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The present work is concerned with nanocomposites consisting of a matrix containing unidirectional
nanofibers or nanopores. In such a nanocomposite, due to the exceptionally high surface-to-volume ratio
of a nanofiber or nanopore, the fiber-matrix interface or pore surface stresses, which are usually
neglected in determining the effective properties of classical fibrous and porous composites, have a non-
negligible effect on the effective properties at the macroscopic scale. The purpose of this work is first to
compute the effective elastic moduli of unidirectional nano-fibrous and nano-porous composites ac-
counting for interface/surface stresses and second to study the dependencies of these effective moduli on
the size, shape and distribution of nanofibers and nanopores in the matrix. To achieve this twofold
objective, a coherent interface/surface model is adopted for the nanofiber-matrix interface and pore
surface, and a numerical method based on the fast Fourier transform (FFT) is elaborated. The numerical
results obtained for the effective elastic moduli of fibrous and porous nanocomposites are compared with
the analytical estimates obtained from the generalized self-consistent model (GSCM), with some relevant
bounds and with the corresponding numerical results provided by the extended finite element method
(XFEM)/level-set approach.

© 2016 Elsevier Ltd. All rights reserved.

1. Introduction

Since the discovery of carbon nanotubes more than two decades
ago by Ijima [1], the scientific community has observed a steady
progress of the science and technology of nanocomposites. In
general, a nanocomposite is a multiphase material in which a bulk
matrix phase is reinforced by nano-dimensional phases. The rein-
forcing phases can be particles, sheets or fibres. Compared with the
traditional composites, due to the exceptionally high surface-to-
volume ratio of a reinforcing phase and/or its exceptionally high
aspect ratio, nanocomposites may exhibit improved properties
compared to classical composites, such as electrical conductivity,
mechanical stiffness and strength, and various optical properties.
This fact has been highlighted in recent theoretical and numerical
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studies on nanomaterials and nanosized structural elements (see,
e.g., [2—12]).

In addition to the theoretical analyses and numerical compu-
tations of the properties of nanocomposites, there are some
experimental studies. For example, by using the contact atomic
force microscopy and applying the surface stress theory, Cuenot
et al. [13] and Jing et al. [14] measured the elastic properties of
silver nanowires whose outer diameter varies from 20 to 140 nm. At
the same time, they observed that the Young's modulus measured
of the silver nanowires increases when its diameter decreases. In
the similar works, Chen et al. [ 15] investigated ZnO nanowires with
diameters ranging from 17 to 550 nm. Priota et al. [16] used mag-
netic characterization to study metallic Ni and Co nanowires with
lengths being set to vary from 530 to 2250 nm while the diameter is
kept constant with 35 nm. Tan et al. [ 17| employed the atomic force
microscopy to make three-point bending tests of CuO nanowires. In
all these experimental measurements, the authors found clearly
that the Young's modulus measured increases when decreasing the
diameter of the nanowires due to the surface effect.

Among nanocomposites, unidirectional nanofibrous and nano-
porous composites consisting of a matrix containing aligned


mailto:hung.lequang@univ-paris-est.fr
mailto:qi-chang.he@univ-paris-est.fr
mailto:qi-chang.he@univ-paris-est.fr
http://crossmark.crossref.org/dialog/?doi=10.1016/j.compscitech.2016.09.012&domain=pdf
www.sciencedirect.com/science/journal/02663538
http://www.elsevier.com/locate/compscitech
http://dx.doi.org/10.1016/j.compscitech.2016.09.012
http://dx.doi.org/10.1016/j.compscitech.2016.09.012
http://dx.doi.org/10.1016/j.compscitech.2016.09.012

160 A.T. Tran et al. / Composites Science and Technology 135 (2016) 159—171

Table of notations

P Cauchy stress tensor of phase p

&P Infinitesimal strain tensor of phase p

b Macroscopic stress tensor

E Macroscopic strain tensor

cp) Elastic stiffness tensor of phase p

s Elastic compliance tensor of phase p

cs) Elastic stiffness tensor of interface '

S Elastic compliance tensor of interface I'”

c* Effective elastic stiffness tensor

S* Effective elastic compliance tensor

E, Young's modulus of phase p

vp Poisson's ratio of phase p )

Es; Young's modulus of interface rd

Vi Poisson's ratio of interface 'V

K Effective transverse bulk modulus

m Effective shear modulus

G Effective anti-plan longitudinal shear modulus

G" Effective in-plan longitudinal shear modulus
* Effective longitudinal modulus

I Effective transverse modulus

parallel nanofibers or nanopores have the characteristic that their
properties are homogeneous along the direction of nanofibers or
nanopores but heterogeneous in its transverse plane. Recent ad-
vances in nanotechnology have made it possible to fabricate
continuous nanofibers, nanofibrous networks or short nanowires
from various materials such as polymers, carbon and semi-
conductors [18]. At the same time, suitable techniques have been
also developed to measure and characterize the mechanical prop-
erties of nanofibers [19,20], which turn out to be largely superior to
those of micron-sized fibers. Nanofibers are used for a wide range
of applications and in particular as reinforcement in composites
[18,21]. Due to the practical importance and technological interest
of unidirectional nanofibrous and nanoporous composites, the
present work aims to propose a numerical method based on the
fast Fourier transform to compute the effective elastic moduli of
unidirectional nanofibrous and nanoporous composites.

Recently, different works have been devoted to study the size-
dependent mechanical behavior of unidirectional nanofibrous and
nanoporous composites. Indeed, given a volume fraction of nano-
fibers or nanopores, when the size of a fiber or pore is diminished to
the nano-scale, due to the large surface-to-volume ratio, the
interface-to-volume ratio is so high that the fiber-matrix interface
or pore surface energy or stress has a non-negligible effect on its
overall properties. Thus, in order to determine the size-dependent
overall elastic properties of unidirectional nanofibrous and nano-
porous composites accounting for the surface/interface energies,
use has been widely made of the coherent interface model in which
the displacement vector field is continuous across an interface
while the stress vector field is discontinuous across the same
interface [22—24]. The coherent interface model has been shown to
be a particular case of the general linear imperfect interface model
whose development goes back to the works [25—31].

In fact, apart from the coherent interface model used in the
present work, there exist also another model in which the stress
vector filed is continuous across the interface but the displacement
vector field is discontinuous. This interface model, called also
spring-layer model, can be viewed as the complementary or dual of
the one employed in this work. However, of these two most widely

used interface models, according to the theoretical analyses and
numerical computations presented in Refs. [2—12,22—24], only the
coherent interface model is able to capture the size-dependency of
the effective properties of nanocomposites. Moreover, the effective
elastic properties obtained from the theoretical analyses and nu-
merical computations are shown to agree with the ones provided
by experimental measurements. For this reason, only the coherent
interface model has been chosen to describe the interfaces between
the nano-fiber (or nano-pore) and matrix phases of composites.

The present work has two objectives. First, it aims to extend the
computational method based on the fast Fourier transform initially
proposed by Moulinec and Suquet [32], Michel et al. [33] to
incorporating interface/surface energies so as to solve the locali-
zation problem for the nanofibrous or nanoporous composites in
question. Second, it has the purpose of employing the solution of
the localization problem to determine and study the effects of the
interface, size and distribution of nanofibers or nanopores on the
effective elastic moduli of unidirectional nanofibrous or nano-
porous composites. Numerical results obtained for all the effective
elastic moduli of unidirectional nanofibrous and nanoporous
composites are shown to agree well with the analytical estimates
obtained from the generalized self-consistent model [34], the
relevant bounds [12] and the corresponding numerical results
provided by the XFEM/level-set approach [35].

It is important to notice that all results obtained for nano-
fibrous composites can be directly applicable to nano-porous
composites by considering the pores as fibres with a zero
modulus. For this reason, in the rest of this paper, only the
computational method relative to fibrous nanocomposites will be
established and presented.

The paper is organized as follows. Section 2 is dedicated to
describing the phase and interface properties of unidirectional
nanofibers composites. In section 3, a computational method based
on FFT is elaborated so as to include interfacial energy. In section 4,
we apply the numerical method to several examples. In particular,
the numerical results obtained illustrate the effects of the size,
distribution and shape of nanofibers on the effective elastic moduli
of unidirectional nanofibrous composites. In addition, the numer-
ical results are compared with the estimates provided by GCSM, the
corresponding bounds and the numerical ones obtained by the
XFEM/level-set approach. Finally, a few concluding remarks are
given in Section 5.

2. Setting of the problem

The fibrous nanocomposite considered in the present work
consists of a matrix periodically containing N (>1) aligned parallel
nanofibers (Fig. 1). The matrix, referred to as phase 0, and ith-fiber,
denoted as phase i with i=1,2,..,N, are assumed to be individually
homogeneous and linearly elastic. In the Cartesian coordinate
system (x1,X2,X3) associated with an orthonormal basis {ej,ez,e3}
with the unit vector e3 defining the fiber direction, the matrix and
fibers are characterized by the Hooke law:

P (x) = c@ ) (X) oreP (x) = s®) gD (x), (1)

where ¢? and ¢ are, respectively, the Cauchy stress tensor and
the infinitesimal strain tensor of phase p (=0,1,2,...,N); C?) and S®
stand for the fourth-order elastic stiffness and compliance tensors
of phase p. These tensors have the usual minor and major sym-
metries and are positive definite.

Let Q be a representative volume element (RVE) of the fibrous
nanocomposite under consideration and let 8Q be the boundary of
Q. The subdomains of Q occupied by the matrix and the ith-fiber are
designated by »® and o, respectively. In our investigation, the
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Fig. 1. Periodic fibrous nanocomposite with (a) squarely distributed nanofibers and (b)
hexagonally distributed nanofibers.

interface between the matrix and the ith-fiber, denoted by rd s
assumed to be suitably described by the coherent interface model.
In the context of elasticity, this interface model was first proposed
by Shuttleworth [22] and then improved by Gurtin and Murdoch
[23] and Cahn [24]. According to it, the matrix-fiber interface is
considered as an elastic deformable surface I'” with a vanishing
thickness, across which the displacement vector is continuous but
the traction vector is discontinuous. Letting n(x) be the unit vector
normal to the interface T at xeT'® and directed from the ith
inclusion » into the matrix »(®), we define the normal projection
operator N(x) and tangential projection operator P(x) by

NX) =nXx)®n(x), Px)=I-N(Xx) (2)
where I stands for the second-order identity tensor. By using
Hadamard's relation (see e.g., [36]), it can be shown that, across the
interface I'?”, the tangential projection of the strain tensor field on
this interface, denoted by (), is in general continuous, even
though the strain tensor field as a whole is discontinuous. There-
fore, the strain state of an interface 'V is characterized by the
surface infinitesimal strain tensor ¢*)(x), and its value is equal to
the tangential part of ¢/)(x) or (O(x):

e (x) = T(X)e® (x) = T(x)e@(x) vxel'®. (3)

In this expression, T stands for the fourth-order tangential
projection tensor defined by

T(x) = P(x)® P(x), (4)

where the tensor product product ® is defined by
(A® B)nit = (AmiBni + AmiBnk)/2 for any two second-order ten-
sors A and B (see, e.g. Ref. [37]).

Unlike the classical perfect interface, the traction vector field is
discontinuous across the coherent interface I'”, and its jump is
related to the surface Cauchy stress tensor ¢‘)(x) through the
following generalized Young-Laplace equation (see e.g., [38,39]):

[o(x)Inx) = —Vs-¢)(x) with xeI'® (5)
where [a(x)] = ¢ (x) — 6()(x) represents the jump of the stress
tensor across the coherent interface ') and v,- ¢®)(x) denoting the
surface divergence of ¢**)(x) is defined by

Vs-a) (x) = va's) (x) : P(X), (©)

with P(x) defined as Eq. (2) and V being the usual 3D gradient
operator. In particular, in the cylindrical coordinate system (r,0,z)

associated with a cylindrical basis {ee,e.}, the surface divergence
V,+ 0 takes the following form

(si) (si) (si) (si) si
Voo — 00 o %% 0% o 9%, 305 e
s r rof oz | ! rof oz | ©

(7)

The behavior of the interface I'” between the matrix and ith-
fiber is assumed to be linearly elastic and characterized by the two-
dimensional (2D) Hooke law:

o) (x) = CO0 (%) (x)
or
e (x) = S0 (x)a " (x) ()

with xeI'?. Here c6)(x) and S®)(x) are the 2D fourth-order
elastic stiffness and compliance tensors of r®, respectively.

In this work, the constituent phases of the fibrous nano-
composite are assumed to be all isotropic and the interface I'®
between the matrix and the ith-fiber is taken to be also isotropic in
the tangential plane. Correspondingly, the elastic tensors C()(x),
c6(x), s®(x) and S)(x) of the phases and interfaces have the
forms (see e.g., [12])

E E 1-2v 1+v
co b P ®) _ P p
C 172Vpdl+1+yp K, S E J+ E, K, (9)
. E; E; 1
cbh = si___peP ST - _PQP 10
2(1 —vg) +1 =+ Vsi{ 2 }7 (10)
N 1 —ug 1+ 1
st = —_Sipgp + S’{v——mp}. 11
ZEsi si 2 ( )

In the above expressions, E, and v, designate the Young's
modulus and Poisson's ratio of phase p; Es; and »s denote the
Young's modulus and Poisson's ratio of the interface rd; y= %l@l
and K = | — J with | = I® I being the fourth-order identity tensor.

At the macroscopic scale, the fibrous nanocomposite under
investigation is assumed to be statistically homogeneous. More-
over, due to the linearity of the local constitutive laws of each phase
and to that of the imperfect interface 'Y, the corresponding
effective elastic behavior remains linearly elastic and takes the form

X=CE or E=S"Z. (12)

Here, C* and S* are the effective stiffness and compliance ten-
sors of the fibrous nanocomposite, respectively; = and E denoting
the macroscopic stress and strain tensors are defined as

— 1 S
== o / (om) ®°xdx, (13)
0Q
E-- L [ueswdx (14)
‘2|Q\/ ’
oQ

where n is the outward unit normal vector to 9Q; |Q| represents the
volume of Q and the symbol ®° denotes the symmetric tensorial
product such thata®*b = % (a®b + b®a) for any two vectors a and
b. It can be shown that the macroscopic strain tensor E can be
defined as the volume average of the local strain field over the
representative volume element Q while the macroscopic stress
tensor ¥ is not simply the volume average of the stress field over Q
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because of the discontinuity of the traction vector across the
interface I'®,

3. Computation of the effective elastic moduli by FFT

Now, let Q be subjected to the following prescribed uniform
displacements on its external surface 9Q:
ux) =E%, xeoQ, (15)
where EC is a constant strain tensor. Under the boundary conditions
(15), it can be shown from (13) that the macroscopic strain tensor E
is equal to E®. Next, owing to the fact that the fibrous nano-
composite under consideration is periodic in the plan transverse to
the fibers, it suffices to consider now a unit cell ¢/ defined, for
example, by

u:{xe@‘—aasxasxa,—gsxgsg} (16)

where a=1,2; 241 and 21, are the dimensions of the unit cell in the
plane perpendicular to the fiber direction and h denotes the fiber
length which should be taken to be sufficiently larger than both A,
and A;.

By introducing the characteristic function x¥ for the ith-fiber
(i=12,....N), such that y)(x)=1 for xew® and yV(x)=0 for x £ w,
the local elastic stiffness tensor field can be now expressed as

N -
<'>+{1 Zx<’>(X)}C(°), (17)
i=1

where the fourth-order elastic stiffness tensors C®) and C(© are
given by (9). Accounting for the presence of the coherent imperfect
interface, the equilibrium equation is then rewritten in the
following form:

N

V(e - [a<"> -

(0>]nér<i) =0 (18)
i=1

where 0o (X) stands for the Dirac delta function on the interface
'™ between the matrix and the ith-fiber.

By introducing a “reference medium” whose elastic stiffness
tensor is denoted by C and by setting AC(x) = C(x) — C, Eq. (18) can
be recast into

V~{E+Ac]e}i:[a“>

The strain tensor field e(x) can be decomposed into two parts:

- a“”]nérm =0. (19)

e(X) = E® 4+ £*(x) (20)
where E° is the macroscopic strain field and e*(x) represents the

periodic perturbation strain field. By accounting for Eqgs. (5) and
(20), Eq. (19) becomes

v {[@[E°+e]+r}+2vs )8 =0, (21)

where the polarization tensor field 7(x) is defined through
= AC[E® +¢'] = [C - Te. (22)

By substituting Eq. (17) into the above equation, we obtain

P (¢ =3[0

The periodic perturbation strain field £*(x) can be derived from a
perturbation displacement field u"(x):

CO)xe]. (23)

* 1 * y—

€ _E{Vu +Vu], (24)
Substitution of Eqs (6) and (24) into Eq. (21) gives

o+ 3?1 0% 0, (25)

where 1 (x), #?) (x) and ®°) (x) are defined by

oV —v.[cvwr], ®? =v 1, (26)
N -
3 — ZVO.(sn : Pér@' (27)

i=1

By substituting Egs. (8) and (3) into Eq. (27), it follows that
@0 =" UV e+ B0 Ve (28)

where A(x) and B®(x) are the third- and fourth-order tensors
whose components are determined by

(@) (@)
Apkl apkl(3 pklr bpklré (29)
with
al(,l]ll = [C;(;zlr)nnirTmnkl + C;JSqlgnnTmnkl,r qu’ (30)
b =i P 31
pkir — “-pgmn mnkl qr- ( )

The explicit expressions of am ,(X) and b('klr( X) are provided in
Appendix A for the case where the interface F<’) is isotropic.
Next, the local stress field o(x) can be compactly expressed by

=C e+Z( ch —c

The corresponding macroscopic stress tensor S defined by (13)
takes the following form

N
M _ (0 )4(
|u|/ Py (e -c )X'}“‘"

i=1
- x®°%|ve®) . P|dx
| |4 [ [ ] (33)
o

N
)X(l)é‘ + Z 0'<Sl>6r(i) . (32)
i=1

N

M= 1= -

Il
_

+
| =

/ [a(5i>ﬁ®3x + a“”m@sx] dx.

ar®

<

Here, || denotes the volume of ¢/; the first term of the right-
hand side of (33) is the volume average stress over I{; the second
one comes from the discontinuity of the stress field across the
interface I'”; the third term is due to the fact that the interface I'®
is open; aI'" is the boundary of I'¥ with m(x) and m(x) being unit
outward vectors, normal to the respective top and bottom surfaces
of U (see Fig. 2).
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For later use, it is convenient to introduce the following three
second-order tensors:

N
wh) = [cO 4 Z(C(' ) (“} ¢, (34)
i=1
N -
=) x®° [Va(s‘) : P} O, (35)
i=1
N 1 . )
‘I‘(B) = Zl E [G(Sl)ﬁ®sx + a(s‘)m@)sx] 6F(i) . (36)
i=
The combination of (27)—(31) with (35) results in
N N )
- Z Qe — Z MO - ve (37)
i=1 i=1

where Q) (x) and M (x) are the fourth- and fifth-tensors whose
components are defined by

i 0 _ 0 )
skl — qpsklél" @) 5 Mpsklr - mpsklrél"“) (38)
with
o _1lro (i i _ 1o
qpskl 2 [ KiXs + asklxp} mpsklr ) [bpklrxs + bsklr (39)
Substituting (3) and (8) into (36) yields
N -
W =N ye (40)
i=1
where Y (x) is specified by
(i) (@)
ypskl y pskléI‘“) (41)
with
i 1
YSgk[ = 2h [C;(Jq%'menklquS + qumn mnklqup]
1
+355 2h [ pqr)nnTmnklqus + Cs(qr;menklm XP} (42)

(6]

Fig. 2. Open interface ' ina typical unit celle /.

In Appendlx A, the expressions of ypskl( ) are detailed for the
case where I' s isotropic.

Now, let F(x) denote a generic field, which may be the
displacement, polarization, strain or stress field. Applying the fast
Fourier transform (FFT), F(x) admits the following representation in
the Fourier space:

F(x) = F(f)et ™ (43)
E

In this expression, ¢=+/—1 is the imaginary unit,
& = (£1,£2,0) = (nym/A,npm/A2,0) with ny and ny=—Ng+1, —Ni+2,
..,0,1,..., Ny is a discrete 2D wave vector, and the summation has to
be made for all the discrete wave vectors involved, whose number
is equal to 2Njx2Ng.
Applying (43) with the appropriate field variable to (26); and
(26)2, we obtain

Vo= =" Coqubifqur(E)et™, (44)
13

2 =" Tpq(E)ifqe . (45)
1

In a similar way, using (43) for (22), we have

_ 0) _F £-
Tpqg = ;(Cqul - Cqul) en(E)e™ + Z Z( pakl
0
- C;,qu)x Del Xz, (&) (46)
Hege, , the 2D discrete wave vector §' is defined by
£ = (5).5,0) = (ny/2y,ny7/13,0) with n and

n/2 =Ny +1, -Ni+2, ..., 0, 1,..., Ni, and the Fourier transform of
the characteristic function (¥ (x)e' X is given by

l)eLE’ Z]_-[ l)eLE’ ] LEx ZX E gl 15X (47)

where use has been made of the result

A [ ) xgy — 5
Ul /e dx =%

w0

Flx0esx] = YE-g). (48)

By introducing Eq. (47) into Eq. (46), the polarization stress field
can be rewritten as

( pakl — Cz(a(f)lkl)A(l (E-€)eu(E

123
- Cqul)ﬁkl(f)ebg‘x~

||
Mz

Jei ™+ Z (G

Il
—_

(49)
Noting that
Z «)Z(i) (E _ E,)Ekl(El) _ [')Z(i) *?kl] ) (50)
Er

where the symbol * denotes the convolution product, Eq. (49) can
be recast into
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Mz

;( pakl ~ qkl) [im*?kz] (E)ed* + ZE: (C(zk,

- qut>?1<1(5)e‘5'x~ (51)

Consequently, the Fourier transform 7(§) of the polarization
field 7(x) is given by

[
—_

i

)+ i(cggm o) R G2

Applying Eq. (48) to Eq. (28) yields

=~ _ (0
Tpa = (Cqul

N .
(DI(73) = ZZAS) e *eu JrX:X:Bpklr e€x *eur 5) (53)
i1 E

with g, (€') = 2(8)E "t
In the Fourier space, we can write

/ . 1 (D) .
A = Zf[ e x| @€ = o D A (€ — €)™,
§
(54)
2 i 2 . 1 U .
Bz(allllr ed = Zf[BSIllrets "] (e = 7] Z Bpii (- g)eLE *
& 3
(55)
with
<) i) _(e—g).
Apu(E—¢') = /az(;lile {EE) xdx,
F(i)
Pklr(g &) /b wre ¥ xdx. (56)
F(I)
Using Eqs. (54) and (55) in Eq. (53) while accounting for
~(0) ~ INUNIR
> A€ = E)Eu(E) = Apkreus
EI
ZBpklr (E—-&)eur () = pklr*fmn (57)

we obtain

Mz

N
3 1
(I)I<7 ) = Wzl ; kl*gkleE
i=

Next, by introducing Eqgs. (44), (45) and (58) into Eq. (25), the
equilibrium equation in the Fourier space takes the form

> Bpreure . (58)
1

Il
_-

— SR 1T&o0 1)
Cqulglgquk + qu(g)qu +M2Apkl*5kl + W;Bpklr*eklr =0.
1= 1=
(59)

By introducing the acoustic tensor K with the components

Kpi = Cpguiéiéq» the perturbation part of the displacement field in
the Fourier space can be derived from Eq. (59) as

P PN Ky, Ky,
Up = Kkp quLEq ‘L<{p| ZApvl*gvl + \(j{p| Zprlr*gvlr (60)
Applying (43) to Eq. (24), it follows that

o 1 P
e =75 [UgtEe + Upty]. (61)

Combining Eq. (60) with Eq. (61) leads to
B =

l
(Kkp bt +Kpp 5qu) Tpg + 57

()
x Z( pvl*gvl + Bpulr vlr)

1 —1
2|Z/[| (Kkp Lgt + I(tp L‘gk)

(62)
By 161troduc1ng (52) into (62) and by accounting for
2E) =E (§) +&(§) with

=0 . E° forf=0,
E €)= 0 forf+0, (63)

pqvl) l+z< pavl
- C;gl,) Ve } Akth( ol *Eul Bplzlr*svlr)'

(64)

Here, the Fourier transforms of the Green operators F,apq(E ) and
Aktp(é) are respectively given by

~0 ~ 0
Epe =&k + 1—‘ktpq{ (CI()qul

EN 1 /-1 ——1 —-1 —-1
Puapg = 5 (Kip fafe + Kop Eqfi + Kig Epfe + Kog Epfi),

1 (65)
-~ —1 —1
Rugp = 5 (Kigp e + K ).

In particular, when the reference medium is assumed to be
isotropic with Young modulus E and Poisson ratio 7, the expression
of Kj;  is explicitly given by

1 &&1]7 (66)

— 21 +7v
g1 _20+7) V375 )E‘Z

U:W

where |£| denotes the norm of &. The Fourier transform of L) (x)
with i=1,2,3 is provided by

¢
where
T = S+ > (€l (68)

ps — PSklglirZ( pskl — pskl) *Ey,
i=1
1 /A0 i)
] Z (stkl e+ M psklr*eklr) ) (69)
i=1
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=3 1 as)
IIIps :_Zypskl*gkh (70)
M=

with

~ (i) i (E_En).

stk[(E - E,) = /ql(;s)kl(x)e L(E E) Xd)(7 (71)
F(iJ

< (i) i _u(E-E)-

My (€~ ) = [ 005 %ax (72
F(i>

S(0) i (EE.

Ypsui(E— &) = / Y )e(EE) *dx, (73)
1-\(1')

For simplicity, by using the two-to-one subscript identification
kt=t, pq=q, vl=l, kI=l and ps=5 and by setting the values of f, g, ] and §
be equal to 1, 2, ..., 6 when the values of kt, pq, v, kl and ps are equal
to 11, 22, 33, 23 or 32, 13 or 31 and 12 or 21, respectively, Eq. (64)
can be rewritten as

~0 . -~ — N N ; (i) ~
B e R (€ o 265~ )i

1~ e 1 o)
- UAEpZApi e~ UAfszpir*gir' (74)
| i=1 i i=1

The above equation leads to the following system of linear
equations

E <5<a> ) — 5 (5(6) ) 5,70 + Iy (5(6)> (ng)) _ E[ﬂ)/g] (E“”) 5

R CELNRC

(75)

Above, « and (=1,2,..,4NZ; g@ — (E(“),&'(z“),O) and
£0 — & P 0) with £ = n\® 7 /2y and P = ngﬁ)vr/lm (m=1or
2, and 1Y = —N, +1, =N, +2, ..., 0, 1,..., Np); 6% is the
Kronecker symbol defined as 6(“5):1 for a=( and 6(“5):0 otherwise.
The resolution of the system of linear equation (75) is detailed in
Appendix B.

The macroscopic stress defined in (33) can be determined from
the Fourier transform of the functions Wé”(x), 11122) (x) and lI’?(x)
by setting the wave vector be equal to zero, § =0, in Eqs. 68—70.
Thus,

(76)

At the macroscopic scale, as mentioned in Section 2, the fibrous
nanocomposite is assumed to be statistically homogeneous and the

corresponding effective elastic behavior is expressed by Eq. (12). In
this work, we are interested in the particular important case where
nanofibers are squarely or hexagonally distributed in the matrix
phase. In this case, with the moduli of Hill [40] defined by

R ) L1, .
k :i(Lm]JrLﬂzz)ﬂﬂ :j(hm— 1122):

"= L1133 = ]“22337 G = L2323 = L31317 ( )

n" =L3333.G" = Ly,
where Cl.j.,d denotes the components of the effective stiffness tensor

C*, the macroscopic constitutive relation takes the following matrix
form:

P kK+m* k*—-m* I O 0 0
35 kK —m* k"+m* I 0 0 0
=5 | I* I* n 0 0 0
V234 | T 0 0 0 266 0 0
V235 0 0 0 0 260 O
V23 0 0 0 0 0 2G*

Eq

E;

E

x \/2354 ) (78)
V2Es
V2Eg

Physically, k" and m” designate the effective transverse bulk and
shear moduli; G denotes the effective anti-plane longitudinal
shear modulus whereas G~ symbolizes the effective in-plane shear
modulus; n* and I" stand for the effective longitudinal and trans-
verse moduli. In particular, when the fibrous nanocomposite under
consideration is macroscopically transversely isotropic with
respect to the fiber direction, it is immediate that G*=m".

By successively setting the non-zero components of the
imposed macroscopic strain tensor in (15) to be such that EE=Ef0=1
with £ = 1, 2 or 6, we can calculate the effective moduli k", m" and
G™ in (78). Further, by imposing the boundary conditions (15) with
the non-zero macroscopic component E; = E9 = 1 with = 4 or 5,
we can compute the effective module G .

In addition, by using the two exact connections established by
Chen and Dvorak [8] (Eq. (13) in Ref. [8]) for the effective elastic
moduli of a two-phase nanocomposite with circular cylindrical
nanofibers, the effective longitudinal and transverse moduli I* and
n* can be indirectly determined in terms of the effective transverse
bulk modulus k.

4. Numerical examples, comparisons and discussions
4.1. Materials with cylindrical nanopores of circular cross-section

The FFT method presented in the precedent section is first
applied to compute the effective elastic moduli of a porous medium
consisting of a solid matrix weakened by unidirectional nanopores
whose cross-sections are circular and of the same radius R;. The
nanopores are assumed to be either squarely or hexagonally
distributed in the plane transverse to the nanopores. The Young's
modulus and Poisson's ratio of the matrix are chosen to be
Ep=70GPa and rp=0.32.

Three sets of numerical values are adopted for the surface elastic
moduli of cylindrical nanopores (see Table 1). These surface elastic
moduli correspond to those used by Miller and Shenoy [2] and
Sharma and Dasgupta [3]. The numerical results obtained for the
effective elastic moduli of the porous material corresponding to the
surface A or B are indexed by A or B whereas the relevant numerical



166

results which do not account for the surface stress of nanopores are
indicated by C. It can be seen from Table 1 that some surface moduli
can be negative. However, this does not mean that the corre-
sponding value of the energy function can be negative; otherwise,
this would violate some thermodynamic principles. In fact, such a
paradox can be explained by the fact that the surface or interface
never exists with no bulk material. The total energy function must
be defined as the energy function of the surface plus the one of the
bulk material. For this reason, even the energy function of the
surface can be negative, the total energy function can never be
negative. Often, the surface moduli are determined by using the
molecular dynamics computations.

In order to study the dependencies of the effective elastic
moduli of the porous material under consideration on the size and
distribution of the nanopores in the matrix phase, the radius R; of
the cross-section of nanopores is set to vary from 1 to 50nm while
the nanopores fraction, denoted by f, is kept constant with f=0.2.

The numerical results obtained for the effective elastic moduli of
the porous material incorporating surface effects are first normal-
ized with respect to the corresponding ones without accounting for
the surface effects and then plotted in terms of the nanopore radius
in Figs. 3—8. These values of the effective elastic moduli of the
porous material are compared with both the relevant estimates
obtained by Le Quang and He [34] using GSCM and the corre-
sponding ones in the case where the nanopores are free from the
surface stress (surface C). It can be seen from Figs. 3—8 that: (i) the
difference between the effective elastic moduli obtained with sur-
faces A and B and the corresponding ones with surface C decreases
when the nanopore radius R; increases; (ii) the effective elastic
moduli obtained with surfaces A and B depend on the nanopore
radius R; whereas the corresponding ones with surface C is inde-
pendent of R;; (iii) the effect of the surface stress becomes negligible
when R; is larger than 50 nm; (iv) the effective elastic moduli ob-
tained with surfaces A and B are in very good agreement with the
estimates obtained by Le Quang and He [34] with the aid of GSCM.

In addition, by comparing in Fig. 9 the values of the normalized
effective transverse bulk moduli k*/ky with the numerical ones
provided by applying the XFEM/level-set approach proposed by
Yvonnet et al. [35], a good agreement is observed between them.

4.2. Materials with cylindrical nanopores of non-circular cross-
section

The numerical method based on FFT is now applied to materials
with cylindrical nanopores whose cross-sections are non-circular.
In particular, we study the effects of different shapes of cross-
sections on the effective elastic moduli of nanoporous materials
(see Fig. 10). To describe a class of non-circular cross-sections, we
use the system of polar coordinates (R,f) and express the radius R;
of a nanopore as a function of 4 as follows:
R;(0) = Ry + A sin(B0), (79)
where Ry is a reference radius, B denotes the number of oscillations
and A corresponds to the amplitude of oscillations. In this example,
three cases cross-sections are considered: (i) circular shape with
A=0; (ii) non-convex shape of 4 oscillations with A=0.4Ry and B=4;
(ii) non-convex shape of 8 oscillations with A=0.4Rp and B=S8.

Table 1

The elastic moduli of nanopore surfaces.
Surface E(GPa-m) Vi
A ~7.58576x107° 0.39
B —~1.59233x10°° 1.123
C 0 0
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Correspondingly, the area of the cross-section of a
nanopore is given by

cylindrical
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4A°BT + 8ARy + 8BmR3 — 8ARyc0s(2Bm) — A%sin(4Bm)).
(80)

With the void volume fraction f=0.2, the values of the ratio k* /g
are plotted in Fig. 11 in terms of Ry for the two non-convex shapes of
four and eight oscillations as well as for the circular shape. The
numerical values obtained are then compared with the relevant
numerical ones provided by Yvonnet et al. [35] by using XFEM/level
set approach. It can be seen from Fig. 11 a good agreement exists
between the results given by the two numerical methods.

1
S:@

4.3. Composites with cylindrical nanofibers

The third example concerns a unidirectional nanofibrous com-
posite consisting of a host matrix phase in which identically cy-
lindrical nanofibers are periodically embedded. In this example, the
nanofibers are assumed to be softer than the matrix phase and have
circular across-sections of same radius R;. Three typical nano-
structures of fibrous nanocomposites with squared, hexagonal and
random distributions of the cylindrical nanofibers are considered.
In particular, for a random distribution of cylindrical nanofibers,
each unit cell contains 100 nanofibers and the results obtained for
the effective elastic moduli correspond to the mean values from 5
realizations. For example, a typical realization of the random dis-
tribution of cylindrical nanofibers is shown in Fig. 12.

Moreover, in order to analyze the effects of the interface-to-
volume ratio on the effective elastic moduli of the fibrous nano-
composite under consideration, the nanofiber radius R; is set to
vary from 1 to 50 nm while the nanofiber volume fraction is fixed as
f=0.3. The Young's modulus and Poison's ratio of the matrix and
nanofibers are Ep=2E;=70GPa and »o=»;=0.25. The Young's
modulus and Poison's ratio of the coherent imperfect interface are
chosen to be such that Esi/E0:1.1636x10’9m and v5=0.45. These
values of the material parameters correspond to those used by Le
Quang and He [12].

The normalized effective elastic moduli provide by the present
method based on FFT are plotted versus the parameter a=log(2f/
R;j)=log(S/V) in Figs. 13—18. In fact, the ratio 2f/R; correspond to the
ratio of the fiber/matrix interface area S to the volume V of a unit
cell. These results for the effective elastic moduli are also compared
with the closed-form estimates obtained by Le Quang and He [34]
using GSCM and with the corresponding first-order lower and
upper bounds for the effective elastic moduli derived by Le Quang
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Fig. 9. The ratio k* /xy; versus the void radius R;.
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Fig. 10. Different cross-sections of cylindrical nanopores.
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Fig. 11. The ratio k* /ko versus the void radius R; for different shapes of nanopores.
and He [12]. It is seen from Figs. 13—18 that:

(i) By applying the present numerical method, the values ob-
tained for the effective elastic moduli of fibrous nano-
composites with the squared, hexagonal and random
distributions of cylindrical nanofibers are well situated be-
tween the first-order upper and lower bounds.

(ii) The effective elastic moduli of fibrous nanocomposites with
squared, hexagonal and random distributions of the cylindrical
nanofibers are very close to the estimates of Le Quang and He [34].
The same observation has been mentioned in the work of Yvonnet
et al. [35] with applying XFEM/level-set approach. Consequently,
we can conclude that the estimation using GSCM is an excellent
approximation for the effective elastic moduli of periodic com-
posites with squared, hexagonal and random distributions of the
circular cylindrical nanofibers.

(iii) Although the nanofibers phase is softer than the matrix
phase, due to the effect of imperfect interfaces, the effective elastic
moduli increases when the inhomogeneity volume fraction aug-
ments. This is quite different from the relevant results in the clas-
sical case with perfect interfaces. This important property of fibrous
nanocomposites can be explained as follows. When the size of fi-
bers decreases at nanoscale, the interface stress around the fibers
becomes important and has the dominant effect on the effective
rigidity of nano-fibrous composites. For this reason, the effective
elastic moduli of composites with nanopores may achieve or even
exceed the stiffness of the composites with nanofibres. This
exceptional property of nano-fibrous composites can be obtained
only when the fiber interface elastic moduli satisfy certain condi-
tions. In general, we cannot derive explicitly and analytically these
conditions. However, in particular case with nanoporous compos-
ites, Duan and his co-authors showed in Ref. [41] that the effective
transverse bulk can exceed the corresponding one of the matrix
phase if the following condition holds:
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Fig. 12. A typical unit cell of a fibrous nanocomposite containing 100 randomly
distributed nanofibers.
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Fig. 13. The ratio k*/kq versus the surface-to-volume ratio a=log(S/V).

Ri<Esi(1 +70)(1 — 279)
Eo(1-2)

(iv) It is interesting to observe from Fig. 13 that all curves
converge to a point when a=8.51. This can be explained by the fact
that when alpha = 8.51, the strain field in the fibrous nano-
composite is uniform and equal exactly to the prescribed constant
strain E? at the external surface of the fibrous nanocomposite in Eq.
(15). This is a particular case in which the strain field of the fibrous
nanocomposite can be determined exactly. Consequently, the up-
per and lower bounds of the effective transverse bulk moduli k*
take the same value. Furthermore, this explains clearly that, all
other estimation values of the effective transverse bulk modulus k*
which have to be, in general, situated between the upper and lower
bounds must take the identical value of their upper and lower

. (81)
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bounds. This remark has been also mentioned in the work of Le
Quang and He [12].
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5. Concluding remarks

In this work, the coherent imperfect interface model has been
adopted for the nanofiber-matrix interfaces. A numerical method
based on the fast Fourier transform has been elaborated to compute
the effective elastic moduli of periodic fibrous nanocomposites. In
contrast with the case of classical composites with imperfect fiber-
matrix interfaces, the results obtained for the effective elastic
moduli of fibrous nanocomposites show that they depend not only
on the material properties of the matrix and nanofiber phases but
also on the size of the cross-section of nanofibers as well as the
material properties of the matrix-nanofiber interfaces. These ef-
fects increase significantly when the fiber size becomes small,
displaying a significant size effect. Moreover, in the present work,
the dependencies of the effective elastic moduli of periodic fibrous
nanocomposites on the shapes and distributions of nanofibers
embedded in the matrix phase have also been studied.

Compared with the mostly used numerical method based on the
finite element method (FEM), the proposed numerical method does
not need to mesh the microstructure of composites. For this reason,
it has no difficulties related to meshing. In addition, avoiding the
difficulties of FEM in modelling the interfaces between the different
phases of composites with some discontinuities conditions, the
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method presented in this work achieves the description of the in-
terfaces by using the characteristic function which is explicitly
determined and depends only on the form of the cross-section of
fibers.

Finally, the basic idea underlying the numerical method based
on the fast Fourier transform incorporating coherent imperfect
interfaces elaborated in the present work can be adapted for peri-
odic fibrous nanocomposites with spring imperfect interfaces and
for periodic elastic fibrous nanocomposites at finite strain. On the
other hand, we note that all the results obtained in the present
work hold under the condition that the nanofibers of composites
are all cylindrical and aligned. It should be interesting to develop
the present method for the case of composites with nanoparticles

Appendix A. Appendices.
A. Derivations ofapkl( ), bg,llr( ) and. ygs)kl( )

First, Eq. (10) et (4) can be rewritten in the index form as

follows:
i 1
LI(JSCQTI” = KSiPPquTl + 2 qumn - ippqpmn s (A-1)
1
qumn = 3 [Ppmpqn + Ppnpqm]7 (A-2)
1
Tmnkl = j [Pmkpnl + PmIPnk]~ (A‘?’)

Next, by introducing (A-1), (A-2) and (A-3) into (30), it follows

that
i 1
al(sll)cl = 5 (Ksi = si) (Ppq.rPmnPmicPniPar + PpgPmn.r PrnicPriPar

+ Ppq.rPmnPyiPaiPar + PpgPrmn r Pt PricPar)
1
+ z“si (Ppm,rpqnpmkpnlqu + Pmeanerankqu

+ Ppn.rPamPiiPriPar + PonPqm,rPriPniPar)
(A-4)
In addition, by using the connections
P2=P and Pn=0, (A-5)

and by accounting the expression (2), the expression (A-4) is now
given by

a®

pkl = —(Ksi — Msi)PpgPring,rnr

1 1
— (Ksi — Msi) [jpprpmlnm,fnk +5P prPnk”n«,rnl}

— (Ksi — fs) {1Pmkppfnmfnl + %Pprpnlnn,rnk}
[Pmkplrnm rfp + Pnkplrnn rfp
[P e PrifinMp + PpyPryMim 1 11p
Ppm Py r11y + P

pkPrrfin 1y

plernm g + PpnPkrnn il

]
]
]
ptPrriin, rnk]
]
]

M\L} M|} N‘;‘,: I\J|;,; N|£,; N‘;Z,;

g
[PPmPkrnm riy+ P
[P
[P

ok Pmrftm r1y + PpnPynn riy,

Finally, by using (A-5), the expressions (31) and (41) can be
rewritten as

bSIZIr (ksi — I“Lsi)PPTPkl + Msi {Ppkplr + Pplpkr} (A-7)
i K
y;(;s)kl = % (m Xs + MpXs + MsXp + _sXP)Pkl Sh [(mlxs
+ MyXs) Ppy + (MXs + MyXs )Py + (MyXp + MyXp ) Py
+ (Myexp + kaP)Psl} :
(A-8)

B. Resolution of the system of linear equation (75)

The system of linear equation (75) can be decomposed into 2
independent sub-systems of linear equations corresponding to two
cases of in-plane and anti-plane loading as follows

~ (£ 20/
e e\ (B (E)) (B (E)
8 8 8 -0 _ | 8%z
Y Y HD | [ 2(80) | = | Ea(8Y) |-
8 1 1
H(O‘) H("‘) H("‘) ~0 )

where
. =07.01
7(&'(1)) E; (g( ))
. .(£@ -0 70 (£
i (69) = i(€?) | & (67) = | E(e%)
—~ '4N2 ~0 ; 2
7(5( k)) E; (g(‘“"k))
withl, £ =1,2,4,5,6,
HOD 02 Hl1 )
il il
@1 (22) (2 4any)
HeO — | H Hy H,:
q E(izli\l,f 1) H E(i4i\lg 2) Y E(]4N,f 4N2)
with, = 1,2,6,
a1 T(12) T(~1 4N?)
il il ]
@ _ | 1@ 12 T2 4M%)
= i il i
t(l4N 1) Témf 2) Tf(;w;' 4N?)
with [, f = 4,5.

Next, the expressions for the components H(“ﬁ and T (@) can be
detailed in the following forms:
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