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Abstract

We consider the popular pressure correction scheme for the solution of the time dependent Navier—Stokes equations with
traction boundary condition. A finite element based method to improve the performance of the classical approach is proposed. The
improvement is achieved by modifying the traction boundary condition for the provisional velocity #"*1 in each time step. The
corresponding term consists of a simple boundary functional involving the normal derivative of the pressure correction that can be
evaluated in a natural and easy way in the context of finite elements.

Computational results show a significant improvement of the solution, in particular for the pressure in the case of smooth
domains.
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0. Introduction

Because of their conceptual simplicity and low computational cost projection schemes are very popular methods to
solve the unsteady incompressible Navier—Stokes equation. The history of these schemes dates back to the pioneering
work of Chorin and Temam [1-3]. However, the price one usually has to pay for the simplicity of these schemes is a
strong splitting error becoming manifest in an order reduction of the error. This is caused by the decoupling of velocity
and pressure (that is at the core of the methods) resulting for instance in a non-physical behavior of the pressure close
to the boundary [4]. Consequently much effort has been spent in removing or at least reducing this effect.

It is out of scope of this presentation to cite even the most relevant papers from the abundant literature on splitting
or projection methods. Instead, we refer to the excellent overview paper [5] and the papers cited there for further
reference.
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In this paper we are concerned with the time dependent Navier—Stokes equations, where a traction boundary
condition

o(u,pm=g onl

is imposed on a part I" of the boundary of the domain (2. Here, o (u, p) = % D(u) — pI denotes the stress tensor with
the rate of strain tensor D(u) = (Vu + Vu’). Re is the Reynolds number and n the outward unit normal on I". The
above type of boundary condition is important in itself for instance in certain technical applications and furthermore
(maybe even more important) it constitutes the core problem in solving free boundary problems.

Note that replacing D(u) by Vu in the boundary condition results in a popular open boundary (or do-nothing)
condition, see for instance [6—8]. This slightly simpler problem is also covered by our approach below.

Unlike for a fully coupled discretization, i.e. solving a saddle point problem in every time step, splitting schemes
applied to flow problems with traction boundary conditions introduce much bigger errors than for Dirichlet boundary
conditions. The reason behind may be seen in the fact that this type of boundary condition additionally couples
velocity and pressure. Furthermore, despite its relevance, the question of splitting schemes for problems with traction
boundary conditions is much less addressed than for Dirichlet conditions.

In this paper we introduce an improvement to the classical pressure correction schemes with traction boundary
condition. Our approach is based on the following simple idea. Naturally, one usually imposes the following boundary
condition for the provisional velocity i at time instant #,,41:

ﬁn+1

o( ,pPm=g"t" onT.

This choice, however, leads to an inconsistent boundary condition for the solution (u”“ , p”“ ). Therefore we modify
the above boundary condition by adding a still to be determined function /*! that hopefully leads to a more consistent
boundary condition:

n+1 n+1 +ln+1

onl'.

o@"", p'm=g

By some differential geometry calculus it is possible to determine ! such that one even ends up with the correct
boundary condition for (u"*!, p"*1). However, this would require again a fully coupled approach, since the correct
["*1 requires the new value of the pressure correction ¢! that is not known at this stage of the scheme, see
Section 3.2 below. Instead, an appropriate extrapolation for /! can be used.

Let us mention some related work in the context of finite elements. The only rigorous error analysis for a pressure
correction scheme with open boundary condition we are aware of is [9], see also Section 3.2. In [10] the Navier—Stokes
equations in 2d with open boundary condition on a straight part of the boundary are considered. The approach is based
on a Neumann-to-Dirichlet operator for the pressure in the context of the so called unconstrained Navier—Stokes
equation approach introduced in [11,12]. Poux et al. [13] use an extrapolation for the boundary condition for the
pressure correction @, again for the case of a straight part of the boundary of a 2d domain. This approach is somehow
similar to ours, but differs even in the case of planar boundaries. Moreover, it is not obvious how to generalize the
idea in [13] to curved boundaries.

The rest of this article is organized as follows. In Section 1 we state the problem and introduce some notation.
Section 2 gives some results on differential operators on manifolds that are needed to develop our method. In Section 3
the new scheme is introduced. Computational results showing the improvement by the traction correction are discussed
in Section 4. The paper is concluded by some final remarks in Section 5.

1. Notation and preliminaries

Let 2 C R?, d € {2, 3} be an open, connected and bounded domain with a sufficiently smooth traction boundary
I'. The approach and results of this paper hold, if I" is a sub-manifold of 3{2 without boundary and 92 \ I" is a
Dirichlet boundary. For ease of presentation, however, in what follows, it is assumed that I" = (2. Consider the
incompressible Navier—Stokes equation on a time interval ]0, T'[: find the velocity u and the pressure p fulfilling

ou+u-Vu—V-o,p)=f in2x]0,T[,
divu =0 in £2x]0, T,
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u(t =0) =ug in {2,
o(u,p)n=g onll'x]0,TI.

Note that assuming a smooth boundary is rather natural in the case of free boundary problems, where surface tension
usually tends to smoothen the interface. In the following we skip the nonlinear term, as our focus is the error introduced
by time discretization and splitting. Thus, the time-dependent Stokes equations are considered: find # and p fulfilling

ou—V-o(u,p)=f in2x]0,TJ, (1.1a)
divu =0 in 2x]0, T, (1.1b)
u(t =0) =ug in {2, (1.1c)
o(u,pn=g onlIx]0,TJ. (1.1d)

In what follows Sobolev spaces H™(£2) = H™?(£2) (m = 0, 1, ...) will be used whose norms are denoted by
Il - l;n. Moreover, HO1 (£2) denotes the subspace of all functions in H L(2) with vanishing traces on I'. At some places
we also make use of fractional order Sobolev spaces H*({2), s € R, see for instance [14,15]. For a set G the norm
and inner product of L*(G) = H(G) are denoted by || - |l and (-, -)G, respectively. If G = {2, the subscript will be
omitted.

Finally, we write a < b for two functions or quantities a, b, whenever there is a generic constant C, such that
a <Chbh.

2. Some differential geometry

In the sequel a bit of differential geometry is needed. The results used here are all classical and may be found in
any textbook on differential geometry. We adopt the notation of the nice presentation in [16].

Let n denote the outer normal to I". Note that n can be extended to a small neighborhood of I', constant in normal
direction. We define the tangential projection P := I — n ® n. With the help of P the tangential gradient of a smooth
function ¢ given in a neighborhood of I" is defined by Vy¢ = PV¢ and for a vector field F, ViF = (VF)P,
i.e.(VrF);; = (0cF;) Py;. The tangential divergence V - F is given by V- F := tr(VF) and the Laplace-Beltrami
operator by Ap := Vp - Vp.

The second fundamental form H is defined as H := Vn = Vn. The tensor H is symmetric and tr(H) = Vp-n =
k with k the sum of the principle curvatures.

Alternatively, one can equivalently define all these quantities in an intrinsic way.

The following lemma relates the Cartesian Laplacian and the Laplace—Beltrami operator.

Lemma 2.1. Let ¢ be a smooth function, defined in a neighborhood of I'. Then the following representation holds
onl':

A¢p = Aré + o + ondx,
where 0y = n -V denotes the first and onp the second derivative in normal direction, respectively.
Proof.
AP =tr(VVe) = tr(V(Vre¢)) + tr(V(dngn))
=tr(V(Vr¢)P) +tr(V(Vréo)n @ n) +1r(V(dngm)) = (%).
=(I)

Writing the term (/) in coordinates and using the convention that repeated indices are summed up from 1 to d one
gets

(1) = 0 (Vr@)ingn; = 0 (P;;0;9)ngn; = 0y (Pi0ip)n; = Pij(OyP)n; = (n; Pyp) 0y = 0,
——
=0
where we have used the fact that d,n = 0 and thus d,(Pv) = Py for a function 1. Then
(¥) =V -Vpé +1tr(V(nd) @n) + 17 (0npVn) = Apr¢ + dnd + onpx. 0
—_———
=0poV-n
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Lemma 2.2 (Integration by Parts). Let I' be smooth and closed. For any smooth vector field ¥ on I' the following
identity holds:

/Vp-F:/ kF - n.
r r

Proof. See [16]. O

Also the following formula will be needed.

Lemma 2.3. Let ¢ be a smooth function, defined in a neighborhood of I'. On I’ the following relation holds:
Vo =Vrong — HVr¢ + e n.

Proof.
Ve =PV +nQ®@nnVd = PdnVe + dnnén,
because dpn = 0. Writing d, V¢ in coordinates one gets
On0;i¢ = N;0x0;¢p = Ny d; 0 = 0; (N P) — (9;Ny)pp.
In other words:
onVop = Voped — HV¢
from which it immediately follows
P,V = PVinp — PHV .
Observing that H = PH = H P the result is proved. [

3. Pressure correction scheme for traction boundary condition

In this section we first describe the pressure correction scheme in its rotational form. The usual and natural way
to impose a traction boundary condition turns out to give only poor results, in particular for the pressure. Instead, we
modify the scheme by adding a fraction correction to the boundary condition that leads to an improvement for the
solution (u, p). A variational formulation is given that is the basis for the subsequent discretization in space by finite
elements. Since integration by parts is used at several places, recall that I" = 942 and is thus closed.

3.1. Classical pressure correction scheme

An implicit, fully coupled discretization in time of system (1.1). can be formulated as follows: given the values

u= ', u® ... u" forn > 0 compute u”" !, p"*! fulfilling
n+1 n n—1
ou +ﬂAut +yu' V.o@™!, prty = 1 i, (3.1a)
V-u"t'=0 in0, (3.1b)
o, p"hn=g¢g"t" onr (3.1¢)

with "1 .= f(ty41,) = f((n + 1)At, ) and gt = g(ty+1, -). Here, we have used a 2-step method given by
a, B, y for time discretization and a fixed time step size Az for convenience. Choosing @ = 1,8 = —1,y = 0 one
gets the implicit Euler scheme, while the choice « = 3/2, 8 = —2, ¥ = 1/2 yields the backward difference formula
BDF?2 that is of second order and is strongly A-stable. However, any other reasonable choice for a time discretization
scheme and/or variable time steps would be equally suited.
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In contrast to the coupled scheme the natural pressure correction scheme in rotation form takes the form (see [5]):
forn > 0,letu', u®, ..., u" and p°, ..., p" be already computed. Then determine " t!, u"*!, p"*+! by

Ouzn+l+,3un+yun—1

n —V.o@*, phy = in 0, (3.2a)
o@ !, pn=g¢g""' onr, (3.2b)
un+1 _ ﬁn+l
o——— 4Vt =0 in0, (3.2¢)
At

V-u"t'=0 in, (3.2d)

¢+'=0 onr, (3.2e)
2

Pl = pt 4 ot - =V "t in Q. (3.2f)
€

The last term %V -i#"*1 on the right hand side in the definition of p"*! (3.2f) yields the so-called rotational form
of the pressure correction scheme introduced in [17] and analyzed for instance in [18].
Steps (3.2¢)—(3.2e) are equivalent to and realized by:

AP = Aitv S in 0, (3.32)
"t =0 onT, (3.3b)
n+1 ~n+1 At n+1 :
u =u ——Vo in £2. (3.3¢0)
o

Note that (3.2¢)—(3.2¢) implies that u"T! = Pya"*! with Py the orthogonal projection onto H in the Hodge
decomposition

L*(Q)¢ =H L Ht
with

H={velL*(2)¢]| divv =0},

H' = (Vx| x € Hy(2)}.
This decomposition is the appropriate functional setting for the Stokes equations with traction boundary condition in
contrast to the Helmholtz decomposition for the case with Dirichlet boundary values.

Let us establish some basic relations for the above scheme (see also [5]). Since V x Vx = —A + V div and since
by (3.2¢) V x V x ii"! = V x V x u"*! we have

V.-Duh = Aut = A" —vv @t = v D@ —2vv gt (3.4)
Then taking the sum of (3.2a) and (3.2c), taking into account (3.2f), one gets
atA[un+l —-Vv. O'(Mn+1, pl’l-‘rl) — fn+1 in 2 (35)

with B,A’ utl = W This explains the superior behavior of the rotational form of the pressure
corrections scheme: up to the wrong boundary condition, (!, p"+1) fulfills a time discrete, implicit, coupled
equation.

On the other hand, it is possible to completely eliminate the variable ! from the computation, which is
advantageous in a finite element context, since u"t1 is not a standard finite element function. To this end, shift the
indices in (3.2a) back by —1 and —2, respectively, and substitute u”, u" ! by the corresponding expressions for i to
get:

A —V o (ﬁ”“, Pt — Bgn qu"—l) = "1 in 0. (3.6)
o o
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3.2. Traction correction

In [9] it was pointed out that a Dirichlet boundary condition for @ is necessary for stability, which is also observed
numerically. On the other hand, then the natural boundary condition for #"*! (3.2b)

ﬁn+l

o( ,pPm=g"t" onr

yields an inconsistent boundary condition for (u”“, p”“), which is reflected in an order reduction for the error, both
theoretically as well as in computational experiments. More precisely, in [9] the following error estimates were shown
(in case the problem enjoys full Stokes regularity):

12
(Z Atfu(ty) — ﬁ"||2) < AP,

1/2
(Z AtV @u(ty) = @I+ Y Atllplt) — p" ||2> < At

See also Section 4 for a computational result. The reason behind this poor behavior is the stronger coupling of
velocity and pressure by the traction boundary condition compared to the case of Dirichlet boundary values and the
homogeneous Dirichlet boundary condition for the pressure correction @. In order to get a more consistent boundary
condition we modify the above relation by introducing a yet to be determined functional /"+!:

n+1

o@ !, pn =gt 1" onT. (3.7)

Inserting the expressions for " *! and p"*! in terms of #"*!, #"*!, p" and assuming gﬁl”lf "= 0 one computes

1
O'(l/tn+1, pl’lJr])n — %D(H”J’»])n _ pn+1n

1 2At 2
- —D ~n+1 n— P V¢n+1 _ n ¢n+l _“v. ~n+1 n
Re @) aRe " P Re "

2At 2
— gn+l + ln+1 _ Tanv ¢n+l + R_v A ﬁ”Hn. (3.8)
aRe e
On I" one has the identity

v @i+l M) G o Gt 4 g @ n — HV p @
[ —
=0
Vo @Vl-l—l + (A @VH—I _ AF @H-ﬁ-l — @’H—IIC)H
—_———
=0

T Lag %v @ — 9, " en.

(Lemga 2.1)

Using the above identity in (3.8) one finds
2At
aRe

2At
— gn+1 + ll’l-‘rl + “Re (_vpan¢ﬂ+l + an @I‘l-‘rlKn).

O'(Mn+1, pn+1)n — gi’l+1 + ll‘l-‘rl _ 8nv ¢n+l + Riv . ﬁl’l-‘rln
(]

Thus we have the following astonishing result.

Proposition 3.1. If I"*! is defined by

2At
E (V[‘an @ﬂ+l _ an @l’H»lKn)7

ln+1 —

then by (3.5) Scheme (3.2) is equivalent to an implicit, coupled discretization for W™+, p"*1).
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Unfortunately, the above scheme needs @"t1 in order to compute #"t1. This, however, is not in the spirit
of projection schemes, since it would require an expensive iteration procedure. A natural way out is to use an
extrapolation of ¢"*! in the definition of /1!, i.e.

2At

"= o (Vron®" — 00 @"kcn).

There are several reasonable choices for ¢*:
P* =29" — ¢!
oF == P"
& = (" + " 1))2.

The first choice is a second order extrapolation for @"t! which unfortunately turns out to be unstable. However,
heuristically it is sufficient to have a first order extrapolation of @"*! in order to get overall second order accuracy (in
case of BDF2), since 1"+ itself is a second order correction to the scheme. Thus, the second choice might be used.
Computational experiments led to the third choice that gave slightly better results. Let us further note that with one of
the latter two choices we never experienced any stability problems.

3.3. Variational formulation

In this section we derive a variational formulation of the pressure correction scheme (in the variant of (3.6)) with
traction correction. To this end we introduce the spaces X := H'(2)?,Y := L*(£2) and W := HOI(Q).

Upon multiplying (3.6) by a test function v € X, integrating by parts and taking into account boundary condition
(3.7) one arrives at:

E@" — ZQB"*I,diV v)
o

1
At ~n+1 ~n+1 _ n__
@7, v) + 2 (D), D(v) (p a

= (" u)+ T o+ T o).

Integrating by parts, the expression for " *! can be simplified to:

2At
/Fl"“ = /F(vpanqﬁ* — 9 P*km) - v

2At
= — (Vp~(8nd5*v)—8n@*Vp-v—8n¢*Kv~n)
aRe /1

2A¢ N
=——— [ WP V-,

oRe r
where the last step follows from the integration by parts formula Lemma 2.2 with F = 9, ®*v. Note that thanks to this
form of /" *1 it is not necessary to compute the curvature of I

Thus the pressure correction scheme with traction correction can be written in the following variational form: for

n>0leta L, ad ..., u, po, ...,ptand 0 = ol = @9 @l ... & be already computed. Then determine
ﬁn+1 c X, ¢n+1 c W, pl’l+1 % by

1
@A " v) + — (D@, D)) — <p" P Y o= div v)
2Re o o
n+1 n+1 2A¢ *

=" u)+ (g ,v)p—@ Fa,,@ Vr-v forallv e X, (3.92)

(VO V) = —%(v L@ gy forally € W (3.9b)
and
2

prl=pt 4+ ot - Zv. " invy. (3.9¢)

Re
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If I"t! e X*, the above scheme is well defined in the respective spaces. Indeed, if a",#"~! € X, p" e
Y, ", #"~! € W then by (3.9a) #"*! € X. Furthermore, by (3.9b) #*! € W and finally p"*! € Y.

It remains to show that ["T! € X*. Let #* € X denote either i* = a" or i* = (i" + "~ ')/2 depending on the
choice of @*. Now, V - ii* € L?(£2) and then by regularity (since I" is assumed to be smooth) &* € H?(£2) fulfilling
the estimate

a
P < —|IV-a¥.
12702 < A l l
From this one infers 9, &* = n - trpV &* € H'/2(I") with
(%4 ~
lon®*l12.r SN2 M2 < EIIV i

Using now Lemma 3.3 below one concludes

/F3n(ﬁ*VF v S 2, r Ve -vil—i2,r S 1@ 2, rlvilizr S 19 2, rlivie.
With the help of the previous estimate this yields
2 At 1 .
(") = =— / WPV v S V-] vle
aRe |/ Re
forall v € X.

Using Korn’s inequality we thus have proved:

Proposition 3.2. If I is smooth, f"T! e X*, g"t' € H™V2(I') for alln > 0 and 1"+ is defined via * = " or
@ = (P" + $"1Y/2, then for all n > 0 Scheme (3.9) admits unique solutions i"*' € X, p"+tl e Y, o'l e W.

Lemma 3.3. Define the bilinear form
b(p,v) = / pVr v
r

for smooth functions p, v, v being vector valued. Then b(-, -) can be uniquely extended to functions p € HY/*(I"), v €
HY2(I)? fulfilling the estimate

b, )| Slielhyz.rllviiyzr-
Proof. See Appendix. [
3.4. Finite element implementation

With the help of the variational formulation from the previous section, a finite element formulation for the pressure
correction traction correction scheme is now at hand. Let X, € H!'(12)¢, Y, € H'(£) be an inf-sup stable pair of
elements with globally continuous pressures corresponding to a conforming triangulation 7. We chose the P, — P
Taylor-Hood element for the computational results in Section 4 below, but any other choice would do. Furthermore
let Wy, =Y, N H(}(Q) and N, == (¢, : I' — R | ¢y, = trpqn, qn € Y3}, where trp is the trace of a function in
Yy, CHY 2)onT.

The fully discrete pressure correction scheme with traction correction now reads: for n > 0, let ﬁ;l,

@, pd . pland0:= ¢, = &), B} ..., P! be already computed. Then determine it} ' € X, &i1! €

Wi, ppt! € v, by

B

1
At ~n+1 ~n+1 YV tn—1
@7y vp) + ﬁ(D(uZ ), D(vp)) — (pZ - ;4’2 - a%} , div Uh)

= (" o) + @ v T o) forall v, € X, (3.10a)
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(Vo V) = = (Vi) forall vy € W (3.106)

and

2
(Ppth qn) = (pZ + ith R—V -t qh> for all g, € Yp. (3.10c)
e
In (3.10a)/ Z“ denotes an approximation of /"*!. It is computed in the following way. First, we need to approximate
the derivative of @*. This can be accomplished in a variational way. To this end, let o, € N}, denote the approximation
to dp @*. Determine pj, by

o 3
(o, trrgp)r +€(Vrpn, Vrettrgn) r = /Q Vop - Van+ o /Q V -iiq  forall g, € Y. (3.11)

Here, i}, denotes either i) = i}, or ity = (it + ﬁz_l) /2 depending on the choice of @}". € > 0 is a small parameter.
The meaning of the term on the left hand side multiplied by € is a smoothing by the discrete Laplace—Beltrami operator
of the otherwise possibly wiggly pj, due to discretization effects, see also Section 4.

Note that (3.11) constitutes a linear system involving the mass and a stiffness matrix on the boundary triangulation
Sy, induced by the triangulation 7, of {2. Thus S, and in turn the space ), can be rather easily realized. In our case
Ny, is the space of globally continuous, piecewise linear functions on I" corresponding to the boundary triangulation
Sh. Since I is a hypersurface and thus S, has much less degrees of freedom than 7}, the computational cost to solve
(3.11) is negligible.

Finally, /} *! is defined by

2At

ln+1, — ==
{0, 7y aRe Jr

onVr - (trpvy)  forall v, € Xy, (3.12)

Remark 3.4. Although its derivation is somehow involved, the final form of /"*! is amazingly simple. Note that in
2D the above integral is given by

/ onVrp - (trpvy) =/ PhT - O Vp,
r r

where 7 is a tangential vector on I". Thus the evaluation of the integral is straightforward: looping over all triangles,
one can access all boundary edges and then do the computations boundary edge by boundary edge. Thus, in the 2d
case, each boundary edge is a straight line (if one does not use isoparametric elements, for which the computations are
similar) and the tangential component and tangential derivative of a finite element function can be computed easily.
In 3D this computation is more technical, but can be done in a similar fashion, see [19] for details.

4. Computational results

In this section the scheme with traction correction is computationally compared to the classical scheme. To this
end let {2 be the ellipse {2 := {(x1, x2) | (xl/a)2 + ()cz/b)2 < 1} witha =1/1.2and b = 1.2. Asin [9] 4 and p are
defined by

u(t, x) =[sin(xq) sin(xp + t), cos(xq) cos(xy + t)]T,
p(t, x) =cos(xy)sin(xa +1)/5+ 1.

The right hand sides f, g are chosen such that the above pair (u, p) is a solution to Eq. (1.1) for Re = 10. In order to
get close to the semi-discrete case, a fine grid consisting of 2 x 97, 201 degrees of freedom for the velocity and 25, 325
degrees of freedom for the pressure was used. Consequently the error due to space discretization was very small. For
time discretization the BDF2 scheme was used. The examples were computed with the solver NAVIER [20].

Fig. 1 shows error plots versus time step size. The velocity error in the H'-norm is hardly influenced by the traction
correction. In the L2-norm there is no improvement in the order of convergence, but the quantitative error is noticeably
smaller, see Fig. 2.
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10~ : ; 10~ ; ;
——without trac. correction ——without trac. correction
——with traction correction ——with traction correction
107} uL2 4
107} 1
/| |
107 1
107} 1
107 : : 107° : :
107° 107 107" 10° 107 107 107" 10°
102 : : 107 ;
——without trac. correction ——without trac. correction
——with traction correction —o—with traction correction
107} :
107} plLinfty 1
107} 1 /
107} ]
10°¢ 4
1076 3 ‘ 2 ‘ 0 1075 3 ‘ 2 ‘ 0
10 10 107" 10 10 10" 107 10

Fig. 1. Errors versus time step size for the scheme with and without traction correction; H 1, L2-errors for the velocity, Lz, L% —errors for the
pressure at time #; = 1.0, respectively. Triangles have respective slopes 1.3, 1.7, 2.0, 2.0 (from top left to bottom right); € = 1073,

The pressure, however, is significantly improved by the new method, both in the L*°(L?)-norm as well as in the
L*°(L°°)-norm. Tables 1 and 2 show that the order of convergence for the pressure is improved from about 1.5 to
2.0. The stagnation of the pressure error for smaller time step sizes is caused by the space discretization error that
eventually becomes dominant for very small values of Az.

Fig. 3 shows the L’—error for the pressure using different meshes (the fine one being the one described above).
This proves that the stagnation in the error reduction is indeed caused by the space discretization.

Fig. 4 illustrates the influence of the method on the choice of €. As can be seen, for large values as well as for very
small values of € the behavior of the method is quite poor. This becomes clear from Fig. 5: for very large values of €,
dn @* is over-smoothed, while for very small values of €9y $* is still wiggly.

The results of a quantitative test with various values of the mesh size & and of ¢, respectively, are given in Table 3.
As a measure for the oscillation of 9, @} and thus in turn for the needed regularization, we computed the quantity
OSC, defined by

OSC = OSC(h, €) = [|0n D}, (€) — In D}, (0)ll 12 1) 4.1)
where €y := le — 3 corresponds to a quite regularized solution. As can been deduced from Table 3, the oscillation
becomes smaller for smaller mesh sizes. Thus less regularization is needed for finer grids.

5. Conclusion

In this paper pressure correction schemes for the computational solution of the time dependent (Navier)—Stokes
equations with traction boundary condition have been considered. We have introduced a finite element based method
to improve the performance of the classical approach, outlined for instance in [9].
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Fig. 2. Time evolution of the L2 velocity errors for the scheme with and without traction correction; At = 3. 1251073,
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Fig. 4. L2-errors for the pressure versus time step size for different choices of € at time #;, = 1.0, Ar = 0.0125.
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Table 1

Errors and experimental orders of convergence (EOC) for the scheme without and with traction correction; €
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Fig. 5. Normal derivative dp QSZ on I" versus the azimuthal angle for different values of € at time ¢t = 0.25.

1073 Ep = llp(ta) — Pl

tn = 1.0.

At Trac. corr. Ep EOC At Trac. corr. Ep EOC
0.2 no 6.8982e—03 - 0.2 yes 2.6139¢—03 -

0.1 no 2.5875e—03 1.4147 0.1 yes 5.3031e—04 2.30130
0.05 no 9.5205e—04 1.4424 0.05 yes 1.1069¢—04 2.26031
0.025 no 3.4577e—04 1.4612 0.025 yes 2.5763e—05 2.10315
0.0125 no 1.2460e—04 1.4725 0.0125 yes 8.7694e—06 1.55475
0.00625 no 4.4799¢—05 1.4758 0.00625 yes 5.5988e—06 0.64736
0.003125 no 1.6730e—05 1.4210 0.003125 yes 5.0699¢—06 0.14316
Table 2

L2-errors in time and experimental orders of convergence (EOC) for the scheme without and with traction correction; € = 10_3; E p =
(X, Atlipln) = p" 192

At Trac. corr. E p EOC At Trac. corr. E p EOC
0.2 no 6.6140e—03 - 0.2 yes 3.8197e—03 -

0.1 no 2.3499¢—03 1.4929 0.1 yes 9.0861e—04 2.0717
0.05 no 8.3667e—04 1.4899 0.05 yes 2.1426e—04 2.0843
0.025 no 2.9765¢—04 1.4910 0.025 yes 5.1540e—05 2.0556
0.0125 no 1.0579e—04 1.4924 0.0125 yes 1.3673e—05 1.9144
0.00625 no 3.7738e—05 1.4871 0.00625 yes 5.9854e—06 1.1918
0.003125 no 1.4161e—05 14141 0.003125 yes 5.0330e—06 0.2500
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Table 3

Oscillation OSC, defined in Eq. (4.1), for various values of & and €. Here, h( is the
boundary mesh size of a rather coarse initial grid that is successively refined at the
boundary (#, = 0.25, Ar = 0.0125).

e=1le—7 e=1le—6 e=1le—5
ho 9.7445e¢—03 9.0924¢—03 5.5216e—03
ho/2 5.9016e—03 4.6531e—03 1.5958e—03
ho/4 3.0774e—03 1.6191e—03 3.7214e—04
ho/8 1.2671e—03 4.0770e—04 1.4434e—04

The improvement is accomplished by extrapolating the traction boundary condition in each time step. The
corresponding term consists of a simple boundary functional involving the normal derivative of the pressure correction
@ and can be evaluated in a natural and easy way in the context of finite elements.

Computational results show a significant improvement of the solution, in particular for the pressure in the case of
smooth domains.

Appendix

It remains to prove Lemma 3.3.

Proof. (Lemma 3.3)
The following proof relies on the techniques and results outlined in [15], Chapter 1.
Let p, v be smooth functions. First, it is not difficult to see that

’/ pVr-v
r

Since I’ is assumed to be smooth and compact, there are Vi, ..., V,, openin R4 covering I' and smooth, invertible ¢,

<llell2,rlIVr-vi-i2,r S el rliVevll—ie,r

p;j:Vi=>D={yly=0" ) —l<y<1)
with the property that

ol |v;nr VinI:— DN{y, =0},
ie.

xelNV;ex=9¢;'(y,0), (v,0)€D.

Furthermore there is a smooth partition of unity «; with compact support subordinate to the covering Vi, ..., V.
Any function u on I" can thus be decomposed as

m
u= Zaju.
j=l1
Define
o7 (aju)(y) = (aju) 0¢]1(y’, 0) for(y',0)€D.
For arbitrary s € R, H*(I") may now be defined by
H () = {u | ¢f(aju) € H'RITY), j=1,....m}

with corresponding norm
1/2

m
. 2
lalls,r o= | Y 1167 ()l pamy
j=1

Using the intrinsic definition of V- (see for instance [19]) one can write

(Vro)(x) = G;(y)Vy o ¢;)(y',0) forx = ¢j_1(y', 0)erl
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and with some tensor-valued function G ; depending on the local geometry of I'. In other words:
$E(Vr)() = G (Y)Vy(v o)), 0).

On the other hand, for a bounded C! function & on R?~! with bounded derivative the mapping A,
Atuvr uVyu,

is a continuous linear mapping both from
H' (R — L2RI7Y)  as well as
LR > H-(R).

Interpolating between H ! (R?=1y and LZ(R4~") one therefore gets
Ae LAH'®RH, L2RT D, (L2 R, HTI R D)

forall 0 < 0 < 1, see [15]. In particular, choosing 8 = 1/2, one finds
A e L(HY2®RITY, HV2RI7Y).

Applying this result to 4 = « ;G the desired estimate follows.  [J
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