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Scheduling of wireless transmissions is a core component of performance optimization of wireless ad-hoc
networks. Current radio technologies offer multi-rate transmission capability, which allows to increase the
network’s throughput. Nevertheless, most approximability results of scheduling algorithms have focused
on single-rate radios. In this paper, we propose two formulations for the problem of scheduling wire-
less requests with multiple data-rates, considering the physical interference model with uniform power
assignment. The objective of both problems is to select a subset of communication requests to transmit
simultaneously, such that the sum of their data rates is maximized and no collisions occur. In the first
formulation, data-rates are given as part of the input. In the second formulation, the data-rate assign-
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Scheduling ment is part of the solution. We show that, under certain constraints on the input, these problems can
/S\lNR imati leorith be approximated by a disk graph model. This means that, despite the global nature of the physical in-
Diir;);;?ﬁ on seonthme terference model, conflicts between simultaneous requests can be restricted to the local neighborhood of

the transmitting nodes. We show how to build the corresponding disk graph instances and prove that a
weighted maximum independent set in this graph-based model provides a constant-factor approximation
in the physical interference model. Moreover, we implement a polynomial-time approximation scheme,
as well as a parallel implementation of the algorithm, to obtain solutions that are within an arbitrarily
small factor of being optimal in the disk graph model.

© 2016 Published by Elsevier B.V.

1. Introduction

Scheduling of wireless communication requests lies in the heart
of performance optimization of wireless ad-hoc networks. Current
wireless communication technologies, such as IEEE 802.11a/b/g/n
and IEEE 802.16, allow data to be transmitted at multiple data
rates. The higher the requested rate, the higher must be the
signal-to-interference-plus-noise ratio at the receiver, which can be
achieved either by increasing the transmitting power of the sender
or by decreasing the interference of concurrent transmissions. Ei-
ther way, the multi-rate functionality alters the spatial reuse con-
straints of the wireless channel, which in turn modifies the struc-
ture of the scheduling process of communication requests.

In this work we are interested in modelling and analyzing al-
gorithms to solve the following problem. Given a set of wireless
links that can transmit with multiple data rates, we want to se-
lect a subset of theses links, such that all of the selected receivers
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* Corresponding author.
E-mail addresses: olga@dcc.ufmg.br (0. Goussevskaia), Ifvieira@dcc.ufmg.br
(L.EM. Vieira), mmvieira@dcc.ufmg.br (M.A.M. Vieira).

http://dx.doi.org/10.1016/j.comnet.2016.06.016
1389-1286/© 2016 Published by Elsevier B.V.

can successfully decode their messages and the overall data rate is
provably close to the maximum possible, i.e., provide approxima-
tion guarantees for the obtained solutions. We propose two for-
mulations for this problem. In the first formulation, referred to
as the Multi-Rate Scheduling Problem, the data-rates are given as
part of the input. In the second formulation, referred to as the
Variable-Rate Scheduling Problem, the assignment of a data-rate to
each link selected to transmit is part of the solution. Note that
there is a trade-off between the total communication data-rate and
the number of scheduled requests. Setting a communication re-
quest to a higher data-rate requires lower interference coefficient,
which results in fewer number of concurrent transmissions. Setting
a communication request to a lower data-rate results in fewer bits
transmitted.

In this work we use two different interference models to ana-
lyze and solve these problems. On the one hand, we want to pro-
vide provably feasible solutions in a model as realistic as possi-
ble. On the other hand, we would like to be able to use a simple
enough model to be able to derive concise theoretical bounds for
our results. We start by defining the problems in the physical in-
terference model. In this model, a transmission is considered suc-
cessful iff the signal-to-interference-plus-noise ratio (SINR) at each
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receiver is above a certain threshold, which depends on the ra-
dio hardware and the data-rate at which the transmission must
be scheduled. This model is among the most realistic ones used in
theoretical studies, but is also quite complex, making the process
of designing algorithms quite challenging and does not allow the
application of many existing analytical tools, such as, for example,
graph-theoretic techniques.

Recently, it has been shown that some wireless link schedul-
ing problems in the physical model can be approximated, to within
constant factors, by graph-based models, provided that some input
parameters are restricted. For example, in [3], it was shown that
single-rate transmission conflicts in the physical model can be ap-
proximated by a unit disk graph, as long as constant transmission
power is used and link lengths differ at most by a factor of 2. Such
model transformation allows one to simplify the global and cumu-
lative nature of wireless interference, as captured by the physical
model, by using local, distance-based relations/edges of a geomet-
ric graph.

In this work, we build upon these results and use the
“physical-to-graph model approximation” technique to solve wire-
less scheduling problems. By constructing a disk graph representa-
tion of each problem instance, we show that if a maximum weight
independent set (MWIS) is computed on the disk graph, it pro-
vides a constant approximation to each problem in the physical
interference model. We solve the problems by implementing a
polynomial-time approximation scheme (PTAS) (as well as a par-
allel version of it). As opposed to many previous results in wire-
less networks that use graph-based models, this approach allows
the application of graph-theoretic algorithmic tools, while guaran-
teeing feasible solutions and approximation bounds in the physical
interference model, which is closer to reality.

The contributions of this work can be summarized as follows.
Firstly, we present the model transformation process, showing how
a graph-based problem instance can be built for the Multi-Rate
and the Variable-Rate Scheduling Problems, keeping the desired SINR
properties of the original model. Next, we prove that a solution
to the MWIS problem on the graph instance provides a constant
approximation to the original problem. This is an important step,
since it allows to apply many existing graph-based algorithmic
tools to the physical interference model, preserving approximation
guarantees. Finally, we describe a PTAS solution for both problems,
and show that good-quality solutions can be obtained.

This paper is structured in the following way. In Section 2 we
describe some related work. In Section 3 we present the details
of the modelling process and problem definitions. In Section 4 we
show how to build a problem instance of the Multi-Rate Schedul-
ing Problem in the disk graph model and prove that this model re-
duction is correct and guarantees a constant-factor approximation.
In Section 5 we describe the model transformation process for the
Variable-Rate Scheduling Problem. In Section 6 we describe the PTAS
implementation. Finally, in Section 7 we present extensive simula-
tion results.

2. Related work

Studying wireless networks in graph-based models usually in-
volves studying the problems of coloring and independent set. Col-
oring a general graph is not only an NP-complete problem, but is
also hard to approximate to within factor of n!~€, for any con-
stant € > 0 [4]. Wireless networks, however, can usually be bet-
ter modeled by more restricted classes of graphs, such as geo-
metric graphs. In [5], Clark et al. proved that a series of closely
related problems to scheduling of wireless links, such as color-
ing in graphs, independent set, domination, independent domi-
nation, and connected domination, are NP-complete in unit disk
graphs (UDGs). The maximum independent set problem can be

approximated to within factor 5 using an online greedy algo-
rithm [6] (which is optimum for an online deterministic algorithm)
and factor 3 by a greedy offline algorithm [7]. In the case of disk
graphs, the online greedy approach yields a (n — 1)-approximation,
whereas the greedy offline algorithm that processes disks in non-
decreasing size order achieves a 5-approximation. Finally, the prob-
lem of maximum independent set in (unit) disk graphs can be ap-
proximated to within a factor (1 —€), for any fixed € > 0 using a
polynomial-time approximation scheme (PTAS) [8,9]. In particular,
Erlebach et al. [9] provide a PTAS for the weighted independent
set problem in disk graphs. A short survey on disk graphs can be
found in [10].

Analytical results in more realistic models, such as the phys-
ical interference model, are more recent. In [11] it was shown
that the problem of scheduling wireless transmissions with uni-
form power assignment is NP-complete in the physical interfer-
ence model. In [12], a constant approximation algorithm was pro-
posed for the (maximization) one-slot scheduling problem and a
logarithmic approximation for the (minimization) multi-slot prob-
lem. These results were derived for the single-rate scenario. Sev-
eral other works studied different aspects of the problem, such as
linear power assignment [13] and power control [14,15].

In [3] it was shown that single-rate scheduling in the SINR
model can be approximated to within a constant factor by coloring
a unit disk graph, in the case when constant transmission power is
used and the link set is “nearly-equilength”, i.e., link lengths vary
by at most a factor of two. In this work we take a step further,
and show that a constant approximation can be achieved by ap-
proximating multi-rate scheduling with a disk graph with variable
disk radii.

Joint channel assignment and routing has been investigated
in [16]. Efficient channel assignment schemes can greatly re-
lieve the interference effect of simultaneous transmissions while
routing schemes can alleviate potential congestion. In [17], Kodi-
alam et al. characterized the capacity region in multi-radio multi-
channel wireless mesh networks and derived the upper bounds
on the capacity in terms of achievable throughput. We solve the
link scheduling problem, which is a fundamental problem in any
wireless network. It is a building block that can be integrated into
larger problems. For instance, it appears as a sub-problem in other
problems, such as routing.

In [18], several versions of the wireless capacity problem were
analyzed. Among them, one is referred to as “scheduling with QoS
generalization and uniform power”, and is similar to the Multi-Rate
Scheduling Problem studied here. A constant approximation was ob-
tained for the case of arbitrary link lengths and general metric
space. In [19], the problems of power control and data-rate maxi-
mization are studied in one formulation. The proposed solution is
proved to be O(logn)-approximation and computes both the power
levels and the data-rates assignment to the selected links. Our
work, on the other hand, provides a constant approximation, al-
though to a more restricted range of scenarios, and considers uni-
form power assignment, which one might argue represents most
practical scenarios.

3. Model

In this work we study the problem of scheduling wireless com-
munication requests (links) in the physical interference model us-
ing multiple and variable data rates.

A typical problem instance consists of a set L = {¢1,...,¢,} of n
wireless links (and, as explained later, a set of data rates), where
each link ¢; represents a communication request from a sender s;
to a receiver r;: ¢; = (s;, ;). The communication devices are viewed
as nodes positioned in a Euclidean space. The distance between



66 0. Goussevskaia et al./Computer Networks 106 (2016) 64-76

a sender s; and a receiver r; is denoted by dj; = d(sj,1;), and the
length of a link ¢; is denoted by d;; = d(s;, r;).

For simplicity’s sake and without loss of generality, we as-
sume that transmissions are slotted into synchronized time slots of
equal length and there are no primary conflicts in the transmission
setup, i.e., each node is either a sender or a receiver and each re-
ceiver is associated with only one sender. Scenarios with this type
of conflicts could be reformulated by introducing additional nodes
at the same position, such that there is one sender-receiver pair for
each link. In this way, if a node is scheduled to transmit at a cer-
tain time slot, the interference at that location will be infinite and,
therefore, no co-located node can be scheduled as the receiver in
the same time-slot. Moreover, we assume that all nodes transmit
with the same power level P, i.e., we use uniform power assignment
scheme.!

In the physical interference model, a receiver r; successfully de-
codes a transmission from a sender s; iff

P

@
SINRs, (4}) = ———— = B, (1)
1 S;€S,Sj#Si d% + N

where &; is the set of nodes concurrently transmitting in time-slot
t; a > 2 is a constant path-loss exponent, with typical values in the
range 2 < « < 6; d;* is the propagation attenuation (link gain);
N is a constant ambient noise; and S is the minimum signal-to-
interference-plus-noise-ratio (SINR) required for a successful mes-
sage decoding. Typically, when performing theoretical analysis, it
is assumed that 8 > 1 and has the same value for all links in L.

Now let 7 ={ty,....tj;y} be a set of data rates, where |T]| is
bounded by a constant, and let S(t;,) > 1,t, € T denote a data-
rate-dependent minimum SINR threshold required for a success-
ful transmission with data rate t; (note that, the higher the data
rate t;, the higher is the hardware threshold S(t;)). We say that
a successful transmission with data rate t(¢;) (and corresponding
hardware threshold B(t(¢;))) occurs when the following condition
is satisfied:

SINRs, (¢;) = B, (2)

where B; is an abbreviation we use for the SINR threshold B(t(¢;))
of a link ¢; that transmits with data rate t(¢;) € 7.

In this work, we present two different problem definitions that
incorporate the use of multiple data rates. To the first problem we
refer as the Multi-Rate Scheduling Problem, to the second problem
we refer as the Variable-Rate Scheduling Problem. In both problems,
the objective is to select a subset of links that transmit successfully
at the same time, while maximizing the total sum of their data-
rates.? In the first problem, each link ¢; € L is assigned a fixed data
rate t(¢;) and then used as input to the maximization program. In
the second problem, a set of links and a set of possible data rates
are used as input, and the objective is to select a subset of links
and assign each link the “best” data rate to transmit with.

Definition 3.1. The Multi-Rate Scheduling Problem can be for-
mulated as follows. The problem’s input is a set of n tuples
{(e1,t(€1)), ..., (tn, t(€n))}, where ¢; e L= {¢y,...,¢y} and t(¢;) €
T ={t1,....tj7y}, such that each link ¢; € L is assigned a data rate
t(¢;) and a hardware threshold B; = B(t(¢;)). We define a binary

1 In reality there exist many wireless networks where nodes can choose different
transmission powers, however, either just from a small set of possible power levels,
or where the power range is bounded. Apart from constants, the analytical results
of this paper hold for both extensions.

2 Note that maximizing the sum of data rates is equivalent to maximizing the
total data transmitted, since we assume all transmissions occur for exactly one time
slot.

variable x;, such that:

=1
Xi{:O

The objective of the problem is to pick a subset of links S C L,
such that the total data rate is maximized over one time-slot and
the SINR is at least B; at every scheduled receiver r;.

if link ¢; transmits
otherwise.

n
maximize ) xit(¢;)
i-1

subject to:
SINRS(KI) > X,'ﬂi, A4 lie LS= {Zk”( # i and X = 1} (3)
Xj € {0, 1}
Definition 3.2. The Variable-Rate Scheduling Problem can be defined
as follows. The input is comprised by a set of links L = {¢1, ..., ¢n}

and a set of data rates 7 = {ty,..., 7}, where |T] is bounded by
a constant. A variable x;; is defined as:

=1
Xij -0
The objective of the problem is to select a subset of links S € L
and assign each link ¢; € S a data rate t(¢;) =t; € T, such that the
total number of transmitted bits is maximized over one time-slot

and the SINR is at least B; = B(t(¢;)) at every scheduled receiver
ri|¢; € S. More formally:

if link ¢; e Ltransmits with data rate t; e T
otherwise.

n |T]
maximize ) > " x;it;
i=1 j=1
subject to:
7]
ZX,‘]E], VZ,’GL,
=1
71 |71
SINRs(£;) = Y xiiBi. YV tieL.S={glk#iand Y x; =1}
j=1 Jj=1
ij € {0, 1} (4)

We make use of a series of definitions introduced in [3,12,20].
Definition 3.3. The affectance of link ¢, caused by a link ¢, is

& (dw)”
aw(ly) = - = d ) (5)

F3
d w

For convenience, let a,(¢,) = 0. The combined affectance of a set S
on link ¢y is denoted by as(¢y) = 3=, cs Gw ().

Note that, as proved in [20], the affectance function satisfies the
following properties for a set S of links:

1. (Range) S is SINR-feasible if and only if, for all ¢, € S, as(¢y)
< 1/By (otherwise, there would be a link ¢, € S such that
SINRs (¢v) < Bu).

2. (Additivity) as(¢y) = as, (¢v) + as, (€y), whenever (Sy, Sp) is a
partition of S.

4. Disk graph model approximation

In this section we show that when an instance of the Multi-Rate
Scheduling Problem is composed by links that vary in length by at
most a constant factor and are assigned data rates that also vary by
at most a constant factor, it can be approximated by a disk graph,
i.e., many-to-many interference relationships of the SINR model
can be simplified by pairwise relationships, modulo small constant
factors.
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The proof works by constructing two disk graphs where each
sender has an associated disk. The graph used to derive an up-
per bound utilizes (small) disks that represent inevitable conflicts
in the SINR model. The graph used to derive a lower bound uti-
lizes (large) disks used to construct feasible schedules. We begin
with a series of definitions: In Definitions 4.1 and 4.2, we charac-
terize a set of links according to their affectance and relative dis-
tances, respectively. In Definition 4.3, we define a conflict graph of
a set of links based on their relative distances. In Definition 4.4,
we define a disk graph derived from a set of links, which will
be used to prove the lower bound on the achievable data rate. In
Definition 4.5, we define a unit disk graph derived from a set of
links, which will be used to show the upper bound on the total
achievable data rate.

Definition 4.1. Given a set of links L= {¢q,..., ¢n} and an (or-
dered) vector p={p(ly),.... p(ln)}, we define L to be a p-signal
set if the affectance of any link ¢; € L is at most 1/p(¢;), i.e., ai(¢;)
< 1/p(¢;). Note that if p = {f1, ..., B} then a p-signal set L is SINR-
feasible, i.e., SINR(¢;) > Bi, V¢; € L.

Definition 4.2. Given a set of links L= {¢y,...,¢,} and a set of
values r={r(l;),...,r(l)}, we define a set of links L to be r-
independent if any two links ¢,, ¢, € L satisfy the constraint dy,
- dwy = (6w )dyydww.

Definition 4.3. Given a set of links L= {¢,...,¢,} and a set of
values r={r(¢;)...., r(¢n)}, we define an r-conflict graph G,(L)
on the link set L to be a graph with a vertex for each link in L
and an edge between two vertices (¢y, £y ) iff ¢, and ¢, are not
r-independent.

Definition 4.4. Given a set of links L = {¢q, ..., ¢5} and a set of val-
ues z = {z(£1),....z(tn)}, z(¢;) = 1,V¢; € L, we define a disk graph
DG,(L) on the link set L to be a graph with a vertex for each sender
in L and an edge between two vertices (sy, Sw) iff d(sy,sw) <
Z(Ly)dyy + Z(Lw) dww-

Definition 4.5. Given a set of links L with minimum link length
dmin and a constant u, we define a unit disk graph UDGy(L) on
the link set L, to be a graph with a vertex for each sender in L and
an edge between two vertices (sy, sw) iff d(sy, sw) < U - dppin -

In the following lemma, we establish a relation between af-
fectance and relative distance of links.

Lemma 4.1. If S is a p-signal set of links, where p(¢;) = B, V¢; €S,
then S is r-independent, where r(¢;) = ,Bil/“, Ve €S.

Proof. Since S is a p-signal set, any two links ¢,, ¢, € S satisfy
P, L >pB, and -£-/-L- > B,. By multiplying the inequalities,
dVV dWV dWW dl/W

we get dyy - dwy > BY/* BY/* dyydww. Which means that they are r-
independent. O

In Lemma 4.2, we provide the lower bound by proving that, if a
function z(¢;) is appropriately defined, and the corresponding disk
graph DG,(L) is built, then an independent set of disks corresponds
to a conflict-free schedule of links in the SINR model.

Lemma 4.2. Consider a set of links S, where each link ¢; is assigned a
data rate t(¢;) =t, € T with corresponding hardware threshold f; =
B (ty), and uniform power assignment is used. If every two senders sy,
sw € S are separated by a distance d(sy, Sw) > z(€y)dyy + z(€w)dww
(ie., S is an independent set in the disk graph DG,(S)), then S forms a
p-signal set, where p(¢;) = B;, V¢; € S (i.e., a set that can be scheduled
concurrently without collisions in the SINR model). The values z(¢;)
are defined as follows:

g&iw

z(t) = Z~.

(6)

1

8 = [ﬁi'(%)a'g:;a"lc]uv (7)
W = dmin * Zmins (8)
dimin = d(Tmin, Smin)> 9)
Zmin = Z(Imin) = (W) 5’ (10)
Umin = argmin,, (B d). (11)
Tmin» Smin = receiver and sender of ¢, (12)
C = nv/3/6. (13)

Proof. The proof is provided in the Appendix. O

In Lemma 4.3 we provide the upper bound by proving that if an
appropriate UDG is built for a set of links, this UDG is a subgraph
of the conflict graph based on relative distances of links.

Lemma 4.3. Given a set of links L with minimum link length d;,, a
constant u > 1, and a set of values r(¢;) = u, V¢; € L. If we consider
an r-conflict graph G.(L) and a unit disk graph UDG,_; (L), we have
that UDG,_1 (L) € Gy(L).

Proof. To prove the claim, let v and w be two adjacent
nodes in UDG,_;(L). By Definition 4.5 of a unit disk graph,
d(sy, sw) < (u—1)dy;,. By triangular inequality, dyw < d(Sy, Sw) +
dyww < (U —1)dpin + duww < (U —1)dww + dww = U - dyw. SO is duy <
u - dy. Multiplying the two inequalities, we have that dywdwy <
u2dyydyw = (€)1 (Lw)dyyduww. Therefore, ¢, and ¢, are neighbors in
the r-conflict graph G/(L). O

Theorem 4.4 summarizes the lower and upper bounds used in
our model transformation.

Theorem 4.4. Consider a set of links S with minimum link length
dmin, Where each link ¢; is assigned a data rate t(¢;) =t €
T with corresponding hardware threshold B; = B(t,) and uniform
power level. Moreover, consider a constant u = ﬂ;/l‘r’]‘ where Bin =
ming,e B, a set of values p, defined as p(¢;) = B;, V¢; e L and a set
of values z, defined in (6). Claim 1: Any independent set in the disk
graph DG,(L) is a p-signal set, i.e., a set that can be scheduled con-
currently without collisions in the SINR model. Claim 2: Any p-signal

subset of L is an independent set in the unit disk graph UDG,_1(L).

Proof. Claim 1: By Lemma 4.2, an independent set in DG,(L) is a p-
signal set and, therefore, can be scheduled successfully in the SINR
model. Claim 2: By Lemma 4.1, a p-signal subset of links is also r-
independent, where r(¢;) = p(¢;)1/* = ,3}/“,\%@ € S. Note that u =
ming,.s7(¢;) and, if a set is r-independent, it is also u-independent,
since dyw - dwy > B BY* dyydww > B2/“dyydyny. Therefore, any p-

signal subset of L is an independent srgtmin the conflict graph Gy(L).
By Lemma 4.3, it is then an independent set in UDG,_1(L) (since

this is equivalent to the claim UDG,_1(L) € G,(L)). O

Finally, in Theorem 4.5 we prove the approximation ratio of the
model transformation.

Theorem 4.5. Consider two constants A; > 1, Ag > 1, and a set
of links L with link lengths in the range [dyin, .- ., A; - dpin), Where
each link ¢; is assigned uniform power and a data rate t(¢;) =t €
T with corresponding hardware threshold B; = B(t,) in the range
[Bmin: - - -+ Ag - Bmin)- A solution to the maximum weight independent
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set problem MWIS in the disk graph DG,(L), z being a function de-
fined in (6), is a constant approximation to the Multi-Rate Schedul-
ing Problem in the SINR model. The approximation ratio p is defined
as

p =C(1+2a/b)?, (14)
b= B -1, (15)
a=2A;- w.maxg; (16)
o [(4Co(x—1) 72
L= d*Ye= | —— 7
maxg; = max (fdij) ( @ _we ) ,
ar L [ 4Ca(a—1) w2
= (ApBmin (Ardmin)*) 72 ((O(—Z)WO‘) ) (17)

where C, w and z,,;, are defined in (13), (8), and (10), respectively.

Proof. Upper Bound: By Theorem 4.4, we know that for p(¢;) =
Bi.Vtieland u= ;‘3;1/1‘;’ any p-signal subset of L is an independent
set in the unit disk graph UDG,_1(L). In other words, if two links
are too close to each other, i.e., are neighbors in UDG,_4(L), they
are also neighbors in the conflict graph G,(L) and, therefore, not
u-independent. By Lemma 4.1, they do not form a u”-signal set,
and, since u% = By, they cannot be scheduled concurrently in the
SINR model. This means that “small” disks of radius dp, (u—1)
capture inevitable conflicts in the SINR model.

Lower Bound: By Theorem 4.4, we know that for z defined in
(6), any independent set in the disk graph DG,(L) is a p-signal set,
i.e., can be scheduled concurrently without collisions in the SINR
model. This means that a solution to the MWIS problem in the disk
graph model renders a feasible solution to the Multi-Rate Schedul-
ing Problem in the SINR model.

Approximation Ratio: Firstly we observe that if we define a max-
imum disk radius as dp, - R, R = 2A; max,¢ w - g;, where w and g;
were defined in (8),(7), then the disk graph DG,(L), z defined in (6),
is contained in the unit disk graph UDGg(L), i.e., DG,(L)CUDGg(L).
leta=Rand b=u-1= ﬂﬁ{l‘;‘] — 1. Note that a > b. Consider two
unit disk graphs UDGq(L) and UDG(L) with different radii but on
the same set of links L. Now consider a link I, € L with closed
neighborhood Ng = Nyp¢,(1)[lv] in UDGq(L) and the induced sub-
graph UDG,(L)[Nq] on Ng in UDGy(L). The cardinality of a maximum
independent set

IMIS(UDG,(L)[N4])| < C(1 + 2a/b)?.

This is due to the fact that the nodes in an independent set in
UDG(L) form disjoint balls of radius bd,;, /2 centered at senders
of the links. Senders in N, are all contained in the ball B(sy,
ad i, )- This means that the (small) balls in the independent
set MIS(UDGy(L)[N4]) are completely contained in the larger ball
B(sy, (a+b/2)din). Therefore, we can apply the packing argu-
ment (19) to show that only a limited number of smaller disjoint
balls can fit inside the larger ball, namely |MIS(UDG,(L)[N4])| <
P(B(Sv. (@ +b/2)dmnin). bdimin/2) < C(1 +2a/b)>.

This means that the Multi-Rate Scheduling Problem reduces,
within constant factors, to MWIS in disk graphs. So any algorithm
to solve MWIS on DG,(L) is a constant approximation for the Multi-
Rate Scheduling Problem. The performance ratio of such algorithm
is bounded by C(1+2a/b)2. O

5. Variable-rate disk graph

In this section we extend the model transformation technique,
proposed in Section 4, to transform an instance of the Variable-
Rate Scheduling Problem in the physical model into a problem in-
stance in a disk graph model. In contrast to what was done in

Section 4 for the Multi-Rate Scheduling Problem, we need to include
different data-rate assignment options in each problem instance,
so that the solution selects an assignment that maximizes the to-
tal data-rate of transmitting links. In order to do this, instead of
adding one disk for each link, we add |7 disks for each link, i.e.,
one disk for each combination of link ¢; € L and data-rate , € 7.
In order to construct a disk-graph problem instance, we use the
following definition (which is an extension of Definition 4.4):

Definition 5.1. Given a set of links L = {¢;,..., ¢y}, a set of data-
rates 7 ={ty,....tj7y}, and a function Z'(¢;, By). Consider a set
of disks D/Zl = {Dgl_t1 N Dll»t\ﬂ s sz»f] PN Dez,t‘ﬂ N Dfn-qﬂ } of
size n x |T|, such that every disk Dy, ¢, has radius z/'(¢;, Bi)d;;, ¢; €
L By e {B(t1),...., B(tj7)} and is centered at the sender of each
link ¢; € L. We define a variable-rate disk graphDG), (L) to be
a graph with a vertex for each disk center in D', and an edge
between two vertices (v(¢;, ty), v(¢j, tm)) iff d(v(¢;, t), V(£), tm)) <
Z/ (4. ty)dyi + 2/ (¢, tm)dj;. i.e., if the two disks intersect. The weight
of each vertex v(¢;, ty) € DG, (L) is assigned the value ¢.

In this way, each link in the problem’s input is assigned |T|
disks, and the radius of each disk is proportional to length d; of
the link, multiplied by a factor (function z), which depends on the
SINR threshold S(t(¢;)) and the link length (and the global path-
loss parameter «). The higher the data-rate, the larger will be the
radius of the corresponding disk. Higher values of «, on the other
hand, require lower radii for the disks. Function z’ is defined as
follows (note that ry;, and sy, are the receiver and the sender of
link ¢, respectively):

/ i,kW
Z'(t, B) = g'dk ,
un

_ dﬁ * oa-—1 “?
gi,k—|:,3k‘<w) .(x—2.a-4C:| ) (18)

where W, diins Zmins £min, and C are defined in (8), (9), (10), (11),
and (13), respectively.

Note that a problem instance of size n in the SINR model is
transformed into a problem instance of size n x |7| in the disk
model. This increase in problem size adds extra computation cost,
but we will show that a solution to the MWIS problem in this new
model results in a correct solution in the SINR model. Moreover,
we show that the approximation ratio of the MWIS solution also
holds for the Variable-Rate Scheduling Problem in the SINR model,
up to a constant factor.

Firstly, we provide the lower bound in Lemma 5.1.

Lemma 5.1. Consider a set of wireless links L= {¢y,..., ¢y} that
transmit under uniform power assignment and a set of data-rates
T ={t1,....tj7}. Now consider a variable-rate disk graph DG/, (L) on
L and T, as defined in 5.1. Any Independent Set (IS) on DG;, (L) repre-
sents a feasible solution to the Variable-Rate Scheduling Problem, i.e.,
IS(DG; , (L)) will only contain disks corresponding to links that can be
scheduled concurrently without collisions in the SINR model.

Proof. We know from Section 4 that for a given assignment of
data-rates to links, an independent set in the corresponding disk
graph with fixed data-rates represents a feasible solution, i.e., no
collisions in the SINR model. It is left to show that more than
one disk corresponding to different data-rates but the same link
¢; € L are never contained in the same independent set on DG;/ (L).
Lets assume that it is true, i.e., IS(DG;, (L)) contains two disks Dy, ,
and Dy, 1, corresponding to the same link ¢;. This means their cen-
ters overlap and therefore the two disks intersect, and there is an
edge between the corresponding vertices in DG; ,(L). This contra-
dicts the assumption that IS(DGQ ,(L)) is an independent set, which
completes the proof. O
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Finally, we prove the approximation factor in Theorem 5.2.

Theorem 5.2. Consider a set of wireless links L = {¢,...,¢n} that
transmit under uniform power assignment and a set of data-rates
T =A{t1,....tj7}. Now consider a variable-rate disk graph DG/, (L) on
L and T. A solution to the maximum weight independent set problem
MWIS in the disk graph DG/, (L), z' being a function defined in (18), is
a constant approximation to the Variable-Rate Scheduling Problem
in the SINR model.

Proof. By Lemma 5.1 we know that any independent set in DG;, (L)
is a feasible solution to the Data-Rate Maximization Problem. Also,
from Section 4, we know that for a given assignment of data-rate
to links, a solution to MWIS in the disk graph with fixed data-rates
DG, (L) € DG,(L) is a constant approximation to the link schedul-
ing problem with fixed data rates. It remains to show that by hav-
ing a separate disk for every possible data-rate at every link leads
to an approximation for the Variable-Rate Scheduling Problem. Let’s
assume that a solution MWIS; to the MWIS problem on DG;, (L) is
more than a constant smaller than the optimum. This means that
there is a subset of links Sopr € L with some data-rate assignment
t : T — L that is more than a constant “heavier” than MWIS;. If we
consider the links and the corresponding data-rates of Sopr and use
it as input to build a disk graph DG(Sop¢), as defined in 4.4, we
know that a solution to MWIS on DG(Sept), say MWIS,, is a con-
stant approximation to the Multi-Rate Scheduling Problem. We also
know that MWIS; € DG (Sopt) € DG, (L) and that MWIS, is heav-
ier than MWIS;. This contradicts the assumption that MWIS; is a
maximum-weight independent set of DG/, (L) and is not a constant
approximation to the Variable-Rate Scheduling Problem, which com-
pletes the proof. O

This means that the Variable-Rate Scheduling Problem reduces,
within constant factors, to MWIS in disk graphs. So any algorithm
to solve MWIS on DG;, (L) is a constant approximation for the
Variable-Rate Scheduling Problem.

6. Approximation algorithms

In this section we describe a polynomial-time approximation
scheme (PTAS) that computes a maximum weight independet set
(MWIS) of a disk graph. As shown in Sections 4 and 5, if we
carefully construct the input graph instances, the MWIS solution
represents a constant-factor approximation for the Multi-Rate and
the Variable-Rate Scheduling Problems. We present two implemen-
tations of this algorithm: the first implementation, to which we
refer as Disk-MRS, is used to solve the Multi-Rate Scheduling Prob-
lem; the second implementation, to which we refer as Data rate
PPTAS, is a parallel implementation of Disk-MRS and is used to
solve the Variable-Rate Scheduling Problem, given that it results in
significantly larger disk graph instances.

6.1. Disk-MRS

In this section we describe the Disk-MRS algorithm and show
how it can be used to solve the Multi-Rate Scheduling Problem.

The input to the problem is a set of n tuples
{(e1,t(€1)), ..., (tn, t(n))}, where ¢;el={¢,...,¢n} and
t() e T=A{t1,....47}, such that each link ¢; e L is assigned
a data rate t(¢;) and a hardware threshold B; = B(t(¢;)). Using
results from Section 4, this input is transformed into a disk graph
DG,(L), comprised by a set of disks D = {Dy,..., Dy}, according to
Definition 4.4, where each disk is assigned a weight w(D;) = t(¢;)
and a radius R(D;) = d;; - z(¢;), where z is a function defined in 6.

Next, DG,(L) is used as input to the algorithm proposed by Er-
lebach et al. in [9] for computing MWIS in disk graphs. We re-
fer to this algorithm as MWIS-PTAS and outline its mechanism in

Appendix B. The goal of MWIS-PTAS is to compute, for a given set
of disks with variable weights and radii, a subset of disjoint (non-
overlapping) disks with maximum total weight. Given an integer K
> 1, the algorithm achieves an approximation ratio of (1 + ﬁ)z,
i.e., as K gets larger, the approximation ratio gets arbitrarily close
to 1. The output solution S C L is formed by links [;, where [; is part
of the solution if disk D; is part of the MWIS (see Algorithm 1).

Algorithm 1 Disk-MRS

Require: A set L= {¢q,..., ¢n} of links with data ratest(¢;) = ¢y,
txeT = {t1,....tj7y}, and a parameter K.

Ensure: A subset S €L in which every link ¢; can betransmitted
successfully with data rate t(¢;) and the total weightw(S) is
maximized.

1: Generate DG,(L) = {Dq, ..., Dy}, according to the Definition 4.4
of adisk graph and the function z (6);

2: Assign weights w(D;) = t(¢;), VD; € DG;(L);

3: § = MWIS-PTAS(DG;, K);

4: return S.

6.2. Data-rate parallel PTAS

Data-Rate Parallel PTAS is a parallel implementation of Disk-
MRS, which we apply to solve the Variable-Rate Scheduling Problem,
given that it results in significantly larger disk graph instances.

The first step is to apply the results of Section 5 to trans-
form the original problem input into a set of disks D’,, using the
Definition 5.1.

Parallel algorithms usually consist of a map phase and a reduc-
tion phase. In the map phase, which consists of mapping parallel
instances to threads, each thread has a unique identifier. We rep-
resent every possible subset of n elements by a binary number.
Each thread calculates the next potential solution, transforms it to
a subset of links and checks if the potential solution is an inde-
pendent set. If it is, the thread computes its weight and stores its
local maximum solution. Obviously, sets with more than 16k* ele-
ments are not computed since we know they can not be a solution,
a property from the PTAS algorithm.

Each thread computes what the next potential solution is in-
dependently from the other threads, since the only information
needed is the total number of threads, which is pre-configured,
and the thread’s identifier. The computation of the next poten-
tial solution is completely distributed and guarantees load balance
among threads. The evaluation of each potential solution depends
only on the disk graph structure. The disk graph structure is used
only for reading and is distributed among all threads. Thus, the
map phase is completely distributed.

The second phase is the reduction phase, which consists of syn-
chronizing the solutions of the threads. This phase happens when
all threads finished their local computation. In this phase, we col-
lect the maximum value of each local thread and compute the
maximum solution.

6.3. ApproxDiversity

In order to evaluate the performance of our disk-based ap-
proach, we compared the solution returned by Disk-MRS (see
Algorithm 1) with the algorithm proposed in [12], to which we re-
fer as ApproxDiversity. To the best of our knowledge, ApproxDiver-
sity is the only algorithm to solve the weighted one-slot schedul-
ing problem in the SINR model. It is an approximation algorithm
for one-slot scheduling initially designed for single rate with SINR
model without power control. We slightly modified it to handle
the multi-rate case, as shown in Algorithm 2.
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Algorithm 2 ApproxDiversity

Require: A set L= {¢q,..., ¢n} of links with data rate t(l;) =t
theT = {t1..... ).

Ensure: Asubset LZ? in which every link can be transmitted suc-
cessfullyand the total weight W(Lg?) is maximized

1: w(ey) =t(¢), Ve el

2: Let R=Ry, ..., Rigg (1max) SUCh that Ry is the set of linksl; of
length 2K < d;; < 2k+1;

1
8Bmax (1) \ “.
-2

MU= 4( )

: for all R, # ¢ do

: Partition the plane into squares of width s - 2¥;

4-color the cells such that no two adjacent cells have the

same color.

7. for j=1to 4 do

8: For each square A of color j, pick the heaviest linkl; € R
with receiver r; in A, assign it to Lg? (L’j? = Lg? ul);

9: end for

10: end for

: return argmaxl,;_zlidsg w(l;);

2w W

—_
jay

Table 1
IEEE 802.11b required SINR per data-
rate.

Rates (Mbps) 1 2 5.5 1

SINR (dB) 4 6 8 10

Table 2
IEEE 802.11n 5Ghz 40MHZ required SINR per data-rate.

Rates (Mbps) 30 60 90 120 180 240 270 300

SINR (dB) 14 17 19 22 26 30 31 32

ApproxDiversity works on the original link set L (no interme-
diate disk graph instance is built). The links are divided into link
length classes {Ry. ..., Riog (ims)}- Each link length class is parti-
tioned into square cells of side w, computed as a function of link
length and parameters « and B of the SINR model. We used the
maximum value Smax to compute the cell size, in order to guar-
antee no interference among cells no matter what data rate (f;)
is used (see line 2 of Algorithm 2). Thereafter, each cell is colored
with 4 colors, such that no two adjacent cells have the same color.
Then, for each cell, the heaviest link is chosen. In the end, the set
of links with maximum total weight among all possible partitions
(cell sizes) and colorings is returned.

7. Simulation results

In this section, we present simulations results, including a com-
parative study for the algorithms described in Section 6.

We generated random topologies by placing n receiver nodes
uniformly distributed over a plane field of size 10* x 10 units.
The respective n senders were uniformly distributed inside a disk
of radius Inax around each of the receivers. In all experiments, the
number of simulation runs was chosen to obtain sufficiently small
confidence intervals. The standard deviation is plotted for all data
points.

To model the multiple data rate links, we obtained their neces-
sary SINR values from the IEEE 802.11 Standard [21], which defines
the minimum SINR needed to decode a transmission at a given
rate. Table 1 [22] shows the required SINR values for IEEE 802.11b
and the respective data-rates. Table 2 [23] presents the necessary
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Fig. 1. Multi-Rate Results with o = 3,K =4, 4 < f; < 10 (IEEE 802.11b).
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Fig. 2. Multi-Rate Results with o = 3,K =4, 10 < 8; < 32 (IEEE 802.11n).

SINR values for the IEEE 802.11n with 40 MHz channel width on
5 GHz.

In our input sets, each link’s data rate was uniformly chosen
from Tables 1 or 2. The weight of a link was modeled as the data
rate of the link, since it indicates how much data can be transmit-
ted.

To begin with, we compare the performance of Disk-MRS (see
Algorithm 1) to the performance of ApproxDiversity, proposed
in [12] (see Algorithm 2).

Initially, we analyze the total data rate of the schedule as a
function of the number of links. The number of links varied from
16 to 2048, Inax = 6+/2, Disk-MRS parameter K = 4 and o = 3 un-
less otherwise noticed. Fig. 1 shows the total data rate as a func-
tion of the number of nodes scheduled by Disk-MRS and Approx-
Diversity using IEEE 802.11b data rates (Table 1). Fig. 2 depicts the
same experiment with IEEE 802.11n data rates (Table 2). Fig. 3 il-
lustrates the results in terms of Disk-MRS gain, showing that Disk-
MRS achieves an average factor 3 gain over ApproxDiversity. For all
densities, the Disk-MRS algorithm achieved better results.

In Fig. 4, we study the influence of the path-loss exponent @ on
the performance of the algorithms. For all «, Disk-MRS algorithm
computes schedules with higher total data rates.

Next, we evaluate the algorithms for instances where the data
rate is constant (fixed B; =4, V¢; € L). Fig. 5 illustrates the perfor-
mance of both algorithms, once again Disk-MRS has a performance
gain factor of about three.

Next, we analyze the performance of Disk-MRS algorithm by
varying the approximation parameter K. The number of links is set
to 512, B; varies from 4 to 10, and « = 3. Fig. 6 shows that, as K
increases, a better approximation is achieved, as expected.
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Fig. 5. Single Rate with « =3,K =4, ; =10,V¢; € L.

In order to evaluate the performance of Data-Rate Parallel PTAS,
we compared it both to ApproxDiversity and to Disk-MRS. We start
by analyzing the total data-rate of the schedule as a function of
the number of disks.> The number of links was set from 8 to
64, Imax = 6+/2, the Data-Rate Parallel PTAS parameter K = 4, and
o =3, unless otherwise noticed. Fig. 7 depicts the total data-rate
as a function of the number of disks scheduled by Data-Rate Par-
allel PTAS, Disk-MRS and ApproxDiversity using data-rates (set 7))
from Table 1 (IEEE 802.11b). Fig. 8 shows the same experiment
with data-rates from Table 2 (IEEE 802.11n). Since IEEE 802.11n has

3 Note that here we use the number of disks as the x-axis instead of the number
of links, since it determines the actual size of the problem’s input.
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Fig. 6. PTAS parameter K evaluation with 512 links, « =3, 4 < §8; < 10.
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Fig. 7. Data-Rate results with « = 3,K = 4,4 < ; < 10 (IEEE 802.11b).
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Fig. 8. Data-Rate results with « =3, K =4, 10 < §; < 32 (IEEE 802.11n).

greater variety of data-rates, the Data-Rate Parallel PTAS gain over
Disk-MRS and ApproxDiversity is greater than the gain obtained
when comparing with the IEEE 802.11b. But, [EEE 802.11n has more
data-rate choices, which is (significantly) more expensive to com-
pute than 802.11b data-rates. Fig. 9 illustrates the results in terms
of gain.

Next, we analyze the path-loss exponent « influence over the
performance of the algorithms. Fig. 10 depicts their performance
for o varying from 3 to 6. In all cases, Data-Rate Parallel PTAS al-
gorithm obtained higher total data rate.

Figs. 11 and 12 illustrate the distribution of different values
of data-rates for instances using 802.11b and 802.11n, respectively.
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Fig. 9. Data-Rate results with o = 3,K = 4,4 < 5; < 10 (IEEE 802.11b).
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B: < 10 (IEEE 802.11b).

First, we can see that Data-Rate Parallel PTAS selects a variety of
data-rates. We compare solutions with « =3 and o = 6. As « in-
creases, the energy dissipation coefficient also increases, decreas-
ing interference from other links and bringing the opportunity to
choose links with higher data-rates. This also allows to choose
links with small data-rate that are not affected by links with high
data-rate. In other words, the option of picking one big disk and
several small ones over two medium disks becomes possible when
the interference decays quicker (o values are higher).

We evaluate the scalability of the Parallel PTAS by running on
a computer with 16 processors. Fig. 13 shows the execution time
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Fig. 12. Histogram of rates in the solution with link=16, « =3,K=3,10< §; <
32(IEEE802.11n).
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Fig. 13. Normalized time for Parallel PTAS with various number of threads with
link = 32, o = 3,K = 3,4 < 5; < 10 (IEEE 802.11b).

per number of threads. The y-axis is the completion time normal-
ized by executing time of 1 thread. As we increase the number of
threads, the execution time decreases. There is no benefit running
with 32 threads since the computer has 16 processors and there is
the overhead of thread context switch.

Note that Figs. 1-4 and 7 fig0D008 fig0009-10, which analyze
the performance of the proposed algortihm with variable SINR pa-
rameters f3; and «, demonstrate the robustness (low sensitivity) of
this solution to changes in the SINR model parameters.

To sum up, the simulations indicated that the proposed ap-
proach is both practical, since we were able to implement and
solve various problem instances, and presents advantages in var-
ious scenarios, including different densities of links, number of
data-rates and path-loss exponent.

8. Conclusion

In this paper, we studied the problem of scheduling wireless
requests in the physical interference model with multiple and
variable data rates. We proposed a method of solving two ver-
sions of the problem by providing intermediate representations as
disk graphs. As opposed to the majority of previous results on
graph-based models, our approach allows the application of graph-
theoretic algorithmic tools, while guaranteeing feasible solutions
in the physical interference model, which is closer to reality than
graph models.
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Fig. 14. Balls of radius w are disjoint.

We showed that, in a Euclidean space, where the path loss ex-
ponent is strictly larger than two, the problem can be modeled as
a disk graph if the data rates and sender-receiver distances differ
by a contact factor between communication requests. We showed
how to build the corresponding disk graph instances. Moreover, we
implemented a polynomial-time approximation scheme algorithm.
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Appendix A. Proof of Lemma 4.2

Proof. Let S’ denote the set of senders in S. Note that, by assump-
tion, senders in S’ are separated by distance at least 2w (since
z(Ly)dyy + 2(bw)dww = 2Zmindmin = 2W)

We will use the result from [24], where it is proved that the
maximum number P of balls of radius r that can be “packed” into
a ball B(x, t - r) of radius t - 1, t > O centered at any point x (in a
2-dimensional doubling metric space) is bounded by

P(B(x, tr),r) <Ct?, where C=m+3/6. (19)

We will first prove the result for the “minimum-radius” link
fmin (11) and then extend it to an arbitrary link ¢; € S. Let g >
1 be a number and s.,;; € S’ be the sender of ¢,,. Let Sg = {sy €
S'|d(Smin, Sy) < gw} be the set of senders within distance less than
gw from sy, and let Ringg = Sg \ Sg_1. By construction, S, = ¢ (see
Fig. 14). The senders in Ringg are of distance at least (g— 1)w from
Smin» SO the affectance of each sender s, in Ringg on £, is at
most

o
asyeRingg (lmin) = Wgs/y#rmm)

min
_ 1(wg—1)*
- 1/dfrtlin
B 1
(Zmin(g_ ]))a '
Vl, € Ringg. Then, the overall affectance on ¢, can be bounded
by
as (zmin) = ZaRingg(emin)

g>3

< Y 1Se\ Sl - (zmin(}ﬁ)a

g>3

B (z:ﬁn)a g 'Sg|<(g—171)a B gl“> (21)

(20)

1\“ o
= <Zmin) ';Bg'(g—l)““' (22)

Equality (21) follows from the definition of Ringg, which is com-
prised by the senders in ball S; minus the senders in ball Sy_;, and
inequality (22) follows from

11 _g#-@E-1"_ ag! o«
e-1D* g g @g-D* ~g¥g-1* (g-Dot!

Using the packing bound (19) and the fact that all balls of
radius w are contained in the ball B(Sy,, (€+1)w), for g > 3
we have that |Sg| < P(B(Spin, (€4 1)w), w) < C(g+ 1)2, and there-
fore

|Se] _ C(g+1)? - 4C
(g—D = (g—Dot = (g- Dt

The overall affectance on ¢,,;, can therefore be bounded by

as ) = () e Y

min

g>2
1\“ 1
= (zmm) oAt o (23)
. 1
B ﬂ(t(zmin)).

Inequality (23) follows from the fact that 352, 1/xk < o1 /xkdx =
1/(k — 1), and the last equality follows by plugging in the value of
Zmin» defined in (10).

This proves our claim for the “minimum-radius” link, i.e., that
£min 1S part of a p-signal set, p(¢;) = B;, V¢; € S. Now let’s consider
an arbitrary link ¢; € S. Note that, by assumption, an area of radius
dii-z(¢;) = & - W = g; - dinZmin (see definition (6) of z(¢;)) around
any sender s; does not contain any other senders in §'. Therefore,
the interference on ¢; comes from rings Ringg, g > g;. Using the
same reasoning as for ¢,,;,, we can bound the affectance on ¢; by
senders y € Ringg as

Vg -1 d )
ay(¢;) = 1/d2 = 1/d% - (W(g— U)
d:\“ 1
as (¢;) < (") .o{.4C-ZT
w 228 (g

di \” a—-1 1 1
=< (W) o -4C - ﬁgﬂ SE
1

The last inequality follows by plugging in the values of w, defined
in (8) and g;, defined in (7). Since all links ¢; € S are affected by at
most 1/8;, set S forms a p-signal set, p(¢;) = B;, V¢; €S, ie., a set
that can be scheduled concurrently without collisions in the SINR
model, which completes the proof. O

Appendix B. MWIS-PTAS algorithm

The MWIS-PTAS algorithm works as follows. First it partitions
the plane into quadrants. Then it applies the so-called shifting
strategy to compute an approximated solution. The finite area of
the quadrants provides an upper bound for the computation cost
of the MWIS. Since the PTAS technique is quite expensive in terms
of processing power, we propose a parallel implementation. Now,
we describe each of these steps in more details.

Initially the various disks are partitioned into levels according
to their diameters as following. Let k > 1 be a fixed positive in-
teger. First, we scale all disks in such a way that the largest disk
will have diameter equal to 1. Then, let d,,;, be the smallest diam-
eter among all scaled disks. The disks D', are partitioned into [ + 1
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Fig. 15. Shift strategy from line 0.
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Fig. 16. Shift strategy from line 1.
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Fig. 17. Meanings of colors.

levels, where [ is the floor of logy, 1 (1/dy;,). Level j, 0 <j <[, con-
sists of disks D; satisfying (k+ 1)~/ <R(D;) < (k+1)~U+D where
R(D;) is radius of disk D;.

Next, we subdivide the plane into a grid, comprised of vertical
and horizontal lines that are (k + 1)~/ apart from each other. Then,
we apply the shifting strategy to compute the approximation solu-
tion into each square region of the grid.

The shifting strategy works as follows. We illustrate it with an
instance of the MWIS problem (Fig. 15). The first step of the shift-
ing strategy divides the plane into stripes (actually, it divides into
a grid but for simplicity we explain the strategy in one dimension).
Then, the shifting strategy combines the stripes into sub-areas of k
continuous stripes (call it k-stripes). Let k = 3 for our example. The
size of the stripes was previously explained in Section 8. The Shift-
ing Strategy consists of shifting the combined k continuous stripes,
trying all possible k-stripes partitions. In this way, the strategy
tries many divisions of the space. Fig. 15 illustrates the case when
we combine three stripes and the offset is 0. Fig. 16 shows the di-
vision when the offset is 1. Finally, Fig. 18 depicts the regions when
the offset is 2.

When dividing the area into stripes, disks that touch the line
are disregarded for computation since these disks could conflict
with other disks in the other area. Fig. 17 shows the disk legend.
The disregarded disk are indicated by light gray and dotted lines.

The second step consists of computing the optimal solution for
each k-stripes. Computing the optimal solution might be computa-
tionally expensive, but the key idea here is that the quadrant-to-
disk-area ratio is bounded, so the number of possible independent

[SHIFT,| =7

Fig. 18. Shift strategy from line 2.

® %9
® o h

Optimal Solution = 8

Fig. 19. Optimal solution.

sets per quadrant is also bounded (we give more details later on).
The dark blue (dark grey) disks indicate the disks that are part of
the solution. The white disks are the disks that are not part of the
MWIS solution.

The third step is to compute the final solution for each off-
set, which is the union of the k-stripes solutions. Figs. 15, 16 and
18 have the following solutions, respectively: 5, 4 and 7 (assuming
all disks have weight 1).

The final solution for the shifting strategy is the one with the
highest total weight, in our example, it is Fig. 18. Observe that the
optimal solution is 8 (Fig. 19) but the shifting strategy solution is
7, since it is an approximation algorithm.
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