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© 2015 Elsevier B.V. All rights reserved.

Keywords:
Isogeometric analysis

1. Introduction

Although traditional finite element analysis (FEA) methods are usually based on linear basis functions, computer-aided
design (CAD) models are represented by nonuniform rational basis spline (NURBS) with nonlinear NURBS basis functions.
Therefore, when a CAD model simulation is performed using FEA methods, the NURBS-based model should be transformed
into a linear mesh representation in a process called mesh transformation. The mesh transformation operation is very te-
dious and time-consuming, so it has become the bottleneck in FEA methods. To avoid mesh transformation and advance
the seamless integration of CAD and computer-aided engineering, isogeometric analysis (IGA) was invented by Hughes et al.
(2005). Unlike traditional FEA methods, IGA is based on the NURBS basis functions. Thus, the CAD models represented by
NURBS can be directly analyzed by IGA without a tedious mesh transformation, greatly reducing the number of computa-
tions in the FEA procedure.

However, the advent of IGA brings a new problem for geometric design, i.e., the modeling of NURBS solids. Although
solid analysis is an important issue in FEA, geometric design usually involves the creation of curves and surfaces, and lacks
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methods of generating NURBS solids. Therefore, the invention of efficient and convenient methods for creating NURBS solids
for IGA becomes an urgent task for geometric design. It is noted that traditional methods generate spline solids usually by
filling the inside of given triangular mesh models (Wang et al.,, 2013; Wang and Qian, 2014). However, the generation of
spline solids by fitting tetrahedral (tet) mesh vertices is much easier than that by filling the inside of triangular meshes.
Moreover, the tet meshes are easy to produce by some well-developed softwares, such as TetGen, NetGen, etc. In addition,
since tet meshes are widely employed in FEA for solid analysis, many tet mesh models currently exist. Therefore, fitting tet
mesh model with NURBS solids is a feasible and convenient method of modeling NURBS solids.

Given a tet mesh model, in this paper, we develop a discrete parameterization formula for parameterizing the tet mesh
vertices. As in the widely employed parameterization methods for a triangular mesh, each parameterization formula is
constructed for each inner vertex of the tet mesh, and all of these parameterization formulae constitute a system of linear
equations. After the parameter values of the boundary mesh vertices are assigned, the system of linear equations can be
solved to generate the parameter values of the inner vertices. The proposed tet mesh parameterization method is equivalent
to solving a boundary problem consisting of a Laplace equation, which simulates an isothermal field in the tet mesh, so the
generated isoparametric surfaces (i.e., the isothermal surfaces) can be guaranteed to be strictly non-overlapping.

Moreover, because the number of the tet mesh vertices is usually very large, we propose an iterative method for fitting
the tet mesh with a trivariate B-spline solid and show its convergence. The iterative fitting method starts with an initial
B-spline solid and contains four steps in each iteration:

(1) Calculate the difference vector for each tet mesh vertex;

(2) Distribute the above vectors to the corresponding control vertices of the B-spline solid;

(3) Average the vectors distributed to each control point to produce the difference vector for the control point;
(4) Generate the new control point by adding the average difference vector to the corresponding control vertex.

These four steps are performed iteratively until the stop criterion is reached. In this way, the B-spline solid fitting the given
tet mesh is generated. The proposed iterative fitting method fully exploits the local support property of the B-spline basis
functions so that the amount of computation in each iteration is unchanged when the number of control points of the
B-spline solid is increased. Therefore, the performance of the iterative fitting algorithm is desirable for incremental fitting
of tet meshes with a large number of vertices.

The structure of this paper is as follows. In Section 1.1, some related work is briefly reviewed. Section 2 presents the
discrete volume parameterization method, and Section 3 develops the iterative fitting algorithm. After some results are
presented in Section 4, Section 5 concludes this paper.

1.1. Related work

In this section, we will briefly review related work on spline solid modeling, mesh parameterization, and iterative fitting.

Spline solid modeling: As stated above, geometric design mainly involves the modeling of curves and surfaces, so it
lacks effective methods for spline solid modeling. To model the three-dimensional physical domain in IGA, NURBS (B-spline)
solids, T-spline solids, and subdivision solids are developed. They are usually constructed from boundary-represented mod-
els, such as closed NURBS patches, and a closed triangular mesh model.

On the basis of the given boundary conditions and guiding curves, a NURBS solid that parameterizes a swept volume
was generated by a variational approach (Aigner et al., 2009). In Xu et al. (2013), Wang and Qian (2014), optimization-based
approaches were employed to construct trivariate B-spline solids with positive Jacobian values from boundary-represented
models. On the other hand, to analyze arterial blood flow by IGA, a skeleton-based method was proposed to construct a
NURBS solid (Zhang et al., 2007). Moreover, in Martin et al. (2009), a harmonic-function-based volumetric parameterization
method was first performed, and then a trivariate B-spline solid was constructed.

Because of their flexibility for geometric modeling, T-spline solids were constructed for IGA. After a mesh untangling and
smoothing procedure was applied, a T-spline solid was generated in Escobar et al. (2011) for fitting a genus-zero triangular
mesh model. Moreover, a mapping-based rational trivariate solid T-spline construction method was developed in Zhang
et al. (2012), also for genus-zero geometry, and starting from a boundary surface triangulation. Furthermore, in Wang et
al. (2013), a method of constructing T-spline solids from boundary triangulations with an arbitrary genus topology was
presented by polycube mapping.

Moreover, subdivision solids (Burkhart et al., 2010) are also employed in the IGA method to model the physical domain.
Other recently developed spline solid representations include simplex splines (Hua et al., 2004) and polycube splines (Li et
al,, 2010; Wang et al., 2012).

Mesh parameterization: Mesh parameterization has been extensively studied for a triangular mesh in three dimensions
with applications such as mesh fitting and texture mapping. A triangular mesh parameterization constructs a one-to-one
mapping from the mesh in three dimensions to a planar domain. According to the various requirements of different
applications, mapping methods such as discrete harmonic mapping (Eck et al., 1995; Pinkall and Polthier, 1993), con-
vex combination mapping (Floater, 2003), or discrete conformal mapping (Hormann and Greiner, 2000; Gu et al., 2004;
Gu and Yau, 2003) can be chosen. For more details on triangular mesh parameterization methods, please refer to Floater
and Hormann (2005).
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Fig. 1. An input triangular mesh model with six boundary mesh patches partitioned in advance (a) is parameterized into the parameter domain
[0,1] x [0, 1] x [0, 1] (b).

In triangular mesh parameterization, the linear system for parameterization is usually established explicitly and ge-
ometrically by assigning a parameterization formula for each inner mesh vertex, and each formula corresponds to an
equation of the linear system (Floater and Hormann, 2005). However, in spline solid construction, the discrete vol-
ume parameterization is always determined indirectly by solving a partial differential equation (Martin et al., 2009;
Martin and Cohen, 2010), using the finite element method. Therefore, to employ the conventional volume parameteriza-
tion methods, users must be familiar with the finite element method. In this paper, in an analogy to triangular mesh
parameterization methods, we construct a parameterization formula for each inner vertex of a given tet mesh explicitly and
geometrically, and all of these formulae constitute the linear parameterization system. Thus, the method developed in this
paper makes the discrete volume parameterization as intuitive and easy to implement as the triangular mesh parameteriza-
tion methods.

Iterative fitting: The progressive-iterative approximation (PIA), proposed in Lin et al. (2004, 2005), is an iterative fitting
algorithm with explicit geometric meaning for curves and surfaces with totally positive basis functions. In Shi and Wang
(2006), the PIA algorithm was proven to be convergent for NURBS, and the convergence rate was accelerated in Lu (2010).
Moreover, a local format of the PIA iterative algorithm was developed in Lin (2010). Furthermore, the PIA format has also
been extended to subdivision surface fitting (Cheng et al., 2009; Fan et al., 2008; Chen et al., 2008). It is worth mentioning
that a PIA-like iterative algorithm was employed in the spline solid construction method developed in Martin et al. (2009).

The limit of the PIA algorithm mentioned above is that it interpolates the given data points. Some iterative fitting formats
were presented recently whose limits approximate the given data points, such as extended PIA (Lin and Zhang, 2011), and
least square PIA (Deng and Lin, 2014). In Lin and Zhang (2013), an efficient iterative fitting algorithm using T-spline was
proposed for fitting large data set.

In this paper, an iterative method for fitting the tet mesh with a trivariate B-spline solid is developed. It should be noted
that in the problem of tet mesh fitting, there are usually a large number of mesh vertices. In general, the linear system
for fitting a tet mesh with a large number of vertices is usually ill-conditioned, or even singular (Pereyra and Scherer,
2003). Conventional methods cannot deal with the tet mesh fitting problem with a large number of vertices efficiently
and effectively when it is ill-conditioned or singular. However, because the averaging iteration time of the iterative method
developed in this paper is nearly constant, it can efficiently deal with such tet mesh fitting problem. Moreover, it is also
robust enough to solve a singular linear system effectively.

2. Discrete parameterization of tetrahedral mesh

The input to our algorithm is a tet mesh model with six boundary triangular mesh patches partitioned in advance
[see Fig. 1(a)]. The six boundary mesh patches intersect at twelve boundary curves and eight corners. The purpose of
the discrete volume parameterization is to construct a mapping that maps the tet mesh model into the parametric space
[0,1] x [0, 1] x [0, 1] [see Fig. 1(b)].

As illustrated in Fig. 1, before the discrete volume parameterization is performed, the parameter value at each vertex
of the six boundary mesh patches should be assigned. We first choose one corner and designate its parameter values as
(0, 0,0). The vertices at the three boundary curves adjacent to the chosen corner, each of which is a common boundary of
two adjacent boundary mesh patches, are mapped to [0, 1] using the normalized accumulated chord length method. Specif-
ically, the parameter values of the vertices at the three boundary curves take the forms (u;, 0, 0), (0, vj,0), and (0, 0, wy),
respectively. Accordingly, the parameter values of the vertices at the other nine boundary curves can be calculated in a
similar manner.

Next, the six boundary triangular meshes can be parameterized using the appropriate triangular mesh parameterization
method. In our implementation, we take the method developed in Pinkall and Polthier (1993). In this way, the parameter



112 H. Lin et al. / Computer Aided Geometric Design 35-36 (2015) 109-120

Vi

(b)

Fig. 2. (a) A tetrahedron tp. (b) A tet mesh with an inner vertex vo.

values of the boundary mesh vertices are determined. The next task is to calculate the parameter values at the inner vertices
of the tet mesh.

The parameter values at the inner vertices of a tet mesh are determined by solving a linear system. The system consists
of a set of parameterization formulae, each of which corresponds to an inner vertex, and can be constructed geometrically.
In the following, we will explain the construction of the parameterization formula in detail.

In a tet t; with vertices v;, vj, v, and v [refer to Fig. 2(a)], we denote the triangular face opposite to vertex v; as
fni, the area of f; as Sp;, and the volume of the tet t; as Vj. Now, consider an inner mesh vertex v; [e.g., the vertex
vo in Fig. 2(b)]. Supposing the parameter value at v; is u;, and the parameter values at its adjacent vertex v; are uj, the
parameterization formula corresponding to the inner vertex v; can be constructed as

> 9(;1)1+ ooy 5115 ”cosel,,)uj_o (1)

tet ty vertex v tet t;
adj. to v; adj. tov; adj. to
edge Vivj

where Vj is the volume of the tet t; adjacent to the vertex v;; Sk ; is the area of the triangular face fi; opposite to the
vertex v; in the tet ty; V; is the volume of the tet t; adjacent to the mesh edge v;v;; S;; and S;; are the areas of the
triangular faces f;; and f; ; opposite to the vertices v; and v; in the tet t;, respectively; and 6, ;; is the dihedral angle of
fii and fi; in the tet t.

Take the inner vertex vg illustrated in Fig. 2(b) as an example. The vertex v is adjacent to six tets, tj,i=0,1,---,5,
where tg, tq, and t; represent the tets vo — v{V3Vy4, Vo — V1V3Vs, and Vg — V{V4Vs, respectively, adjacent to the mesh edge

k.0

s2
voVv1. Therefore, the coefficient prior to the parameter value ug at the vertex vq is Zk 0 gy, the coefficient prior to uq is

S
i, “’ L1 056,01, and so on.

A lmear system can be generated by combining the parameterization formulae (1), and the parameter values at the
inner vertices can be obtained by solving the system of linear equations. The linear system is solved three times for the
parameters u, v, and w, respectively. In this way, each inner mesh vertex is assigned parameter values (u;, vi, w;). In the
following, we will show the validity of the linear system consisting of the parameterization formulae (1).

2.1. Proof of the parameterization formulae

In this section, we will show that the linear system consisting of the parameterization formulae (1) is equivalent to that
generated by solving the following boundary value problem using the FEA method (Zienkiewicz et al., 2008).

92u u, Pu 9%u +82u
a2 ay? | 92
U =¢X,y,2).

Thus, the validity of the parameterization formulae (1) is guaranteed by the theory of FEA. In fact, FEA is applied to seek
the function u(x, y, z) that minimizes the weak form of the boundary value problem (2), i.e.,

2 2 2
W(u(x,%z))z///((z(,;z) +(%) +<2—1;) )dxdydz. (3)
Q

In our problem, the tet mesh model is the physical domain Q of the problem (2). The tet mesh presents a natural
triangulation for FEA, where each element is a tet. Accordingly, Eq. (3) changes to the sum of the integrals at the tet ty,

du\?  [ou\? [ou\?
W(u(x,y,z)):ZWh(u(x,y,z)):Z///((8—2) +<£> +<a—z> )dxdydz.
P o

=0, (x¥,2 €9, )
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In an individual element, i.e., a tet t, [refer to Fig. 2(a)], the shape functions A;, Aj, Ak, and A, for the four vertices

X — X
X — Xj

(x1, v1, z), respectively, are taken as the barycentric coordi-

zZ—1Z
21— Zi
Zk — Zi

X — X
Xk — Xi

)

zZ—2Z
Zk — Zj
Zj —Zi

, (4)

=X, ¥i,zi), Vj=(Xj,¥j,Zj), Vi = Xk, Yk, Zk), and v| =
nates (Zienkiewicz et al., 2008), that is,
X—Xj y—yj Z—Zj
Xk —Xj Ye—Yji Zk—Zj
X — X —Vi Z1—2Z;i
hity.z)= A EL I AZE iy, 2) =
6V
X=X Y—=Vi Z-2Z
Xj=Xi Yj—Vi Zj—Z
X — Xj —Vi Z1—Zj
i,y 2y =AM NI ATHL Gy, 2) =
6V

where V}, is the volume of the tet t; in Fig. 2(a). Therefore, in each tet, the unknown function u(x, y, z) can be approximated

ds,

uP(x,y,2)

=Xy, Dui +Aj(X, ¥y, DUj 4+ Ae(X, ¥, Dug + N (x, ¥, 2Duy,

(5)

where u;, uj, ug, and u; are the values of the unknown function u(x, y,z) at v;, vj, v, and v/, respectively.
Because the shape functions (4) are all linear, the partial derivatives of A;, A;, A, and A; with respect to x, y, z, are all

constants. Substituting u™ into the integral at the tet t;, we have

where

Kn=Vp >

r=x,y,z

IA;

[ (22

or

OAj 0L

ar odr

OAk OA;

ar or

dA] OA;

L or or

:[u,- uj
OAj OXj  OAj OAg
or or  or or
OAj 5 OAj OAg
Cor " o
Ak OAj oAk o

B or lor)
OA OAj  OAp DAk
ar or  or or

is called the element stiffness matrix of the tet tp,.

Denoting 1 Js

U

OAj OA]

ar Jr

OAj OA

ar ar

OAk OA

ar ar

Al 5
(—)

_n’?”. as the unit normal vector of f;; [see Fig. 2(a)], we have

(8k, OAi 0Aj
ax 9y’ 0z

- 2
Shi
9V

Sh.jShi .-

gv, i
Sk,1Sh,i
9V
Sh,iSh,i
L 9V

h,ki

Ch,li

1

_)—

- -
1 J
—Xj Yk
X —Xj YiI—

=Yj Z&k—2z2

&

Vi Z1—Zj
Therefore, the element stiffness matrix K (6) can be written as

Sh,iSh,jC - Sh,iSh,kC ,
9V, h,ij 9V, h,ik
2
Si.j Sh,jShk
P —Z——Ch, jk
9V, 9V
2
Sh.kSh, j Shik
— " Chkj P
9V ’ 9V
Sh,lsh,jc . Sh,lsh,kc
oy, oy, Mk

Sh,iSh,
9V
Sh,jSh,i
9V

where cp ;; denotes cos 6y jj, Ch ik denotes cos 6y i, and so on.

u | Ky

au(h)
Wh(u(x, y,2) ~ Wyu®(x, y, z))—/// +| =

ay

R
17 6vy

Ch,il

Ch, jl

VkVji X VVj=

2
—) dxdydz
z

(6)

7% as the unit vectors of the x,y, and z axes, respectively, Sy ; as the area of the triangular face fj;, and

Shl—>0
3V

nl’ll

(7)
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Moreover, the global stiffness matrix K can be constructed by adding all of the element stiffness matrices according to

the subscripts of their elements. For example, the element S"é"‘f:’j cosby ij in Ky [Eq. (7)] is added to the (i, j) element of

the global matrix K. Therefore, K can be represented as K = [k;;] with

S2.
Yook ifi = j,
9V,
for each tet t),
adjacent to v;

kij = SLiSLj cos 6 i, ifvjisadjacenttov; (8)
Z v 1ijs i i j»

for each tet ¢;
adjacent to
the edge v;v;

0, if v; is not adjacent to v ;.

Further, the weak form (3) can be represented approximately as

Wy, 2)=Y Wpuy 2)~Y Wy x y,2)=U"KU. 9)
h h
Here U = [ug, u1, - - -, up]” are the parameter values at the vertices of the tet mesh model. The solution U that minimizes

the weak form (9) can be found by solving the linear system

KU =0. (10)

Note that the parameter values at the boundary mesh vertices have been assigned. Thus, the equations corresponding to
the boundary mesh vertices should be deleted from the linear system (10), which yields

KU =o. (11)
Clearly, each equation in the linear system (11) is the parameterization formula (1) corresponding to an inner mesh vertex.
In conclusion, the linear system consisting of the parameterization formulae (1) is just the system (11) generated by FEA,
so the validity of the discrete parameterization method developed in this paper is guaranteed by the theory of FEA.
3. Iterative fitting with B-spline solid

In this section, we will present the iterative algorithm for fitting the tet mesh model with a trivariate B-spline solid and
show its convergence. Suppose the tet mesh model has n+ 1 vertices Q;, I=0,1,---,n

3.1. Construction of the initial B-spline solid

The iterative fitting algorithm starts with an initial B-spline solid, which is constructed as follows.
In Section 2, the tet mesh model was parameterized into the parameter domain [ug, Ue] X [Vs, Ve] X [Ws, We]. We uni-

formly sample n, + 1 values, u;, i=0,1,---,ny in [us,uel; ny + 1 values, vj, j=0,1,---,n, in [vs, vel; and ny + 1
values, wy, k=0,1,---,ny in [ws, we], all including the end values of each interval. The sampling points (u;, vj, wy),i=
o1,---,my,j=0,1,---,n,,k=0,1,---,n, constitute a grid in the parameter domain. By inverse parameterization map-

ping, these sampling points in the parameter domain can be mapped into the tet mesh model, generating a set of points
{Pi(ﬁf}. The points in the set {Pff,{)} in the tet mesh are connected according to the adjacent relationship of the grid in the
parameter domain, forming the control grid of the initial B-spline solid. In our implementation, the knot vectors of the
initial B-spline solid are chosen as uniform vectors with Bézier end conditions.

To make the initial B-spline solid as desirable as possible, the sampling numbers n,, n,, n, are made proportional to
the length of the boundary curves of the tet mesh model. Suppose the average length of the four u-directional boundary
curves of the tet mesh model is L,, where the parameter values of the points on the u-directional boundary curves have
the form (0, u,0), (0,u,1), (1,u,0), (1,u,1), respectively; the average length of the four v-directional boundary curves is
Ly; the average length of the four w-directional boundary curves is Ly,. In addition, suppose the number of vertices in the
tet mesh is n 4+ 1. We first solve the constrained optimization problem,

. My My, M, My,
min — - — — -
Mo Mo M <( L L) T
n+1
st. MyMyM,, = JCF , (12)

where C is a constant distinct in different examples. Then, the sampling numbers n,, n,, n,, can be determined by rounding
My, My, My, respectively.
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3.2. Iterative fitting algorithm

Starting with the initial B-spline solid constructed in Section 3.1, suppose the iteration has been performed for m steps,
and the mth B-spline solid P™ (u, v, w) is generated:

Ny Ny Ny

PP v wy=>"3"%" Pl(;?,:)Bi(u)Bj(v)Bk(w).

i=0 j=0 k=0

One iteration step for producing P™+D (u, v, w) from P (u, v, w) includes the following operations.
First, the difference vector for each data point is calculated:

8™ =Q;— P™ @, v, wp. (13)

(m)
Py

the form B;(u,)Bj(vl)Bk(wl)Sl(m). In this way, a control point P

Each vector Sl(m) is distributed to the control points whose corresponding basis function is B;(u;)Bj(v))Bi(w) # 0, in

(m)

ij Mmay be distributed to several weighted vectors. All of

(m)
ijk

these vectors are averaged, forming the difference vector for the control point P
Am _ Lty BiB (VD Bi(w)s™
U Ylery, BiunBj(v)Bi(wy)
where [jji is the set of indices I such that B;(u;)B;(v))Br(w;) # 0.

Next, the difference vector ASZ) is added to the control point PSZ), forming the control point P,%“) for the (m + 1)th
solid, i.e.,

(14)

m+1) _ p(m) (m)
P =Py + A (15)
Thus, the (m + 1)th B-spline solid P™+D(u, v, w) is generated:

ny Ny Ny

PO v, wy =Y PV Bi(u) B (v) Br(w). (16)

i=0 j=0 k=0

These operations are performed iteratively until the termination condition is reached, i.e.,
2
(m+1)
o]
2
(m)
U

In our implementation, ¢ is taken as 103,

—1|<e. (17)

3.3. Convergence analysis

In this section, we will show the convergence of the iterative algorithm developed in Section 3.2.
Arrange the difference vectors A;}’;) into a sequence A™ according to the lexicographic order, i.e.,

A = (AG A A o T

Denote

Bjjk(u, v, w) = Bij(u)B(v)Br(w), and, 7; = (u;, vi, wy).

Because,
smtDp,, B _ pm L AMyp
AM+D _ Zle’ijk ! ijk(T1) _ Zlelij,( iik(TN(Q Zi,j,k( ijk Ak )Biji(TD)
ijk Zlelijk Bijk(T1) ZIEIijk Bijk(Ty)
Zlelijk Bijk('l-'l)(al(m) - Zi,j,k Algjmk)B,'jk(Tl))
a Zlel,-jk Bl]k(rl)

(m) (m)
_ Zlelijk 61 Biji(T1) Zlel,-jk Zi.j,k A,‘jk Bijk(T))
Ytety Bijk(TD) 2tenyy Biik(T1)
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(m)
A _ Zlel,-jk ik Ajii Bijk(T1)
ijk Zlelijk Bijk(Tl)

we have the iterative format in matrix form,

A — (1 — AATA)A™,

where, I is an identity matrix, A is the diagonal matrix,

1 1 1
A =diag , sttt )
(ZHOOO Booo(T1) " X _jegqq; Boo1(T1) D lelny g Bnu,nv,nw(fl))
and A is the collocation matrix,
Booo(To) Boo1(To) -+ Buyny.nw(To)
A Booo(T1) Boo1(T1) -+ Bnyny.n, (T1)
Booo(Tn) Boo1(Tn) -+ Bnynyn, (To)r
where 7; = (u;, v, wp),l=0,1,---,n.

If the matrix A is nonsingular, AAT A is positive definite, so all of its eigenvalues A are positive real numbers. Together
with || AATA|,. =1, we have i € (0, 1]. Therefore, the eigenvalues of I — AATA, i.e., 14, are all in [0, 1), and its spectral

radius is p(I — AATA) < 1. This means that the iterative format developed in Section 3.2 is convergent.
In fact, the limit of the iterative format developed in Section 3.2 is just the least-squares fitting result to the tet mesh
vertices Q;, I=0,1,---,n. Suppose,

Q=[Qo, Q1 -, Q,l, and, P™ =[P pim ... pMm 1.
Due to Eq. (14), we have,
A™ = AAT(Q — AP™).
Therefore,
Pt — pm L AM — pM) 4 AAT(Q — AP™) = (I — AATA)P™ + AATQ
m
= (I — AATA™TPO £ 3 (1 - AATAYAATQ.
=0
Because 0 < A(I — AATA) < 1, we have,

o0
lim (I— AATA)" =0, and, ) (I - AATA) = (AATA)"",

Consequently, when m — oo,

P = (AATA)TAATQ.
It is equivalent to,

ATAP©) =ATq, (18)
i.e,, the normal equation of the least-squares fitting system to the tet mesh vertices. In conclusion, the limit of the iterative
format developed in Section 3.2 is the least-squares fitting result to the tet mesh vertices Q;, [=0,1,---,n.

4. Results and discussions

The discrete volume parameterization method and the iterative fitting algorithm have been implemented with Visual
C++, and run on a PC with Intel Core2 Quad CPU Q9400 2.66 GHz and 4G memory. In this section, we will demonstrate
some results generated by the parameterization method and iterative fitting algorithm.
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(e) (2) (h)

Fig. 3. The input tet mesh models, Venus (a), Tooth (b), Ball Joint (c), and Duck (d), and their parameterization results (e), (f), (g), (h) with three pieces of
u, v, and w directional isoparametric patches.

Table 1

Statistics for the parameterization and iterative fitting algorithm.
Model #vert.! #tet.” Para.’ ct #control® Precision Fit.5 Avg. Jac.” v-yve
Venus 35858 133256 371 15 30 x 30 x 30 9.13 x 104 34 0.8821 0.14%
Tooth 61311 227832 737 10 30 x 26 x 26 2,57 x 1074 6.8 0.9320 0.02%
Ball Joint 43994 163496 438 8 30x22x34 7.28 x 1074 6.1 0.8189 0.12%
Duck 41998 156612 439 7 30 x 30 x 24 1.55 x 1073 3.6 0.8377 0.22%
T Number of the tet mesh vertices.
2 Number of the tetrahedra.
3 Time for parameterization is in seconds.
4 The value of parameter C in Eq. (12).
5 Number of control points.
6 Time for iterative fitting is in seconds.
; Average scaled Jacobian value.

Ratio between the volume of the regions with negative scaled Jacobian and total volume of the B-spline solid.

4.1. Parameterization results

As stated above, the input to our parameterization algorithm is a tet mesh model with six boundary triangular mesh
patches segmented in advance [Fig. 1(a)]. Each of the boundary mesh patches is parameterized by the triangular mesh pa-
rameterization method developed in Pinkall and Polthier (1993). Then, the parameterization of the tet mesh is solved by the
discrete volume parameterization method developed in this paper. Fig. 3 illustrates the inputting tet mesh models and the
corresponding parameterization results, where the quadrilateral parametric mesh on the boundary and three isoparametric
patches along u, v, and w direction, respectively, are demonstrated.

As noted in Section 2, the discrete volume parameterization method developed in this paper is equivalent to solving the
harmonic equation using the finite element method. It is well known that the solution domain of the harmonic equation
can be considered as a steady temperature field. Therefore, the isoparametric patches in the parameterization of the tet
mesh are just the isothermal patches in the steady temperature field. Because the isothermal patches in a steady tempera-
ture field are non-self-overlapping, the isoparametric patches in the generated parameterization are also guaranteed to be
non-self-overlapping.

In Table 1, we list the experimental data on the parameterization method for tet mesh models developed in this paper
[refer to Fig. 3]. It can be seen that the proposed discrete volume parameterization method usually costs several seconds for
parameterizing tet meshes with tens of thousands of vertices and hundreds of thousands of tetrahedra.
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(b) () (d)

Fig. 4. The trivariate B-spline solids generated by the iterative fitting algorithm developed in this paper. (a) Venus, (b) Tooth, (c) Ball joint, (d) Duck.

4.2. Fitting results

By parameterization, each vertex v; of a tet mesh model is assigned parameter values (u;j, v;, w;), and then the tet mesh
can be fitted with a B-spline solid by the iterative fitting algorithm developed in Section 3.2.

In our implementation, the fitting precision is defined as the RMS error divided by the diagonal length of the bounding
box of the tet mesh model, i.e.,
i

4"

n+1

. , (19)
where, Sl(m) (13) is the difference vector for the data point at the last iteration, n + 1 is the number of tet mesh vertices,
and L is the diagonal length of the bounding box of the tet mesh model.

The fitting is performed incrementally. Suppose the number of control points of the B-spline in the current round of
iterations is (ny + 1) x (ny + 1) x (ny + 1). If the fitting precision (19) fails to reach the prescribed precision when the
current round of iterations stops, a new round of iterations will be invoked in which the number of control points of the
B-spline solid is increased to (n, + [141+1) X (ny +[§51+1) x (nw 4+ [5474 1), where [747 denotes an integer not smaller
than ’%. This procedure stops when the fitting precision meets the prescribed value.

Fig. 4 demonstrates the fitting results, i.e., the trivariate B-spline solids, and Table 1 lists the statistics of these B-spline
solids. In Table 1, the sixth column is the number of control hex mesh vertices of the B-spline solid; the seventh and
eighth columns are the fitting precision and fitting time, respectively; the ninth column is the average scaled Jacobian
value (Knupp, 2003) of the B-spline solid, defined as

[, ], y, 2)dxdydz

[Jqdxdydz °

where, J(x, y,z) is the scaled Jacobian value at (x, y,z) (Knupp, 2003). Moreover, the last column lists the ratio between
the volume of the regions with negative scaled Jacobian and the total volume of the B-spline solid.

From Table 1, we can see that the iterative fitting algorithm usually costs several seconds in reaching the fitting precision
10~ (1073 for the model Duck) for fitting tet mesh model with tens of thousands of vertices and hundreds of thousands
of tetrahedra. In addition, although there are some regions with negative Jacobian in the generated B-spline solids, these
regions are very small. The ratio between the volume of the regions with negative Jacobian and the total volume of the
B-spline solid is usually below 0.25%. By further checking, it was found that the regions with negative Jacobian are strip-
shaped and around the boundary curves. Therefore, the emergence of the regions with negative Jacobian is closely related
to the segmentation of the boundary triangular mesh of the tet mesh model. As a future work, we will study the method
which can generate the trivariate B-spline solid with strictly positive Jacobian.

It should be pointed out that, though the two methods developed in Martin et al. (2009) and this paper both construct
the volume parameterization with the harmonic function, and fit the tet mesh by a trivariate B-spline solid, the differences
between the two methods are evident. First, the structures of the volume parameterizations generated by the two methods
are different. While the parameterization method in Martin et al. (2009) maps the tet mesh into a region in the cylindrical
coordinate system, the method developed in this paper maps the tet mesh into a region in the Cartesian coordinate system.
Second, the parameterization methods presented in Martin et al. (2009) and this paper are different. In Martin et al. (2009),
the volume parameterization is generated by solving the Laplace equation using the finite element method. In this paper, a
parameterization formula with intuitive geometric significance for each inner mesh vertex is explicitly constructed, so users
who are unfamiliar with the finite element method can implement the volume parameterization easily. Third, the limits of
the iterative algorithms in Martin et al. (2009) and this paper are different. The limit of the iterative algorithm in Martin
et al. (2009) is a trivariate B-spline solid which interpolates the tet mesh vertices. So the number of control points of the

ave_Jac =
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Table 2
Statistics for the singular coefficient matrices AT A (18).
Model Rank' #nonzero elements” Condition number?
Venus 27000 x 27000 4230202 00
Tooth 21870 x 21870 3808126 [e's)
Ball Joint 20790 x 20790 3849609 o0
Duck 21600 x 21600 3853514 o0

1 Rank of the matrix; N x N means the number of the control points is N.
2 Number of nonzero elements of the matrix.
3 Condition number of the matrix.

Average iteration time vs. number of control points (Venus) Average iteration time vs. Number of control points (Tooth)
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Fig. 5. Plots of the average iteration time in each round iterations vs. the number of control points of a B-spline solid. (a) Venus. (b) Tooth.

B-spline solid is equal to the number of the tet mesh vertices. However, the limit of the iterative algorithm in this paper is
a trivariate B-spline solid which approximates the tet mesh vertices. Then, the number of control points of the generated
B-spline solid is less than the number of the tet mesh vertices.

Capability of solving singular linear system: We compared our iterative fitting algorithm with some conventional meth-
ods. Just as pointed out in Pereyra and Scherer (2003), when the number of control points rises somewhat large, the
coefficient matrices ATA (18) for fitting the four models all become singular. Table 2 lists the statistics of such coefficient
matrices, including rank, number of nonzero elements, and condition number. The infinite condition numbers show that
the four matrices are all singular. While conventional methods, such as the Cholesky method and the conjugate gradient
method, fail to solve these singular linear system of Eqs. (18), our iterative fitting algorithm is robust enough to successfully
generate the correct fitting results [refer to Fig. 4].

Nearly constant averaging iteration time: In Fig. 5, we illustrate the plots of the averaging iteration time (taking loga-
rithm with base 10) vs. the number of control points in fitting the two models Venus [Fig. 4(a)] and Tooth [Fig. 4(b)], by the
conjugate gradient method and our method, respectively. In order for fair comparison, when the coefficient matrix ATA (18)
becomes singular and the conjugate gradient method fails, we run each of the two methods six times with fixed number of
control points, and take the average time in each iteration.

As stated above, when the number of control points of the B-spline solid becomes very large, direct methods, such as
Cholesky method, LU decomposition, etc., are invalid, and only iterative methods are feasible to solve such linear system
with a great many unknowns. However, with conventional iteration methods, the time cost in each iteration will rapidly
rise with the increase of the number of unknowns, just as illustrated in Fig. 5. Therefore, in the incremental fitting scheme
employed in our method, the iteration will become slower and slower, when more and more control points are inserted.

On the contrary, as demonstrated in Fig. 5, with the iterative fitting method developed in this paper, the averaging
iteration time keeps nearly constant with the increase of the number of control points. The reason for this phenomenon
is as follows. As delineated in Section 3.2, when the number of control points of a B-spline solid increases, the non-zero
area of a B-spline basis function decreases, and so does the number of vectors distributed to a control point. Therefore, in
theory, the total amount of computation in an iteration is unchanged when the number of control points increases. Then,
our iterative fitting method is more suitable in incremental fitting tet mesh models with a large number of vertices and
tetrahedra.

Limitations: The developed method has two main limitations. First, in the generated B-spline solid, there is a narrow
strip-shaped region around the boundaries with negative Jacobian values. Second, due to the heavily non-uniform distribu-
tion of the tet mesh vertices, the fitting error can at best reduce to the order of magnitude of 1074, As the future work,
the iterative method should be improved to increase the fitting precision. Moreover, a desirable triangular mesh partition
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method and suitable optimization techniques are required to ensure the positivity of the Jacobian value of the generated
B-spline solid.

5. Conclusion

In this paper, we developed a discrete volume parameterization method and an iterative algorithm for fitting a tet mesh
model with a B-spline solid. The linear system of equations for the volume parameterization is constructed geometrically,
and the method is equivalent to solving a harmonic equation by the finite element method. Therefore, the generated param-
eterization is guaranteed to have no self-overlapping. Moreover, we presented an iterative algorithm for fitting a tet mesh
model. The iteration speed of the iterative algorithm is determined by the number of tet mesh vertices rather than the
number of control hex mesh vertices of the B-spline solid. Thus, the proposed iterative algorithm is desirable in fitting a tet
mesh with a large number of vertices incrementally.
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