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derivatives associated with systems of piecewise weight functions. We show illustrations
proving that QECP-spaces can produce interesting shape effects.
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1. Introduction

Throughout this article we consider a fixed interval [a, b], a < b, and a fixed positive integer n. An (n + 1)-dimensional
space E C C"([a, b]) is an Extended Chebyshev-space (for short EC-space) on [a, b] if any non-zero element of E vanishes at
most n times on [a, b], counting multiplicities as far as possible for C" functions, that is, up to (n + 1). Equivalently, E is
an EC-space on [a, b] if any Hermite interpolation problem in (n + 1) data on [a,b] has a unique solution in E. There
exists a classical procedure to build (n + 1)-dimensional EC-spaces from systems of weight functions on [a, b], that is, from

sequences (Wo, ..., wp) such that each w; is C"~' and positive on [a, b]. With such a system one can associate generalised
derivatives Lo, ..., L, defined in a recursive way as follows:
F 1 .
LoF .= —, LiF:=—DL;j_1F, 1<i<n, (1)
Wo wi
when D stands for the ordinary differentiation. Then, the set EC(wg, ..., w,) composed of all functions F € C"([a, b]) for

which L, F is constant is an EC-space on [a, b]. This is due to Rolle’s theorem (Karlin and Studden, 1966; Schumaker, 1981).
Because we are working on a closed bounded interval we can even state that (Pottmann, 1993; Mazure, 2007, 2011b)

Theorem 1.1. The class of all (n+ 1)-dimensional EC-spaces on [a, b] coincides with the class of all spaces of the form EC(wy, ..., Wy),
where (Wq, ..., Wy) is any system of weight functions on [a, b].
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It is well known that EC-spaces can advantageously serve as substitutes for polynomials in many issues requiring
shape/tension parameters (Schweikert, 1966). To gain the maximal potential from the great variety of parameters provided
by this class of spaces, it is interesting to mix different (n + 1)-dimensional EC-spaces on adjacent intervals so as to obtain
an (n + 1)-dimensional space possessing similar properties. With this in view, take:

- a fixed sequence T = (t1, ..., tg) of knots interior to [a, b], with
to:=a<t] < <tg<tgy1:=b;

- an associated sequence M1, ..., Mg of connection matrices of order (n + 1), each of them being lower triangular with
positive diagonal entries;

- a sequence E;, 0 < k < g, of section-spaces: for each k, Ey, C C"([t, tk+1]) is an (n 4+ 1)-dimensional EC-space on
[t, trsa]

These ingredients provide us with an (n + 1)-dimensional Piecewise Extended Chebyshev space (for short, PEC-space) on
(la, b]; T), defined as the set IE composed of all piecewise functions F such that:

1) for k=0,...,q, there exists a function Fj € E; such that F coincides with Fy on [t:, teals
2) for k=1,...,q, the following connection condition is fulfilled:
T T
(F(t,j), Fit), ..., F“”(r,j)) =M, (F(t,;), F), ..., F<”>(t,;)) . )

Not all such PEC-spaces on ([a, b]; T) are of interest. Nevertheless, note that the assumptions on the connection matrices
make it possible to count the total number of zeroes of any element of E, including multiplicities up to (n + 1). We denote
it by Z,+1(F). By analogy with the non-piecewise case, the (n 4+ 1)-dimensional PEC-space E is said to be an Extended
Chebyshev Piecewise space (for short, ECP-space) on ([a, b]; T) when Z,41(F) < n for any non-zero F € E.

An extensive study of ECP-spaces was developed in a number of earlier papers Mazure (1999, 2005b, 2006, 2007, 2011a),
Mazure and Laurent (1999). In particular, the class of all ECP-spaces was clearly identified in Mazure (2007), see also
Mazure (2011a). With a view to describe it, consider a system (wy, ..., wy,) of piecewise weight functions on ([a, b]; T), with
the meaning that each w; is C"~! and positive separately on each [t,:r, tiq]- With such a system we can associate linear
piecewise generalised derivatives Lo, ..., L, via the procedure already recalled in (1). By ECP(wq, ..., wy) we denote the set
of all piecewise functions which are piecewise C" on ([a, b]; T) and such that L,F is constant on [tk*, bl for k=0,...q,
with the additional requirement that

LiF(t5) =LiF(ty) fori=0,...,n, andfork=1,...,q.

A piecewise version of Rolle’s theorem Mazure (2006) proves that the space ECP(wy, ..., wy) is an (n + 1)-dimensional
ECP-space on ([a, b]; T). It was proved that (Mazure, 2007)

Theorem 1.2. The class of all (n + 1)-dimensional ECP-spaces on ([a, b]; T) coincides with the class of all spaces of the form
ECP(wy, ..., wy), where (wq, ..., Wy) is any system of piecewise weight functions on ([a, b]; T).

For any real numbers p,q >n — 1, the space E, 4 spanned on [a,b] = [0, 1] by the (n+ 1) functions 1,%,...,X72 P,
(1 — x)4, is not an EC-space on [0,1] — except for p = q =n where it is the degree n polynomial space on [0, 1].
Nevertheless, this (n + 1)-dimensional space behaves similarly to EC-spaces, and the parameters p, q act as useful
tension parameters for spline interpolation as well as for design (Costantini, 1986, 2000; Kaklis and Pandelis, 1990;
Kaklis and Sapidis, 1995; Goodman and Mazure, 2001; Costantini et al., 2005; Mazure, 2011d; Bosner and Rogina, 2013).
These spaces belong to a larger class of spaces, named Quasi-Extended Chebyshev-spaces (for short QEC-spaces), see Mazure
(2008b). An (n + 1)-dimensional space E ¢ C"~!([a, b]) is a QEC-space on [a, b] if any non-zero element of E vanishes at
most n times on [a, b], counting multiplicities as far as possible for C"~! functions, that is, up to n, or, equivalently, if any
Hermite interpolation problem in (n+ 1) data [a, b] which is not a Taylor interpolation problem has a unique solution in E.
An (n + 1)-dimensional space E C CO([a, b)) is a Chebyshev space (C-space) on [a, b] if any non-zero F € E vanishes at most
once in [a, b], not counting multiplicities. In dimension two, being a QEC-space on [a, b] is therefore the same as being a
QEC-space on [a, b]. Select any two-dimensional C-space C on [a, b], containing constants, and any system (wg, ..., Wp—1)
of weight functions on [a, b], with associated generalised derivatives Lo, ..., L,—1. Denote by QEC(wy, ..., wp—_1; C) the set
composed of all functions F € C"~!([a, b]) for which L,_;F € C. The class of all QEC-spaces on [a, b] was clearly identified
in Mazure (2011c) where Theorem 1.1 was extended to QEC-spaces as follows:

Theorem 1.3. The class of all (n + 1)-dimensional QEC-spaces on [a, b] coincides with the class of all spaces of the form
QEC(wy, ..., wp_1; C), where (wy, ..., wp_1) is any system of weight functions on [a, b] and where C is any two-dimensional
C-space on [a, b] containing constants.
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If only for the sake of theoretical completeness, the brief record above makes it natural to address the following question:
is it possible to establish a result similar to Theorems 1.2 and 1.3 for (n + 1)-dimensional Quasi Extended Piecewise spaces (for
short, QECP-spaces) obtained by connecting in an appropriate way (n + 1)-dimensional QEC-spaces on adjacent intervals.
This article gives a positive answer to this question. We will indeed prove that

Theorem 1.4. The class of all (n + 1)-dimensional QECP-spaces on ([a, b]; T) coincides with the class of all spaces of the form
QECP(wy, ..., wyp_1; C), where (wy, ..., wy_1) is any system of piecewise weight functions on ([a, b]; T) and where C is any two-
dimensional C-space on [a, b] containing constants.

The motivation for this work is also on the practical side. Indeed, in several previous situations (see, for instance, Laurent
et al., 1997; Mazure, 2011d) we have observed that allowing zero multiplicities in spline spaces can produce powerful shape
effects. This will be permitted by Theorem 1.4 for splines based on QECP-spaces, which is a priori not obvious at first with
QEC-section-spaces.

In Section 3 the reader will learn how to build and how to handle (n+ 1)-dimensional Piecewise QEC-spaces (PQEC-spaces)
obtained by connecting different (n + 1)-dimensional QEC-section-spaces. Among all such PQEC-spaces, in Section 4 we
distinguish those which meet the same requirement on the number of zeroes as QEC-spaces and we call them QECP-spaces.
We show that QECP-spaces really behave as QEC-spaces, and that one can build such spaces with the help of systems
of piecewise weight functions. Section 5 is devoted to QECP-spaces good for design, in which ready-to-blossom bases exist
and make the existence of blossoms easily perceived. As usual, the crucial and tricky point is to prove that blossoms are
pseudoaffine. As was already the case for Theorems 1.1, 1.2, and 1.3, pseudoaffinity is a key-point for Theorem 1.4. The proof
of this theorem is given in Section 6, and some consequences are developed. The results are illustrated in Section 7 with
QECP-spaces built from sections of the form Ep 4 (up to translations).

The present work was made possible by many earlier results by the same author, in particular on QEC-spaces and
on ECP-spaces. Out of necessity, this article cannot be self-contained. However in order to facilitate the reading a brief
commented background is given is Section 2 below.

2. Vocabulary and technical comments

From the next section we will be in a piecewise context. In order to facilitate the reading we have gathered here some of
the most important definitions we will deal with, introducing them in the non-piecewise context, and possibly commenting
on the extensions to the piecewise framework.

2.1. (Piecewise) weight functions

A system (wy, ..., wp) of weight functions on [a, b] (see Section 1) generates a nested sequence of EC-spaces on [a, b]
EC(wg) C EC(wg, wq) C --- C EC(wg, w1, ..., Wp).

Take any non-zero Ug € EC(wy), and, for i =1,...,n, any U; € EC(wy, ..., w;) \ EC(wo, ..., wj_1). Then, the functions
Up, U1, ..., U, form a Complete W-sequence (for short, CW-sequence) on [a, b] in the sense that their successive Wronskians
never vanish on [a, b], ie.,

W Uy, ..., U(x) :=det (Uk<f>(x))0<k i< £0forallxe[a,b], i=0,...,n. (3)

Conversely, let (n + 1) functions Ug, U1, ..., U, € C"([a, b]) form a CW-sequence on [a, b], in the sense of (3). Then, for any
F € C"(I) we can set

_ WU, ..., Ui1, F)
W(Uo,...,Ui_1,Up)’
Clearly, each L; is a linear differential operator of order i. By differentiation, we obtain (Mazure, 2006)

WUo,...,Ui—1) WUo,...,Uj_1,U;, F)

LiF o<i<n. (4)

DL;F = 5
: W (Uo, ..., U? ®)
Accordingly, the operators Lo, L1, ..., L, satisfy (1) provided that we define the functions wy, ..., w, by
W (Uy,...,Ui_y) W(Uy,...,U; .
w; = ( 0 i 2) ( 0 1) . o<i<n, (6)

W (Uo, ..., Uj_1)?

with the convention that W () = 1. The sequence (wo, ..., w,) will be a system of weight functions on [a, b] if all Won-
skians (3) are positive. If it is not the case, we simply have to replace U; by —U; whenever needed. What the reader should
retain is that generalised derivatives can be associated with systems of weight functions or with CW-sequences as well.
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In the presence of a sequence T of interior knots, we will make use of piecewise functions on ([a, b]; T). Stricto sensu,
a piecewise function F on ([a,b]; T) should be defined as a sequence F = (Fo,..., Fq), where for k=0,...,q, Fi is a
function on [ty, ty41]. It will be convenient to proceed similarly to the non-piecewise case, saying that F is defined separately
on each [tk*, e ) the equality F = G between two piecewise functions F, G on ([a, b]; T) meaning that F(x) = G(x) for all
x € [a,b]\ {t1,...,ts}, and that both F(t,) = G(t,) and F(tlj) = G(t,j), for k=1,...,q. This will be summarised by saying
that F(x®) = G(x°) for all x € [a, b], ¢ having the meaning of both —, +. One can similarly consider positive piecewise
functions on ([a, b]; T), and so forth. In particular we will denote by PC/([a, b]; T) the set of all piecewise functions on
(a, b]; T) which are C/ on each [}, £, 1.

As mentioned in Section 1, we can introduce systems of piecewise weight functions on ([a, b]; T). One can also de-
fine piecewise CW-sequences (for short PCW-sequences) on ([a, b]; T), with the meaning of a sequence (Uo,...,U,) in
PC"([a, b]; T) which satisfy all relations (3) in which we replace x by x. When the piecewise functions Uy,...,U, €
PC"([a, b]; T) satisfy a common connection relation of the form (2), if they form a PCW-system on ([a, b]; T), then for each
i=0,...,n, the piecewise function W (Uy, ..., Uj) keeps the same strict sign on all [t,j, tegr - After possible multiplications
by (—1) they will similarly give birth to a system of piecewise weight functions on ([a, b]; T) via (6), and therefore to piece-
wise generalised derivatives. In the piecewise context, the reader should keep in mind that (4) and all similar equalities are
then piecewise equalities.

2.2. QEC-spaces for design

Definition 2.1. Given (n+ 1) functions By, ..., B, € C"~1([a, b]) we say that (Bo, ..., Bn) is a quasi-Bernstein-like basis relative
to (a, b) if these functions satisfy the following properties:

(1) Bo(a) #0 and Bg vanishes n times at b;
(2) for eachi=1,...,n—1, B; vanishes exactly i times at a and exactly (n — i) times at b;
(3) By vanishes n times at a and B (b) # 0.

We say that it is a positive quasi-Bernstein-like basis relative to (a, b) when in addition to the previous properties they satisfy

(4) for eachi=0,...,n, B; is positive on ]a, b[.

Clearly, a quasi-Bernstein-like basis relative to (a, b) is a basis of the space it spans. Given an (n + 1)-dimensional space
E c ¢"™1([a, b]), the presence of quasi-Bernstein-like bases relative to all couples (c,d) € [a, b]?, ¢ <d, is one of the many
possible ways to characterise that this space E is a QEC-space on [a, b]. For other characterisations, readers are mainly
referred to Mazure (2008b). If we know that is a QEC-space on [a, b], if needed quasi-Bernstein-like bases can be assumed
to be positive (on the concerned interval).

Subsequently, we consider a given (n + 1)-dimensional space E c C"~!([a, b]) containing constants. By 1 we mean the
constant function 1(x) :=1 for all x € [a, b]. We will keep the same notation for its restriction to any sub-interval.

Definition 2.2. A basis (B, ..., B,) in E is said to be normalised if Z?:o B; = 1. A quasi-Bernstein basis relative to (a, b) is a
positive quasi-Bernstein-like basis relative to (a, b) which is normalised.

The presence in E of quasi-Bernstein bases relative to all couples (c, d) € [a, b]?, ¢ < d, is necessary and sufficient for the
n-dimensional space DE (obtained from E via differentiation) to be a QEC-space on [a, b], and it implies that [E itself is a
QEC-space on [a, b].

A mother-function in E is a function ® := (®q,..., ®,) € E" such that (1, ®q,..., ®,) is a basis of E. In that case, for
any d > 1, any F € E? can be uniquely obtained as the image F =h o & of ® under an affine map h: R" — R%. Given any
non-negative integer i <n — 1, and any x € [a, b], the ith order osculating flat of ® at x is the affine flat through ®(x) with
direction spanned by the i derivatives ®W (x), j=1,...,i. We denote it by Osc; ®(x). Note that Osco & (x) = {®(x)}.

Definition 2.3. An (n + 1)-dimensional space E ¢ C"~!([a, b]), with n > 2, is said to be a QEC-space good for design on [a, b]
when E contains constants and when the n-dimensional space DE is a QEC-space on [a, b].

Assume E to be a QEC-space good for design on [a,b]. Given any a; < --- < a, in [a,b] and any positive integers
M1, ..., 4y such that Zf:] Wi =n, one can prove that the r osculating flats Osc,_,; ®(a;), i=1,...,r, have in common a
single point. The blossom ¢ of @ is the function ¢ = ((p1, ey (pn) :[a, b]" — R" defined by setting

{p@, ... xn)} =[] OsC—py; P (@) (7)
i=1
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whenever (x1,...,x,) = (@ ¥, ... al“]) up to permutation, where x!X stands for x repeated k times. The function ¢ is
thus symmetric and it gives @ by restriction to the diagonal of [a, b]". For any affine map h: R" — R, the blossom f of
F:=ho @ is then defined as f :=ho . It is important to mention that it does not depend on the selected mother-function.
In particular, the Bézier points of F relative to (a, b) are the points f (al"~%,bl1), i=0,...,n.

It is due to the presence of blossoms and to their properties (see Mazure, 2008b) that the class of all QEC-spaces good
for design has been identified as the largest class of spaces (with ordinary differentiation assumptions) which can be used
for design. Existence and properties of blossoms will be extended to the piecewise QEC context in Section 5.

3. Piecewise Quasi Extended Chebyshev spaces

In this section we connect different (n + 1)-dimensional QEC-spaces on adjacent intervals so as to form an (n + 1)-
dimensional space on the global interval. The connection relations cannot be of the form (2) since, at a given point, either
the nth derivatives do not exist or, if they exist, they may be linearly dependent of the derivatives of lesser orders.

3.1. Connecting QEC-spaces on adjacent intervals

For a while we assume that E C C"1([a, b)) is an (n + 1)-dimensional QEC-space on [a, b] and that a < ¢ < b. Consider
the linear functionals £, ..., &y, £ : E — R defined by

¢i(F):=FD)fori=0,....,n—1, £u(F):=F(a), €n(F):=F(b).

Due to E being a_QEC—space on [a, b], the (n + 1) linear functionals o, ..., £, are linearly independent. It results that the
linear functional ¢, can be expanded in a unique way as a linear combination of ¢, ..., £,. In other words, there exists a
unique (Ao, ..., Ap) € R" such that

n—1
Fb)y=>_AiFV(c)+ AsF(a) forall FeE. (8)
i=0

Given a basis (Ug,...,Uy) in E, let us set U:= (Ug,...,Uy,)T. Due to E being a QEC-space on [a, b], we know that the
determinant

det (U(al), U@.....umVap), ... U@).. ... U(“’_”(ar)>

keeps the same strict sign independently of the integer r > 2, of the positive integers 1, ..., ir, such that > |_; ui=n+1,

and of a<a; <ay <--- <ar <b (see Lemma 2.14 in Mazure, 2008b). For any given x* € [a, b], the non-zero function \Il,’;*
defined by

WX (y) :=det (U(x*), U, ..., U0 D", U(y)) , yela,bl, (9)

belongs to E, it vanishes n times at x*, and it vanishes nowhere else. As a straightforward consequence of the result recalled
above we can say that, if x* € ]a, b[, the (strict) sign of the function \Il,’{* changes n times at x*, i.e.,

(—1)“\11,’1‘*(y1)\11,’1‘*(y2) >0 forall yq, yo suchthata < y; <x* <y, <b. (10)

Accordingly, applying (8) with F := W proves that (—1)"A, > 0.
After this preliminary observation, from now on, we work with a fixed integer n > 1 and the following data:

(1) a sequence of interior knots T = (t1,...,ty) wWith tg:=a <ty <--- <ty <tgy1:=Db;
(2) a corresponding sequence (My,..., My) of connection matrices: for each k=1,...,q, My = (mi."j)(K. - is a lower
triangular matrix of order (n + 1), of which the diagonal entries m’;. i j=0,...,n, satisfy SHIST
mk >0forj=0,....n—1, (-=D)"mk, >0; (11)
1] e ’ n,n ’

(3) a sequence (Eg, Eq,...,[Eq) of section-spaces: for k=0,...,q, E C C"1([ty, ty41]) is an (n+1)-dimensional QEC-space
on [ty, tgt1].

Consider the space E ¢ PC"1([a, b]; T) composed of all piecewise functions F € PC"1([a, b]; T) such that:

(i) for k=0,...,q, the restriction of F to [t,f, il belongs to Eg;
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(ii) for each k=1,...,q, F satisfies the connection condition
+y ot =1+ Fre— )
F(tk )7F(tk )7'~~»F (tk )sF(tk+])

T
— My (F(t,;), Fi(tD),..., F™ D), F(tkt])) . (12)

Definition 3.1. The (n + 1)-dimensional space E defined by the two conditions (i) and (ii) above is said to be a piecewise
Quasi Extended Chebyshev space (for short, PQEC-space) on ([a, b]; T).

The requirement that (—1)”m’,§’n >0 for k=1,...,q is a demanding one, aimed at eliminating uninteresting cases. It is
justified by our preliminary observation which enables to state:

Proposition 3.2. Any QEC-space on [a, b] is a PQEC-space on ([a, b]; T).

Remark 3.3. One can also check that any PEC-space on ([a, b]; T) is a PQEC-space on ([a, b]; T). Finally, our preliminary ob-
servation makes it clear that, by restriction to any non-trivial subinterval, a PQEC-space on ([a, b]; T) remains a PQEC-space.

3.2. Operating on PQEC-spaces

In this section we gather the main technical points about PQEC-spaces which will be involved in the next sections. They
concern in particular the connection matrices, and how they are transformed via standard operations.

3.2.1. Constants
The special case where [E contains constants is crucial for design.

Lemma 3.4. The PQEC-space E contains constants if and only if the following two properties are satisfied

(1) fork=0,...,q, the section-space E; contains constants;
(2) fork=1,...,q, the first column of My, is equal to (1,0, ...,0,1 — mﬁ’n)T.

Assuming that the PQEC-space [E contains constants, then E ¢ C%([a, b]) and for k =1, ..., q, the connection condition (12) can be
replaced by

T
(F®o, F 6 FOD @), Ftig) = F@w)
T
= Ny (F(tk), F/(t), ... F" D), F(ty) — F(t,H)) , (13)

where the n first rows of Ny, coincide with those of My, the last diagonal entry of Ny is equal to —m’,‘,’n (hence it has the same strict sign
as (—1)"1), and its first column to (1,0, ..., 0).

Proof. The new connection condition (13) is obtained by applying (12) to constants. Details are left to the reader. O
Below we state an important consequence of the previous lemma.
Proposition 3.5. A two-dimensional PQEC-space on ([a, b]; T) which contains constants is a C-space on [a, b].

Proof. Let E be a two-dimensional PQEC-space on ([a, b]; T) containing constants. We thus know that E c C%([a, b]) and

from (13) we can state the existence of positive my, ..., mq such that any element F € E satisfies

F(tesr) — F(ty) =m(F(t) — F(tk—1)), k=1,....4q. (14)
For each k=0, ..., q, the section-space Ey is a two-dimensional C-space on [ty, ty+1] which contains constants. Accordingly,
for each k=0, ..., q, the restriction Fy € E; of F to [ty, tks+1] is either constant or strictly monotone on [ty, ty4+1]. Therefore,

due to (14), the function F is constant (resp. strictly increasing, strictly decreasing) on [a, b] if and only if it is constant
(resp. strictly increasing, strictly decreasing) on one of the intervals [ty, tk4+1], which proves the claimed result. O
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3.2.2. Differentiation
Lemma 3.6. Assume that n > 2, that the (n + 1)-dimensional PQEC-space [E contains constants and that, fork =0, ..., q, the section-
space Ey, is good for design on [t, tx+1]. Then the n-dimensional space DE is a PQEC-space on ([a, b]; T).

Proof. Two things are to be checked: firstly, that the section-spaces in DE are QEC-spaces; secondly that they are connected
by convenient matrices. The first point is guaranteed by the assumption that, for k=0, ..., q, the section-space Ej is good
for design on [ty, ty+1]. Take F € E. The latter assumption also guarantees the existence of blossoms in each E; (see the
reminder in Section 2.2). For k=0, ..., q, we can therefore consider the Bézier points relative to (t, ty+1) of the restriction
Fi € Ex of F to [ty, ty11]. Denote them by P§, ..., PK.

We know that the function F satisfies the connection conditions (13), in which we can replace F(tx11) — F(tx) by Pﬁ - P’a
and F(t) — F(ty_1) by Pk-1— P(’;_l. The last line in the connection condition (13) can be written as

[ P ot ot] = ok ([ T o401 )

with (—1)"m{ k n > 0. Denoting by fj : [t, tx+1]" — R the blossom of the function Fj € Ey, we know that

P£—12f1<(tk,tk+l[n7”)’ = fk—1 (fk1 ],fk)-

The value at (tk_1[”*”, tk) of the blossom of a mother function in Ej_4 is the unique point belonging both to its osculating
flat of order (n— 1) at t; and to its osculating flat of order 1 at t;_1. The value at (tk, tk+1[n71]) of the blossom of a mother
function in Ej is the unique point belonging both to its osculating flat of order (n — 1) at t; and to its osculating flat of

order 1 at ty41. This ensures the existence of real numbers Mt kt]. Miqs s M1 ,u,:f], ce 'u’lj,n—l' independent of F,
such that
k k—1 k—1
[P P 1] e F (G, [Pl — Py ] 1 F G
n—1 ) n—1
[Phoy = PE] = 2wl PO, [P - P’f‘l] = w FV ). (15)
i=1 i=1

One can prove that the two real numbers M1 and )L,‘f_l are positive (see for instance Lemma 3.21 in Mazure, 2008b).
Combining the previous relations with the first n lines of (13) leads to
n—1)

)»+
B k—1

Fltg)= > My FOE) +mE F g, withmf ,_ =-mk, Lo, (16)
i=1 k+1

where all coefficients m’;,i are independent of F. The connection matrix at t; in the space DE is obtained by deleting the
first row and the first column in Ny and then replacing the last line by (16). Since (—l)”*lﬁ,f_l’n_l > 0, it satisfies the
appropriate requirements for the space DE to be a PQEC-space on ([a,b]; T). O

3.2.3. Integration R

Lemma 3.7. Given an (n + 1)-dimensional PQEC-space E on ([a, b]; T), let IE denote the space of all continuous functions Fonla, bl
which are piecewise differentiable on ([a, b]; T) and such that DF € E. This is an (n 4 2)-dimensional PQEC-space on ([a, b]; T)
containing constants.

Proof. For each k=1,...,q, the connection condition (12) in E can now rewritten as a connection on the (left/right)
derivatives in E:

~ T . —~ —~ T
(F ), . <”>(t,j),F’(r,;+1)) :Mk(F’(t,:),..‘,F(”)(t,:),F’(t,j_1)) . (17)

Clearly, the section-spaces in E are QEC-spaces good for design on their intervals, and E contains constants. Accordingly, we
can proceed exactly the reverse way as we did in the previous subsection, going this time from derivatives to Bézier points
in each section, e.g., via relations of the form

. 1 K Bk = y Sk—1
F/(tk+1):’)LT[P< Py_ 1] F'(6 4 )—A [Pc - Py ]
k+1 k

with positive real numbers )Lk_H, k . Given that Pk = F(tk+]) P _F(tk,]) and 75’5 = ﬂj*l = F(ty), these reverse
arguments will finally provide us with a connection condition of the form
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n
F(tern) =Y n1iFO0) + Mk g i F (),
i=0

with (—1)’“L1ﬁ';+m+1 > 0. We can then transform (17) into a convenient connection condition at t; with a lower triangular

matrix 1VIk of order (n+ 2) obtained from M) by adding (1,0,...,0) and (1,0,...,y11.0)7 as its first row and column,
respectively. 0O

3.2.4. Strict signed piecewise multiplication

Lemma 3.8. Assume that E is an (n + 1)-dimensional PQEC-space on ([a, b]; T). For each piecewise function w € PC"1([a, b]; T)
which has the same strict sign on all [t,:r, tiq) the space wE obtained by piecewise multiplication of all elements of E by w is an
(n + 1)-dimensional PQEC-space on ([a, b]; T).

Proof. The section spaces in wE are QEC-spaces on their intervals. Therefore, for each k=1, ...,q, there is indeed a lower
triangular connection matrix My of order (n 4+ 1) in wE such that, for each F € E

T
<<wF><t,j), (@F)Y ), ... (@H "V, <wF><tk;]>)

T
= Mk<<wF)<r,:), (@FY (), -, (@) " V() (wF)(r,j_n) : (18)
Let Mg and Mﬁ be the lower triangular matrices obtained by deleting the last row and column in M} and Mk, respectively.
Applying the Leibniz formula yields
M = Coo1 (. 6) M, Co1(@.6) 7", k=1.....q, (19)

where, for x € [a,b] and € € {—, +}, Ca—1(@, x*) = (Ca—1(®, %) q)
of order n defined by (see Lemma 40 in Mazure, 2006)

0<p.g<n—1 stands for the lower triangular square matrix

Cn1(@,X)p g := (1) 0P P (x), for0<g<p<n-—1.
Taking additionally account of the last line in (18), one can see that the diagonal entries of the matrix My are given by

~ o)
mk forj=0,...n—1, fif,=—+=mk .
7 w(tk—l)

NS
M= o
’ o(t,)

Since w keeps the same strict sign on all [tk+, bl the signs on the diagonal of 1\71;< are the same as on the diagonal of M.
The proof is thus complete. O

3.2.5. Generalised differentiation
Combining the last two operations, we can describe the behaviour of PEQC-spaces under suitable generalised differenti-
ation.

Lemma 3.9. Assume that n > 2 and that E is an (n + 1)-dimensional PQEC-space on ([a, b]; T). Given w € E, we assume that,
fork=0,...,q, its restriction wy to [t,j, (P has positive coordinates in any positive quasi-Bernstein-like basis of Ey relative to
(tk, tk+1)- Then, the piecewise function w is positive on each [tlf, teal and if Lo denotes the piecewise division by w, the set DLgE is
an n-dimensional PQEC-space on ([a, b]; T).

Proof. Take any k=0, ...,q. That wy has positive coordinates in any positive quasi-Bernstein-like basis of E; relative to
(tk, tr+1) is necessary and sufficient to ensure both that wy is positive on [tk*, e ) and that the space LﬁIEk obtained by
dividing all elements of E; by wy is a QEC-space good for design on [ty, ty41] (see Mazure, 2011c).

From Lemma 3.8 we know that LoFE is a PEQC-space on ([a, b]; T). Moreover, LoE clearly contains constants because it
is obtained by piecewise division by w which belongs to E. Since each LSIEk is a QEC-space good for design on [ty, tk41], it
follows from Lemma 3.6 that the n-dimensional space DLgE is PQEC-space on ([a, b]; T). O

4. Quasi Extended Chebyshev Piecewise spaces

In this section, we work with a given (n + 1)-dimensional PQEC-space E on ([a, b]; T), with n > 1, defined by the
sequence T = (t1, ..., tq) of interior knots in [a, b], connection matrices M1, ..., My satisfying (11), and QEC section-spaces
Eo, ..., Eq. The results developed here will generalise those proved in earlier articles both on QEC-spaces and on ECP-spaces,
in particular Mazure (2005b, 2006, 2008b).
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4.1. Definition and first characterisations

Select any non-zero piecewise function F € E. For k=1, ...,q, and for 0 < p <n, F vanishes p times at ¢, (ie., F(t,) =
F'(ty)=---=FP=D(t;) =0) if and only if it vanishes p times at t;" (ie., F(t;}) = F'(t}) =--- = F?=V (") = 0). This is
due to the connection matrix My being lower triangular and regular. In that case we will simply say that F vanishes p
times at tg. If p <n—1, F vanishes exactly p times at t, (ie., it vanishes p times, but not (p + 1) times at t,') if and

only if it vanishes exactly p times at tk*. These remarks make it possible to count the total number of zeroes of F on [a, b],
including multiplicities up to n, which we denote as Z,[,a‘b](F). Given k=0, ..., q, since the section-space E; is a QEC-space
on [ty, tyy1], we know that Z,[fk’t"“](F) <n.

Definition 4.1. An (n + 1)-dimensional PQEC-space E on ([a, b]; T) is said to be a Quasi Extended Chebyshev Piecewise space
(for short, QECP-space) on ([a, b]; T) when, for any non-zero element of F € E, the total number Z,[f’b](F) of zeroes of F on

[a, b], multiplicities included up to n, is bounded above by n.

Remark 4.2. Given a basis (Ug, ..., Uy) in the PQEC-space E on ([a, b]; T), set U:= (Uy, ..., Un)T. Then, obviously, E is a
QECP-space on ([a, b]; T) when any of the following equivalent properties below are satisfied

(1) any Hermite interpolation problem

find F e Esuchthat FV(t/) = j, 1<i<r, 0<j<pui—1, (20)
— in which r is any integer greater than or equal to 2, uq,..., U, are positive integers such that Zf Tmi=n+1,
T1,..., Tr € [a,b] are pairwise distinct, o j, 1 <i<r, 0<j< u;—1 are given real numbers, and where ¢1,...,&r €

{—,+} — has a unique solution.
(2) with any data as in (1), the (n+ 1) vectors U(z/"),U'(z/"),...,U%=D(¢), i=1,...,r, are linearly independent.

Remark 4.3. In the (n + 1)-dimensional PQEC-space E, for any x*e€la,b] and any j, 0<j<n—1,itis possnble to select
a piecewise function which vanishes exactly j times at x*. We systematically denote such a function as \I/" Similarly,
the notation \IJ" will stand for a non-zero element of E which vanishes n times at x*. Such an element is umque up to
multiplication by a non-zero constant.

In spite of the piecewise nature of the elements of the PQEC-space E, the fact that we can count the zeroes makes it
possible to keep the same definition for quasi-Bernstein-like bases in E as in QEC-spaces (see Definition 2.1).

Theorem 4.4. Given n > 1 and given an (n + 1)-dimensional PQEC-space E on ([a, b]; T), the following six properties are equivalent:

(i) E is a QECP-space on ([a, b]; T);

(ii) any Hermite interpolation problem (20) based on exactly two points of [a, b] has a unique solution in E;

(iii) given any x1, X2 € [a, b], X1 # X2, any non-zero element F of IE vanishes at most n times on {x1, X2}, counting multiplicities up to
ordern, ie., ZY¥ % (F) < n;

(iv) for any positive integers i1, iy such thati; + i, =n+ 1, any x1, X2 € [a, b], X1 # X2, and any €1, €3 € {+, —}, the (n + 1) vectors
UGS, ..., U= D) UGG?), ..., U= (x52) are linearly independent;

(v) forany (c,d) € [a, b]%, ¢ < d, E possesses a quasi-Bernstein-like basis relative to (c, d);

(vi) forany c € [a, b], and any integer p, 1 < p <n,

W (W, ..., W) (X)) #0 foranyx € [a,b]\ {c}. (21)

Proof. This is a strong result which says that, in the PQEC-space [E, the unisolvence of any Hermite interpolation problem
(20) is obtained as soon as it is obtained for any Hermite interpolation problem based on exactly two points in [a, b];
equivalently the bound on the number of zeroes is obtained by bounding zeroes at any pair of points. There is hardly any
difference in the proofs of the equivalences stated above between the present piecewise situation and the non-piecewise
one addressed in Mazure (2008b) to which we refer the reader to. O

4.2. QECP-spaces and piecewise weight functions

In Goodman and Mazure (2001) we showed how to build QEC-spaces from systems of weight functions. The theorem
below is the piecewise version of this construction.

Theorem 4.5. Let (wy, ..., Wn_1) be a system of piecewise weight functions on ([a, b]; T), with associated piecewise generalised
derivatives denoted by Lo, . .., Ln—1, and let C be a two-dimensional C-space on [a, b] containing constants. Let QECP(wy, ..., Wn_1;
C) c PC™1([a, b]; T) be composed of all piecewise functions F € PC"1([a, b]; T) meeting the following two requirements:
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step2n - 1: QECP(wg, Wi, ..., Wy_1; C) = (n + 1)-dim. QECP-space on ([a, b]; T)
multiplication 1 by wo
step 2n - 2: QECP(1, wyq, ..., Wy—1; C) = (n + 1)-dim. QECP-space on ([a, b]; T) containing constants
continuous 1 integration

step 3: QECP(wp_2, wp_1; C) = 3-dim. QECP-space on ([a, b]; T)

multiplication 1 by wp_3
step 2: QECP(1, wy_1; C) = 3-dim. QECP-space on ([a, b]; T) containing constants
continuous 4 integration
step 1: QECP(wp—_1; C) = 2-dim. QECP-space on ([a, b]; T)
multiplication 1 by wy_1
step 0: C = 2-dim. C-space on [a, b] containing constants

Fig. 1. Constructing QECP-spaces on ([a, b]; T) with the help of piecewise weight functions.

(i) L1 F e C;
(ii) fori=0,...,n —2, L;F is continuous on [a, b].

Then, the set QECP(wy, ..., wy_1; C) is an (n + 1)-dimensional QECP-space on ([a, b]; T).

Proof. For i =0,...,n, we can also consider the following sets:

E<"> := QECP(Wn_1_i, ..., Wn_1;C), i=n,...,0, E<"> =QECP(1, wn_i,...,wn_1;C)
so that

E<0> =C, E<""'> =QECP(wq,..., wn_1:C).
As indicated in Fig. 1, the recursive definition of the generalised derivatives implies that

(1) for each i, 0 <i<n—1, we go from E<’:> to E“f by piecewise multiplication by w,_1_;;
(2) for each i, 0 <i<n—2, we go from E<?> to E<I*1> by continuous integration.

First of all, since E<0> is a C-space on [a, b], iterated applications of Lemmas 3.8 and 3.7 guarantee that all spaces in Fig. 1
are PQEC-spaces on ([a, b], T). Moreover, for i =0, ..., n, the passage from E<'> to E<'> keeps the dimension and the count

of zeroes unchanged. For i =1,...,n — 1, a given function F e E<"> is obtained by continuous integration of a piecewise
function in E<I~1>. On account of the assumption on the connection matrices we can apply a piecewise version of Rolle’s
theorem guarantee that (see Lemma 38 in Mazure, 2006)

Zl.[i’f] (F) < Zl.[”’b](Df) + 1 for each non-zero F € B<>.

Starting from Z([)”‘b](F) < 1 for each non-zero F € C, by induction one can prove that Zr[,a‘b](F) < n for any non-zero F €
E<"—1>_ The proof is complete. O

The following two results will be crucial in subsequent sections. In particular Theorem 4.6 below is a piecewise version
of Theorem 3.10 in Mazure (2008b).

Theorem 4.6. An (n + 1)-dimensional PQEC-space [E on ([a, b]; T) being given, we assume the existence of a system (wg, ..., Wp_1)
of piecewise weight functions on ([a, b]; T) such that

ECP(wg,...,wp_1) CE, (22)
and we denote by Lo, ..., L,_1 the associated piecewise generalised derivatives. Then, C := L,_1E is a two-dimensional C-space on

[a, b] and E = QECP(wy, ..., Wy_1; C).

Proof. Clearly, the only thing that we have to prove is that C :=L,_1[E is a C-space on [a, b]. On account of Proposition 3.5,
it is sufficient to prove by induction on i =0,...,n — 1, that L;E is an (n — i 4+ 1)-dimensional PQEC-space on ([a, b]; T)
which contains constants.

Select any element U, in E\ ECP(wo, ..., Wa_1). For k =0,...,q, denote by wk,...,wk | UK the restrictions of
Wo, ..., Wn_1,Upy to [, 6, ;] and by L§. ..., LK the generalised derivatives associated with (wg,...,wk_}). From (22)

we can derive that

EC(W’(‘),...,wﬁq)CEk, k=0,...,q.
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Since Ey is a QEC-space on [ty, ty+1], Theorem 3.10 in Mazure (2008b) implies that E, = QEC(WIS, ...
is the two-dimensional C-space on [tk ttd spanned by (1, L U,’§). Moreover, we also have

Cy), where Cy,

n]’

’n1

L]Ek_QEC(]l le,... Cy)fori=0<n—-1, k=0,...,q.

111’

From Theorem 3.2 of Mazure (2011c) we know that wl 41 has positive coordinates in any positive quasi-Bernstein-like basis
of DL{.‘IEk. The expected result follows by iterated application of Lemma 3.9. O

Proposition 4.7. Select any @ < a, and denote by T the sequence (a, T). Then, any (n + 1)-dimensional QECP-space E on ([a, b]; T)
which is of the form E := QECP(wy, ..., wn_1; C) can be extended into an (n + 1)-dimensional QEC-space on ([a, b]; T).

Proof. Select any two-dimensional C-space Ccc 0([a, a]) containing constants. The set C composed of all continuous func-
tions on [a, b] which belong to C and C by restriction to [a, a] and to [a, b], respectively, and which additionally satisfy
F(a) — F@ = c[F(b) — F(a)] for some given positive c,

is a two-dimensional C-space on [a, b]. Considering any system (Wp, ..., W,_1) of piecewise weight functions on [a, b] which
coincides with (wg, ..., wy—1) on ([a, b]; T), the (n + 1)-dimensional QECP-space QECP(wy, ..., Wy—1; C) on ([E, b]; (a,’]l‘))
gives [E by restriction to ([a,b]; T). O

4.3. Towards blossoms

In Theorem 4.4 we have given different ways to characterise QECP-spaces on ([a, b]; T) among all PQEC-spaces on
([a, b]; T). Below, we give an additional one, which will be crucial for blossoms in next section.

Theorem 4.8. Let [E be an (n + 1)-dimensional PQEC-space on ([a, b]; T). Then, it is a QECP-space on ([a, b]; T) if and only if it meets
the following requirement:

(vii) given any integer r > 1, any pairwise distinct a1, ..., ar € [a, b], and any positive integers W1y eees Ur,
(a) when Y"i_; wi =n+ 1, any sequence of the form (W', ..., \Ilgl_mﬂ, ...... VRN T L i, 41) is abasis of E;
(b) when Z{zl Wi < n, then foreach x € [a, b] \ {a1, ..., ar},
W(\pgl,...,mpglmﬂ, ...... ,npgr,...,\y,‘;gﬂrﬂ)(xf);éo. (23)

Proof. The statement in (b) of (vii) with r =1 corresponds to property (vi) of Theorem 4.4. Accordingly, we only have to
assume that E is QECP-space on ([a, b]; T), and to prove that (vii) is satisfied. Moreover, given that (vii) is satisfied for
r=1, we can additionally assume that the result holds with some integer r — 1 > 1 in any QECP-space. Then, we just have
to prove that E satisfies (vii) with the integer r.

Without loss of generality we can assume that a; <az < --- <a,. Let F C E be spanned by the n piecewise functions

\D,‘fl,...,\llfl. Let the interval [a*, b*] be chosen so that a; < a* < ay, b* = b, let E*, F* denote the restrictions of E, F
to [a*, b*], respectively, and let T* be the sequence of knots which are interior to [a*, b*]. From (vi) of Theorem 4.4 we
know that the sequence (Wy',...,W]') is a PCW-sequence on ([a*,b*]; T*) (see Section 2.1). Let (wé,... * ) be the
associated system of piecewise weight functions on ([a*, b*]; T*), given by (6) (up to signs), and let L§, ..., L;_, denote the
corresponding piecewise generalised derivatives. We thus have
F* = ECP(w§, ..., wi_;) CE*.

Given that E* is an (n + 1)-dimensional QECP-space on ([a*, b*]; T*), by Theorem 4.6 this implies that

= QECP (w’g, Wi (C*) for some convenient C-space C* on [a*, b*]. (24)

From (24) we can derive that

.= DpL* B = QECP( W W 1,@*)

M1—

Setting 7 :=n — 1, the space * is thus an (1 + 1)-dimensional QECP-space on ([a*,b*]; T*) and the positive integers
U2, ..., WUy satisfy Z?:z Wi <1+ 1. Therefore, the inductive assumption applies to E*. For any x € [a*, b*], the notation @‘z
will stand for any element in [E* which vanishes exactly k times at x if k <7, and for any non-zero element in R vanishing
7 times at x if k =7. This enables us to state the following two properties:

(1) if Yj_; ni =n+1, any sequence of the form (\17*%2 LR ,\i;:k’ﬁ e, @‘%’;Mr+l> is a basis of &*;
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(2) if Y04 i <, then, for all x € [a*, b*]\ {az, ..., ar},

W(@%z,...,@ﬂ%z_um, ...... ,@%*,...,@%LMT+1)(><S)¢0. (25)

From the piecewise version of (5) we know that E* is composed of all piecewise functions F* e PCH‘1([a*, b*]; T*) which
are of the form

W', YEOW (W', o W FY(R6)

I

n—p1+2
ay ap ap £ 2

S Z R I S ()]

F*(x) = , xela*, b*], (26)

obtained when F ranges over E. For any x* € [a*,b*] and any 0 < k <7, take F = \IJI’:;M. The corresponding piecewise
function F* vanishes exactly k times at x* if k <7 and when k =*ﬁ it is non-zero and it vanishes 7 times at x* (see
Lemma 24 in Mazure, 2006). We can thus take this function as \D*f in E*. From (26), classical relations on Wronskians,

and less classical ones (Lemma 20 in Mazure, 2006) it is easy to derive that

(1) if Zf:] ui =n+ 1, restricted to [a*, b*] the (n + 1) piecewise functions \IJ,‘;",...,\DsLMH,
of E*, and therefore these (n + 1) piecewise functions form a basis of E;
(2) if 37, ui <n, then (23) holds on [a*, b*]\ {az, ..., a;}. This being true for any a; < a* < ay, it is true also on Jaj, b]
i=1
{az, ..., ar}.

i=1,...,r, form a basis

Exchanging the roles of a, a; and b, a, would similarly enable us to show that (23) holds on [a,a;[\ {a1,...,ar—1}, which
completes the proof. O

5. QECP-spaces for design

Being interested in design, in this section we assume that, for each k=0, ..., q, Ey is good for design on [ty, ty4+1], and
that the PQEC-space E contains constants. In particular E ¢ C%([a, b]).

5.1. Blossoms and ready-to-blossom bases

The results presented here extend those previously obtained for EC-spaces (e.g., Mazure, 2005a, 2006), QEC-spaces
(Mazure, 2008b), ECP-spaces (e.g., Mazure, 2005b, 2006).

Given any basis of the form (1, ®1,..., ®;) in E, we consider the associated mother-function ® := (&1, ..., ;). Due to
the structure of the connection matrices My, ..., Mg, forany k=1,...,q,and any i =1,...,n—1, the linear space spanned
by the right derivatives @'(t;"), ..., ®© (") coincides with the linear space spanned by the left ones ®'(t;), ..., ®®(t,).
The left and right osculating flats of order i, that is, Osc,fb(t,j’) and Osc;®(t,) thus coincide too. We will thus denote both
of them by Osc;®(ty). We can therefore define possible blossoms exactly as explained in Section 2.2 for QEC-spaces.

Definition 5.1. Let E be an (n + 1)-dimensional PQEC-space on ([a, b]; T) containing constants. Given any pairwise distinct

ai,...,ar €[a, b] and any positive integers 1, ..., r wWith Y j_; i =n, if a sequence (]l, i \Ilﬁl_mﬂ, ...... RV
‘Ijgiurﬂ) forms a basis of [E we say that this basis is a ready-to-blossom basis relative to any n-tuple (x1,...,X;) which is
equal to (a1/#11,... a/!#1) up to permutation.

Theorem 5.2. Let E C PC"'([a, b]; T) be an (n + 1)-dimensional PQEC-space containing constants, with n > 2, and let U C
PC"2([a, b]; T) be the n-dimensional PQEC-space on ([a, b]; T) obtained by differentiation of E (see Lemma 3.6). The following
four properties are equivalent:

(i) Uis a QECP-space on ([a, b]; T);

(ii) given any c,d € [a, b], with ¢ < d, the space E possesses a normalised quasi-Bernstein-like basis relative to (c, d);
(iii) given any (x1,...,xn) € [a, b]", the space EE possesses a ready-to-blossom basis relative to (x1, ..., Xn);
(iv) blossoms exist in the space E.

Moreover, when any of these properties is satisfied, EE itself is a QECP-space on ([a, b]; T).

Proof. The fact that E is a QECP-space on ([a, b]; T) as soon as (i) holds results from the piecewise version of Rolle’s
theorem already mentioned.

e (i) < (iii) is obtained by applying Theorem 4.8 in the PQEC-space U.
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e (i) = (ii). Assume that (i) holds, and consider any c,d € [a, b], with ¢ < d. We know that the QECP-space U possesses a
quasi-Bernstein-like basis (Vo, ..., V,_1) relative to (c,d). Each piecewise function V; does not vanish on [a, b] \ {c,d} and
therefore it piecewisely keeps the same strict sign on the whole of ]c, d[, thus ensuring that fcd Vi(t)dt # 0. Setting

X

/wwm

Bo)=1— ——,

/wwm

Cc

/Vi_1 (t) dt /Vi(t) dt

Bi(x) = < -5 , 1<i<n—1,
/Vi—l (t) dt /Vi(t) dt
C c
X
/ Vo1 () dt
Bn(x):cdi, x € [a, b, (27)

/ Va_1(t) dt

o

yields a normalised quasi-Bernstein-like basis relative to (c,d) in E.

e (ii) = (i). If (Bg,...,By) is a normalised quasi-Bernstein-like basis relative to some (c,d) € [a,b]?, ¢ < d, then as is
classical the piecewise functions Vo, ..., V;_1 € U defined by
n i
Viz= Y DBj=-) DBj, i=0,....n—1, (28)
j=it+1 Jj=0

form a quasi-Bernstein-like basis relative to (c,d) in U (see (4.1) and (4.2) in Mazure, 2005a). Therefore (v) = (i) of Theo-
rem 4.4 guarantees that U is a QECP-space on ([a, b]; T).

e (iii) = (iv). Let ® = (®1,..., d,) be any mother-function in E. Given an n-tuple (x1,...,xp) = (a;/*1), ... a1} € [a, b]",
with pairwise distinct aq,...,ar and positive pq,..., 4y we have to prove that the r osculating flats Osc,_,, P (a;),
i=1,...,r, have in common a unique point. Since this can be done with any mother-function, let us select ® so that
(1, ®q, ..., dy) is a ready-to-blossom basis relative to (x1, ..., x). With this choice it can be easily checked that

;
[ Oscn—p; (@) ={(,...,0)}. (29)
i=1

e (iv) = (i). Assume the existence of blossoms in E. In particular, given any xi1,x» € [a, b], X1 < x», and any integer i,

1<i<n—1, the Bézier point IT; := ¢ (x;["~, x,!11) of a mother-function & is the unique point obtained by intersecting the

i-dimensional affine flat Osc; ®(x1) with the (n — i)-dimensional affine flat Osc,_; ®(x,). It implies that for €1, &5 € {—, +},

the n vectors @' (x]"),..., @D ("), &' (x3?),..., @™ (x5?), are linearly independent. Accordingly, the space U satisfies (iv)

of Theorem 4.4: it is thus a QECP-space on ([a,b]; T). O

The last statement in Theorem 5.2 makes the following definition consistent.

Definition 5.3. Given an (n + 1)-dimensional PQEC-space E on ([a, b]; T), with n > 2, we say that it is a QECP-space good for
design on ([a, b]; T) when it meets the following two requirements:

(1) E contains constants;
(2) the n-dimensional piecewise space U := DE is a QECP-space on ([a, b]; T).

Theorem 5.4. Let E be an (n + 1)-dimensional QECP-space good for design on ([a, b]; T), with n > 2. Then, for any F € E, and any
(X1,...,xp) € [a, b]", we have that:
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1- the value f(x1,...,Xy) of the blossom f of F at (x1, ..., Xp) is the first coordinate of F in any ready-to-blossom basis relative to
X1,...,%n);
2- if (x1,....x2) = (@111, ..., a,[¥)) € [a, b]", with pairwise distinct ai, . .., ar € [a, b] and positive i1, ..., Wr,
w (\11,‘,’2 LW W F) (@)
’ k] _ﬂ2+l’ ’ no» ’ n—u +1° 1
fea...ox) = - - - — — (30)
T T
W W2 R 1) @)
all other expressions obtained by permutation of ai, ..., a, being also valid.
Proof. As in the proof of Theorem 5.2 assume that the mother function ® = (&4, ..., ®,) is selected so that (1, ®1,..., d,)
is a ready-to-blossom basis relative to (x1, ..., Xy). The first point is obtained from (29) via affine maps. The second one

readily follows (see Corollary 3.19 in Mazure, 2008b). O

Remark 5.5. In order to be able to consider the space U := DE we had to assume the integer n to be greater than or
equal to 2, that is, the space E to be of dimension at least three. Nevertheless, apart from (i) of Theorem 5.2, all other
properties/formula involved in this section are meaningful even when n = 1. What therefore should be the definition of a
two-dimensional QECP-space good for design on ([a, b]; T)? The answer is clear: it is a PQEC-space on ([a, b]; T) containing
constants, that is, a C-space on [a, b] containing constants.

5.2. Pseudoaffinity of blossoms

In this section we assume that n > 2 and that E c PC"! ([a, bl; ’H‘) is an (n+ 1)-dimensional QECP-space good for design
on ([a, b]; ’]I‘). As usual, the blossom f of any F € E¢, d > 1, satisfies two elementary properties which readily follow from
the geometrical definition of the blossom ¢ of any mother-function ®:

e symmetry: f is symmetric on [a, b]";
o diagonal property: by restriction to the diagonal of [a, b]", f gives F, that is, f(x") = F(x) for all x € [a, b].

The interest of blossoms lies in that they also satisfy the crucial pseudoaffinity property described in Theorem 5.6 below.
In all situations previously addressed, proving pseudoaffinity was a difficult challenge worthwhile resolving, for it is the
property which guarantees that the spaces satisfy all expected properties for design. It was first proved for C* EC-spaces in
Mazure and Pottmann (1996), then for ECP-spaces with C* sections in Mazure (1999), Mazure and Laurent (1999), for C"
EC-spaces and ECP-spaces with C" sections in Mazure (2006), for QEC-spaces in Mazure (2008b). Each extension required
the development of new tools or approaches. It will be so here too.

Theorem 5.6. Let E be an (n + 1)-dimensional QECP-space good for design on ([a, b]; T). Then, the blossom f : [a, b]" — R4 of any

F € E4, is pseudoaffine in each variable, in the following sense: for any Xo, X1, . .., Xa € [a, b], with xo < Xn, there exists a strictly
increasing continuous function (X1, ..., Xn—1; X0, Xn; -) : [a, b] = R, independent of F, such that
F&1, o %n-1,0 =[1—B(X1, ..., Xn—1: X0, Xn; X)1 f (X1, ..., Xn—1, X0)
+B(x1, .., Xn—1; X0, Xn; X) f (X1, ..., Xn—1, %), X € [a, b]. (31)

Proof. It is sufficient to prove (31) replacing f by the blossom ¢ of any possible mother-function @ in E. In that case,
proving (31) consists in proving that the point ¢(xq,...,X,—1,X) moves in a continuous strictly monotonic way along an
affine line £ C R" as x moves from a to b. Moreover, due to the symmetry of blossoms we can assume that

(x1,...,xn,1):(01[“1],...,ar[’”]), witha<ay <ap <---<ar <b,

and with positive integers 1, ..., i, with }_/_; ui =n — 1. The definition of blossoms makes it clear that

-
for any x € [a, b], the point ¢ (X1, ..., X;—1,x) liesin £ := ﬂ 0scy—y; @ (a;) CR™.
i=1
At each step of the proof, [a*, b*] will denote a generic non-trivial interval strictly contained in [a, b], and T* will always

denote the associated sequence composed of all the knots in T which are interior to [a*, b*]. In accordance to the result we
want to prove we will select a specific n-dimensional space F C E and we will consider the corresponding inclusion

F* c E*, where E*, F* are the restrictions of E, FF to [a*, b*]. (32)
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The choice of F and [a*, b*] will be guided by the fact that we want to ensure the following property

F* is an (n-dimensional) ECP-space good for design on ([a*, b*]; T*) . (33)
When needed, the choice of F can be connected with the choice of an appropriate mother-function ® = (&1, ..., ®,): the
first (n — 1) components of ® can be chosen so as to form a mother-function in F, and the last one, ®,, has then to be
selected in E \ F. Moreover, in the situation described by (32) and (33) we will select a convenient basis (Uop, ..., Up—1)

of F whose restriction (U§, ..., U;_,) to [a*, b*] will form a PCW-sequence on ([a*, b*]; T*). Applying Theorem 4.6 to the
inclusion (32) will then imply that

F* =ECP(w§, wi,...,wi_y), E*=QECP(wg, wi,...,wn_q;C%), (34)
where (wg,...,w;_;) is the system of piecewise weight functions on ([a*, b*]; T*) deduced from (Ug,...,U>_;) (up to
signs) as reminded in Section 2.1, and where C* := L} _,E* is a two-dimensional C-space on [a*,b*], L§, ..., L;_; standing
for the piecewise generalised derivatives on PC"! ([a*, b*]; T*) associated with (wg, ..., wr_;). Depending on our purpose

we will not necessarily have wj; = 1, that is Ug = 1. The interest of such a situation (34) lies in that it will enable us to use
the results developed in Section 4.2.

o First step: We will first prove that L is an affine line along which the point @(x1, ..., Xs—1,X) moves in a continuous strictly
monotonic way as x moves from a* to b*, where [a*, b*] is any non-trivial interval selected so that
[a*,b*] C [a,b]\ {ay, ..., ar}. (35)
In E, take a mother-function ® = (®1, ..., ®,) of the form
_ a ap a a
q>_(xpn1,...,\yn_m+1, ...... ,wnr,...,wnf_wl,@n). (36)

It readily follows that £ is the affine line composed of all the points in R" of which the (n — 1) first components are equal
to zero. We more precisely have

@1, ... Xn—1,%) = (0,...,0,¢n(x1,...,%,—1,X)) foreachx € [a,b], (37)

where ¢, is the blossom of ®,. We therefore have to prove that the function @n(x1,...,X,—1,.) is continuous and strictly
monotone on [a*, b*].

Let F C E be spanned by the n functions 1, ®q,...,®,_1. Applying (23) in the space U = DE, we can see that
a, ®q,...,P,_1) is a PCW-sequence on ([a*, b*]; T*). Therefore in particular (33) is satisfied. Applying (23) in the space
E itself enables us to state that the sequence (Uy,...,Up—1) := (®q,...,Py_1, 1) is a PCW-sequence on ([a*, b*]; T*). We
work within the corresponding situation (34). In particular, according to Theorem 4.6, we can therefore assert that the
correspondence

W(®1, ..., Pp_z, Pn)(x*)

XD Ly ®n0 = g e -

is a continuous strictly monotone function on [a*, b*]. As a matter of fact, due to (35), we know that the right-hand side of
(38) is equal to @, (a1141), ... a/1#r) x) for any x € [a*, b*] (see formula (30)). The claimed result is thus proved.

e Second step: It remains to prove the continuity of the function ¢(x1,...,X;—1,.) at each point a; along with the compatibility of
the strict monotonicities on the left and right of a;, fori =1, ..., r. Here we prove it with r = 1, and therefore with ;1 =n — 1.

We first assume that a < a; < b. Selecting any ¢, with a; < ¢ < b, our non-trivial interval [a*, b*] is the interval [a,c].
Here the space F is spanned by 1, \D,’;, \Ijrll)fl’ ey \llg. Since the expected result can be proved using any mother-function @,
here we will work with the mother-function ® defined by

D= (0, dy), with® := (\IJ,II’ \IJ,’:_1, ey \IJS) and, for instance ®,, := \Ilf.
The function © : [a, b] - R"! is a mother-function in the n-dimensional space F. For the sake of simplicity, the restriction
of ® to [a*, b*] will still be denoted by ®. Given that (33) holds for the restriction F* of F to [a*, b*], blossoms exist in F*,
and we denote by

9 :[a*, b* " > R

the blossom of ® as a mother-function of F*, known to be continuous on [a*, b*]"~! and pseudoaffine in each variable, see
Mazure (2006). Accordingly, denoting by £* the segment in R"~! with end-points #(a;"~?!, a) and 9 (a;"~?, c¢), we know
that

L5 ={0@ "2, x) | x e [a*, b*]}.



18 M.-L. Mazure / Computer Aided Geometric Design 47 (2016) 3-28

dai ™y I a2
e X—fef——fof—————fo}— %x—@
19((1[1"_2],(1) 19((1[171'_2],;/) 19(0,[1"'_1]) = 0O(ay) ﬁ(a[l"_Q], T) 19(0,[1"'_2],0)

Fig. 2. Pseudoaffinity of blossoms in F* and dimension elevation from F* to E*.

Moreover we also know that

®(a1"2!, x) moves in a continuous strictly monotonic way along £* as x goes from a to c. (39)
Here the situation (34) corresponds to (Ug,...,Un—1) = (1, \Il,l;, \113_1, ey \Ilg), and therefore w§ = 1. From Proposi-

tion 4.7 we know that we can add an interval [a,a], with @ < a, on the left of a while preserving the equalities (34)
on ([E, b*]; (a,’JI‘*)), and therefore the existence of blossoms in the extensions of F*, E*, thus defined on [@, b*]*~! and
[a, b*]", respectively. If the claimed result is proved on the extended interval [a, b*], we will obtain it in particular on
[a*, b*]. Without loss of generality from now on we can therefore assume that a < aj.

Viewed as an element of E*"~!, the function © possesses a blossom in n variables, say

#:[a*,b*]" > R™!
the (n — 1) components of which are simply the restrictions to [a*, b*]"~1 of the first (n — 1) components of the blossom @
of the mother-function ®. Consider any x, y such that a < y <aj < x < c. Corresponding to the inclusion (32) a dimension
elevation formula permits the calculation of the (n + 1) Bézier points of ® in E* from its n (affinely independent) Bézier
points in F*, both relative to (y,a;) and to (ai, x). It can be proved that this works exactly as in QEC-spaces good for

design, and we therefore refer the reader to Mazure (2008a) for more details. In addition to the equality a1y =
O(a1) = P (@), we know that

(@™ 1 x) is a strictly convex combination of ©(a;) and & (a;"~%, x);
5(y, ai [”_”) is a strictly convex combination of ®(a1) and ¥ (y, a4 ["_2]). (40)

We are thus in the situation depicted in Fig. 2 where we represent the segment £* c R"™!. According to the first step,

we know that the points 9 (a;!"1,x) and #(a;!"1, y) move in a continuous strictly monotonic way on £* as x ranges
over Jai,c] and y ranges over [a,aq[, respectively. As clear from Fig. 2, (40) and (39) ensure the continuity and strict

monotonicity of 5((11["‘”,.) on the whole of [a, c] = [a*, b*], whatever the point c € Jai, b[, and therefore on the whole
of [a, b[. Continuity and strict monotonicity on ]a, b] can be proved symmetrically by exchanging the roles of a and b. The
proof is thus complete in that case.

o Third step: The objective is the same as in the second step, but now with any r > 1. The proof will be done by induction on r.

Assume that r > 2 and the result holds for (r — 1) in any QECP-space good for design. We work with the n-dimensional
space F spanned by 1, W', ..., ;" and its restriction F* to [a*, b*] = [a, c], where now a,_1 < ¢ <ay. For any F € E, let us
consider the following function

Fx):=¢ (x["”‘f], ar["']) , X€la,b]. (41)
Let E be the set of all such functions, and E* its restriction to [a*, b*]. From (30) we know that
_ W(\y,‘jf,...,wgf_M],F) ()
F(x):= . . , xe€la,b]\{a;}. (42)
w (\ynr, W 1) )
Here, we take (Ug,...,Uy_1) = (\If,‘f’,...,\llg'_urJrl,Jl, \I/ﬁr_m,...,kll‘z’r>. By application of (23) both in E and in U = DE,

we know that this is indeed a PCW-sequence on ([a*, b*]; T*). We can therefore consider the corresponding situation (34).
From (42) we can see that

E* =17, E*=QECP(L, wys..... wi_y:C").

Given any y1, ..., ¥n—yu, € [a,b]\{a;}, let (1, ®1,..., ®,) be a ready-to-blossom basis relative to (y1,..., Yn—ju,, a1y with

its last components equal to Wy, ..., \l/gr_mﬂ. Let us set

A=f (.)’17 s Yn—pys ar[ﬂr]) .
From Theorem 5.4 we know that
n
F=A1+ ZAiG)i, for some A1,...,An € R.
i=1
Using (42) it readily follows that:
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— restricted to [a*, b*], (1, O1,..., (;n—m) is a ready-to-blossom basis relative to (y1, ..., yn—p,) in the space IE*;
— A is the first coordinate of the restriction of F in that basis.

Accordingly, in E*, the blossom 7* :[a*, b*]"Hr — R of F* is given by
P01 Vnew) = FG1s ooy Vnop @), forall (v1, ..., yn_p,) € [a*, b* .

Let us come back to the mother-function & defined in (36). The function o = (5}‘, ey 5:_1_M, 5,’;) is a mother-function
in E*. Its blossom ¢ * satisfies in particular

(z*(al[m]’.“,aril[l&r—ﬂ’x>:(07“.,0’@4”*(01[#1]’.__’aril[ﬂr—ll’x))
=(0,...,0,@n(a; ™), ... aq_Hr-1] g1 X)) 43
@

Applying the inductive assumption in E*, we can say that the function @;* (a1 il gp_q el ) is continuous and strictly
monotone on [a*, b*]. In other words, the function ¢, (a1[’“], o aple] ) is strictly monotone on any such interval [a*, b*],
hence on [a, a,|[.

Exchanging the roles of a, and a;, one can similarly prove that ¢, (a1!#1], ..., a/!#r1,.) is continuous and strictly mono-
tone on Jay, b]. It is therefore continuous and strictly monotone on the whole of [a,b]. O

5.3. Consequences

The pseudoaffinity of blossoms was not easy to achieve. It is a key-property, which is the reason why blossoms are so
powerful tools. Indeed, together with symmetry and diagonal property, it is the property which makes it possible to describe
in an elegant and efficient way the classical design algorithms (evaluation, subdivision) in the QECP-space E good for design
on ([a, b]; T). Pseudoaffinity is the reason why we obtain corner cutting algorithms on the concerned intervals, and this is
crucial for shape preservation.

As an instance, given a function F € EY, d > 1, and its Bézier points relative to (c,d) € [a,b]?, ¢ <d, f(c"=1 dlily,
0 <i<n, an n-step corner-cutting de Casteljau algorithm permits the evaluation of all values of the blossom f of F on

[a, b]". Due to (31), at the nth step, we obtain f(x1,...,x,) as an affine combination of the Bézier points (a convex one
when x1,...,x € [c,d], a strictly convex one when xq,...,x € ]c,d[), with coefficients independent of F. In other words,
denoting by b;(x1, ..., %), 0 <i<n, the coefficients in question, we directly obtain

n n
Fa, o)=Y b, x) fd), Y bixa, . x) =1, xi,..., % € a, b,
i=0 i=0

with bj(x1,...,xp) >0 forc<xq,...,Xxp<d, 0<i<n. (44)

As a special case, for x; =--- = x, = x we obtain

n n

Fo=) Bi(x), Y Bix)=1, xe€lab],
i=0 i=0

with B;(x) :=bh;(x™) >0 forc<x<d, 0<i<n. (45)

The functions By, ..., B, form a quasi-Bernstein basis relative to (c, d), their zeroes at c, d following from the geometri-
cal definition of the Bézier points. Note that, for i =0, ...,n, the function b; involved in (44) is the blossom of B;j. That
(Bog, ..., Bp) is produced by the corner-cutting de Casteljau algorithm enables us to state the following result, the proof
of which can be obtained as in Mazure (2004). For the importance of normalised totally positivity we refer the reader to
Goodman (1989).

Theorem 5.7. Let E be an (n + 1)-dimensional QECP-space good for design on ([a, b]; T). For any (c, d) € [a, b], ¢ < d, the normalised
quasi-Bernstein-like basis of IE relative to (c, d) is a quasi-Bernstein basis relative to (c, d). It is the optimal normalised totally positive
basis in the restriction of E to [c, d].

6. Building all QECP-spaces

The object of the present section is to show how to obtain all possible QECP-spaces on ([a, b]; T) by proving Theorem 1.4.
On account of Theorem 4.5 what remains to prove is that any (n + 1)-dimensional QECP-space on ([a, b]; T) is of the form
QECP(wo, ..., wp_1; C).

The results presented here extend similar results obtained for EC-spaces in Mazure (2011b), for ECP-spaces in Mazure
(2011a), and for QEC-spaces in Mazure (2011c).
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6.1. Theoretical characterisation

We will first work in QECP-spaces good for design where we now know that blossoms are pseudoaffine. As a matter of
fact, the following lemma readily follows from the pseudoaffinity of blossoms exactly as in Mazure (2011b).

Lemma 6.1. Let E be an (n + 1)-dimensional QECP-space good for design on ([a, b]; T). Given a function U € E, the following three
properties are equivalent:

(i) the Bézier points of U relative to (a, b) form a strictly increasing sequence;
(ii) for any c,d € [a, b], ¢ < d, the Bézier points of U relative to (c, d) form a strictly increasing sequence;
(iii) the blossom u of U is strictly increasing in each variable on [a, b]".

This lemma will be essential to establish Theorem 6.2 below.

Theorem 6.2. Let E be an (n + 1)-dimensional QECP-space good for design on ([a, b]; T), with n > 2, and let (By, ..., By) denote its
quasi-Bernstein basis relative to (a, b), and let U = DE. Given any U = Z?:o u;B;, let w1 € PC"%([a, b]; T) denote the piecewise
function DU. The following properties are equivalent:

(i) the Bézier points uy, ..., un of U form a strictly increasing sequence;
(ii) w1 has positive coordinates in any positive quasi-Bernstein-like basis of U relative to (a, b);
(iii) w1 is positive on ([a, b]; T), and if Ly is the piecewise generalised derivative on PC™1([a, b]; T)) defined by L1F = DF /wn,
L1E is an n-dimensional QECP-space good for design on ([a, b]; T).

Proof. As a positive quasi-Bernstein-like basis in the space DIE we can take the basis (Vo, ..., V,_1) defined in (28). In this
basis, the piecewise function wq can be expanded as
n—1
w1=Za,-Vi, o =ujy; —ujfori=0,...,n—1. (46)
i=0

The equivalence between (i) and (ii) readily follows from (46).

Assume that (iii) holds. Let us denote by (By}, ey Bfﬁ]) the quasi-Bernstein basis relative to (a, b) in the n-dimensional
space L{EE good for design on ([a,b]; T). Clearly, after piecewise multiplication by wq, the normalisation property 1 =
> B,{” implies that

n—1
1
wi = Z W1B§ }.
i=0

Now, (wlB([)”, ey wlB,El_]1) is a positive quasi-Bernstein-like basis in the QECP-space U = DE. Therefore (ii) is obviously
satisfied.

Let us now assume that (i) holds and prove that (iii) is satisfied. From (46) we can see that the piecewise function
w1 € U= DE is positive on ([a, b]; T). The n-dimensional space L{[E obtained by piecewise division of all elements of U
by w1 contains constants. Moreover it is a PEQC-space on ([a, b]; T) according to Lemma 3.8. Piecewise division of the two
sides of (46) by w; yields

—_

n—

Vi
1= 8", with B! == ori=1....n—1.
. 1
i=0

Clearly, (Bé”, e Bi&) is a quasi-Bernstein basis relative to (a, b) in L;E. Lemma 6.1 ensures that, for any a*, b* € [a, b],

a* < b*, U has strictly increasing Bézier points relative to (a*, b*). We can thus similarly expand wy in the quasi-Bernstein-
like basis (Vg, ..., V;_;) of U relative to (a*, b*) as

n—1
wq =Za;*v,.*, withaf >0fori=0,...,n—1.
i=0

As previously, after division by w; we obtain a quasi-Bernstein basis relative to (a*,b*) in L{E. The PQEC-space L1E on
([a, b]; T) thus possesses a quasi-Bernstein basis relative to any (a*, b*) € [a, b]> with a* < b*. According to Theorem 5.2
this ensures that DL{E is a QECP-space on ([a, b]; T), i.e. (see Definition 5.3) L{[E is a QECP-space good for design on
([a,b]; T). O
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Theorem 6.3. Given an (n + 1)-dimensional PQEC-space on ([a, b]; T), containing constants, the following properties are equivalent:

(i) E is a QECP-space good for design on ([a, b]; T);

(ii) there exists a system (w1, ..., Wy—1) of piecewise weight functions on ([a, b]; T) and a two-dimensional C-space C on [a, b],
containing constants, such that
E =QECP(1, wq, ..., wn_1; C). (47)

Proof. This is obtained by iteration of Theorem 6.2, taking additionally into account of Proposition 3.5. O

Corollary 6.4. Given an (n + 1)-dimensional PQEC-space on ([a, b]; T), containing constants, the following properties are equivalent

(i) Eis a QECP-space on ([a, b]; T);

(ii) there exists a system (wo, ..., Wp—1) of piecewise weight functions on ([a, b]; T) and a two-dimensional C-space C is on [a, b]
such that
E = QECP(wy, ..., Wy_1; C). (48)

Proof. Let & be the (n + 2)-dimensional PQEC-space on ([a, b]; T) obtained from E by continuous integration. The claimed
result is obtained by applying Theorem 6.3 to E. O

Remark 6.5. Theorem 6.3 and therefore its corollary (which is exactly Theorem 1.4) have been obtained by iterated applica-
tion of Theorem 6.2. It is worthwhile mentioning two most interesting consequences of Theorem 6.2.

1- Assuming that (i) of Theorem 6.2 is satisfied, we know that the piecewise function wq is positive on ([a, b]; T). Accord-
ingly the function U is strictly increasing on [a, b]. We can thus define a strictly increasing sequence a =& <& <--- <
&, = b by setting

&:=U Yoy), i=0,...,n.

Let us define the operator B : C%([a, b]) — E by

BF := ) F(&)B; forall F e C°([a,b)).
i=0

This is a Bernstein-type positive linear operator based on the QECP-space E. It reproduces constants and the function U,
and it is variation-diminishing due to the quasi-Bernstein basis being normalised and totally positive. Such operators can be
handled as in the case of EC- or QEC-spaces Mazure (2009, 2011b, 2011c) to which we refer the reader (also see Aldaz et
al.,, 2009 on this subject).

2- Given any positive wy, ..., wp, consider the function
n
Q= Z wiB; € E.
i=0

As an application of (ii) = (iii) of Theorem 6.2, we can deduce that the space
F
RE; Q) :=3—=|Fek;,
Q
is a QECP-space good for design on ([a, b]; T). It can also be described as
Y ico Yi®iBi

Yo wiBi

By analogy with the classical rational spaces, we call it the rational QECP-space on ([a, b]; T) based on E and 2. The properties
and advantages of such rational QECP-spaces can be developed as we did for rational EC-spaces in Mazure (2013). We just
mention two facts:

R(E;Q):{ |y0,...,yneR}.

F
- for each F € E, the blossom of o € R(E; Q) is the quotient é of the blossoms f, w of F, Q in E;

1
- any QECP-space good for design is a rational QECP-space, since R (R(IE‘,; Q); 5) =E.



22 M.-L. Mazure / Computer Aided Geometric Design 47 (2016) 3-28

6.2. Practical characterisation

We can actually write Theorem 6.3 as stated below, where, for the sake of simplicity we denote the same way an element

; S + = .
of E and its restriction to each [ty e It

Theorem 6.6. Given an (n + 1)-dimensional PQEC-space E on ([a, b]; T), and given any c € [a, b], the following properties are equiv-
alent:

(i) is a QECP-space on ([a, b]; T);
(ii) foreachk =0, ..., q, we can find a system (w’é, ey Wﬁ,]) of weight functions on [ty, ty4+1], with associated differential operators

on C"~1([ty, ty,1] denoted by k., Lﬁfl, so that the following three requirements are fulfilled:
1) the section spaces are given by

B = QEC(wE, ..., wk_.Cp, k=0,....q, (49)

where Cy, is a two-dimensional C-space on [ty, tk+11];
2) any F € E satisfies the connection conditions

LKFeH) =LF'F(ty) fori=0,...,n—1landfork=1,....q; (50)

3) the continuous function whose restriction to [ty, ty41] iS L’,L] W k=0,...,q, is strictly monotone on [a, b].

Remark 6.7. Let E be an (n + 1)-dimensional PQEC-space on ([a, b]; T). The practical problem that we want to solve here is
the following one: how to know whether or not E is a QECP-space on ([a, b]; T)? Equivalently, how to establish necessary and suf-
ficient conditions for E to be a QECP-space on ([a, b]; T)? These conditions should involve all the parameters defining E. What
are therefore these parameters? The most obvious ones are the q(n+ 1)(n + 2)/2 entries of all connection matrices, but the

section-spaces themselves may depend on parameters, and even the knots (o, ...,tz41) can also possibly serve as param-
eters. Answering these questions is not an easy task. Given that, for each k=0, ...,q, we can build all possible systems
(wk, ..., wk_|) of weight functions on [ty, ty+1] such that B, = QEC(wkK, ..., wk |;Cy) by iteration of the non-piecewise

version of Theorem 6.3, the equivalence (i) < (ii) of Theorem 6.6 provides us with a possible constructive approach to an-
swer these questions. An alternative approach will consist in finding conditions to diminish the dimension within the class
of all PECQ-spaces on ([a, b]; T) via Proposition 6.8 below.

Proposition 6.8. Let [E be an (n + 1)-dimensional QECP-space on ([a, b]; T) and let (Vy, ..., V) be a quasi-Bernstein-like basis
relative to (a, b). Then, for each integer i, 0 < i < n, all coordinates of V; in a quasi-Bernstein-like basis (Wy, ..., Wy) relative to
(c,d), with a < ¢ <d < b, are positive — except, possibly, for those required to be 0 by the zeroes of V; at a, b —. More precisely, if
Vi= Z’}:O vi jW;

e ifa <c <d <b, then all v; j are positive;
e ifa=c<d<b,thenv; j=0for j=0,...,i—1, and all other v; ; are positive;
e ifa<c<d=b,thenv;j=0for j=i+1,...,n, and all other v; j are positive.

Proof. Let E be the QECP-space good for design on ([a, b]; T) obtained from E by continuous integration. Without loss of
generality, we can assume that (Vg,..., Vy) is obtained from the quasi-Bernstein basis (§0, .. .,§n) relative to (a, b) in E
via formula (28). We can make a similar assumption for (Wy, ..., W;) on [c, d]. The claimed result follows from the lemma
below via (46). O

Lemma 6.9. Let E be an (n + 1)-dimensional QECP-space good for design on ([a, b]; T) and let (B, ..., By) be its quasi-Bernstein
basis relative to (a, b). Givena < ¢ < d < b, and given an integer i, 0 <i <n — 1, we denote by B ;, vi j, 8i.j, j =0, ...,n, the Bézier
points of the function

n
Bi = Z Bj,

j=i+1
relative to (a, ¢), (c,d), and (d, b), respectively. They satisfy
0=Bio=Bi1="-=Bii<Biit1 <Biirz2<--<Bin<l,

O0<¥io<Vit<-<Vin-1<Vin<l,

0<dio<di1<-<0ii<diiyt1=---=08in-1=0in=1 (51)
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Proof. This is a straightforward consequence of the de Casteljau evaluation algorithm of ;(c) from the Bézier points
(0,0,...,0,1,1,...,1)

(i+1) times (n—i) times

of B; relative to (a,b) and then of the de Casteljau evaluation algorithm of B;(d) from its Bézier points relative to (c, d).
Therefore, it is a straightforward consequence of the properties of blossoms, and in particular of their pseudoaffinity. O

Remark 6.10. To continue the comments in Remark 6.7, the necessary and sufficient conditions for a PQEC-space E on
([a, b]; T) to be a QECP-space on ([a, b]; T) will be obtained step by step. From Proposition 6.8 we know that we should first
find necessary and sufficient conditions for E to possesses a “convenient” quasi-Bernstein-like basis (Vg, ..., V,) relative
to (a,b), in the sense that this basis should satisfy the positivity conditions stated in Proposition 6.8 in each interval
[tk, tk+1]. Then, for any positive «p, ..., on, the piecewise function wg := Z?:o «o;V; € E will satisfy the assumptions of
Lemma 3.9. Accordingly, the corresponding space DLgE will be an n-dimensional PQEC-space on ([a, b]; T), possessing a
quasi-Bernstein-like basis relative to (a,b) obtained from (28). The second step will consist in finding additional necessary
and sufficient conditions for this basis to be a “convenient” one, so as to decrease the dimension again via Lemma 3.9, and
so forth... This will be the method adopted in next section.

7. Ilustrations

In this section we illustrate our results with the relatively simple case where n = 2 with a view to design in the four-
dimensional space of continuous functions obtained by integration.

7.1. Building three-dimensional QECP-spaces

We start with only two sections spaces. We thus work with to =a <ty <ty =b and T = (7). In order to avoid too many
indices, we are changing our notations compared to the previous sections. We denote by E and E two three-dimensional
QEC-spaces on [to, t1] and [t1, t3], respectively. By (Vo, V1, V2) and (Vg, V1, V,) we denote a positive quasi-Bernstein-like
basis relative to (tp, t1) and to (t1,tz) in E and E, respectively. Without loss of generality we can assume that

Vo(to) = Va(t1) = Vo(tr) = Va(ta) = 1. (52)

Since n =2, the three-dimensional PQEC-space E on ([a, b]; T) we are working with is thus defined by the two section-
spaces E and E and a lower triangular connection matrix of order 3 with positive diagonal entries. Therefore, all piecewise
functions F € [E satisfy the same connection condition

F(t) ao00] [FeD)
FahH |=|bco | |Fep |, (53)
F(t2) de f || Fo

where a,c, f > 0.

Theorem 7.1. The PQEC-space Eisa QECP-space on ([to, t2]; T) if and only if the following properties are satisfied
e>0, d+eVj(t))>0, eb—cd—eaVy(ty)>0. (54)

Proof. The proof comprises several steps.

o First step: Expliciting the connection conditions (53) via (Vo, V1, V2) and (Vo, V1, V3). Consider two functions F € E and
F € E expanded in the corresponding quasi-Bernstein-like bases as

F=aoVo+a1Vi+aaVsy, F:aoV(] +&1V1 +&272. (55)
On account of our choice (52), we have

F(t)) =0, F'(t1)=a1Vi(t1) +aaV5y(t1), F(to) = o,

F(t)) =00, F (t1)=0oVo(t1) +a1V(t1). F(t2) =0 (56)

Accordingly, from (53) we can say that the two functions F and F are the restrictions to [tg, t1] and [t1, t2], of a piecewise
function F € E if and only if

g =aoa,

@1V (t) = Ay + ¢V (t)ar, (57)
o =Hoy eV (tpag + fao,
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with

A:=b+cV5(t)) —aVy(t), H:=d+eVj(ty). (58)
e Second step: Necessary and sufficient conditions ensuring the presence of a “convenient” quasi-Bernstein-like basis relative to
(to, t2) in E. _ _ _

With notations consistent with the previous point, the restrictions Bg, By, B1, B1, Ba, B2, to [to,t1] and [t1,t2], of a

possible quasi-Bernstein-like basis (§0,§1,§2) in E can be written as

Bo=010,0Vo +01V1+a02Va, Bo=0,0Vo,

Bi=o1,1Vi+a12Va, Bi=@10Vo+a1,1V,

By=w22V2, Ba=020Vo+021V1+022V2. (59)

Not only do we require the existence of such a quasi—Bernstei_n—liEe tEsis (ﬁo, §1 , §2) but we even require that all ’-s an_d
all @ ’-s involved in (59) be positive. Since (Vq, V1, V3) and (Vg, V1, V) are positive quasi-Bernstein-like bases in E and E,
respectively, we know that

Vi(t1) <0, Vi(t;)>0. (60)
1) B, B; are obtained by solving (57) under the requirements: o9 =y = 0. We therefore have to solve

52,17{ (t1) = A2, 22 =Hayo, (61)
under the additional requirement oy 3, @2 1, @22 > 0. Due to (60), a necessary condition for this to be possible is that

A>0 and H>0. (62)
Conversely, if (62) holds, any choice of a positive oy > generates positive o3, 1, 02 2.

2) Let us assume that (62) holds. Then, Bg, By are obtained by solving (57) under the requirements &; = &> = 0. We have
to solve

—eVi(t)ao1 =Hag o + fago, —cVi(t)ao1 = Ao, (63)

with g 0, @01, @02 > 0. Substituting in it the value of «p,; obtained from the second equation in (63), the first equation
can equivalently be replaced by

Tagy =cfagoe, withT:=eA —cH=eb —cd —eaV(ty). (64)

On account of (62) we can therefore obtain positive «g,o, o, 1, @02 > 0 satisfying (63) if and only if we additionally require
that I" > 0.

3) Let us assume that (62) holds and that I" > 0. Then, B, By are obtained by solving (57) under the requirements cg =
o> = 0. We thus have to find positive o1 1, 1,2, @11 such that

@11V (t1) = Ay +cVi(tDar1, Happ+eVi(t)ar =0. (65)

After elimination of « 1, the left equation can equivalently be replaced by

e@1 1V, (t;) =Ta . (66)

It readily follows that positive a1,1, 1,2, &1,1 can satisfy (65) if and only if we additionally require that e > 0.
All in all, existence of a Bernstein-like basis (§0,§1,§2) with positive «’-s and & ’-s in (59) is obtained if and only if

A>0, H>0, e>0, T=>0.
However, since eA = cH + I, these four conditions reduce to the three conditions H > 0, e > 0, I" > 0, which is exactly (54).

o Third step: Assume that (54) holds. Let us prove that Eisa QECP-space on ([to, t2]; T). Given any positive real numbers ZO,
21, Kz, consider

WO = ’Aoﬁo + K1§1 + ’Azﬁz cE. (67)

Denote by W and W the restrictions of Wo to [to,t1] and [t1,t2], respectively, and by Lo and Ly the divisions by Wy
and Wy. Let us expand these functions as

Wo=aoVo+o1Vi+azVa, Wo=aoVo+a1Vi+a2Vs. (68)

On account of (67) and of our second step, we can say that «y, o1, oy and @, o1, & are all positive. From Lemma 3.9 we
can thus assert that Wo is positive on ([a,b]; T) and that, if LOIE denotes the piecewise division by Wo, then DLOIEI is
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a two-dimensional PQEC-space on ([to, t2]; T). Moreover, we also know that Dfoﬁ possesses a quasi-Bernstein-like basis
relative to (to, t2), say (Bb 31) Indeed such a basis can be derived, for instance, by the systematic procedure (28) from the
quasi-Bernstein basis relative to (tg, t) in LoE obtained by division of the sides of (67) by Wy, i.e.,

<20§0 A1B, K2§2>
Wy Wy Wy /'

The piecewise functions BI), [8\1 € Dfoﬁ can thus be taken as

(BN - WiBo-WoB, - ~ (BN ~ WoB,—WiBs
/3():=—A0 (T) =A0+2, ]:=A2 = =A2+2
w2 w2

0 0

In Dfoﬁ the section-spaces DLyE and DLoE are two-dimensional C-spaces on [to, t1] and [t1, tz], respectively. Moreover,
we know that the first diagonal entry of the connection matrix at t; in DLg[E is positive. Accordingly, all components of

ﬁo, B\] in quasi-Bernstein-like bases of DLoE and DLyE — other than those which are equal to zero due to (//3\0 B\l) being a
quasi-Bernstein-like basis relative to (tg, t;) — are positive if and only if we have

Bo(t;)>0 and Bi(t]) >0,
that is, if and only if

— — — —/

W (t1)Bo(t1) — Wo(t1)By(t1) > 0,  Wo(t1)B5(t1) — W(t1)Ba(tr) > 0.
From (68), (52) and (59), we can derive that

Wo(t1)B5(t1) — W((t1)Ba(t1) = a0 2 V5 (t1) — (a1 V(1) + a2V (t1)))o 2

=—ai0,Vi(t) >0, (69)

the positivity being guaranteed by (60). One can similarly check that

—/ — — -/ JEE— -/

W (t1)Bo(t1) — Wo(t1)By(t1) = oqp,0V 1 (t1) > 0.
Accordingly, for any positive numbers 7y, 7, the piecewise function

Wi = 70Bo + 71P1 € DLoE
is positive on ([tg, tz]; T). Piecewise division by W1 transforms the PQEC-space Dfoﬁ on ([tg, t2]; T) into a two-dimensional
PQEC-space ﬂE on ([tg,t2]; T) containing constants, that is, into a two-dimensional C-space C on [tg, t2] (see Proposi-
tion 3.5). It readily follows that E = QECP(Wq, W1; C).

We thus have proved that the conditions (54) are indeed necessary and sufficient for E to be a QECP-space on
([to, t21; T). O

Besides, from (61) and (63)-(66) we can derive the following result:

P)l:opgsit/i\on 7.2. Assume that (54) holds. As a Bernstein-like basis relative to (tg,t) in the QECP-space & we can take the basis
(Bo, B1, B2) whose restrictions to [to, t1] and [t1, ta] are given by:

fA cf —~  acf—
Bo=V —Vy, Bg=—Vy,
0 O+—V{(t1)l“ 1+ T2 0 r Vo
B +V,y, Bi=aVg+ 2 v
1 1 2, Bi=aVy 1,
—eVi(t1) eV,(t1)
1 — — _
By=—=Vy, By=—=-Vo+ = Vi+Vo, (70)
H H V,(t)H

where A, H are defined in (58), and T in (64).
Note that the latter formula are deliberately written so as to point out the positivity of all coefficients (see (60)).

Remark 7.3. We have only addressed the case where we are connecting two three-dimensional QEC section-spaces. In
practice, for the construction of splines, the resulting QECP-spaces can usefully play the role of one section-space (see
Laurent et al., 1997). Nevertheless, we would like to draw the reader’s attention to the fact that it is possible to iterate

the process. Indeed, if, for instance, we have a third QEC-section space E on [ty,t3] with a corresponding connection
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matrix at t, ttle QECP-space E can be considered as one section-space on [to, tz] that we are connecting with the second
section-space E. The same approach can be developed, provided that we do not work with the given connection matrix
at t, but with a modified one, expressmg the values at t3 of piecewise functions F in the resulting PQEC-space IE on

([to, t3]; (t1, tz)) as linear combinations of F(tz) F/(tz) and F(to) With the help of the quasi-Bernstein-like basis (70) and

of a positive quasi-Bernstein-like basis (Vo, V1, V>) relative to (tz, t3) in IE we simply have to find necessary and sufficient

conditions ensuring the existence of a “convenient” quasi-Bernstein-like basis relative to (to, t3) in the EE. Such conditions
are similar to (54).

7.2. lllustrations

Here we assume that tg =0, t; =1, t =2, that E=Ep 4 and that E is obtained from Ep g by translation from [0, 1] to
[1,2], where p, q, p, q are any real numbers greater than 1.

As a positive quasi-Bernstein-like basis in the section-space E, we can take the quasi-Bernstein basis relative to (0, 1),
that is,

Vo) =(1-xP, Vo) :=xI, Vi():=1-Vokx) —Va(x), x€[0,1],
and the similar quasi-Bernstein basis (V, V1, V3) relative to (1,2) in E. We therefore have
Vilto) =p=—Vj(to), Vi(t)==Vi(t)=q, Vi(t1)=D=-Vy(t1), V,(t2)=-V () =7
In this example, the quantities A, H, I" introduced in (58) and (64) are thus given by
A=b+cq+ap, H=d+eq, T =eb—cd+eap. (71)

In particular, Theorem 7.1 yields the following result.

Corollary 7.4. Under the data above, the PQEC-space Eisa QECP-space on ([0, 2]; (1)) if and only if

e>0, d+eq>0, eb—cd+eap>0. (72)

Under the conditions (72) the space F obtained from E by continuous integration is a four-dimensional QECP-space
good for design on ([O, 2]; (l)). It is in that space F that we want to illustrate the shape effects permitted by the context.
Nevertheless, we have to handle a total amount of ten parameters: namely the six entries a, b, c, d, e, f of the connection
matrix, and the two pairs of real numbers (p, q) and (p, q) defining the two section-spaces. This is not a reasonable amount
to give illustrations in an article, and this is why we significantly reduce the number of free parameters by requiring the
space F to preserve symmetry, in the sense that symmetric control polygons should provide symmetric parametric curves.

Proposition 7.5. The space F preserves symmetry if and only if

_ _ eb

p=q, q=p, a=c=f=1, d:?. (73)
When (73) holds, the four free parameters e, b, p, q are assigned to satisfy

e>0, b+2¢>0. (74)

Proof. Since the Bernstein-like basis (70) is chosen so that §0(0) :§0(2) =1, symmetry is preserved if and only if
Bo(x) =B2(2—X), Ba(x) =Bo(x), B1(x)=B1(2—x), x€[0,1].

From (70) it readily follows that these conditions are satisfied if and only if p=q, q=p, a=c= f =1 and I' = H. This
yields (73). In that case (72) becomes (74). O

Under the requirements (73) and (74), the functions in the four-dimensional space F are C! and F? (or G2 as well):
continuity of the Frenet frames of order two and of the first curvature at t1. A few illustrations are provided in Figs. 3 and 4,
with special insistence on the limit cases b= —2q*, b — 400 and e =0T, e — +o0.

Example 7.6. The technique used for connecting two three-dimensional QEC-spaces so as to form a QECP-space on
([to, t2]; (t1)) can of course be used to connect two three-dimensional EC-spaces so as to form an ECP-space on
([to, t21; (t1)). We illustrate this with a simple example within the symmetry conditions (73). Here we assume that
p =q=2. We are thus connecting two cubic polynomials F, F on [to, t;]=[0, 1] and [t1, t2] =11, 2] via F(t;) = F(t;) and
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Fig. 3. Parametric curves in the symmetric QECP-space F on ([0, 2]; (1)) described in Subsection 7.2 with, on each picture, from right to left e = 0.1; 10;

20; 100. Left: p =2, ¢ =20, b = —39.9. Middle: p =q =20, b =—39.9. Right: p=20,q=2,b=-3.9.

Fig. 4. The same with p =q =20 everywhere. Left: b = —20. Middle: b = 0. Right: b = 100.

Fig. 5. Parametric curves in the symmetric ECP-space good for design on ([0, 2]; (1)) composed of C!' and F3 piecewise cubic functions satisfying (76). In
each figure, from right to left n = —3.8; 0; 36; 196 (that is, e = 0.1; 2; 20; 100). Left: b = —3.9. Middle: b =0 (ordinary cubics for n = 0). Right: b =100.

[F'(t1) ; 007 rF(t)
—n _ 10 ”
f/(tl) = op F/ (t1)

L F (t2) 5 ¢ 1 F'(to)

Via Taylor expansions of F/(tg) and F,(tz) at tq, (75) can equivalently be written in the more usual way

[F'(tn) 1 007 rF@)
F'aen |=|2, PO | Fren |, withy=2e -4,
f///(tl) 7 r’ l F///(t_l)

(75)

(76)

The functions in F are piecewise cubic on ([0, 2]; (1)), they are C! and they are F3 in the usual sense of continuity of the
Frenet frames of order three and of the first two curvatures at t; = 1. The symmetric space F is an ECP-space good for

design on ([0, 2]; (1)) if and only if
b+4>0 and n+4>0.

This is illustrated in Fig. 5, for various values of the parameters 1 and b.
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8. Conclusion

In this article we have identified the class of all QECP-spaces. This is interesting from a theoretical side, but the illustra-
tions provided show that their construction also permits interesting shape effects.

In a QECP-space E assumed to be good for design, the presence of blossoms and their pseudoaffinity makes it possible
to develop results for splines based on E, with any multiplicities at the interior knots, exactly as we did for splines based
on one single QEC-space in Mazure (2011d), or earlier for splines based on a given ECP-space in Mazure (1999). As usual,
the forcefulness of blossoms is that their pseudoaffinity guarantees that such spline spaces satisfy all expected properties
for design (development of all the classical CAGD algorithms for splines; presence of quasi-B-spline bases which are the
optimal normalised totally positive bases). This is thus one step towards the identification of the largest possible class
of splines (with ordinary differentiability assumptions on the sections) which can be used not only for Design, but also
for Approximation, Interpolation, and even Isogeometric Analysis. The complete identification of this class, announced in
Mazure (2015), will be the object of a further article.
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