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Abstract

An iterative procedure to solve the inverse problem of detecting multiple voids in piezoelectric structure is proposed. In
each iteration the forward problem is solved for various void configurations, and at each iteration, the mechanical and
electrical responses of a piezoelectric structure is minimized at known specific points along the boundary to match the mea-
sured data. The Extended Finite Element method (XFEM) is employed for determining the responses as it allows the use of
a fixed mesh for varying void geometries. The numerical method based on combination of classical shape derivative and of
the level-set method for front propagation used in structural optimization is utilized to minimize the cost function. The
results obtained show that this method is effectively able to determine the number of voids in a piezoelectric structure
and its corresponding locations and shapes.
� 2014 Elsevier B.V. All rights reserved.
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1. Introduction

Piezoelectric materials deform when subjected to an electric field and produce an electric field when stressed.
This intrinsic coupling behavior of piezoelectric materials has attracted wide applications in electro-mechanical
and electronic devices such as electro-mechanical actuators, sensors and transducers. In general, some defects
like voids or cracks may be produced in piezoelectric materials during the manufacturing process. When they
are subjected to mechanical and electrical loads, stress concentrations due to these defects may lead to critical
crack growth and subsequent mechanical failure or dielectric breakdown. Many researchers have studied the
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behavior of these materials in the presence of defects; fundamentals of piezoelectric fracture mechanics can be
found in [1–4]. A short overview and a critical discussion about the present state in the field of piezoelectric
fracture mechanics is given in [5]. Application of piezoelectric fracture mechanics to realistic crack configura-
tions and loading situations requires an effective numerical method like the Finite Element Method (FEM),
meshfree methods, phantom node or numerical manifold method [6] or DDA [7]. A review on the state of
art of applying FEM to analyse cracks in 2D and 3D piezoelectric structures is given in [8].

In Rus et al. [9] a series of studies on damage detection in piezoelectric materials is presented, in which the
inverse problem is solved iteratively using the FEM and Boundary Element Method (BEM). In this work, the
cost functional is minimized using a Genetic Algorithm (GA). An enhanced iterative scheme for the precise
reconstruction of piezoelectric material parameters from electric impedance and mechanical displacement
measurement is presented in [10]. In works related to crack or void identification a remeshing of the finite ele-
ment domain is required in each iteration of the optimization scheme to solve the inverse problem. Mesh free
methods [11–16] do not require remeshing and they have been used to solve inverse problems [17] iteratively.
On the other hand, the Extended Finite Element method (XFEM) has been utilized to solve the forward prob-
lem in each iteration in [18,19]. In XFEM [20,21], the displacement field is enriched near the crack face by
incorporating both discontinuous fields and near tip asymptotic fields through a partition of unity method.
XFEM exploits the partition of unity property of Finite Elements identified by Melenk and Babuska [22],
which allows local enrichment functions to be easily incorporated into a Finite Element approximation. In
XFEM, implicit level set functions are used to model cracks [23], holes and material interfaces (inclusions)
[24]. Some improvements in XFEM are proposed in [25] so as to obtain improved performances. Application
of XFEM to the analysis of fracture in piezoelectric materials is presented in Bechet et al. [26], where new
crack tip enrichment functions suitable for cracks in piezoelectric structures are proposed. An Extended Finite
Element formulation for dynamic fracture of piezoelectric materials is developed in [27]. The inverse problem
of detecting cracks and voids in 2D piezoelectric structures using XFEM is presented in [28]. The optimization
schemes utilized commonly in solving the inverse problem of damage detection are Genetic Algorithm [18] and
global search methods [28]. The number of iterations in these methods increases in proportion to the number
of parameters used to define the flaws. Because of this limitation, most previous studies were restricted to
detecting only one single void or crack of simple geometry. For example, in [28], the void is explicitly defined
using five parameters. These parameters are determined such that the objective function is minimized using
Multilevel Coordinate Search [29] as the optimization algorithm. The algorithm proposed can determine
the location and equivalent elliptical shape of only one single void in a piezoelectric structure.

A new numerical method based on the combination of the classical shape derivative and of the level-set
method for front propagation in the context of structural optimization is proposed in [30]. XFEM based level
set schemes for structural optimization are presented in [31].

The aim of this paper is to propose a strategy to detect multiple voids in 2D piezoelectric structures by com-
bining shape derivative and level sets as employed in structural optimization problems. XFEM, in addition to
independence of background mesh to flaw configuration, utilizes implicit level set functions for defining flaws.
Thereby, it becomes a natural choice for solving the forward problem in each iteration for different flaw
configurations.

The outline of the paper is as follows. Sections 2 and 3 are about piezoelectric governing equations and the
piezoelectric Extended Finite Elements formulation respectively. Section 4 comprises details on combining
shape derivative and level set method to minimize the objective function and thereby detecting the location
of voids. Section 5 shows numerical examples to prove the ability of this method in solving the intended
inverse problem iteratively.
2. Basic piezoelectric relations

The constitutive equations of a linear piezoelectric material are,
rij ¼ CE
ijklekl � ekijEk; ð1Þ

Di ¼ eiklekl þ je
ikEk: ð2Þ
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In (1) and (2), CE
ijkl; ekij and je

ik denote the elastic stiffness at constant electric field E, the piezoelectric constant
and dielectric permittivity at constant strain e, respectively. These tensors are experimentally determined for
various piezoelectric materials or by model fitting strategies. The mechanical strain tensor is determined by the
gradient of the mechanical displacement and the electric field is found by differentiation of the electric poten-
tial as follows
eij ¼
1

2
ui;j

� �
þ uj;i

� �� �
; ð3Þ

Ei ¼ �/e
;i: ð4Þ
The basic laws governing the behavior of piezoelectric materials in domain X with boundary C ð¼ Ce [ CnÞ
are the balance equations of mechanical momentum and electric charges
rij;j þ fi ¼ 0 in X; ð5Þ

Di;i � q ¼ 0 in X: ð6Þ
In the above equations, fi and q are mechanical body force components and electric body charge, respectively;
rij and Di are the Cauchy stress tensor and the electric displacement vector components respectively. The
essential and natural boundary conditions, to which the piezoelectric material is subjected to are Essential
boundary conditions
u ¼ �u ðorÞ ; /e ¼ �/e on Ce: ð7Þ
Natural boundary conditions
rijnj ¼ F i ðorÞ Dini ¼ �Q on Cn; ð8Þ
where �u; �/; F i; Q and ni are mechanical displacement, electric potential, surface force components, surface
charge and outward unit normal vector components respectively. The void boundary V is assumed traction
free while limited permeability boundary condition is assumed in crack faces Cþ and C�, i.e., the crack faces
are subjected to electrical traction, the magnitude of which depends on the crack opening displacement (see
Fig. 1).
3. Extended Finite Element formulation

The XFEM displacement, uh and electric potential, /eh
fields for a piezoelectric material are given as,
Fig. 1. Piezoelectric domain with a crack.
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where nc denotes the number of cracks/voids, mt is the number of crack tips, and l is the number of additional
degrees of freedom of crack tip enriched nodes; J is the set of all nodes whose support is cut by crack face or
void boundary while set K contains all the nodes that lie within a fixed area around the crack tips [32], aj; bk

are the additional degrees of freedom to be found along with nodal displacements while aj; bk are the addi-
tional degrees of freedom to be found along with nodal electric potentials.

The cracks and voids are implicitly represented by level set functions in XFEM [23,24]. The level set func-
tion for modeling void boundary is a signed distance function, with negative and positive values on either side
of the boundary. In order to represent cracks two level set functions i.e. normal, w and tangential, / level set
functions, are required. The crack tips are therefore given by the intersection of these level set functions. The
crack face is represented by the zero normal level set function having negative / values.

In case of voids, the value of wðNÞ in Eqs. (9) and (10) are 0 and 1 inside and outside the voids, respectively.
The nodes that lie exactly on the void boundary are considered as FEM nodes and are not enriched [24]. The
terms corresponding to the second enrichment function will not be required in Eqs. (9) and (10). In case of
cracks, the shifted step function is used to represent the jump in the displacement and electric potential fields
for those nodes that lie in set J. Bechet et al. [26] proposed special enrichment functions to represent the field
behavior in the vicinity of the crack tip in piezoelectric materials. He also concluded that the results obtained
using the enrichment functions used in isotropic elasticity are as good as that obtained by using specific six
fold enrichment functions for electro mechanical fracture modeling.

Substituting the Extended Finite Elements approximation (9) and (10) into the weak form finally yields the
discrete form of the equilibrium equations,
KUU
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In the above equations C; e and j correspond to stiffness, piezoelectric coupling and dielectric permittivity
tensors respectively. Numerical integration to determine these stiffness coefficients is performed over sub tri-
angles on either side of the crack face or void boundary. Polar integration approach proposed in [25] is fol-
lowed for determining stiffness coefficients corresponding to crack tip elements.

4. Inverse problem

The size and location of voids are to be determined, described implicitly by the parameter, P by using mea-
surements on the boundary of the piezoelectric structure which is subjected to mechanical loads.

The displacement and electric potential are the measurements made along the boundary. The forward oper-
ator which maps the parameters defining the flaw to measurements on the boundary of the structure is,
F : X ! Y ; ð13Þ
p # ðu; v;/eÞjC: ð14Þ
In (13), X denotes the parameter space, i.e. the space of all possible void forms and Y, the space of measure-

ments (displacements and electric potential). wEXP contains measurements with noise, the inverse problem cor-
responds to solving for p in
F ðpÞ ¼ wEXP ; ð15Þ
which is approximated by minimizing the least-squares cost functional,
JðpÞ ¼
XNmeas

i¼1

wEXP
i � wXFEM

i ðpÞ
�� ��2 !1

2

: ð16Þ
In this work the inverse problem of damage detection is solved iteratively. It is obvious that iterative methods
are expensive and time consuming because the direct problem has to be solved at each step. XFEM offers the
advantage of maintaining a fixed mesh in each iteration while in classical FEM the domain has to be remeshed
after each iteration. Therefore in XFEM only the stiffness coefficients corresponding to enriched DOFS vary
in each iteration whereas the classical FEM portions of global stiffness matrix, which comprises the bulk of
matrix, do not change. Meshing, building nodal connectivity and constructing the entire global stiffness matrix
are all surpassed by using XFEM to solve the direct problem in each iteration.

4.1. Shape derivative and level set method

The shape, size and location of voids can be implicitly represented using level sets as shown in Fig. 2. In the
process, the location of voids will be identified by change in level set function values, with respect to fictitious
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Fig. 2. (a) Contour plot of level set function and (b) the corresponding irregular void boundary.
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time, t. The evolution of void shapes, which corresponds to the change in these implicit function, /ðxðtÞÞ ¼ 0
with respect to time, is governed by the Hamilton–Jacobi equation [33],
@/ðx; tÞ
@t

þ V r/j j ¼ 0: ð17Þ
Moving the level-set isolines along the descent gradient direction is equivalent to transporting / by solving the
Hamilton–Jacobi equation. This Hamilton–Jacobi equation is posed not only on the void boundaries but on
the entire domain, as the velocity, V is known everywhere. The velocity, V is related to the sensitivity of the
objective function to a variation in the level set function values. The change in the objective function due to
perturbation of flaw boundaries is given by the shape derivative. The shape derivative is obtained by solving
an adjoint problem. In the adjoint case the governing PDEs (5) and (6) are solved with Neumann boundary
condition as,
rijnj ¼ ui � umeas
i ðandÞ Dini ¼ /e

i � /emeas

i on Cn ð18Þ

and Dirichlet boundary conditions as shown in Eq. (7). The velocity at iteration n in location of node i; V n

i is
given by the shape derivative as shown below,
�V n
i ¼ ðgradwJÞ

i
¼ rp

ije
u
ij � Dp

i Eu
i : ð19Þ
The subscripts u and p corresponds to actual and adjoint state respectively. The Hamilton–Jacobi equation is
posed not only on the void boundary but in the entire domain, as the velocity, V can be computed everywhere.
Hamilton–Jacobi equations do not usually admit smooth solutions. Existence and uniqueness are obtained in
the framework of viscosity solutions which helps in convenient definition of a generalized shape motion. The
discrete solution of HJ equation is obtained by an explicit first order upwind scheme [30].
/nþ1
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The level set function is periodically regularized by solving,
@/
@t
þ sign /0ð Þð r/j j � 1Þ ¼ 0: ð21Þ
The solution to this equation is a signed distance function to an initial isoline, /0. Extended finite element
analysis performed in each iteration requires a signed distance value from crack or inclusion boundary in or-
der to determine enrichment function values and so the regularization step is performed in each iteration.

The steps involved in this void detection algorithm are as follows,

� Initialization of level set function /0 is done. In order to avoid local optima the voids are uniformly distrib-
uted all over the domain.
� Computation of actual state uk and adjoint state pk is performed. These are determined by solving Eqs. (5)

and (6) posed in domain Xk with essential boundary condition shown in Eq. (7) and two different natural
boundary conditions shown in Eqs. (8) and (19) for actual and adjoint states respectively. Using Eq. (19),
the velocity to move the void boundary (i.e.) the shape derivative is determined.
� The new void configuration is given by the level-set function /kþ1 by solving the transport Hamilton–Jacobi

equation (17) after a fictitious time step Dtk starting from the initial shape /k with velocity vk computed in
terms of uk and pk.
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� The level set values are regularized by solving Eq. (21) as /kþ1 is no more a signed distance function.
� The algorithm is stopped when there is no significant reduction in objective function, (i.e.) when the gra-

dient of objective function is less than a fixed tolerance value, which can also be seen from no significant
change in void configuration with iterations.

5. Numerical examples

The effectiveness of the combination of the XFEM and the proposed level set based optimization algorithm
is tested by several flaw detection problems. In the examples, a plate (10 � 10 units) made of PZT-5H with
material properties shown in Table 1 is considered. Plane strain assumption is used. The material properties
are such that the piezoelectric plate is poled in y direction as shown in Fig. 3. The elastic constants, the dielec-
tric permittivity constants and the piezoelectric constants are of different orders, so the stiffness matrix might
be ill-conditioned and lead to unstable results. Hence in order to improve the condition number of the stiffness
matrix we make use of the dimension changing method described in [34,35].

As shown in Fig. 3, the piezoelectric plate is subjected to a mechanical line load (T yy) at edge 3 while edge 1
is fixed; the electric potential is set to zero. The horizontal displacement, u, the vertical displacement, v and the
electric potential / are measured along the edge 2 of the plate at 25 uniformly spaced sensor locations. In Rus
et al.[9], a similar setup is employed to detect voids in a piezoelectric plate and it was shown that the excitation
of the piezoelectric specimen by a static mechanical traction transverse to the polarization direction provides
better identifiability than applying a static electrical load. The response data from four sets of experiments are
utilised in each iteration. When edge 1 is fixed, T yy is applied at edge 3. When edge 2 is fixed, T yy is applied at
edge 4 and so on. More than one setup is required to serve two purposes. First, to overcome the problem of
Table 1
Properties of piezoelectric material.

Elastic constants Piezoelectric constants Dielectric constants

C11 = 126 GPa e21 = �6.5 C/m2 j11 = 15.04 C/(GVm)
C12 = 84.1 GPa e22 = 23.3 C/m2 j22 = 13 C/(GVm)
C22 = 117 GPa e16 = 17 C/m2

C66 = 23 GPa

Fig. 3. Boundary conditions and loads on the modeled piezoelectric plate.
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converging to local minima and second, when there are two voids exactly one above other, one void might
hide the other making it difficult for a single experimental setup to detect their exact locations. Inverse prob-
lems are generally ill-posed. Performing several experiments constrains the search space, thereby reducing the
ill-posedness and making this problem well-posed.

Measurements

As there are no experimental measurements available for this study, they are simulated numerically by
XFEM. Two different mesh sizes are adopted for creating the data and for solving the forward problem so
as to avoid “inverse-crimes”. In order to generate the target data, a finer mesh compared to the one used
for solving the inverse problem is used. Besides, a random noise of about �1% is added to the generated syn-
thetic data wEXP ¼ wXFEM ð1þ 0:01bÞ, where b is a random number between �1 and +1.

5.1. Single void

In this example, the location of a single square void is detected using the proposed methodology. The initial
assumption is such that the voids are uniformly distributed all over the domain. As it is evident from Fig. 4
with each iteration the trial voids which are distant from the actual void location vanish. The trial voids closer
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iterations, bottom row: final void configuration and true void.
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to the actual void gradually merge together and approach the square shape. This example shows the flexibility
of the level set representation of voids which enables their detection of any shape. The explicit representation
of void shapes may lead an increased number of parameters corresponding to the least objective function
value. Evolutionary or search algorithm may require a higher number of iterations as the number of iterations
depend on the number of parameters to be determined. In [28], maximum of 5 parameters defining void shape
have been determined with the number of iterations given by 50n2; n is the number of parameters, using MCS
[29] for optimization. MCS is a zero order method which does not require gradient information. In the current
proposed method, the number of iterations is considerably reduced because the gradient information is indi-
rectly obtained from the solution of the adjoint problem. In each iteration, the governing equation is solved
twice, once to determine the actual response and then to compute the adjoint variables. The Hamilton–Jacobi
equation is solved explicitly, hence the time step is restricted such that it satisfies the CFL condition. Fig. 5
shows the convergence in the spaces Y and X.
5.2. Multiple voids

In this example, the location and the number of several voids present in a piezoelectric structure is detected
using the proposed methodology. Similar to the previous example the initial assumption is such that the voids
are uniformly distributed all over the domain. As shown in Fig. 6, the trial voids far from the actual voids
gradually reduce in size and finally vanish. The trial voids lying within or along the boundary of the actual
voids merge and change shape until they match the shape of actual voids. This example shows that the number
of iterations is almost independent of the number of voids to be determined. The level set function is updated
in each iteration by solving the HJ equation explicitly. The number of explicit time steps required to solve the
HJ equation varies. For each XFEM analysis, 10 explicit time steps of the HJ transport equation is performed.
Depending on the reduction in the objective function values, this number is gradually reduced such that the
objective function values decreases with increasing number of iterations. Solving this inverse problem of multi-
ple voids using search algorithm requires explicitly parametrizing the multiple void locations and their shapes.
The number of parameters cannot be known a priori as the number of voids in the piezoelectric plate is
unknown. This proposed method is able to determine, how many number of voids are present in the structure
and where they are located. The algorithm predicts three voids in the structure and their corresponding loca-
tions. Fig. 7 shows the convergence of the algorithm.
5.3. Cracks

In this example, the approximate location of cracks is detected using voids uniformly distributed over the
domain as initial assumption. The algorithm is expected to determine the equivalent elliptical void location in
the structure whose boundary measurements match with that of the cracked piezoelectric structure. The target
data is generated by solving the piezoelectric structure with cracks by XFEM and the resulting boundary dis-
placement and electrical potential values are added with noise. As stated earlier, semi-permeable boundary
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Fig. 6. Top row: initial void configuration, void configuration after 20 iterations, second row: void configuration after 30 and 50
iterations, bottom row: void configuration after 100 and 150 iterations, final void configuration and true voids.
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condition is assumed in the crack face. The iterative capacitor analogy (ICA) proposed by Kuna [8,36] and
Hao and Shen [36] is adopted. The electrical displacement along the crack faces depend on electrical potential
difference between the crack faces and local crack opening displacement. The surface charges are updated iter-
atively using Newton algorithm until convergence is achieved. The mechanical displacement and electrical
potential values obtained at specific locations along the boundary by analysing piezoelectric structure with
semi-permeable cracks is given as target data for the inverse problem.
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Fig. 7. (a) Convergence of the objective function J over the number of iterations and (b) convergence of l2 error norm in parameter space
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Fig. 8. Top row: initial void configuration, void configuration after 20 iterations, second row: void configuration after 50 and 100
iterations, bottom row: final void configuration and true cracks.
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The inverse problem is to determine the location of equivalent elliptical voids which better represent the
actual cracks in the structure. Similar to previous examples, the optimization is initiated with voids distributed
uniformly all over the domain. The results obtained with increase in iteration is shown in Fig. 8. The piezo-
electric domain has two cracks and location of the cracks is detected by the algorithm. The algorithm gives
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voids of almost elliptical shape as output in the crack locations. Fig. 9 shows the convergence of the algorithm
with iterations. In this example, approximate crack locations are determined using level set representation of
voids, which proves that the proposed reconstruction method satisfies the requirement of not committing an
inverse crime.
20 40 60 80 100 120
0

0.2

0.4

0.6

0.8

1

No. of iterations

J

100 200 300 400
0

50

100

150

No. of iterations

||P
−P

f ||

Fig. 9. (a) Convergence of the objective function J over the number of iterations and (b) convergence of l2 error norm in parameter space
over the number of iterations. The approximated level set values are denoted with P and with P f the level set values corresponding to true
void configuration.
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5.4. Voids and cracks

In this example, a more general damaged domain is studied. The structure contains both cracks and voids
which is common in an actual piezoelectric domain. The algorithm should be able to locate the defects. Ini-
tially voids are assumed to be located all over the domain. As the iteration progresses, the voids that are
located near a crack or void remains while other voids disappear. The remaining voids, gradually change
shape into an almost elliptical void at the crack location. They also tend to the actual void profile at the void
location. Fig. 10 shows that the algorithm is able to detect the location of all three defects. Fig. 11 shows the
convergence of the algorithm with iterations.

5.4.1. Influence of noise and number of sensors

In the above examples the noise is restricted to ±1. The influence of increased proportion of noise is shown in
Fig. 12. It is evident from the figure that with increase in noise there is reduction in accuracy of the algorithm.
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Fig. 11. (a) Convergence of the objective function J over the number of iterations and (b) convergence of l2 error norm in parameter space
over the number of iterations. The approximated level set values are denoted with P and with P f the level set values corresponding to true
void configuration.
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On the other hand, the accuracy of the algorithm also depends on number of sensors along the measure-
ment boundary. In order to study the influence of number of sensors on performance of the algorithm, an
example problem of detecting a circular void of radius 0.75 cm located at the center of a square piezoelectric
plate (10 cm � 10 cm) is solved several times, with different number of sensors each time. The error in param-
eter space with increasing number of sensors along the measurement boundary is shown in Fig. 13. The curve
becomes almost asymptotic as the number of sensors exceeds seven. As mentioned earlier, the number of sen-
sors used in all the numerical examples is 25 and these many sensors were sufficient to detect flaws located
anywhere in the domain.

6. Conclusion

In this paper a methodology to detect multiple crack and void locations in a piezoelectric specimen is pro-
posed. In each iteration, XFEM is used to solve the direct problem. The mesh remains unchanged in all iter-
ations thereby considerably reducing computational time. The shape derivative and level sets are used to
minimize the objective function. An adjoint problem is solved in each iteration to determine the shape deriv-
ative. Multiple setups are used to overcome the problem of local optima. The void configuration does not
require external parameterization as it is implicitly represented by level sets. The numerical examples demon-
strate the efficiency of the method in detecting any number of cracks and voids in specimen. The method pro-
posed is more robust compared to iterative methods previously proposed in literature in which Genetic or
search algorithms are used for the optimization. The method requires uniformly distributed voids all over
the domain as initial configuration and so the method is not completely independent of initialization. In
the future, the methodology will be extended to 3D and the response of piezoelectric specimen under dynamic
loads may be utilized to construct the objective function.
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