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We introduce the concept of reduced curvature formulae for 3-D space entities (surfaces,
curves). A reduced formula entails only derivatives of the functions involved in the entity’s
representation and admits no further algebraic simplifications. Although not always the
most compact, reduced curvature formulae entail only basic arithmetic operators and
are more efficient computationally compared to alternative unreduced formulae. Reduced
formulae are presented for the normal, mean and Gaussian curvatures of a surface and the
curvature of curves on a surface, where each surface or curve on a surface may be defined
parametrically or implicitly. Reduced formulae are also presented for the curvature of
surface intersection curves, where each of the intersecting surfaces may be a given surface
or an offset of a given surface and each given surface may be defined parametrically or
implicitly. Known formulae are cited, without derivation, to form a collection, in one place,
of new and of known results scattered in the literature. Each curve curvature formula is

presented together with a formula for the respective binormal vector, from which formulae
for the Frenet frame and torsion of the curve can be derived.
© 2015 Elsevier B.V. All rights reserved.

1. Introduction

Formulae for computing various curvature measures are important in Geometric Modeling, CNC machining and other
applications. Texts on classical differential geometry (Knoblauch, 1913; Struik, 1950; Lipschutz, 1969; Spivak, 1975;
Do Carmo, 1976; Kreyszig, 1991) focus on the Gaussian and mean curvatures of surfaces, which determine local surface
shape. They generally limit their discussion on the normal curvature to the classic formula expressing the normal curvature
of a parametric surface as the ratio of the second to first fundamental forms of the surface, which is at the root of the classi-
cal theory on surface curvature. Regarding the curvature of curves, they provide only a general formula for parametric space
curves, on the tacit assumption that specific formulae for curves on a surface or surface intersection curves can somehow
be derived. Both Ye and Maekawa (1999) and Goldman (2005) have noted the scarcity of English literature on the differen-
tial geometry of intersection curves. A notable exception is Willmore (1959) who describes procedures (but gives no closed
formulae) for computing the curvature, torsion and Frenet frame vectors of intersection curves of two implicit surfaces.

In recent years, interest in the differential geometry of curves on a surface and surface intersection curves has re-
vived, motivated by research in Geometric Modeling (Faux and Pratt, 1981; Hartmann, 1996; Ye and Maekawa, 1999;
Goldman, 2005) and the need for advanced CNC controls (Papaioannou and Patrikoussakis, 2011). The curvature of a plane
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or space curve is a function of the first and second derivatives of the curve’s position vector. Similarly, the normal curvature
of a surface and, by extension, its Gaussian and mean curvatures, are functions of the first and second partial derivatives
of the surface’s position vector. These derivatives can, in turn, be expressed in terms of first and second derivatives, or
partial derivatives of the functions involved in the actual curve or surface representation. We shall call a curvature formula
entailing only representation function derivatives reduced, if it does not evidently admit further algebraic simplifications. We
allow, however, the use of placeholders for reduced expressions in reduced curvature formulae, for the sake of compactness.

The task of generating a reduced formula for the curvature of the intersection curve of a parametric surface r(u, v) =
[x(u, v) y(u,v) z(u, v)]T with an implicit surface f(x,y,z) =0 will serve to illustrate the issues involved. An established
fact in differential geometry is the dependence of the intersection curvature k of two surfaces S,, Sy, on their local normal
curvatures kgn, kpn, which reduces the task of computing k to computing kgn, kp, and combining them, by means of an
equation expressing this dependence, to produce k. The following expression of k? in terms of kgn, kpn is given in Lipschutz
(1969)

2 kan + ki — 2Kankpn cos @

sin ¢ ()
where ¢ is the angle formed by the local normal vectors of S;, Sp. Previous authors (Faux and Pratt, 1981; Ye and Maekawa,
1999) suggest substituting the values of kqn, kpy, COS@, sing into Equ. (1) to compute k. Efficiency gains can, however,
be obtained by introducing known formulae for kg, kp, into Equ. (1), or an equivalent expression, to produce reduced
formulae for k, by taking advantage of possible simplifications. This is a more systematic and efficient approach. It is also
less complicated than trying to compute k, without regard to its dependence on kg, Kpn.
Thus, to reduce Equ. (1) for the above case, we introduce into it the classic expression for the normal curvature k., of a
parametric surface r(u, v) = [x(u, v) y(u,v) z(u, T

C
kin=——, ¢m=L'a’>+2M'ab+ N'b?,
[t]*[ng]
L' = ryuny, M’ = ryyny, N =rwn;, t=ary+bry (2)

the expression for the normal curvature ks, of an implicit surface f(x,y,z) =0

Cfn T
kfn=-——, cm=—[t]"Hit]
" je2mg T

Cfn= —(fxxt)% + fyytfz + fzztg + 2fxytxty + 2 fastat; + 2fyztytz) (3)
where Hy is the Hessian of f(x, y, z), and the following expressions for cos¢ and sing
ny - ng : Iny > ng| It]

sing = =
[ne|[ng|  [ng|[ng|

0S¢ = (4)

Ing|[ng|”
where ny =ry x ry and ng =V f are the normal vectors of the intersecting surfaces and t = n; x ng is the tangent vector of
the intersection curve.

There have been, however, two missing links for this reduction process to succeed. Formula (3) for the normal curvature
of an implicit surface has been provided only recently by Ye and Maekawa (1999), although implicit forms of this formula
can be traced back to classical works (Spivak, 1975; Do Carmo, 1976). And unlike this formula, in which t is represented
by its Cartesian coordinates, formula (2) for the normal curvature of a parametric surface entails the coordinates a, b of t
in the basis ry, ry of the surface’s tangent plane. Reduced formulae for a, b when t is a tangent vector of the intersection
curve of a parametric surface by another surface have not been known, but we provide this link in Section 3, Equ. (20b),
which here assume the form

a=-ry-ng, b=ry ng (5)
Introducing Equ. (2)-(4) into Equ. (1) and simplifying, we obtain

CrNg — C
k:l rnilf fn r| (63)
It3
where L', M’, N’, ¢y (Equ. (2)), ¢y (Equ. (3)), @, b (Equ. (5)) and ny, ng, t are placeholders for reduced derivative expressions
of the representation functions x(u, v), y(u,v), z(u,v), f(x,y,z) and formula (6a) is also reduced as evidenced by its
explicit form

_ ((crn fx — Cfnnrx)z +(Cmfy — Cfnnry)2 +(Ccmfz— Cfnnrz)z)]/2

k
(2 +t5 +t2)3/2

(6b)
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The formulae presented in this paper fall into three categories. Known formulae, which are cited without derivation.
Derived reduced formulae for curvature measures for which alternative unreduced formulae or procedures have been pre-
sented by other authors. Completely new formulae for the curvature of curves on implicit surfaces and the normal and
intersection curvatures of offset surfaces.

The rest of the paper is organized as follows: Following a brief review of classical differential geometry (Section 2), we
derive in Section 3 reduced formulae for the tangential coordinates a, b of the surface tangent vector t for use with Equ. (2)
and in Section 4 reduced curvature formulae for curves on both parametric and implicit surfaces. In Section 5, from the
Faux and Pratt (1981) expression of the kB vector, we derive reduced formulae for the curvature of intersection curves,
for the remaining two representation modes (implicit/implicit and parametric/parametric) of the intersecting surfaces. In
Section 6 we present reduced formulae for the normal and intersection curvatures of offset surfaces, a subject not treated
in the English literature. The paper concludes with some final remarks (Section 7) and two appendices, the first of which
compares the efficiency of proposed reduced to existing unreduced formulae and the second rederives curvature formulae
presented earlier, by reformulating the problem as a surface intersection problem and applying proposed formulae for this
problem.

A word on notation: We use capital bold letters to distinguish unit vectors from other vectors. The principal normal
vector of a curve and the unit normal vector of a surface are denoted by N¢ and N, respectively. Otherwise, indexes indicate
the representation of curves/surfaces and their differential quantities (r for parametric, f, g for implicit, h for explicit
representations) and for partial derivatives of implicit functions ( f, g) of position vectors (r) and of their coordinates (x, y, z)
the associated parameters. Dots signify derivatives w.r.t. arc length and primes derivatives w.r.t. any other variable.

2. Brief review of classical differential geometry

Classical differential geometry starts from the Frenet-Serret equations of a curve

T=kN
N=-kT+tB
B=—tN (7)

and derives two basic curvature formulae. The first for the binormal curvature vector kB of a parametric space curve r(t) =

[x(®) y© zO)]"

rxr’
from which follow expressions for the curvature k and the binormal vector B
r xr’ r xr’
k= % B=—— (8b)
|r/| |r/ P r//l

of the curve. In fact, all formulae for the curvature of curves derived in the sequel (curves on a surface and surface intersec-
tion curves) originate at expressions of the kB vector and this close relationship between k and kB implies that for any such
curvature formula of the form k = |v|/|t|>, where |v| is the norm of a vector expression and t is the curve’s tangent vector,
there is a respective expression B =v/|v| of the binormal vector of the curve. The curve’s unit tangent vector T, principal
normal vector N¢ and torsion T can then be obtained from the formulae

r r’-B
T=—, Nc=BxT, 1=— 9
' ¢ It x 1| 9)
The second basic curvature formula
. I La®? + 2Mab + Nb? Ty X Ty
fc-Nr=kmm=—= 5 5 r= T
I Ea® + 2Fab + Gb [Ty X ry|
E=ry- 1y, F=ry-ry, G=ry Ty, L =ryy Ny = —ry - Npy,
M =ryy - Ny = —r1y - Npy, N =ry -Nr=—ry Ny (10)

gives the normal curvature k;, of a parametric surface S; at a point P, in terms of the first and second fundamental forms
I = Ea? + 2Fab + Gb? and Il = La® + 2Mab + Nb? of S; at P. Both forms are associated with a tangent vector t = ary + bry
of S;. In particular, I is a surface metric allowing lengths, areas and angles on S; to be expressed in terms of its first
fundamental coefficients E, F, G. Thus, the norms of t and of the normal vector n, =ry x ry of S; at P are

|t| = ((ary + bry)(ary + brv))1/2 — (Ea® + 2Fab + sz)uz

Ing| = [ty x 1y| = (r2r2 sin? y)l/2 = (r2ri — rri cos? )/)1/2 = (EG - Fz)]/2 (11)
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The normal curvature k;,; is the curvature of the section curve of S; by the normal plane spanned by t and N;. It
measures the curving of S; in the tangent direction t and its variation as t rotates around N; reveals the local surface
geometry at P. This leads to an examination of the stationary values of k, as the direction ratio a/b of t varies, with
the following results: ky, has either two real distinct stationary values (minimum kr;1, maximum Kk, termed principal
curvatures) or it is constant in all directions. In the latter case, the surface looks locally like a spherical cup and the point is
an umbilic. Apart from umbilics, the principal curvatures are distinct and the associated principal directions are orthogonal.
The local surface shape depends on the relative signs of kr1, km2. This gives rise to two new curvature measures, the
Gaussian curvature K = kmyikrmy and the mean curvature H = (k1 + krn2) /2. Since k1 < krp < krpp, K > 0 implies that ky
does not change sign and the local surface shape is cup-like. In particular, if H%> — K =0, then k1 = k2 and the point is
an umbilic. K < 0, on the other hand, implies a sign change of k;, and the local surface shape is saddle-like.

The left part of formula (10) expresses the normal curvature ky, of S; at P as the projection on the surface unit normal
vector Ny of the curvature vector ¥c = kN¢ of any curve C on S; which passes through P and is tangent to t. Since Ny, N¢
are unit vectors, this part can also be written in the form

kn = kNc - Ny = kcos 6 (12)

For reasons that will become apparent when we come to intersection curves, it is convenient to introduce into formula
(10) the surface normal vector ny =ry X Iy in place of the unit normal vector Ny = n;/|n;| of S; and write

L M’ N’

Zm, L' = ryuny, Zm, M’ = ryyny, Zm, N’ =rwn, (13)
r r r

Formula (10) then reduces to formula (2).
The classic formulae for the Gaussian and mean curvatures of a parametric surface are

Crk

Kr=—""—, cx=LN-M?
[0y |
CrH ’ ’ /
r==———, cu=EN +GL —2FM (14)
2|n;?

Spivak (1975, vol. 3), Belyaev et al. (1998), Turkiyyah et al. (1997), Patrikalakis and Maekawa (2002) and Osher and Fedkiw
(2003) provide the following formulae for the Gaussian and mean curvatures of a surface with explicit representation
z="h(x, y) and implicit representation f(x,y,z)=0

Chi 172
K”=W’ Chi = hxhyy —h2,. Iny| = (h +h% +1) 2
Ch
Hy = ﬁ chi = (14 h5)hyy — 2hxhyhyy + (14 05 ) (13)

CrK 2 2 2\1/2
Kf=W7 |nf|=(fx +fy+fz) s

i = F3 (Fyy foz = £32) + £y (Faxfzz = ) + £7 (Faxfyy — Fiy) + 2 fxfy(Fuz fyz = fay f22)
+ zfxfz(fxyfyz - fxzfyy) + nyfz(fxyfxz - fyzfxx)
I ctn=2Ufy fay + Fxfefre + Fyfefys) = F2(Fyy + o) = F2U+ fo) = F2 U+ fyy) (16

T e
It is important to note that we have cast the normal, Gaussian and mean curvatures of a surface in the generic forms
_ Cin __ Gk - CGiH
CEm T T 2

where index i indicates the surface representation. We shall call the numerator of each of these forms curvature factor of
the respective curvature.

ie(h, f, g2 (17)

kin

3. The classic normal curvature formula revisited

To apply formula (2) for the normal curvature of a parametric surface S; in a tangent direction t, one must express t in
the form

t=ary + bry (18a)

This task is trivially simple when t is defined as tangent to a curve C on S;, represented by u = u(t), v = v(t). Then

t=r =rqu’ +ryv (18Db)
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so that a =u’, b =v'. When C is defined on S; by an implicit equation f(u,v) = 0 then, by the implicit func-
tion theorem, as long as f;, # 0, u is an explicit function u = u(v) of v and C can be represented parametrically as
r(v) = [x(uv), v) y®),v) zu(), v)]". Then v =1 and

F=fud 4+ f, =0 —> u/=—%

u

t:r/:ruu’+r‘,:—&ru+r‘, (18¢)
fu
so that a=—f,/fu, b=1 and formula (2) becomes
C
kn = Zr—n’ Crn = L/f3 - 2M/fufv + N/fuz
[t][ng|
[t/ = Efy — 2Ffufv +Gf§ (19)

regardless of which of the parameters u, v is a function of the other.
Ye and Maekawa (1999) give the following general expressions for a, b, when t is an arbitrary tangent vector of S;
a_G(t-ru)—F(t-r,,) _Et-ry) —F(t-1ry)
B EG — F2 B EG — F2
which are obtained by taking the dot product of Equ. (18a), first with ry, then with ry and solving the resulting system for

a, b. We shall reduce these expressions for the case when t is tangent to the curve of intersection of S; by another surface
with local normal vector n. Then t = (ry x ry) x n and using the vector identity (a x b) x c=(a-c)b — (b - c¢)a, we obtain

, b (20a)

t=(ry -mry — (ry - Mry

t-ry=({y -n)F —(ry-n)E

t-ry=(ry-n)G — (ry-n)F (21)
Introduction of the last two expressions into Equ. (20a) yields

a=—(ry-n), b=ry-n (20Db)

4. Curvature of curves on a surface

For a curve C on a parametric surface S;, defined parametrically by u = u(t), v = v(t), the classic expression (8a) of the
kB vector yields (Hartmann, 1996)

(Tal’ + 1yV") X (Pgult’2 + 2rgy 'V 4+ 1y V' 2) + 1y X 1y (W' v — u”v’)

kB 3
[Tyl 4+ ryVv’|

(21a)

If C is defined implicitly by f(u,v) =0, Equ. (21a) becomes

_ (ryfu —Tufv) X a+ B(ry X 1y)
B Iry fu _rufv|3
a=rtwff —2twhufv +rwfl,  B=fuufi+ fovfE—2fuvfufv (21b)

Hartmann suggests computing the curvature of C as k = /|kB|2. The resulting formulae when Equ. (21a) or (21b) is intro-
duced into this expression are far from been reduced.

We shall use the general expression for the curvature k of a space curve C (Equ. (8b)) as a starting point to generate
reduced curvature formulae for curves on S;, by substituting in it reduced expressions of the derivatives r’, r’ of the
position vector of C, in terms of derivatives of the functions involved in the representation of C. Curves on a surface may
be represented parametrically, explicitly or implicitly, as the surface itself. In all cases, the domain or range of the curve
(depending on the type of variables involved in the curve’s definition) must be contained within the domain of definition
of the surface, otherwise, numerical problems will arise. For parametric representations r(u, v) = [x(u, v) y(u, v) z(u, v)]T
of Sy and u =u(t), v=v(t) of C, r/, r’ are expressed in terms of representation function derivatives, using the chain rule

kB

X Xu Xy o X’ Xuu Xuv  Xvy u'? Xu Xy u”
J 7 /! 1/ !4,
r=(y (=|Yu Yv |: /i|7 r=\|y = Yuu Yuv Ywv 2uv [+ | Yu Yy |:V”j| (22a)
z Zu  Zy z' Zuu  Zuv  Zyv v'2 Zu  Zy

and formulae (8b) become
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i — (@pYop = Xppyp)* + (VpZop — YopZp)* + ZpXpp — ZppXp)*)
X5 +yp +25)3/?
Xp =Xyl +xy V', yp=yull' + yvVv', zp=zyu' +z,V
Xpp = quu/2 + 2x0u'v + vaV/2 + xyu” +xy V",
Yop = Yuul' 2+ 2yu 'V + yuu vV 2 + yuu” + yy v,
Zpp = Zuut' % + 22,0V + 2y V' + zyu” + 2y v
_ [(YpZpp — YppZp) @pXpp — ZppXp) (XpY pp — Xpp¥p)1"
((xpYpp = XppYp)* + (YpZpp — Yppzp)? + (ZpXpp — ZppXp)?)1/2

When C is defined in the parametric plane of S; by an implicit equation f(u, v) =0, we distinguish two cases. If this
equation can be solved in the form say u = u(v), C can be represented as a space curve r(v) =
[xu(v),v) yv),v) z(v),v)]T and its curvature obtained by means of formula (8b). Otherwise, we need a special
curvature formula entailing partial derivatives of f(u, v). Assuming f, # 0, we can stipulate the existence of a function
u=u(v) and of a representation of C as above. Then v/ =1, v/ =0 and

(23)

F= 4 fy =0 =2
_fuufv+fuvfu /z_fuva+fvvfu

fﬁ=fuuu/+fuv= fy

fu fu
il = Sufy 2wty fuf? = fn £ o
fi fi
so that Equ. (22a) are adapted as follows:
X Xu Xy _
U=y =y [ fvl/f”],
z Zu Zy
X’ Xuu Xuv  Xvy f&/f,_% Xu Xy u”
=y | =| Yuu Yuv Yvv =2fv/fu |+ | Yu Wv I:Oi| (22b)
z Zuu  Zuv  Zvy 1 2y Zy
Further
!, /i _fv/fu fg/f& "
Xy —xy =[xy xv]|: 1 ] [Yuu Yuv Ywl| =2fv/fu | +Yyuu
1
_fv/fu f&/ff "
—[Yu .Vv][ 1 ] [Xuu Xuv Xww ]| =2fv/fu | +xuu
1
_ (quf‘% — 2Xuv fu fv +vaf3)(}/ufv —Yvfu)
fi
_ (Yuufg —2Yuv fufv +,Vvvf3)(xufv —xv fu)
fi
_ Xuyv —xvYu) 2 fuv fu fv —fuuf‘% - fvva%) (25)
fi

and deriving similar expressions for y'z” — y"z’, Zx" — z’x’, we finally obtain the formulae

2 2 2N\1/2
_ ((cxy — Cyx — NzUpp) + (Cyz — Czy — Nxlpp)” + (C2x — Cxz — Nylpp)©) /

k 3+ cf,, +c2)3/?

Cxqzxuufg_zxuvfufv +xvvf37 Cyt = Yufv — Yv fu, Cxy = CxqCyl
qu:J/uuf\g—z}’uvfufv'f‘}’vvfg, Cx = Xu fv — Xy fu, Cyx = CyqCxl
Czq:Zuufg_zzuvfufv +Zvvf37 Ca=2zyfv—2vfu, Cyz = CyqCzl

Czy = CzqCyl, Czx = CzqCxi, Cxz = CxqCzl, uppzzfuvfufv_fuuf‘?—fvvfg
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Ny =YuZv — YvZu, Ny =ZyXy — ZyXy, Nz =XuYv — XvYu

B— [(cyz — Czy — Nxlipp)(Czx — Cxz — NylUpp)(Cxy — Cyx — nzupp)]T (26)
((cxy — Cyx — ”zupp)2 + (Cyz — Czy — nxupp)z + (Czx — Cxz — ”yupp)z)l/2

Example 1. Given a spherical surface S;, represented as r = R[cosucosv sinucosv sinv]’, the curvature of the surface
curve f=u—v=0, —/2<u,v <mw/2,is found by means of curvature formula (8b) to be

. (3cos?v +5)1/2
"~ R(cos?v+1)3/2

Verify this expression using curvature formula (26).

Partial derivatives of f: fu =1, fy = =1, fuu = fuv = fuv =0, upp =0.
Partial derivatives of S;: ry, = R[—sinucosv cosucosv O]T, ry = R[—cosusinv —sinusinv cos v]T, Tyu =
R[—cosucosv —sinucosv 0]T, ryy = R[sinusinv —cosusinv 0]", ryy = —R[cosucosv sinucosv sinv]T.

Cxls Cyl €15 €y = R(sinucosv + cosusinv), ¢y = R(—cosucosv + sinusinv), ¢; = —Rcosv, (¢4 + cf,l + 232 =

R3(cos? v + 1)3/2.
Cxq> Cyq»> Czq- Cxg = 2R(sinusinv — cosucosv), cyg = —2R(sinucos v + cosusinv), c;g = —Rsinv.

Cxys Cyxs Cxzs Czxs Cyz, Czyt Cxy = CxgCyl = 2R2(sinusinv — cosucosv)?, cyx = CyqCy = —2R%(sinucosv + cosusinv)?,
Cxz = CxqCzl = —2R?%cosv(sinusinv — coSuCosv), Czpy = CzqCxl = —RZsinv(sinucosv + cosusinv), Cyz = CyqCqg =
2R? cos v(sinu cos v 4 cosu sin v), Czy = CzqCyl = —R2sinv(—cosucos v + sinusinv).

Curvature formula (26): (cxy — Cyx)? = 4R%, (cyz — €zy)? = R*(sinucos? v + sinu + cosusinvcosv)?, (czx — Cxz)? =
R*(sinu sin v cos v — cos u cos® v — cosu)
_ ((cxy — ny)2 + (cyz — Czy)2 + (Czx — sz)z)l/2 _ 3 cos? v + 5)]/2

k =
4+ ci, +c2)3/2 R(cos? v + 1)3/2

The task of developing curvature formulae for curves lying on an implicit surface S has been an open question, according
to Goldman (2005). The rest of this section is our attempt to provide an answer. When S is represented as f(x, y, z) =0,
a parametric definition x = x(u), y = y(u), z=z(u) of C on S, involving all three coordinates cannot be distinguished from
an ordinary parametric representation of C as a space curve, even though incidentally x = x(u), y = y(u), z= z(u) satisfy
the surface equation f(x,y,z) =0 identically. Also an implicit definition g(x,y,z) =0 of C as a curve on S¢ cannot be
distinguished from its definition as an intersection curve of the surfaces f(x,y,z) =0, g(x,y,z) =0. In the first case, the
curvature of C is provided by curvature formula (8b), while the second case is treated in Section 5.

Distinct definitions of C on S¢ result by imposing on only two of the three coordinates of S¢, say on X, y, a parametric
restriction x = x(u), y = y(u) or an implicit restriction g(x,y) = 0. In the first case, a value of u fixes x, y, but z can
only be obtained from the implicit equation f(x,y,z) =0 if f; #0. The curvature formula must somehow reflect this fact.
The derivatives r’/, r’ in the general curvature formula (8b) are then obtained for the x and y components from the given
functions x = x(u), y = y(u), while for Z/, z”, the curve representation f(x(u), y(u), z) =0 yields

fl= bl F Iy 4 S =0 > 2= 2= (S 1 1y) (27)
z

and by differentiating z’

S fo(fX + fy ¥+ [+ fy ¥ — (fX' + fyy) f; (282)

2

where, by the chain rule

f)é fax fxy frz X
f)// = fxy fyy fyz y (29)
fz/ fxz fyz [z Z

and by introducing Equ. (29) into Equ. (28a), the latter becomes
Z /
72" = %7 Zpp = _(fzz (fxxx 2 + fyyy/2 + 2fxyxly, + fo” + fyy”) + 2fz(fxzx/ + fyzy,)zp + fzzzlz)) (28b)
z

Then, introduction of the above expressions for z’, z” into formulae (8b), yields
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_ Y XY+ (Vzpp — ¥ f72p)% + (2 2pX” — 2ppX))' 2
(FZX2+y'2) +25)32
_ (Y 2pp — ¥ f22p) (f22pX" — 2ppX) [ (K y" — X" y)]T
(FEXy" —x"y)? + (¥'zpp — y”fzzlp)2 + (fzzsz” — zppx')2)1/2
These expressions are symmetric in x, y but non-robust since, when f, =0 we have z, =z, =0 and k, B assume the
indeterminate values 0/0, 0/0. This is expected since, as noted above, f(x,y,z) =0 cannot be solved for z when this
condition exists.
When both S¢ and C are represented implicitly as f(x,y,z) =0 and g(x, y) =0, respectively, assuming g, # 0, we can

stipulate the existence of a function y = y(x) and represent again C on S parametrically by x = x, y = y(x), with parameter
x this time. Then X' =1, X" =0 and

k

(30)

g 8y8x — 8y &
g=gtgy=0->y=-"2 ="
8y gy
z
f/=fx+fyy/+fzz/=0 — Z/=—p’ Zp=fygx_fxgy
gyfz
” (f;;gx + fyg,/x - f;gy - fxg;)gyfz — Zp(gngz + gyfz/)
z'= N (31a)
gy f7
Introducing the derivative expressions
|:g;/<i|:|:gxx gxy][ 1 ]: 1 |:gxx gxy:||: gyfz ]
g/y 8xy 8yy y gyfz 8xy 8yy —8xfz
fx fo fry  fxz 1 1 fo fry  fxz gyfz
f}/; = fxy fyy fyz y :—f fxy fyy fyz —8xf2 (32)
fz/ fxz fyz fzz 4 8yJz fxz fyz fzz Zp
we obtain
y z
y”:%, J’pp:2gxygxgy_gxxg32/_gyyg£, NZ%
8y gyfz
_ 2 ¢2 2 3 f2 2 2
Zpp = Znyng_yfz - 2fngyfzzp + 2fyzgxgyfzzp - fxxgyfz - fyygxgyfz
- fzzgyzg - ngygxgyfyfz2 + gxxfygfzfzz + gyyg;%fyfz2 (31b)
Cyz
y’z” _ y//z/ — y
g f?
Cyz = —Znyg,%gnyZ + 2fngxgyfzzp - nyzg;%fzzp + fxxgxgjzzfzz
+ fyyg;?fzz + fzzgxzf; + ZngfXngyfzz - gXXfng/fzz - gyyfxg;%fzz (33)
With the above expressions of y’, y”, Z/, Z/ and the values x’' =1, x” = 0, formulae (8b) become
(Ypp f)* + (cy2)* + (zpp)®)'2
k= 2 1 o2\ f2 1 ,21\3/2
((gx +gy)fz +2p) /
_ [Cyz_zpp}’ppfz?’]-r (34)
((J/ppfz3)2 + (Cyz)2 + (pr)z)]/z
Curvature formula (34) encompasses the known formula for the curvature of a plane implicit curve g(x, y) =0
Ypp 28xy&x8y — gxng, - gyyg)%
k=——" = 2 1 52 (35)
(85 +8y)%? (85 +8y)°/2

as a special case, when S¢ is the x-y coordinate plane, defined by f(x,y,z) =z=0. Then, f, =1, z, =z, =cy, =0 and
formula (34) reduces to formula (35).

The curvatures of special curves on a surface are also of interest. Geodesics have their principal normal vector N¢ aligned
with the surface unit normal vector N. Consequently (Equ. (12)), their curvature k is equal to the local normal curvature k;
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Fig. 1. Construction of an intersection curve’s curvature vector kN¢, from the normal curvature vectors kq,Na, kynNp of the intersecting surfaces.

of the surface, in the direction of the geodesic. The curvatures of lines of curvature (principal curvatures) are roots of the
quadratic equation

k> —2Hk+K =0 (36)

Direct but unreduced formulae for the curvatures of curvature lines on implicit surfaces have been provided by Che et al.
(2007). Curvature formulae for topologically important curves such as ridges and ravines are presented in Che et al. (2011).

5. Curvature of surface intersection curves

Let S,, Sy be two intersecting surfaces, C their curve of intersection, P a point on C and N,, N the unit normal vectors
of S,, Sp at P. Then, the normal curvature vectors kgnNa, kpnNp of Sa, Sp determine the curvature k of their intersection curve
C at P (Fig. 1). This is a consequence of Equ. (12), as follows: The plane spanned by N,, Nj is normal to C at P and contains
the principal normal N¢ of C and its curvature vector kNc. Since C belongs to both S, and Sy, according to Equ. (12), the
projections of its curvature vector kNc on the lines Px, Py normal to Sy, Sp will be equal in magnitude to the normal
curvatures kg, kpn, of Sa, Sp, in the direction of the tangent to C at P. Conversely, if on the lines Px, Py drawn normal to
Sa, Sp we take segments PA = kqn, PB = kp, and from their end points A, B draw normals to these lines in their plane,
the intersection Q of the normals defines the curvature vector lﬁ: kNc of C and, consequently, the curvature k of C at P.
The dependence of k on kg, kpy and ¢ revealed by this construction, is expressed by Equ. (1). There are two alternative
equations, which express the same relationship. The first

_ kanNp — kpnNa

kB = (37a)
[Na x Np|
was provided by Faux and Pratt (1981, p. 262) and the second
kan — kpp cos Kpn — kan cos
kN = PN, I~ P, (38)
sin” ¢ sin“ ¢

by Ye and Maekawa (1999). Both reduce to Equ. (1) by squaring.

Surprisingly, the possibility of using these expressions to derive reduced formulae for the curvature of the intersection
curve has not been exploited by their authors. We shall use Equ. (37a) for this purpose. It is more convenient to introduce
into it the surface normal vectors n,, ny, through the expressions N; = ny/[n;|, Np = ny/|ny| and write Equ. (37a) in the
form

_ kan|ma|ngp — kpy|np [0,
B It

The convenience stems from the fact that introduction of the generic forms of the normal curvatures kgn, kp, of Sy, Sp
(Equ. (17)) simplifies this expression, as follows

kB . [t =1ma x mp| (37b)

CanDlp — CppNa

kB = 39a
TE (39a)
Equ. (39a) leads directly to reduced formulae for the curvature k of C and for its binormal vector B, as follows
Canp — CppN, CanNp — CppN,
k= | anlp : bn a|’ _ ‘tan b bnlla (ng)
[t] [Canp — ChnNa|

To generate a reduced curvature expression for the curvature k of the intersection curve C of two implicit surfaces Sy, Sg,
for example, represented by f(x, y,z) =0, g(x,y,z) =0, we introduce into Equ. (39a) expressions for the normal curvature
factors ¢y, cgn Of Sf, Sg (Equ. (3)) and the expressions ng = Vf, ng = Vg for the surface normal vectors and t = n¢ x ng for
the tangent vector of C. We then have the following formulae for the curvature k and for the binormal vector B of C
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_ ((Cfngx - anfx)2 + (Cfngy - anfy)2 + (Cfngz - anfz)z)l/2
(t2 + 2 + t2)3/2
Cfn= —(fxxt)% + fyytfz + fzztg + 2fxytxty + 2 fastat; + 2fyztytz)
Cgn = _(gxxt)% + gyytjz/ + gzztg + 28xytxty + 28xtxt; + 2gyztytz)

_ [(Cfngx - anfx)(cfngy - anfy)(cfngz - anfz)]T
((Cfngx - anfx)z + (Cfngy — anfy)z +(Cfngz — anfz)z)]/2

k

(39¢)

For two parametric surfaces Sy, S, represented by ri(u,v) = [x1(u,v) yi(u,v) zi(u,)]', rp,q =
(x2(p,q) y2(p,q) z2(p,q)]" with normal vectors ny = rig X Iy, N2 = Iap X Iaq, the tangent vector t =mnq x ny of their
intersection curve C has tangential coordinates in the basis riy, ryy of the tangent plane of Sy a; = —ryy - n2, by =r1y - N2
and in the basis rzp, raq of the tangent plane of Sy a; = —raq - mq, by =r3p - mq (Equ. (20b)). Then, Equ. (39a) yields the
formulae

_ ((eringx — CraMx)? + (Crinay — Cran1y)? + (Crin2z — Cranyz)?)1/?
(t2 415 +12)3/2

/2 ! / 12 / ’ /
¢ =Ljay +2M'ayb1 + Niby, L} =rigumy, M] =rigi, Nj =ripwm

k

/2 / ! 2 / / /
Cr2 = Lya5 + 2M'azby + N3ybs, Ly =rappha, My =Tapqiz, Ny =Tr2qqn2

B [(cr1n2x — Cral1x) (CriNzy — CraN1y) (Criaz — Craniz)]’
((cringx — Cranix)? + (cr1inay — Crznly)2 + (crinzz — cr2n12)?)1/2

(39d)

The curvature formula for the intersection curve of a parametric with an implicit surface was derived in Section 1 (Equ. (6b)),
but it could have more readily been derived from Equ. (39a).

Interest in the differential geometry of surface intersection curves has recently expanded to include intersection curves
in R4 and even higher dimensions (Goldman, 2005; Aléssio, 2006; 2012; Diildiil, 2010).

6. Normal and intersection curvatures of offset surfaces

Intersection curves of surfaces which are offsets of (also known as parallel to) given surfaces do arise in modern appli-
cations, justifying a revival of interest in their differential properties. For example, in the 3-axis CNC milling of free-form
geometries, with a ball-end cutter of radius R, it is sometimes desirable to move the cutter with its ball-end being in si-
multaneous contact with two given surfaces, both of which must be machined or one must be machined, while the other is
used for guiding the tool. Then, the center point of the ball-end of the cutter, whose motion is programmed, moves along
the intersection of two surfaces which are offsets of the given surfaces, at distance R.

6.1. Normal curvature

Let Sp be an offset surface of a given surface S, at distance d. Classical texts focus on the fact that at corresponding
points P, P, on S, Sp, that is points lying on a common normal line, the principal directions of the two surfaces are parallel
and their principal curvatures ky;, kpni, i =1, 2, are related by

kpni kn

kni = —20— ., Kppi = o,
U T dkpnt T T 1 — dkg

i=1,2 (40)

They don’t show, however, how the normal curvatures of S, S, are related, in other directions. We shall investigate this
matter, using Euler’s equation (Struik, 1950), which expresses the normal curvature k, at a surface point P, in a given
tangent direction t, in terms of the principal curvatures kyq, kny of the surface at P and the angle ¢ of t with the direction
of ky1, as follows:

kn = kn1 c0s% @ + knp sin® @ = (k1 — kn2) cos® @ + ki (41a)

We apply Euler’s equation to Sp and substitute in it the principal curvatures kpn1, kpn2 of Sp by their expressions in terms
of the principal curvatures of S (Equ. (40)), to obtain

kpn = (kpn1 — kpn2) cos? @p +kpn2

k,—,] knz 2 an
_ _ _n2 41b
(1 "k 1—dkn ) O ¥ T dk (41b)
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Since the principal directions on S, S, are parallel, t makes equal angles with the directions of the principal curvatures kp;
of S and kpn1 of Sp. Thus, by applying Euler’s equation to S, we express cos? @p in terms of the principal curvatures of S

kn — kna
2 n n
cos = — 42
r kn1 —kn2 (42)
and Equ. (41b) becomes
- kn1 kno kn — kn2 i kn2
PP\ 1 —dkm 1 —dknp ) \kn1 —kn2 ) 1 —dkn2
_ k,—, — dkmknz
1 —d(kn1 + kn2) + dZkn1kn2
kn —dK
e 41
1-2dH + d°K (41¢)

The last expression of the normal curvature kp, of Sy entails the normal curvature k, of the base surface S in the tangent
direction t and the Gaussian and mean curvatures K, H of S. Reduced formulae for these curvatures have been given in
Section 2 (Equ. (15)-(17)). Substituting k,, K, H by their generic expressions, we obtain

Cin__ __ deig 3 3
[62m] — m4¢ _ Cipn ~ Imil(cin|m|® — deig [t]7)

i — = s ipn =
- ﬁf_’g + % |€12|mj] Inj[* — deiy ni| 4 d%ci
i i

Kipn = (43)

6.2. Curvature of intersection curves of offset surfaces

Expressions derived by instantiating the normal curvature expression (43) for a surface Sp offset of a given parametric
surface S; (i =r) and for a surface Sg, offset of a given implicit surface S¢ (i = f), can now be combined in all three modes
(implicit/implicit, parametric/parametric and parametric/implicit) of the given surfaces S;, Sf, with the aid of Equ. (39a), to
yield curvature formulae for the intersection curves of offset surfaces. It may also be desirable to compute the curvature
of the intersection of a given surface S, with a surface Sy, offset of a given surface Sp. In all these cases, Equ. (39a), (43)
can be used to produce intersection curvature formulae for offset surfaces, as it was done for given implicit and parametric
surfaces in Section 5, provided proper expressions for the curvature factors ¢, Cq, Crx, Crk, CrH, Cry Of the given surfaces
are utilized. For two surfaces Sgp, Sgp offset of given implicit surfaces S¢, Sg represented by f(x,y,z) =0, g(x,y,z) =0, for
example, Equ. (39a) yields

_ ((Cfpngx - Cgpnfx)2 + (Cfpngy - Cgpnfy)2 + (Cfpngz - Cgpnfz)z)]/z
(% +t5 +t2)3/2

_Ingl(cpnlngl® —dcslt]?) _ Ing|(cgnmg|? — dcgi |t]?)
_ , -
Ing|* — dcppy gl + d2cpg B Ing|4 — dcgpIng| + d2cgk

k

fpn

_ [(Cfpng&x — Cgpnfx)(cfpngy - Cgpnfy)(cfpngz - Cgpnfz)]T
((Cfpngx - Cgpnfx)2 + (Cfpngy - Cgpnfy)2 + (Cfpngz - Cgpnfz)z)l/2

(44)

with ng = Vf, ng = Vg, t = ng x ng, where the expressions for the normal curvature factors ¢y, Cgn are derived from Equ. (3)
and those for ¢k, ¢y, Cgk, Cgn from Equ. (16).

Example 2. Given a spherical surface St of radius R and a circular conical surface Sg with a 90° aperture and its apex at the
center of the sphere, implicitly represented by

f=x}+y;+2;—R*=0, g=y;+2,—x=0

and offsets S, Sgp of these surfaces at distance d (Fig. 2): a) Express, by means of geometry, the curvature k of the largest
of the two circles of intersection of Sg,, Sgp, in terms of R, d. b) Verify the curvature expression found in (a) by means of
the general curvature formula (44).

(a) In the x-z plane, the generatrix line OP of Sgp has equation z=x + V/2d. It meets the circle x2 + z2 = (R +d)% at P,
whose coordinates are found by solving the system of these two equations to be

_YV2WRT+2R—d)  _ V2(/R*+2dR +d)
- 2 P 2

Xp
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Q

Fig. 2. X-z plane view of the given surfaces S, Sg, their offsets Sg,, Sgp, their surface normal vectors ng, ng and the tangent vector t of the intersection
circle of Sgp, Sgp.

Since zp equals the radius r of the intersection circle of Sg,, Sgp, the curvature of this circle is

1 V2

k=-

ro (VR? +2dR +d)

(b) Partial derivatives of the given surfaces Sg, Sg:
fx:2Xf, fyZZJ’f, fzzzzf, fxx:fyy:fzz:l fxy:fxz:fyzzo
8x = —2xg, gy =2Yq, 8 =12z, gxx = —2, 8yy =82z =2, 8xy = 8xz = 8yz=0
Surface normal vectors of S, Sg at Py, Py (y5 =yg =0):
ng=VE=[2x; 0 2zf1', mg=Vg=[-2xg; 0 2z,
| =2R,  Ing| =2(x% +22)"/* =2(0P —d) =2(v2r — d) =2v/R? + 2dR
Tangent vector of the intersection circle of Sg,, Sgp at P:
T
tp=ngxng=4[0 —(zfxg+x52zg) 0]

To evaluate the norm of tp, we substitute the coordinates of Ps(xf, 0, zf), Pg(Xg, 0, Z¢) in terms of coordinates of P(xp, 0, zp),
using the defining relations of the offset surfaces:

1‘p:rf+dﬂ :1‘g—|—di
g Ing|
R
[ng[x ¢ + 2dxf = [ng[xp — xf:R+dXP’ zf:mzla
|ng|xp _ [ng|zp

Ng|Xy — 2dXg = |Ng|Xp — Xg = —————, Zg= —2——
Ing|X g = Inglxp £ Ing|—2d £ Ing|+2d

Before applying curvature formula (44), it is convenient to express all quantities it entails in terms of R, d, |ng|, [tp|. Thus,
we have

V2(Ing| — 2d) V2(Ing| + 2d)
Xp=——"7-"—"—, r=zp=——7"-——

4 - 4
o _ V2R(ng| —2d) _ V2R(Ing| +24d)
I="a®+a 0 VT AR +a)

V2|ng| Ring|*
Xg=2g=—, £, Itp| = 4|(zxg +x52g)| = R—fd

Curvature factors of Sgy, Sgp (Equ. (3), (17)):
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Cin=—23,=—2Ite],  cfx =16(x} +27) =16R*,  cfy=—16(x} +2z}) =—16R’

oo _ Indlepning® —degltel”) _ 2R|te|?

fpn |Ilf|4—dCfH|llf|+d2CfK R+d

Cgn=—2tp, =—2[tp|*, ek =16(x; —2z;) =0,  cgn=—16x; = —2|ng|’
P an|ng|3 _ _2|“g||tl’|2

1 Ing|3 — degn Ing| + 2d

Curvature of the intersection circle of Sgp, Sgp (Equ. (44)):

_ ((Cfpn&x — Cgpnfx)2 + (Cpn8z — Cgpnfz)z)l/2

k
Itp|3

2+/2R|ng|?|tp|?

Cfpn8x — Cgpnfx = Cfpn(_zxg) — Cgpn (2Xf) = m

Cfpn8z — Cgpnfz = Cfpn(zzg) — Cgpn (ZZf) =0

k= |Cfpngx - Cgpnfx| _ 2\/5 _ \/5
Itp|? Ing|+2d  (VR2+2dR +d)

7. Concluding remarks
The following properties of reduced curvature formulae can now be stated:

a) They are closed formulae, entailing only basic arithmetic operators (addition, subtraction, multiplication, division) and
square root operators. They are thus suitable for casual users, whose skills do not extend beyond basic algebra and the
extraction of function derivatives.

b) They are more efficient compared to alternative unreduced formulae (see Appendix A).

Although we have presented several reduced formulae, we have not exhausted all cases that may arise. We have not, for
example, dealt with the curvature of curves defined by differential equations. Curves on offset surfaces may also arise in
ways other than as intersections with other surfaces. An open problem is developing a curvature formula for the curve C,
traced by a point P, on a surface Sy, offset of a given surface S, when its corresponding point P traces on S a given curve C.
In this case, C and C, do not have the same directions at corresponding points, so Euler’s formula (Equ. (41a)) cannot be
used to relate the curvatures of C, C,. The solution of this problem would be of practical interest in the isoparametric 3-D
machining of a surface patch S, with a ball-end cutter.
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Appendix A. Efficiency comparison of curvature formulae

We compare the cost of reduced curvature formulae to the cost of alternative unreduced formulae, in three cases, based
on the following assumptions: The comparisons do not include the cost of computing function derivative values, which
is the same for the compared formulae but case-dependent. These are assumed to be available. The cost of each formula
is quantified by means of a multiplication count Cy,, an addition count C; and a square root count Cg. In forming these
counts, divisions are assumed equivalent to multiplications, small integer powers equivalent to repeated multiplications and
subtractions and multiplications by 2 equivalent to additions. The cost of standard vector operations then is: For a scalar
product a-b, C, =3, C; =2, for a vector product a x b, C, =6, C; =3, for a double vector product a x b x ¢, C, =12,
C,=6.

Case 1. Computation of the tangential coordinates a, b of t, when t is the tangent vector of the intersection curve of a
parametric surface r = [x(u, v) y(u,v) z(u, v)]T by another surface with normal vector n. Table 1 compares the cost of
using the unreduced formulae of Ye and Maekawa (1999) for a, b (Equ. (20a)) to the cost of using our reduced formulae
(Equ. (20b)).

Case 2. Computation of the curvature k of the curve of intersection of a parametric surface r = [x(u, v) y(u, v) z(u, v)]T by
an implicit surface f(x, y,z) =0. Table 2 compares the cost of using the formulae of Ye and Maekawa (1999), Equ. (20a),
for computing the coordinates a, b required by formula (2), and formulae (1)-(3) for computing k to the cost of computing
a, b by our reduced formulae (Equ. (20b)) and our reduced formula (Equ. (6b)) for k.
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Table 1

Cost comparison of the unreduced and reduced formulae for a, b.
Ye and Maekawa (1999), Cm Cy Our formulae, Cm Cy
Equ. (20a) Equ. (20b)
E, F, G 9 6 a, b 6 4
EG —F? 2 1
t=(ry Xry) xn 12 6
t-ry, t-ry 6 4
a, b 6 2
Total counts 35 19 6 4

Table 2

Cost comparison of unreduced and reduced formulae for computing the intersection curvature of a parametric with an implicit surface.
Ye and Maekawa (1999), Cm Ca Cor Our reduced formulae, Cm Ca Cor
Equ. (20a), (1)~(3) Equ. (20b), (6b)
A b 35 19 0 a, b 6 4 0
L',M', N 9 6 0 Nyx, Nry, Nz 6 3 0
Cm 6 3 0 LU, M, N 9 6 0
e, [ngl, [t], [t 11 6 3 Cm 6 3 0
Cn 9 8 0 ty, ty, t; 6 3 0
cos @, sing 7 2 0 It |t3 5 2 1
Kfn, ken 4 0 0 Ctn 9 3 0
k 5 3 1 10 5 1
Total counts 86 47 4 Total counts 57 34 2

Case 3. We prove the equivalence of Goldman’s formula for the curvature of the intersection curve of two implicit surfaces

fx,y,2)=0, g(x,y,2z) =0 (Goldman, 2005)

_ IV x V) xV(Vf xVg) x (Vf x Vg)|
IVfxVgP

with our reduced formula for this curvature (Equ. (39c)) and, in the process, we compare the efficiencies of the two formu-

lae. Since the denominator in both formulae is |t|3, it suffices to prove the equivalence of the numerators.

In Equ. (A.1a), % is the matrix multiplication operator, with operands the curve’s tangent vector t=V f x Vg and the
matrix M = Vt. This matrix is formed with columns the gradients of the components of t, that is M = [Vty Vt, Vt,]. Thus,
Equ. (A.1a) can be written
Cltx ty t]x[Vty Vi, Vi Ix[ty ty t]|

(62 + 3 +2)3/2

k (A1a)

K (A1b)

The columns of M are

Vix=V(fy8 — f28y) =V fy& + fyV& —Vf8y— fVgy

Vty =V(f28x — fx82) =V f28x + [2V&x — V fx82 — fxV &2

Vi, =V (fx8y — fy8x) =V fx&y + fxV8y —Vfygx— fyVex (A2)
Let [X Y Z] be the vector [ty,ty,t,] *[Vty Vty Vt,]. Then, by matrix multiplication

X=(fxy8 + fy8xz — fa8y — f28xy)tx + (fyy8z + fy8yz — fyz8y — f28yy)ty
+ (fyz8z + fy8zz — f228y — [28y2)tz
Y = (faz8x + f28xx — fxx8z — fx&x)tx + (fyz8x + f28xy — fay8z — fx&y)ty
+ (f228x + f28x2 — fx28z — fx&z2)tz
Z = (fxx8y + fx8xy — fxy&x — fy&x)tx + (fxy&y + fx&yy — fyy&x — fy&xy)ty
+ (fxz8y + fx8yz — fyz8x — fy&atz (A.3)
and the first component of the vector [X Y Z] X [ty, ty,t,] is

Yt, — Zty = (fyyth + farts + fxytxty + fatatz + 2 fyztytz) 8x

- (gyytfz + gzztg + xyltxly + 8xztxtz + 2gyztytz)fx — (faxtx + fxyty + fxztz)(gyty + 8:t7)
+ (gxxtx + Gxyty + 8xztz) (fyty + f2tz) (A4a)
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Table 3

Cost comparison of the unreduced Goldman’s formula to our reduced formula for computing the intersection curvature of two implicit surfaces.
Goldman'’s formula, Equ. (A.1b) Cm Ca Csr Our formula, Equ. (39c¢) Cm Ca Csr
to by, b 6 3 0 to ty, b 6 3 0
Itl, |t? 5 2 1 It], 1t 5 2 1
Matrix V(Vt) = [Vty Vty, Vt,] 30 27 0 Cfnr Con 18 16 0
[XY Z]=[tx, ty,t;] x [Vty Vty Vi,] 9 6 0 k 10 5 1
[XY Z] x [ty, ty, t] 6 3 0
[[XY Z] x [tx, ty, 1], k 4 2 1
Total counts 60 43 2 39 26 2

which, by means of the normality conditions fyty + f;t; = — fxtx, yty + 82t; = —&xtx, becomes

Ytz - Zty = (fXXt)z( + fyytjz/ + fzsz + 2fxytxty + 2fxztxtz + 2fyztytz)gx
— (Zaty + Gyyty + 8oty + 2Guytaty + 28xalxtz + 28yt ytz) fx
=—(Cfngx — Cgnfx) (A.4b)

Similarly, it can be shown that the second and third components of the vector [X Y Z]x [ty, ty, t;] are Ztx—Xt, = —(Cfngy —
Cgnfy) and Xty — Yty = —(Cfn8z — Cgnfz). Thus, the numerator in Goldman's formula (Equ. (A.1b)) is

lltx ty t1%[Vtx Vt, Vi ]x[tx t, t;]]

1/2

= ((Cfngx - anfx)z + (Cfngy - anfy)2 + (Cfngz - anfz)z) / (A.5)
the same as in our formula (Equ. (39¢)). Table 3 compares the cost of computing the intersection curvature of two implicit
surfaces by Goldman’s formula, Equ. (A.1b), to the cost of computing the same curvature by our reduced formula (39c).

Appendix B. Alternative proof of formulae (30), (34)

The curvature formula for a curve C, defined by a pair of parametric equations x = x(u), y = y(u) on an implicit surface
S¢ represented by f(x,y,z) =0, was derived in Section 4 (Equ. (30)) from the curve representation f(x(u),y(u),z) =0.
As a correctness test, we shall derive this formula by considering C as the curve of intersection of Sf with a generalized
cylindrical surface S; with position vector r = [x(u) y(u) v]T and using Equ. (6b) to obtain its curvature.

Normal vector of S¢:ng=[fy fy f,]T. Parametric derivatives and normal vector of S: ry =[xy yy O]%, ry = [0 0 117,
Tuu = [Xuu Yuu 017, Tuy = Tw = [0 0 01, ny =y x 1y = [yy —xy O]T. Tangent vector of C: t=ng x ny = [fzxy fzyu —2p1",
tl = (F20 + vy +2)V2, z2p = faxu + fyyu.

Curvature factors of S¢, S; (Equ. (2), (3)):

Cfn= _(fxxt)% + fyytjz/ + fzztg + 2fxytxty + 2 fastat; + 2fyztytz) =Zpp + fzz(fxxuu + fy}’uu)

Zpp = _(fzz(fxxxﬁ + fny’3 + 2fxyXuJ/u + fxXuu + ny/uu) + 2 f7(fxzXu + fyz}’u)zp + fzzzf,)

L' =ryuly =Xuyu — YuuXy, M =rwnr=0, N =rwn,=0, a=-ryng=—f,, b=rung=2z,
Crn = L'a® +2M'ab + N'b* = fzz(xou’u = YuuXu)-

Numerator terms of curvature formula (6b):

Crn fx — Cpntx = 2 uuYu — Yuuku) fx — (2pp + F2(Fxxun + fyYuu)) Vu
=—(yuzpp — J’uufZZZP)
cmfy = Cpaltry = F7 RuuYu — YuuXu) fy + (2pp + F7 FxXuu + fyYuu))Xu
= _(fzzszuu — ZppXu)
Crnfz — Cpntrz = f} RuuYu — YuuXu)
Formula (6b) for the intersection curvature of an implicit with a parametric surface:
_ (emfx—cpnnrd® + Cmfy — €pury)? + (Cm fz = cpura)®) /2
(t7 + 13 +12)3/2
_ (Yuzpp = yuuf72p)* + (F22pXun — ZppXu)? + fP uYuu — Xuuyw)*)'/?
(F206 + yi) +23)3/?

k
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which is formula (30) with the parametric derivatives x’, x”, y’, ¥” denoted here as Xy, Xyy, Yu, Yuu. Formula (34) for the
curvature of a curve C defined implicitly as g(x, y) = 0 on an implicit surface f(x, y,z) =0 can be proved in a similar man-
ner, by considering C as the curve of intersection of two implicit surfaces f(x, y,z) =0, g(x, y) =0, the latter representing
an implicitly defined generalized cylinder and using formula (39c).
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