Lucia et al., 2012a;
Lucia and Bonk, 2012b). In particular, we are interested in the
composition functionality of the GHC expression for the mixture
energy parameter, ay;, and whether the parameters ay and by in
GHC equation satisfy the well known second order virial condition
By = by — AWRT.

1.1. Background

The GHC equation for the liquid mixture energy parameter
(Lucia et al., 2012a) is given by
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where ’ﬂ%‘w = O.42748R2(;E—%); by = inb,-, and mixture

i=1
critical properties satisfy Kay’s rules

C

Tan = xiTe (2)
i=1
C

Pem = inpci (3)
i=1

Finally, the internal energy of departure for the mixture, U}\J,,L, is
calculated using a linear mixing rule

C
Upt = xuPt (4)
i=1

where UA’BIL are pure component internal energies of departure and
are a function of T and p only. See Kelly and Lucia (2016) for vali-
dation of the mixing rule given by Eq. (4).

1.2. Motivation

The motivation for this work comes from trying to understand
the composition functionality of the GHC equation for aszr Plots of
ak, vs. composition at fixed temperature and pressure appear to
show quadratic composition functionality, as illustrated in Fig. 1.
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Nomenclature

am, ak,, al; Mixture energy parameter, for liquid, for
vapor

by, b; Molecular co-volume of mixture, of pure
component i

Bu, Bjj Second virial coefficients

G, Cjj Coefficients in series approximations of
various rational functions

GE Excess gibbs free energy

D, PeM s Dei Pressure, critical pressure of mixture, of

pure component i

R Gas constant

T, Tem, Tei Temperature, critical temperature of
mixture, of pure component i

UL, UPE, U, UPY Liquid mixture internal energy of depar-
ture, of pure liquid component i, vapor
mixture internal energy of departure, of
pure vapor component i

Vm, Vi Molar volume of mixture, of pure compo-
nent i

X, X; Vector of liquid mole fractions, liquid
mole fraction of component i

Y, Yi Vector of vapor mole fractions, vapor
mole fraction of component i

Greek symbols

Bu, Bi Quantity (V + b)/V for mixture and pure
components

A Difference or error

Pk oy Molar density of liquid mixture, of vapor
mixture

Subscripts and superscripts

Critical property
Departure function
Excess property
Component index
Liquid

Mixture

Vapor

<grzmoo

It is important for the reader to understand that the numer-
ical data (unfilled boxes) shown in Fig. 1 were fit to a second
order polynomial using TecPlot 7. Note that the curve for the
Soave-Redlich-Kwong (SRK) equation (Soave, 1972) passes directly
through the middle of the boxes while the curve for the GHC equa-
tion passes through each box but does not go through the middle
of each box. This suggests that the functionality of ak/, for the GHC
equation is ‘very close’ to being quadratic in composition.

1.3. Organization

The remainder of this paper is organized in the following way.
Section 2 presents an analysis that shows that ah, for the GHC equa-
tion is, for all intents and purposes, quadratic in composition and
that any deviation from quadratic behavior is due solely to the
term InTgy. This result is first proved for binary mixtures and then
generalized for multi-component mixtures. Section 3 relates the
GHC equation parameters to second virial coefficients. Section 4
provides some numerical support for the theoretical results estab-
lished in this paper. Conclusions and a discussion of results are
presented in Section 5.
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Fig. 1. Composition Functionality of ak, for Methane-Decane at 320K and 10 bar.

2. Composition functionality of the GHC energy parameter
for liquid mixtures

The last two terms in Eq. (1) are quadratic and linear in com-
position respectively because by and UﬁL are computed from
linear mixing rules; thus they present no difficulties in establish-
ing quadratic composition functionality of aﬁ/,(T, p, x) at fixed T and
p. The challenge in determining the composition functionality of
aILV,(T, D, x) comes from the fact that the terms in square brackets on
the right of Eq. (1) are either rational or transcendental functions.
The quantity

C
_ T _ Xl

Ri(x)= -M — Si=17d (5)
Pt i yXibei
is a rational function in composition as is the term
c
~ X;b;
Ry(x) = bv _ > i1 Xibi (6)

T C
M-S XiTa

The last term in square brackets involves a transcendental func-
tion

C
T(x) = 1n(Zx,Ta-) (7)
i=1

2.1. Binary liquid mixtures

We start with Kay’s rules represented in the form

Tem = Tea + (Te1 — Te2 )xq (8)
Pem = Pe2 + (Pt — Pe2)x1 9
Therefore,
_Tem _ Tea +(Ter — TeaJxq

Ri(x) == (10)

T Pem P2+ (Pe1 — Pe2)xa

The rational function R; (x) can also be represented by the infi-
nite series

R1(X1)=C0+C1X1+C2X%+... (11)

Equating the right hand sides of Egs. (10) and (11) and then
multiplying by pcz + (Pe1 — P2 )1 gives

Teo + (Ter = Te2)X1 = [Pe2 + (Pe1 — Pe2)x11lco + c1x1 + CZX% +...1(12)
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Expanding the right hand side of Eq. (12) we have

T2 +(Ter — Tea)xq
= cope2 +[co(Pe1 — Pe2) + cibealx1 + [€1(Per — Pe2) + Cabea X +

Equating coefficients on the left and right of Eq. (13) gives

Tc2
Co=— (14)
Pc2

co(Pc1 — Pc2) + C1Pc2

Tet = Tea) = (32 )(Per — e
:(Tﬂ_TCZ)%l:C] 2) (p;2>(p1 Pz)) as)

p

Ci—1(Pc1 = Pc2) + P2 =0,j =2, ..., 00 (16)
Eqgs. (13)-(16) show that the expression
Ri(x1) = co + c1%1 (17)

is exact and therefore Rq(x;) and the term, w =
0.42748R2(£§—%), in Eq. (1) is linear in composition.
Itis also easy to see that R, (x1) given by Eq. (6) is an exact linear

function in composition by the same analysis. Therefore, the second

MUDE
term in square brackets in Eq. (1) ln2’ is the inner product of

two linear functions in composition, Rz (x1) and UB,L, and thus has
quadratic composition functionality.

Finally, using a mean value theorem approximation of In(T¢;)
gives

In(Ten) = In(Te2) + [In(Teq) —

If In(Tey) in Eq. (1) is replaced by Eq. (18), which can be inter-
preted as Kay’s rule for In(T¢y), then bylIn(Tq,) is quadratic in
composition. Alternatively, in Table 1 in Section 4.1 we show that
the error in the mean value approximation of In(T¢y) is usually
small and thus can be ignored.

Since all terms in Eq. (1) are either linear or quadratic in com-
position, ak,, has quadratic composition functionality.

In(Te2)]%1 = X1 In(T¢1) + Xx21n(T2)(18)

2.2. Multi-component liquid mixtures

The same analysis can be applied to multi-component mixtures,
although it is a bit more tedious. That is, using the relationship

Xce=1—-X1 —Xp —...—Xc_1 (19)

Kay’s rules can be written in the form

+ (Tec—1 = Tec X1
(20)

Tem = Tec 4 (Ter = Tee )Xt + (Tea = Tee)xa + -

(Pec—1 = Pec)Xc—1

(21)

Pem = Pec + (Pe1 — Pec)X1 + (P2 —Pec X2 + .- +

As before, there are C — 1 independent composition variables so

Ri(x1,%2, ..., Xc-1)

_ T _ Tee+(Ta = Tee ¥t + (T = Tec o + ... +
Pev Pec + (Pet — Pec)¥1 + (P2 — Pec)X2 + - -

(Tec—1 — Tec)Xc 1 29
+ (Pcc—1 — Pec)Xc1 (22)

= [cope2 + co(Pe1 — Pe2)¥1 ]+ [C1Pc2X1 + €1(De1 — Pe2)X3 1 + [C2Pe2X2 + C2(Pe1 — P2 X3 ] + . ...

(13)

However, Ry(x) in Eq. (22) can also be represented as an infinite
series in the form

2
R(X1,X2, ..., Xc_1) = Co1 + C11X1 + C21X7 + ... + Co2 + C12X2

+C22X% +... +Cc-1+Cic-1Xc-1 + Czc,lx%_l +... (23)

From Eqgs. (22) and (23) simple algebraic rearrangement gives
+(Tec—1 — Tec)xc 1
= [Pec + (Pc1 = Pec)¥®1 + (Pe2 — Pec)Xa + .- +

[C01 +C11X1 + Cz]X% +...

Tec + (Ter = Tee )X + (T2 = Tec)xa + ..
(Pec—1 — PecXc-1]
+ Co2 + C12X2 + szxg +... +Coc-1

+C1c_1XC1 + Coc1XE 4+ (24)

Expanding Eq. (24) and collecting coefficients by component
gives a set of linear equations

T,
[co1 +Co2 + - -- +Coc_1] = =< (25)
Pcc
[co1 4+ o2 + ... + coc—11(Pc1 — Pec) + €11Pcc = (Te1 — Tec) (26)
[co1 + o2 + ... + coc—11(Pc2 — Pec) + C12Pcc = (Tea — Tec) (27)
[co1 + o2 + - - - + Coc—1](Pcc—1 — Pec) + C1c-1Pcc = (Tec—1 — Tec)

(28)

Note from Eq. (24) that all cross terms involving x;x; must have
coefficients equal to zero. In addition, the coefficients for terms
involving higher order powers in composition must also be zero
(as before) and therefore all terms involving both x;x; for all i, j =
1,...C-1andallxfforalli=1,...,C—1and k=2
be dropped from the analysis.

Egs. (26)-(28) can be written more compactly in the form

., 00 can

[co(Pej — Pec) + CijpeclXj = (T — Tec)si=1,...,C =1 (29)

where ¢y = [cg1 +Co2 + ...+ Coc—1]- Thus Egs. (25) and (29) give
C inhomogeneous linear equations in C unknown coefficients,
€0, C11, - - -» C1c—1. Moreover, Egs. (25) and (29) form a lower tri-
angular system of linear equations whose solution is given by

TCC

co = <€ (30)
0 Pcc
T —Tec) — ¢ P—
C1j=[( g CC) 0(pq pCC)],j=1,...C—1 (31)
Dcc
Therefore
Ri(X1,%2, ..., Xc_1) =[co1 + Co2 + ... 4+ Coc—1] + C11X1 + C12X2

+...+ C1cc1Xe1 (32)

is an exact linear representation of TC% for a multi-component
mixture. Thus the first term in square brackets in Eq. (1) is a linear
function in composition.

Using the same analysis, the term % in the second term in

R Lo .. by UP
square brackets is a linear function in composition. Therefore 'TV’ M’V'
Cl



4 A. Lucia / Computers and Chemical Engineering 95 (2016) 1-9

is quadratic in composition. Finally, the last term in square brackets
can be approximated by

C
In(Ta) = > _xiln(T) (33)

i=1

and byIn(T¢y ) can be approximated by a quadratic function in
composition.

As in the binary case, since all terms in Eq. (1) have either linear
or quadratic composition functionality, ak,, is quadratic in compo-
sition.

2.3. Vapor mixtures

Eq. (1) is the GHC energy parameter expression for liquid mix-
tures and is derived using the high pressure limit, lim Vy; = by, .For

p—oo
vapor mixtures the low pressure limit, liH(])VM — oo, is used and
p—

results in a different expression for al‘\//l given by

a(TCMapCny) T —1)|:bMUl\D/lV

vl LIRS sl ey

ay, = ap(T,p,y) = [ } (34)

C
where UPY = = "y;UPY, UPY = —(§)In(By), B = 7%, and By =
M i i b, V.
1 1
i=1

W. See Section 4.1 in Lucia et al. (2012a) for justification of the
mixing rule for ay.

If By can be approximated by a mean value, say By, over the
relevant composition range, then the analysis of the composition
functionality of ‘11‘\/4 follows exactly the same analysis as that for at,,
only with two fewer terms. This is easily seen by comparing Egs.
(1) and (34). Thus quadratic composition behavior of a,‘\j, given by
Eq. (34) rests solely on the validity of the approximation

v = Bum (35)

The magnitude of the difference By — By for vapor mixtures and
the sensitivity ofa,‘\//, and p,‘\//l to this difference will be demonstrated
in sub-sections 4.4 and 4.5.

2.4. Asymmetry of ak, and a},

The expressions for ak, (Eq.(1)) and af, (Eq. (34)) or their respec-
tive simplifications all involve the quadratic form

C C C C
bMuW(Z""bf) DonP | =33 Py (a6)
i=1 j=1

i=1 j=1
It is easily seen from Eq. (36) that this quadratic composition
term is not symmetric because bl»UjD + ble.D fori+j.

3. GHC EOS parameters and second order virial coefficients

From a virial expansion of the compressibility factor in inverse
molar volume, the binomial theorem, and the fact that b << V or
(by << Vi) for gases, it is easy to show that all of the commonly
used cubic EOS satisfy the second order virial coefficient condition
given by

By = by — GWRT (37)

which holds for pure components (i.e.,, C = 1) and mixtures.
When the parameters of a cubic equation of state provide good
approximations to second order virial coefficients, it lends strong
statistical credibility to the EOS. Among other things, Eq. (37)

validates that the cubic EOS accurately approximates pair-wise
interactions of particles in the gas phase.

3.1. Pure components

The pure component form of Eq. (1) is simply the SRK equa-
tion with different values of the parameters a and b and therefore
satisfies Eq. (37).

3.2. Mixtures

It is well known that the second order virial coefficient for any
mixture is quadratic in composition and generally given by

c c
By = ZZ.VLV]BU (38)

i=1 j=1

See, for example, Reid et al. (p. 79, 1987). Eq. (38) and the facts
that the GHC parameters a,‘\’/, and by, are very weakly quadratic and
linear in composition respectively show that second virial coef-
ficient approximations provided by the GHC equation are weak
quadratic functions of composition. The primary reason for the
weak quadratic functionality of Eq. (34) is due to the fact that the
product by UDY is small because UDY is small in magnitude (see Fig.
9 on p. 87 in Lucia et al., 2012a).

4. Numerical support

This section provides quantitative support for the theoretical
results in Sections 2 and 3. Numerical results are presented for (1)
the difference

C

Aln(Taw) = In(Tow) = > _xiTei (39)
i=1

for binary and multi-component liquid mixtures, (2) the sensi-
tivity of aLM to AlIn(T¢y), (3) the sensitivity of GHC predicted liquid
molar _densities to Aln(Tgy), (4) the validity of approximations
Bm = Bu for vapor mixtures, (5) the sensitivity of ay, and p}, to
differences

ABv = Bu — Bu (40)

and (6) GHC predictions of second virial coefficients. All numer-
ical results were performed on a Dell Inspiron laptop with the LF95
compiler. Critical properties and molecular co-volumes for all com-
ponents used in the numerical examples are given in Table Al in
Appendix A. Pure component internal energies of departure are
giveninTable A2. Finally many of the numerical results are reported
as AAD% differences instead of AAD% errors since the measures
involve a pair of numerical results.

4.1. Mean Value Approximations of In (Teym)

Table 1 gives Average Absolute Deviation Percent (AAD%) dif-
ferences and maximum differences in Eq. (39), where Ty is given
by Kay’s rule. One hundred (100) and 4950 points throughout the
composition space were sampled for binary and ternary mixtures
respectively.

There are two points to note about the results shown in Table 1

1. Larger differences in component critical temperatures result in
larger AAD% differences Aln(Tg,). For example, the relatively
low critical temperature of methane compared to other hydro-
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Table 1 c
Differences in A In(Ty) = In(Tay) — Zi:1x,-Tc,-.

No. Mixture AAD% Maximum
Difference? Difference

1 CH,4-ethane 0.33 0.51

2 CH4-octane 1.65 2.52

3 CH4-hexadecane 2.36 3.63

4 CH4-triacontane 2.95 4.53

5 CH,4-benzene 1.62 2.47

6 CH4-water 2.02 3.10

7 CO,-methane 0.33 0.50

8 CO,-ethane 2.24x107° 3.39x 107

9 CO;,-octane 0.53 0.81

10 CO,-hexadecane 0.98 1.50

11 CO,-triacontane 1.35 2.07

12 CO,-benzene 0.51 0.78

13 CO,-water 0.76 1.16

14 ethane-water 0.75 1.14

15 octane-water 0.02 0.03

16 hexadecane-water 0.015 0.023

17 triacontane-water 0.09 0.14

18 benzene-water 0.03 0.04

19 CH4-octane-hexadecane 1.87 3.63

20 CHg4-octane-water 1.68 3.10

21 CH4-benzene-hexadecane 1.87 3.63

22 CH4-benzene-water 1.67 3.10

23 CO,-octane-hexadecane 0.78 1.50

24 CO,-octane-water 0.63 1.16

25 CO,-benzene-hexadecane 0.76 1.50

26 CO,-benzene-water 0.63 1.16

27 CO,-hexadecane-water 0.82 1.48

C
3 AD%=100|In(Ty) — § x; In(T¢i) 1 /In(Tem).

i=1

carbons and water results in larger AAD% differences Aln(T¢y)
for mixtures containing methane.

2. For the ternary mixtures studied, the AAD% differences Aln(T¢y)
for mixtures that differ only by benzene and octane (.e.g., mix-
tures 19 and 21; 20 and 22; 23 and 25; 24 and 26) are essentially
the same because the critical temperatures of benzene and
octane are almost the same (T¢ penzene = 562.16 K and T¢ octane =
568.80 K).

4.2. Sensitivity of aLM to Errors in In(Tqy)

Itis important to quantify the effect of using mean value approx-
imations of In(T.y ) in the expression for ale and the resulting liquid
molar density computed by the GHC equation. From Eq. (1), it is
easily seen that

Oat
M  _ M (41)
oln(Tey) In2

and that the error in In(Ty,) of interest here is the difference
between the actual value of In(T,) and the mean value approxi-
mation given by Eq. (33). That is,

c
AIn(Ten) = In(Tem) — ) x;1n(T) (42)
i=1

The corresponding change in the liquid mixture energy param-
eter is

c
In2 In2
=1

Ady = (2250) [1n(Tan) - S win(r)| = (25T ) AtnTan)

1

(43)

The relatively small differences shown in Table 1 suggests that
a,LVI is insensitive to mean value approximations of In(Ty;) and this

4
— CO02-C3pHe2
3.5 —— CO2-H20
— CgH18-C46H34
CgH1g-H20

e
n

w
LI I L L LA B |

=
n

VLU BLELELELE LB

100|Aap|/ap and 100|Apml/pm
N

-

0.5

X1

Fig. 2. Sensitivity of GHC Liquid Mixture Energy Parameter and Liquid Mixture
Molar Density.
(a) 100|Aa},|/ak, (solid curves); (b) 100|Apk, |/ ok, (dot-dash curves).

Table 2

Mixture Specifications and AAD% Differences Aa‘M.
Mixture T (K) p (bar) AAD% Error in Aaj,?
CO,-triacontane 300 200 1.11
CO,-water 373.15 400 1.68
octane-hexadecane 350 300 0.07
octane-water 323.15 500 0.025

@ AD% differences=100|Adk,|/ak,.

is clearly supported by Fig. 2, which gives plots of 1 OOIAa,LV, |/a,LV,, Vs.
composition for a number of binary liquid mixtures, where Aa}w is
given by Eq. (43). Statistical results are shown in Table 2, irrespec-
tive of whether the fluid was single liquid or supercritical fluid and
whether single liquid was materially stable or unstable. High pres-
sure and relatively low temperature conditions were selected to
ensure real liquid or liquid-like supercritical fluid behavior. Table 2
also shows the AADY% differences in Aak, for each mixture.

Note that the AAD% differences in A(IJVIlw are directly proportional
to the corresponding differences A In(T), as shown by Eq. (42).
So, for example, the small error in Aak/l for a non-ideal mixture like
octane-water is supported by the maximum difference A In(T¢,) of
0.03, as shown in Table 1. Also note that the maximum difference
in the mixture energy parameter is 3%.

4.3. Sensitivity of Liquid Molar Density to Differences Aln(T¢y)

Since asz is relatively insensitive to differences resulting from
mean value approximations of In(Tgy), it is easily shown that lig-
uid molar density is also insensitive to A In(T¢y). The sensitivity
of binary liquid mixture molar density to mean value approxima-
tions of In(T), ) are also shown in Fig. 2 over the entire composition
range. As in sub-Section 4.2, Table 3 gives the conditions for each
mixture and the AAD% difference in liquid mixture molar density.

As expected, Fig. 2 and Table 3 show that the sensitivity of liq-
uid mixture molar density is quite small and all under 1% for the
mixtures studied.
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Table 3
Mixture Specifications and AAD% Difference ianM,

Table 5
Vapor Mixture Conditions and AAD% Errors®.

Mixture T (K) p (bar) AAD% A pkl“ Mixture T (K) p (bar) composition BM AADY% error
CO,-triacontane 300 200 0.15 CH4-octane 500 10 [0,1] 1.02348 1.01
CO,-water 373.15 400 0.81 CH4-CO; 400 30 [0,1] 1.02794 0.0023
octane-hexadecane 350 300 0.005 CO,-ethane 350 40 [0,1] 1.06446 0.960
octane-water 323.15 500 0.003 CO,-decane 600 5 [0,1] 1.01088  0.452
N % differ _ Aot i CO,-water 473.15 300 [0.845,1] 1.28285 0.614

AD% difference =1001Apy 1/ ply.- cthane-water  523.15 200 [0.72,1] 120757 1.71

benzene-water 573.15 50 [0,1] 1.09040 3.61

Table 4 provides an example of the impact of In(T¢;) on the den-
sity of CO,-water mixtures and compares those density results to
density predictions for the volume translated SRK (SRK+) equa-
tion (Peneloux et al., 1982), the predictive SRK (PSRK) equation of
Holderbaum and Gmehling (1991), and experimental data given in
Teng et al. (1997).

Our implementations of these three equations of state all use the
Soave form of the Redlich-Kwong equation, a linear mixing rule for
by, and are predictive (not correlated to any data). The only dif-
ference between them is the way in which aﬁ/, is computed. The
SRK+ equation uses a quadratic mixing rule and geometric com-
bining rule for ah, with k13 = 0 while the PSRK equation uses the
UNIFAC group contribution method to estimate the excess Gibbs
free energy and a GE —based mixing rule for ak/,. Thus the compar-
isons that are presented in Table 4 represents, in our opinion, a true
test of the impact of the GHC up-scaling equation for a,LV, (i.e., Eq.
(1)) on liquid density predictions. All density computations were
converged to ||f (z) || < 1012, where f (z) is the cubic polynomial in
compressibility factor for each equation of state.

Note that the GHC equation with either ak/l computed using Eq.
(1) or ah, computed using mean value approximations of In(T¢y)
have virtually the same as well as the lowest AADY% error in mass
density. Also, the differences in the densities for the two imple-
mentations of the GHC equation are small because the CO, mole
fraction in the aqueous phase is small (i.e., in the range [0.0250,
0.0349]). Surprisingly, the GHC implementation using mean value
approximations of In(T¢, ) performs ever so slightly better than the
implementation using Eq. (1).

2 AD% error=100|8u — Bul/Bum.

4.4. Validity of the Approximations By = ,BM for Vapor Mixtures

Quadratic composition functionality of al‘(,, given by Eq. (34) can
only be established if the approximation By = B is valid over the
composition range of interest. Table 5 gives values of Sy, and AAD%
differences for a number of binary vapor mixtures where the tem-
peratures, pressures, and composition ranges listed in Table 5 were
chosen to ensure real vapor phase behavior.

As expected, the AAD% differences in the approximation given
by Eq. (35) is reasonably small (<4%) — even under high tempera-
ture and high pressure conditions. In particular, for CO,-water, the
vapor phase covers the composition region xco, € [0.8, 1] and is
actually supercritical vapor; see Fig. 2, p. 1061 in Takenouchi and
Kennedy (1964) . Ethane-water at high temperature and pressure
exhibits an AAD% error that is somewhat higher (1.71%) but again
the vapor is supercritical vapor in the relevant composition range.
Finally, the worse case is benzene-water at high temperature where
the AAD¥% difference is 3.61%.

4.5. Sensitivity of a¥y and pY, to the approximationfy = Bu

In this sub-section, the sensitivity of ay, and p}, to the

approximationfy = ,BM is quantified. The impact of the difference,
APBm = Bm — Bm, on the vapor energy parameter, a,‘\’,,, and vapor

Table 4
Mass Densities of CO,-Water Mixtures.
T(K) p (bar) Xc02 p(kg/m?)
SRK+ PSRK GHC GHC® Teng et al.

278 64.4 0.0293 1047.43 1049.31 1030.52 1030.45 1018.10
98.7 0.0308 1048.58 1050.49 1031.62 1031.55 1019.77
147.7 0.0320 1049.89 1051.83 1032.62 1032.63 1020.63
196.8 0.0331 1051.16 1053.13 1033.71 1033.64 1022.01
245.8 0.0341 1052.38 1054.37 1034.61 1034.54 1023.33
294.9 0.0349 1054.54 1055.54 1035.38 1035.31 1025.33

283 64.4 0.0279 1042.31 1044.12 1026.97 1026.90 1016.97
98.7 0.0294 1043.30 1045.32 1028.11 1028.02 1018.60
147.7 0.0305 1044.77 1046.65 1029.13 1029.05 1019.40
196.8 0.0316 1046.07 1047.97 1030.15 1030.07 1020.75
245.8 0.0326 1047.33 1049.25 1031.06 1030.98 1021.70
294.9 0.0334 1048.51 1050.45 1031.86 1031.76 1023.98

288 64.4 0.0269 1037.25 1039.01 1023.56 1023.47 1015.75
98.7 0.0280 1038.30 1040.09 1024.54 1024.46 1017.10
147.7 0.0296 1039.79 1041.63 1025.88 1025.79 1018.22
196.8 0.0309 1041.18 1043.05 1027.02 1026.94 1019.68
245.8 0.0319 1042.47 1044.36 1027.95 1027.86 1020.96
294.9 0.0327 1043.69 1045.59 1028.75 1028.65 1022.87

293 64.4 0.0250 1031.85 1033.53 1019.66 1019.59 1013.68
98.7 0.0258 1032.81 1034.52 1020.46 1020.38 1014.80
147.7 0.0275 1034.37 1036.12 1021.86 1021.79 1015.97
196.8 0.0293 1035.95 1037.75 1023.33 1023.25 1017.72
245.8 0.0304 1037.31 1039.13 1024.32 1024.23 1019.05
294.9 0.0312 1038.55 1040.39 1025.12 1025.03 1019.79

AAD%P 230 2.49 0.83 0.82

2 With mean value approximations of In(Tey ) given by Eq. (33).
b AAD% error = 100|p®P — p<lc|/pexp,
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Table 6 -

Sensitivity of @y, and py, to the Approximationfy, = By.
Mixture T (K) p (bar) composition AAD¥% Error in a* AAD% Error in p};°
CHy4-octane 500 10 [0,1] 248 x 1074 7.71x10°6
CH4—CO; 400 30 [0,1] 5.59 x 10~7 459 %1078
CO,-ethane 350 40 [0,1] 1.39x 1073 5.68 x 106
CO,-decane 600 5 [0,1] 1.09x 104 1.82x10°6
CO,-water 473.15 300 [0.845,1] 5.54 x 1076 6.67 x 106
ethane-water 523.15 200 [0.72,1] 1.55x 1073 1.19x 107>
benzene-water 573.15 50 [0,1] 1.07 x 103 3.79x 1076

@ AD% error=100|Aa},|/ay,; PAD% error=100|Ap}, |/ o},

B (cm3/mol)
o
o

-125
-150
-175
2200 L——— | I o ]
0 0.25 0.5 0.75 1
XCco2

Fig. 3. Mixture Second Virial Coefficients Predicted by Multi-Scale GHC Equation.
Red squares (Brugge et al., 1989 CO,-CHy, filled = 300K, unfilled =320K).
Green squares (Brugge et al., 1989 CO,-ethane, filled = 300K, unfilled =320 K).

molar density, 101‘\//1 depends strongly on the partial derivative. How-
ever, Eq. (34) and the fact that

~ am
URY ~ = (524) IncBu) (a4)

as shown in Eq. (19) on p. 87 of Lucia et al. (2012a) gives

[a(TcMﬁcl[;chJ/) IT

a,‘\j, = (45)

which shows that the derivative of a,‘\’/, with respect to In(By) is
zero. Therefore, the relative difference in the vapor mixture energy
parameter, Aaj,/ay,, is given by

AadY;/a¥ ~ 0 (46)

Table 6 clearly shows that there is no question that the approx-
imation By = By is valid for vapor phases and has absolutely no
impact on ‘11‘\//1 and ,o,‘(,, regardless of conditions (i.e., high or low tem-
perature, high or low pressure). This means that 8y = BM has no
impact on vapor phase partial fugacity coefficients.

4.6. GHC predictions of second virial coefficients

In this sub-section, second virial coefficients for CH4-CO, and
CO,-ethane over a range of compositions at 300 and 320K were
computed using Eq. (37), where ay; and by; were determined by the
multi-scale GHC approach and compared to experimental values of
By defined by Eq. (38) (see Table XI, p. 402 in Brugge et al., 1989).
Fig. 3 shows the results of this comparison.

Note that the plotsin Fig. 3 show that GHC predictions of mixture
second virial coefficients exhibit the correct trends with respect
to temperature and composition; however, the composition func-
tionality is linear. This is easily explained using the analysis of the
vapor phase expression for a,‘\’/, (i.e., Eq. (34)). Note that the first
term on the right of Eq. (34) is linear in composition and while the
second term,by;UBY | is theoretically quadratic in composition, it is
very small in comparison (i.e., many orders of magnitude less). As
a result, second virial coefficients for the GHC equation computed
using Eq. (37) are essentially linear in composition.

The real question regarding the linear composition functionality
of GHC predictions of mixture second virial coefficients is — does
it matter in practice? To answer this question, GHC vapor mixture
molar density predictions are compared to those for the SRK equa-
tion with and without a binary interaction parameter (k;;), and the
truncated virial equation used by Brugge et al. (p. 401, 1989) given
by

z=1+Bp+Cp? (47)

Results for vapor molar density of CO,-ethane mixtures at 300 K
are shown in Table 7. Temperatures, pressures, compositions, and
virial equation density data shown in that table were taken directly
from Brugge et al. (Table IX, p.397-399).

When compared to molar densities for the truncated virial equa-
tion at 300K reported by Brugge et al. (1989), calculated densities
for the GHC equation and SRK equation with k; = 0 are compara-
ble, but both show greater error than densities computed with the
SRK equation and k;; = 0.1363. AAD% errors in SRK molar densities
with k;; = 0 and GHC molar densities were 1.28% and 1.33 respec-
tively and suggest that errors in GHC second virial coefficients do
not have any significant impact on vapor density in practice.

5. Conclusions and discussion

The composition functionality of liquid and vapor mixture
energy parameters given by the GHC equation of state were rigor-
ously analyzed. It was shown that both expressions for the mixture
energy parameter are quadratic, but non-symmetric, in composi-
tion under very reasonable approximations. For liquid mixtures,

c
when In(T¢y ) was replaced by inln(TC,-), the resulting difference

i=1
was small (<4%) and the corresponding sensitivity of ah, and p,LV,
over the entire binary composition range were <2% and <1% respec-
tively for all mixtures studied. The maximum differences in aLM
and pk, were 3.15% and 1.79% for mixtures of CO,-water at 100°C
and 400 bar. In contrast, for vapor mixtures, the approximation of
Bm = (Vm + bm)/Vum by an average value, By, provided rigorous,
but weak, quadratic composition functionality of al\/,l. Moreover,
this vapor approximation, BM, resulted in AAD% differences ina,‘(/,
and py; of <10~3 and <10~ respectively for all mixtures studied.
Finally, although second virial coefficients predicted by the GHC
equation exhibited weak quadratic composition functionality, this
did not have an impact of vapor density predictions.
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Table 7

Vapor Molar Densities of CO,-Ethane Using the SRK, GHC, and Virial Equations.
TP (K *co® P (bar)’ p (moljm®)

SRK SRK® GHC Virial®
299.995 0.10043 33.6149 1924.32 1851.66 1902.78 1897.17
299.984 8.4312 360.469 359.80 360.118 359.798
300.030 1.6826 68.271 68.249 68.260 68.232
300.008 23.8378 1185.48 1175.92 1179.94 1177.23
300.049 11.6983 514.072 512.653 513.32 512.668
299.997 0.25166 37.8660 2249.47 2150.09 2237.74 2161.22
300.013 20.1993 951.859 940.474 950.85 941.259
300.011 1.9161 77.819 77.760 77.815 77.749
299.996 14.0379 625.403 620.10 625.029 621.170
299.986 10.4195 450.603 448.409 450.424 448.498
299.984 0.49245 31.9369 1656.96 1603.49 1661.12 1605.68
300.006 15.8353 707.231 699.700 707.754 699.844
299.999 7.2941 306.323 305.046 306.407 305.024
300.004 3.2558 133.180 132.948 133.197 132.942
299.976 42.9001 2594.61 2421.71 2610.55 243212
300.005 0.73978 43.0433 243443 2328.97 2454.19 2342.95
300.006 22.3347 1032.41 1019.25 1034.19 1020.68
299.988 26.5773 1270.58 1249.46 1273.59 1251.76
300.007 8.5746 361.100 359.726 361.261 359.907
299.993 2.5485 103.622 103.516 103.634 103.478
299.990 0.90367 36.7186 1879.48 1855.14 1885.47 1859.26
299.991 12.4919 536.143 534.720 536.343 534.747
299.986 50.7547 3047.92 2957.83 3080.39 2976.68
299.986 19.2142 859.806 855.865 860.455 856.150
300.013 5.9598 246.491 246.209 246.525 246.232
AAD%¢ 1.28 0.23 133
2 Temperatures, pressures, compositions, and molar densities as reported by Brugge et al. (1989).
b k1o =0.1363.
¢ AAD% = 100|pvirial _ pEOSI/pvirial_
G_1ven that the GHC equatlop_ls purely predlctlye and_ provides C ax; Gg JRT + Zf: (In(ba /b )x;
considerably better molar densities than other cubic EOS in the van ay = byRT {Z + } (48)
der Waals family f — biRT In(1.1/2.1)
y for i=1

1 Pure liquids (see, Table 14, p. 1756 in Lucia and Henley, 2013).

2 Liquid mixtures including aqueous electrolytes (see, Table 6 in
Lucia et al., 2012a).

3 Other condensed phases such as hexagonal ice and gas hydrates
(see Tables 2 and 5 in Henley et al., 2014).

small AAD% errors in vapor density are, in our opinion, accept-
able.

Finally, the analysis and numerical results in this article sug-
gest a number of possible ways of improving the multi-scale GHC
equation and some interesting open questions, including

—

The use of alternate expressions for the GHC equation energy
c

parameters aﬁ,, and a,"w using the approximations inln(Tci) and
i=1
BM respectively.

2 Finding better estimates of U,D in order to provide stronger
quadratic composition functionality of al‘(,,.

3 Isit necessary for the mixture energy parameter to be symmetric
in composition? With regard to this last point, the usual polyno-
mial mixing rule for the mixture energy parameter is symmetric
and quadratic (see, for example, Eqs.(11)and (13), p. 53 in Walas,
1985) when the binary interaction parameters, k;;, are zero. How-
ever, if k;j # 0, which is quite often the case in practice, then the
usual polynomial mixing rules are asymmetric. Some GE —based
mixing rules such as the Wong-Sandler mixing rule are symmet-
ric because they invoke the boundary condition given by Eq. (37)
(see, Egs. (7)- (10)—(3) in Sandler, 1999) while others like the
one used in the implementation of the PSRK equation (Gmehling,
2003).

are non-symmetric. Symmetry in energy parameter mixing
rules has never been justified while the quadratic composition
functionality affords cubic EOS like the SRK equation with some sta-
tistical thermodynamic support (see Egs. (37) and (38)). In contrast,
the GHC energy parameter expression is non-symmetric and, a,‘\’/, in
particular, is only very weakly quadratic in composition—so it does
not do well in matching second virial coefficients. Nevertheless,
the GHC equation density predictions are clearly better than many
commonly used cubic EOS like the SRK and Peng-Robinson equa-
tions with and without volume translation over a very wide range
of fluids (spherical, non-spherical, polar, non-polar, long chain, aro-
matic, and so on).

Appendix A.

Critical Properties and Molecular Co-volumes for Pure Compo-
nents.

Table A1 gives the critical properties (T, pc, w, z-) and molecu-
lar co-volume (b) for all components used throughout this article.

Table A1

Pure Component Critical Properties and Molecular Co-volumes.
Species T (K) P (bar) ® Zc b(cm® /mol)
methane 190.53 46.03 0.011 0.288 29.614
CO, 304.20 73.80 0.224 0.274 28.169
ethane 305.40 48.83 0.099 0.285 46.127
octane 568.80 24.90 0.397 0.259 143.145
hexadecane 72211 16.84 0.637 0.224 283.040
triacontane 848.68 7.40 0.938 0.206 524.561
benzene 562.16 48.98 0.210 0.271 76.354
water 647.37 221.20 0.345 0.233 16.363
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