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Real μ-bases for non-ruled real quadric surfaces have two potential drawbacks. First, the 
resultant of the three moving planes corresponding to a real μ-basis represents the implicit 
equation of the quadric surface, but in some cases contains a linear extraneous factor. 
Second, even when this resultant contains no extraneous factor, this resultant generates 
only the affine version of the implicit equation. In contrast, the resultant of the two moving 
planes corresponding to a complex μ-basis always generates the homogeneous version of 
the implicit equation for the quadric surface with no extraneous factors. We illustrate these 
phenomena here with three examples.

© 2016 Elsevier B.V. All rights reserved.

Recently Goldman et al. (2015) introduced the notion of a complex μ-basis for a real quadric surface. These authors 
showed how to apply these complex μ-bases to find the implicit equation and inversion formulas for non-ruled real quadric 
surfaces and mentioned several advantages of their complex μ-bases over real μ-bases for these quadric surfaces. One 
advantage that they failed to point out is that the implicit equation generated from the resultant of a real μ-basis for 
quadric surfaces sometimes has an extraneous factor (Chen et al., 2007), but the implicit equation generated from the 
resultant of a complex μ-basis always gives the exact implicit equation with no extraneous factors. A second advantage is 
that even when the real μ-basis generates the implicit equation with no extraneous factors, the real μ-basis generates only 
the affine version of the implicit equation, whereas the complex μ-basis generates the homogeneous version of the implicit 
equation. We illustrate these phenomena here with three examples.

Example 1 (The sphere). Consider the sphere with the affine quadratic parametrization

P(s, t) = (
2s,2t,1 − s2 − t2,1 + s2 + t2).

A real μ-basis for this parametrization of the sphere is given by the three syzygies corresponding to the moving planes:

xs + yt + (z − w) = 0, (z + w)t − y = 0, (z + w)s − x = 0,
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since their outer product

det

⎛
⎜⎝

i j k l
s t 1 −1
0 −1 t t

−1 0 s s

⎞
⎟⎠ = P(s, t).

Taking the resultant of these three moving planes gives the expression for the implicit equation of the sphere with a linear 
extraneous factor:

det

( x y z − w
0 z + w −y

z + w 0 −x

)
= −(z + w)(x2 + y2 + z2 − w2),

and an extraneous linear factor remains, even after we dehomogenize this expression.
In contrast, to compute a complex μ-basis for the same sphere, we must use a homogeneous parametrization because 

the base points of the sphere are at infinity. Consider then the homogeneous parametrization:

P(s, t, u) = (2su,2tu, u2 − s2 − t2, u2 + s2 + t2).

The base points of this parametrization are located at s = ±it , u = 0. A straightforward computation (Goldman et al., 2015)
now yields the following two moving planes corresponding to a complex μ-basis for the sphere:

(x + iy)(s − it) + (w − z)(−u), (w + z)(s − it) + (x − iy)(−u).

Taking the resultant of these two moving planes gives the homogeneous expression for the implicit equation of the sphere 
with no extraneous factors:

det

(
x + iy w − z
w + z x − iy

)
≡ x2 + y2 + z2 − w2.

Notice that even though we have used complex parameters, we do indeed get an implicit equation with real coefficients.

Example 2 (The hyperboloid of two sheets). Consider the hyperboloid of two sheets with the affine quadratic parametrization

P(s, t) = (
1 + s2 + t2,2t,1 − s2 − t2,2s

)
.

A real μ-basis for this parametrization of this hyperboloid of two sheets is given by the three syzygies corresponding to the 
moving planes:

ws + yt + (z − x) = 0, (x + z)s − w = 0, (x + z)t − y = 0,

since their outer product

det

⎛
⎜⎝

i j k l
−1 t 1 s

s 0 s −1
t −1 t 0

⎞
⎟⎠ = P(s, t).

Taking the resultant of these three moving planes gives the expression for the implicit equation of the hyperboloid of two 
sheets with a linear extraneous factor:

det

( w y z − x
0 x + z −y

x + z 0 −w

)
= −(x + z)(y2 + z2 + w2 − x2),

and once again an extraneous linear factor remains, even after we dehomogenize this expression.
In contrast, to compute a complex μ-basis for the same hyperboloid of two sheets, we must use a homogeneous 

parametrization because the base points of the hyperboloid of two sheets are at infinity. Consider then the homogeneous 
parametrization:

P(s, t, u) = (u2 + s2 + t2,2tu, u2 − s2 − t2,2su).

The base points of this parametrization are located at s = ±it , u = 0. A straightforward computation now yields the following 
two moving planes corresponding to a complex μ-basis for the hyperboloid of two sheets:

(w + iy)(s − it) + (x − z)(−u), (x + z)(s − it) + (w − iy)(−u).
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Taking the resultant of these two moving planes gives the homogeneous expression for the implicit equation of the hyper-
boloid of two sheets with no extraneous factors:

det

(
w + iy x − z
x + z w − iy

)
≡ y2 + z2 + w2 − x2.

Notice again that even though we have used complex parameters, we do indeed get an implicit equation with real coeffi-
cients.

The implicit equation generated from the resultant of the three moving planes corresponding to a real μ-basis for quadric 
surfaces does not always have an extraneous factor; there are some cases where the real μ-basis gives the exact implicit 
equation with no extraneous factors. We illustrate such a case here with one additional example.

Example 3 (The elliptical paraboloid). Consider the elliptical paraboloid with the affine quadratic parametrization

P(s, t) = (1 + s2 + t2, t, s,1).

A real μ-basis for this parametrization of the elliptical paraboloid is given by the three syzygies corresponding to the moving 
planes:

t − y = 0, s − z = 0, zs + yt + 1 − x = 0,

since their outer product

det

⎛
⎜⎝

i j k l
0 −1 0 t
0 0 −1 s

−1 t s 1

⎞
⎟⎠ = P(s, t).

Taking the resultant of these three moving planes gives the expression for the implicit equation of the elliptical paraboloid:

det

( 0 1 −y
1 0 −z
z y 1 − x

)
= x − 1 − y2 − z2.

This expression represents the implicit equation of the elliptical paraboloid in affine space with no extraneous factors.
In contrast, to compute a complex μ-basis for the same elliptical paraboloid, we must use a homogeneous parametriza-

tion because the base points are at infinity. Consider then the homogeneous parametrization

P(s, t, u) = (u2 + s2 + t2, tu, su, u2).

The base points of this parametrization are located at s = ±ti, u = 0. A straightforward computation now yields the following 
two moving planes corresponding to a complex μ-basis for the elliptical paraboloid:

(z + iy)(s − it) + (x − w)(−u), (w)(s − it) + (z − iy)(−u).

Taking the resultant of these two moving planes gives the following expression for the homogeneous implicit equation of 
the elliptical paraboloid:

det

(
z + iy x − w

w z − iy

)
≡ y2 + z2 − wx + w2.

Notice yet again that even though we have used complex parameters, we do indeed get an implicit equation with real 
coefficients. Moreover, the complex μ-basis generates the homogeneous version of the implicit equation, whereas the real 
μ-basis generates only the affine version of the implicit equation.
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