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A theoretical analysis for the single-fiber pullout with unload process is presented based on the energy-
based debonding criterion and the modified analysis of stress transfer between fiber and matrix(Qing
[1]). The relationship between the applied stress and the interfacial relative displacement is expressed as
a function of the radial residual thermal stress, fiber pullout rate and volume content as well as the
length of reverse frictional sliding. The influence of fiber pullout rate on interfacial frictional coefficient is
also taken into consideration. The calculation results show that the applied stress result in further
debonding increases with the increase of the radial residual thermal stress and the fiber volume content
and the decrease of the fiber pull-out rate. There is a drop for the applied stress when the interface
debonding close to the model length and the drops of short models are larger than those of long models.
Under different conditions, the model length almost has no influence on the debonding and reverse
sliding in unloading processes at the initial debonding region.

© 2016 Elsevier Ltd. All rights reserved.

1. Introduction

It is well known that the efficiency of load transfer across the
interface plays a significant role on the mechanical behavior of
fiber-reinforced composites [2]. Interfacial debonding and frictional
sliding are two main contributors to enhance the toughness of
composites. Interfacial strength should be large enough to enable
the stress transfer from matrix to fibers. Meanwhile, interfacial
strength should be sufficiently low compare with the fiber strength
so that the toughness of composite can be enhanced through the
interfacial debonding. When debonding occurs, the frictional
sliding is the main contributor to the dissipated energy in com-
posite. If the friction is too large, the energy dissipated owing to
debonding and pullout will be limited since the debonded region
will be small when the fiber breaks. However, if the friction is too
small, the pullout work will also be limited even through the
debonded region tends to be large.

Several experimental tests, such as single fiber pullout/pushout
tests, mircobond, fragmentation and so on, are designed to measure
the interfacial properties of composite. Among these test methods,
single fiber pullout test has been widely applied to measure both

* Corresponding author.
E-mail addresses: qinghai@nuaa.edu.cn (H. Qing), cfgao@nuaa.edu.cn (C.-F. Gao).

http://dx.doi.org/10.1016/j.compscitech.2016.10.013
0266-3538/© 2016 Elsevier Ltd. All rights reserved.

interfacial strength and friction stress. A number of theoretical
models have been developed to analyze the stress transfer between
the fiber and matrix across the interfaces since first analytic model
was developed by Cox [3]. Either a constant friction [4] or Coulomb
friction [1,5] is adopted to describe the interfacial frictional sliding
in the debonded region. Zhou, Kim and Mai studied the influence of
loading method on the stress distributions in the constituents [6]. A
few models are developed to analyze the multi-fiber pull-out tests
through a three-cylinder model [5,7]. Qing reviewed those basic
assumption and limitations of these theoretical models, and
developed a new theoretical model in which all relevant stress and
strain component have been took into account and all the stress
boundary conditions are fulfilled [1]. Recently, Yao et al. investi-
gated the effect of an inhomogeneous interphase on the mecha-
nism of stress transfer [8]. Upadhyaya and Kumar investigated the
interphasial/interfacial stress transfer in a three-phase fiber-rein-
forced composites [9]. Two different criteria to describe the inter-
facial debonding interfacial strengths are commonly adopted in the
models: the interfacial shear strength [10—12] and the potential
energy release rate [13—17].

The purpose of the present study is to optimize the application
of the single-fiber pullout test in evaluating the interfacial prop-
erties. As is pointed out that the interfacial strength and interfacial
friction are two main factors to affect the mechanical properties of
composites. Normally, these two factors are coupled and have to be
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extracted from the experimental test. Based on the modified
analysis of stress [1], a theoretical model is developed to establish
the relation between the applied stress and relative displacement
during the loading-unloading process. In the unloading process,
there is only frictional sliding and no new debonding occurs. That's
to say, we can obtain the frictional coefficient through the analysis
of unloading process. After we have obtained the frictional prop-
erties of interface, we can obtain the interfacial strength, the po-
tential energy release rate of interface in the present study, through
analysis the loading process. As a model example the hypothetical
glass fiber/epoxy composite is adopted. The influence of radial re-
sidual thermal stress, fiber pullout rate, fiber volume contents and
model length on applied stress/debonded length and applied
stress/relative displacement relationships is investigated.

2. Crack-growth and unloading process

A typical mechanical model for single-fiber pullout test is
illustrated as shown in Fig. 1. The fiber is located at the centre of a
coaxial cylindrical matrix, and the radiuses of fiber and matrix are a
and b, respectively. The model length is L, and the length of bonded
and debonded region are respective h and I under applied stressoy,.
In this paper, E and v are respective young's Modulus and Poison's
ratio, and the superscript ‘© and ‘m’ indicate fiber and matrix,
respectively.

2.1. Debonding under loading process

The average axial stress of fiber in the bonded region (0 <z < h)
can be expressed from Ref. [1] as

7 = (kl; sinh(z) + k3 cosh(2z) + Bg /Bs>aa (1)

In which, A = \/2Bs/a , g, is the applied stress at the end of the
fiber, and B; are listed in Appendix A. The stress boundary condi-
tions of the fiber in the bonded region are

7,(0) =0, @,(h) = a4 (2)

Where, a4 is average stress cross the fiber at z = h as shown in
Fig. 1. Combining Egs. (1) and (2), one gets

kll’ = (Bs504 — Bgog + Bgaa cosh(AL))/(Bs sinh(AL))ayq,

3
kS = —Bg/Bs ©)

The debonded region is considered as an interfacial crack and its
extension is dependent on the energy-based criterion. When po-
tential energy release rate reaches critical Gjc which is considered
as a material constant, interface debonding occurs and the fric-
tional sliding appears in the debonded region. The debonded region
(h<z<L)is presented at the end of fiber as illustrated in Fig. 1(b).
The fiber axial stress in the debonded region can be expressed from
Ref. [1] as

Cgo'a + Ors

7, = kel 4 kdeh? —
&

(4)

In which, ;s is the radial residual thermal stress across the
interface. 2y 5 = ~HEVE KT V’Z;CLW‘, G; are listed in Appendix B, and u is
the quasi-static frictional coefficient defined from Ref. [18] as

= e+ (s — e e’ (5)
Where, (p is a constant, v is the pullout speed, p is the damping
ratio, us is the stick-slip frictional coefficient (v=0), and uy is

limiting dynamic frictional coefficient (v— co). The stress boundary
conditions of the fiber in the debonded region are

a(h) = a4, TL) = 04 (6)

Combining Egs. (4) and (6), one gets

k(]j :E]O'a +Ezl7'd +E30'r5 (7)
kg = E40'a —+ Eso'd —+ EGO'rS

In which,
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Fig. 1. Schematic diagram for single-fiber pullout test: (a) mechanical model and (b) axial stress in fiber.
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An additional condition for debonding is adopted as

= m (efmlm) (Cs (em +hio _ phhi+Ll ) (Cs + Co)

+ C7C8 (eLh+h/12 AZ . eh}\ﬁrle A%) 7 C7C9( _e

(- 2))))

From Ref. [1], the normal stresses in fiber and matrix can be
expressed as

- Ef<20fF2 + (1 - uf)ego)

LA1+hiy ;{%

hiq+Li; 32
+ e 1 212

rZEf(Z - J)

fo_Jf
(orlr—a + o)l =0 ® v 2wy 2a(1- (V)% R
Where, o|,_, is the interfacial radial stress which caused by Pois- (11)
son contraction, and it can be expressed from Ref. [1] as
F(R+ddy) rEB-4) .
4% = of o 2 oo o ) (5211 _Ezo) (12)
0rla = G- + Cs% + Coa 9) 1o —20)* 8a2(1- ()%
Combining Eqgs. (8) and (9), one gets the expression of fiber axial 25f
stress at z=h = (- (13)
0 r 4a2 (1 _ (uf)2> < za zO)
0g =¥1(Dors +¥2(l)oa (10)
In which,
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In which,

Fz = A] Oq +A28% +A3€£a +A46‘£0
F3 = As0q +A6€'zna +A7€£a +A8€£0 (17)
Fy = Agoq + Atoesy +Ajyehg +A125£0

A; are listed in Appendix C.
In the bonded region,

elq = B3, + B0 (18)
820 :B3€§a+320a (19)
el = ey = B3, + Baoq (20)

In the debonded region,

a(1+V) 25

C C
ey = >, 4 21
G DF 42 1-G -G 1
ey = Ca0a + C50% + Coelg (22)
el = C10q + Coelyy + C3ely (23)

The shear stresses in fiber and matrix can be expressed from
Ref. [1] as

,=rmi/a (24)

ar; (b?
=g () (25)

In which, 7; is interfacial shear stress and can be expressed from
Ref. [1] as

__add
=734z

The debonding appears when the following equation is satisfied

(26)

oU;

Gic = a2nal) (27)

In which, U is the total elastic strain energy of model and can be
calculated as

L a
™
T oP el + o€ + Ty R)rdrdz + / / (ohel + ole]
-

L b
m m_m m_.m m_m
2 /(Urer +0z¢e +04¢

h a

+ a’;e’; + T’;Zy{2> rdrdz +

+ T3 Y rdrdz
(28)

Combining Eqgs. (27) and (28), one can express g4 as a function of
I, o4, dimension of model and so on.

2.2. Frictional sliding in unloading process

When the applied stress increases to op, the interfacial
debonding extends to [ (0 <[ < L). The interfacial frictional stress is

Ti = W(0rlq + 0rs) (29)

When we reduces applied stress from the correspondings, to
guq gradually, the reduction of applied stress causes the reverse
frictional sliding of interface, and the length of reverse sliding re-
gion is assumed to be u as shown in Fig. 1. The interfacial friction in
the reverse sliding region during the unloading process is
expressed as

Ti = —w(0rlq + Ors) (30)
Combining Egs. (9), (26) and (30), one can obtain

d2&§ a d&é Cs_r  CoOua + 0rs
T A R e

A general solution of ordinary differential Eq. (31) is

CyOua + 0rs

7, = kieh? 4 kliehZ
Gs

Where, 134 are

a+v/a? — 16u2C;Cq

4ﬂC7

The stress boundary conditions for Eq. (32) are

A4 =

(L) = oua, Tl —u) = oy (33)
Combining Egs. (32) and (33), one gets

(Co(1 — ) — Cge )y + oy + (1 — e M)
Ca (el — elhs—ulx)

(C9<1 - e*“’h) - Cge*“’b)aua + Cgoy + (1 - e*“’h)ors

u
k= Cg (el — g-uls+Lis)

During the unloading process, the frictional interfacial stress at
z=L — u switches the direction, which requires 7(L — u)=0, e.g.,

Orlg +0rs =0 (34)

Meanwhile, during the unloading process, the axial stress dis-
tribution of fiber in the region of | < z < L — u is exact similar to that
under the applied loadingo. Therefore,

Cyoop + 075
~ F " - o—u
Gs
Substituting Eq. (35) into (32) and combining it with Eq. (34),
one can express the unloading stress as a function of reverse sliding
region u as

kel 4 dela(l-u) _ (35)

oua = (C7(— 1+ e")12 — Cy(— 1+ e'3) 22 — Cg(es
— e4)) g5 + (C7Cge4 3 — C7Cge™ 2 — CE (e
—e"4))ay)/(— CCo((— 1+ €4)25 — (— 1+ e"2))3)
+ Ca(Cole"™ — &) + G - 13)))
(36)
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For a single-fiber pullout test, it's easy to measure the applied
stress and the related displacement between fiber and matrix. We
have expressed the applied stresses g4 and g, above. The total
related displacemento at interface is contributed from two regions:
sliding region 04 (h<z<L-u) and reverse sliding region
ou(L—u<z<lL), eg., 6=04+ 0y. 04 can be calculated from

L-u

b= [ (o elh)z (37)

h

Where, eéa and €]} are respectively defined in Egs. (21) and (23)
under the maximum applied stress g,. In reverse sliding region,
according to Egs. (21) and (23), the strain components in fiber and
matrix can be expresses as

a2 (1 + uf) 27 G

_ ] Cy
zua = m a2 1= CGU'l; 1z CGUua (38)
&0 = Catua + C5% + Coelug (39)
eg;lla = Cl Oua + CZE,];,,O + C3€£ua (40)

Where, eﬁua and éj;uo are respective axial strains of fiber at r=a
and r =0, while €]}, is the axial strain of matrix at r = a. Therefore,
the relative displacement in the reverse sliding region ¢, can be
calculated from the following equation

>

Ou = / <3§ua - 82111:1)(12 (41)

3. Numerical evaluation results and discussion

Several numerical examples are illustrated the important results
of present model for a hypothetical glass/epoxy composite. The
elastic properties of the fiber and matrix are given from Ref. [19]
by:E = 72GPayf = 0.26,E™ = 3.79 GPa and v™ = 0.37. The radius of
fiber is fixed to be 0.1 mm, and the critical energy release rate Gc of
the interface is 0.1 J/m?. The constants to define the frictional

—o— Hsueh [14]
900 | |—=— Zhou et al[15]
—o— Present model

3
[ [mm]

Fig. 2. Variation of the applied stress with the debonded length for b = 10a, =0 mm/
min, ¢,s =10 MPa and L = 6b.

coefficient from Ref. [18] arep =5,Cp =10 mm/min, us=1.5 and
ur=1.25(in Eq. (5)).

Fig. 2 shows the relationship of the applied stress g, result in
further debonding with debonding length h fors,s =10 MPa and
v =10 mm/min based three different models to calculate the elastic
strain energy. The model of Hsueh only took into account the axial
deformation mechanism to calculate the elastic strain energy [14].
That's to say,

a

L L b
U= / / oL erdrdz + / / oMM rdrdz (42)
00 0 a

The model of Zhou et al. also took into account the shear
deformation in matrix besides the axial deformation to calculate
the strain energy [15].

a L

L b
Ur = 7r/ / oLelrdrdz + 7r/ / (0F'e] + T3y ) rdrdz (43)
00 0 a

Present model takes into account all the deformation mecha-
nism according to Eq. (28). One can see from Fig. 2 that the applied
stresses to cause the further debonding with the debonding length
show a same trend: the applied stress to cause further debonding
increases to a maximal value and then decreases till the fully
debonding with the increase of the debonding length. The applied
stress to cause the further debonding is distinctly influenced by the
methods to calculate the elastic strain energy because the models
of Zhou et al. and Hsueh et al. oversimplifies the deformation
mechanism. The predicted result from present model is higher than
those from other two models in the initial debonding region, while
is higher than that from Zhou et al. while lower than that from
Hsueh et al. in the last debonding region.

Distributions of the applied stress result in further debonding
with the debonding length are plotted in Figs. 3—5 for different
radial residual thermal stresses, fiber pullout rates, fiber volume
contents and model lengths. It can be seen from Figs. 3—5 that
under different conditions, the applied stress result in further
debonding increases with the increase of the debonded length to
some extent and then decreases till the fully debonding. Further-
more, there is almost no difference for the relationship between the
applied stress and the debonded length in the initial debonding
region. A drop for applied stress is observed when the debonding

2000 . . ;
MHJ}‘MM%,
1600 P T
L’\"

g ya e

=N N - 1
f q&w

£ st

8001 =™ ) 1
1

1 1 1 1 |
0 2 4 6 8 10

! [mm]

Fig. 3. The influence of thermal residual stress on the applied stress to cause further
debonding for b= 10a and »=0mm/min.
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Fig. 4. The influence of fiber pullout rate on the applied stress to cause further
debonding for b= 10a and ¢,s=10 MPa.

close to model end, and the drop decreases with the increase of the
model length. It can be seen from Fig. 3 that the initial debonding
stress is independent on the radial residual thermal stress and the
applied stress result in further debonding is an increasing function
of the radial residual thermal stress. From Fig. 4, one can see that
the applied stress result in further debonding is a decreasing
function of the fiber pullout rate since the frictional coefficient is a
decreasing function of the pullout rate. However, the influence of
fiber pullout rate on the applied stress result in further debonding
is not so significant since the frictional coefficient changes a lit-
tle(According to Eq. (5), the frictional coefficients are 1.5, 1.342 and
1.25 corresponding to 0 mm/min, 10 mm/min and 100 mm/min,
respectively). Fig. 5 shows that the influence of the fiber volume
content on the applied stress result in further debonding is sig-
nificant and the applied stress result in further debonding is an
increasing function with the fiber volume content.

The influence of the radial residual thermal stresses, fiber
pullout rates, fiber volume contents and model lengths on the
applied stress result in further debonding is investigated above. It
has been mentioned previously that there are mainly two interfa-
cial properties, interfacial strength and frictional coefficient, for
interface to dominate the properties of composite. With the in-
crease of the applied stress, new debonding occurs and frictional

[|——b=6a

1000 |- S .

[Mpa]

a

(¢

600 i

8 10

Fig. 5. The influence of fiber volume content on the applied stress to cause further
debonding for v =10 mm/min and o, = 10MPa.
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Fig. 6. The influence of thermal residual stress on the relative displacement of fiber
and matrix for b = 10a and v = 10mm/min.

sliding in the debonded region occurs, so that it’s not easy to
evaluate both the interfacial strength and frictional coefficient
during the debonding process. However, during the unloading
process, there is only frictional sliding in the debonded region
without new debonding, thus one can easily determine the fric-
tional coefficient in the unloading process.

Fig. 6 shows the influence of the radial residual thermal stress
on relationship of applied stress g4 versus relative displacement
¢ for b=10a and v =10 mm/min with different model lengths, in
which the radial residual thermal stresses change from 10 MPa,
15 MPa—20 MPa, respectively. When the debonded length is small
related to the model length(for example [ = 2.2b here), it's hardly to
distinguish the influence of the model length for either loading and
unloading processes. The results agree well with the results from
Fig. 3 for loading process. Meanwhile, the relative displacement at
u=1 increases with the increase of the radial residual thermal
stress under same debonding length. The unloading process stops
when the reverse sliding region u equals to the debonded length L
The unloading stress and relative displacement at u=1 increase
with the increase of radial residual thermal stress.

Fig. 7 shows the influence of fiber pullout rate on the relation-
ship of applied stress ¢, versus relative displacement ¢ for b = 10a

1000 ' ' ' '
FE
800
‘© 600
o
ét’ —o—L=6b v=0
—0—L=6b v=10
© 400 - ©—L=6b x=100
—v—L=10b v=0
< L=10b v=10
200 L —#—L=10b v=100
0 L 1 1 L ] L 1
0 20 40 60 80
8 [um]

Fig. 7. The influence of fiber pullout rate on the relative displacement of fiber and
matrix for and b =10a and.o,s = 10 MPa.
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Fig. 8. The influence of fiber volume content on the relative displacement of fiber and
matrix for g, =10 MPa and v = Omm/min.

and o5=10 MPa with different model lengths, in which fiber
pullout rate changes from 0 mm/min, 10 mm/min to 100 mm/min,
respectively. The unloading process starts when [=4b for L=6b
and [=7b for L=10b, respectively. The difference of the applied
stress g, versus relative displacement ¢ is not significant in the
initial debonding region, which agrees well with the results from
Fig. 4. With the increase of fiber pullout rate, the unloading stresses
at u =l increases while the relative displacements at u=I decreases.

Fig. 8 shows the influence of fiber volume content on the rela-
tionship of applied stress o, versus relative displacement ¢ for
ors=10MPa and v=0 mm/min with different model lengths, in
which the fiber volume contents are given as b = 6a, b = 10a and
b = 14a, respectively. The unloading process starts when [ = 4b for
L=6b and [=7b forL=10b, respectively. The difference of the
applied stress g, versus relative displacement ¢ is not significant in

8(1-v) (1 fvffz(uf)z)

circumferential directions as well as shear deformation should be
taken into account to calculate the elastic strain energy for single
fiber pullout model. The model length almost has no influence on
the debonding and unloading processes at the initial debonding
region under different conditions of radial residual thermal stress,
fiber pullout rate and fiber volume contents. There is a drop for
applied stress when the debonding close to model end, and the
drop decreases with the increase of the model length. When the
unloading stops(u = I), the unloading stress increases with the in-
crease of radial residual thermal stress, fiber pullout rate and fiber
volume content.
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Appendix A. Coefficients for bonded region

By = (a(Az 1 A; — Ay — A — 1/8(1 —uf)) — (Ag +A7)/a

E (1 +v™)(a®/8 — ab? In(a)/2)
(B2 - a@)E"(1+V)(1-vm)

By = (a(A1 — Ag) — As/a)By

B; =

"~ E/(2+2B; + 1/ (8A; +8A3 — 3By — 5+ 8A4By + (2 — 8A; — 8A3 + 2B, — 8A4B V)

2B, + 1/ (8A; — 3B, + 8A4B, + (2B, — 8A; — 8A432)uf)

B, =
47 T2 2B +f(8A; + 8A3 — 3By — 5+ 8A4By + (2 — 8A; — 8A3 + 2By — 8A4B )

the initial debonding region, which agrees well with the results
from Fig. 5. Both the unloading stresses and the relative displace-
ments at u =l increase with the increase of fiber volume contents.

4. Conclusions

A theoretical model is developed to establish the relationship
between the applied stress and relative displacement during the
loading-unloading process based on the debonding criterion of
energy release rate and the modified analysis of stress (Qing, 2013).
The influence of radial residual thermal stress, fiber pullout rate,
fiber volume contents and model length on loading and unloading
processes is investigated through the theoretical model. The study
results show that both normal deformation along the radial and

5. _ E(Bi —1)Bs

> a(1+ )

g _ E((1-B1)Bs —Bj)
6 a(1+u)
Where,

f m\ (a3 /Q_ah2
Bo = 1/{a(A1z — Ag) + Ag/a — a/8(1 —vf) - B G A ahn(0/2)
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Appendix B. Coefficients for debonded region A 1-2
37 8a2(b? — a?) (1 — ) (W —vm)
(3 - 2vm) + 2(1 - uf)(a4 — 4a?b? + 3b*

[— @(b? — a?)(2 + 3™

a*(A; — Ag) — As

Cp=— 1779/ 775 T 4 5212 apd m
U= A Ay A 4b* In(b/a) + (2b* — 2a2b? — 4b* In(b/a))v ))]
1 2
Ag— [a2 (b2 - a2) 2+ 2(vf)
a/ (@®—4ab? log(a))(1-+v" 8a2(b? —a?)(1 —v)( —vm)
G = @8 — A~ 1/8(1 - V) + 8Em<b2—a2><1+w><1—um>) —A 2
2= @ (A —Ay) + Ag —3vmfvf(372vm))+2(1—3vf+2(vf> )(a‘b4a2b2
3b* — 4b% In(b/a) + (2b* — 2a2b% — 4b* In(b /a))vm))]
aFl (a®*—4ab? log(a))(1+v™ +
o @ (Ag —Arz —1/8(1 — ) - G A B GILE) g
- @2(Ajg—Ay) + A
(Ao —A2) +4Ag . 2b2(1 4 um)
5=
b2 — a2)Em(uf —um
. 8(A; +A2C1)(1 fvf>vf ( JE( )
4= 2+Uf(8A3+8A2C2 —3+(2-8A; 78A2C2)Uf) A b2(1 +u™)
6720 —um)
8(1 —uf) (1 +uf) (1 —2vf)
Ce —
*TE (24 (845 + 8A2C, — 3+ (2 — 8As — 8A,C))) A7 = b*A, [ — 4a* + 10a2b? — 6b* + 8b* In(b/a) + (a4 — 3a%b?
+2b* — 4a2b21n(b/a)> T 4<b2 - az) (bz —a?
2+vf(8A4+8A2C3—5+(2—8A4—8A2C3)vf) , NI
m
Co=—57 W (8A3 + 8A3C; — 3+ (2 — 8A; — 8A,Co )W) —2b l“(b/a))(v )" +a (b —a
+4b% In(b/a)(1 — 2um))}
a%(3 — 3C3 — 8A3Cs — 8(Ag + Ay (C3 + GoC)) (1 — V) + 20 (Cg + 4A3C5 + 40f — 5))
Gy = .
16(1 — Cg)(1 — 3uf +2(uf) )
Ag = b%?Aq|6b* — 6a2b% — 8b* In(b/a) + a*V/ (3b% — 3a?
; J — 4b% In(b/a) — 4(b* — a®> — 2b% In(b/a))v™ — (2b* — 3a*
CsEf (A3 + Ay + AyCy + AyCs +
Cg = SE (s +As+AaCa + Ao 32 ) + a®b? — 4a’b?In(b/a))v™ +4(b2 - az)(a2 — b?
(1-Co)1 v —2()?) ,
+2b2 In(b/a))(v™) ]
Co = F(A1(1 = Co) +42(C1 + (G + G3)Ca = CiC) + CalAs +Ag + V)

(1- G v —2()?)

Appendix C. Coefficients related to elastic properties and
geometrical parameters

a2(1-v™ - 2(m)?)
Ao = (b — a)E™ (W — um)

—o 2
Al:lEf 2(m)
o)
5 1—(1+vf)vm
E"(b? - a?)(1 -/ —2(u) ) Mo =5 )
Ay —

2a2E (v —um)
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Ay = Ao [maZb2 — 6b* — 4a* + 8b* In(b/a) + (b4 —a*
— 4a2b% Ina + 4b* In b)vf —um((9a* — 22a2b% + 13b*
+ 4b? (a2 + bz)ln a—20b*In b + (10a* + 6b* — 16a?b>
—16b% In(b/a))v) — (v™)? (6(a2 - b2)2 — 8b*In(b/a)

+8((c )"~ b* In(b/ay)]

A = Ao [61;4 — 6a2b? — 8b* In(b/a) — (b4 1 3a% — 4a2h?
—4a?b? Ina + 4b* In b)uf +um ((3a4 +10a2b? — 13b*
— 4p2 (a2 + 4b2) Ina+20b*Inb+2 (a4 — 3b* + 2a2h?
+8b* ln(b/a)) of ) — (™3 (2a4 +4a2b? — 6b*
+ 8b* In(b/a) + 8b2 (a2 — b? 4 2b? 1n(b/a))uf))]

E (1+vm)
(b2—a)*E™ (1) (1—vm) (W —um)”

Where, Ag = 3
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