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a b s t r a c t

A theoretical analysis for the single-fiber pullout with unload process is presented based on the energy-
based debonding criterion and the modified analysis of stress transfer between fiber and matrix(Qing
[1]). The relationship between the applied stress and the interfacial relative displacement is expressed as
a function of the radial residual thermal stress, fiber pullout rate and volume content as well as the
length of reverse frictional sliding. The influence of fiber pullout rate on interfacial frictional coefficient is
also taken into consideration. The calculation results show that the applied stress result in further
debonding increases with the increase of the radial residual thermal stress and the fiber volume content
and the decrease of the fiber pull-out rate. There is a drop for the applied stress when the interface
debonding close to the model length and the drops of short models are larger than those of long models.
Under different conditions, the model length almost has no influence on the debonding and reverse
sliding in unloading processes at the initial debonding region.

© 2016 Elsevier Ltd. All rights reserved.
1. Introduction

It is well known that the efficiency of load transfer across the
interface plays a significant role on the mechanical behavior of
fiber-reinforced composites [2]. Interfacial debonding and frictional
sliding are two main contributors to enhance the toughness of
composites. Interfacial strength should be large enough to enable
the stress transfer from matrix to fibers. Meanwhile, interfacial
strength should be sufficiently low compare with the fiber strength
so that the toughness of composite can be enhanced through the
interfacial debonding. When debonding occurs, the frictional
sliding is the main contributor to the dissipated energy in com-
posite. If the friction is too large, the energy dissipated owing to
debonding and pullout will be limited since the debonded region
will be small when the fiber breaks. However, if the friction is too
small, the pullout work will also be limited even through the
debonded region tends to be large.

Several experimental tests, such as single fiber pullout/pushout
tests, mircobond, fragmentation and so on, are designed tomeasure
the interfacial properties of composite. Among these test methods,
single fiber pullout test has been widely applied to measure both
fgao@nuaa.edu.cn (C.-F. Gao).
interfacial strength and friction stress. A number of theoretical
models have been developed to analyze the stress transfer between
the fiber and matrix across the interfaces since first analytic model
was developed by Cox [3]. Either a constant friction [4] or Coulomb
friction [1,5] is adopted to describe the interfacial frictional sliding
in the debonded region. Zhou, Kim andMai studied the influence of
loadingmethod on the stress distributions in the constituents [6]. A
few models are developed to analyze the multi-fiber pull-out tests
through a three-cylinder model [5,7]. Qing reviewed those basic
assumption and limitations of these theoretical models, and
developed a new theoretical model in which all relevant stress and
strain component have been took into account and all the stress
boundary conditions are fulfilled [1]. Recently, Yao et al. investi-
gated the effect of an inhomogeneous interphase on the mecha-
nism of stress transfer [8]. Upadhyaya and Kumar investigated the
interphasial/interfacial stress transfer in a three-phase fiber-rein-
forced composites [9]. Two different criteria to describe the inter-
facial debonding interfacial strengths are commonly adopted in the
models: the interfacial shear strength [10e12] and the potential
energy release rate [13e17].

The purpose of the present study is to optimize the application
of the single-fiber pullout test in evaluating the interfacial prop-
erties. As is pointed out that the interfacial strength and interfacial
friction are two main factors to affect the mechanical properties of
composites. Normally, these two factors are coupled and have to be
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extracted from the experimental test. Based on the modified
analysis of stress [1], a theoretical model is developed to establish
the relation between the applied stress and relative displacement
during the loading-unloading process. In the unloading process,
there is only frictional sliding and no new debonding occurs. That's
to say, we can obtain the frictional coefficient through the analysis
of unloading process. After we have obtained the frictional prop-
erties of interface, we can obtain the interfacial strength, the po-
tential energy release rate of interface in the present study, through
analysis the loading process. As a model example the hypothetical
glass fiber/epoxy composite is adopted. The influence of radial re-
sidual thermal stress, fiber pullout rate, fiber volume contents and
model length on applied stress/debonded length and applied
stress/relative displacement relationships is investigated.
2. Crack-growth and unloading process

A typical mechanical model for single-fiber pullout test is
illustrated as shown in Fig. 1. The fiber is located at the centre of a
coaxial cylindrical matrix, and the radiuses of fiber andmatrix are a
and b, respectively. The model length is L, and the length of bonded
and debonded region are respective h and l under applied stresssp.
In this paper, E and y are respective young's Modulus and Poison's
ratio, and the superscript ‘f’ and ‘m’ indicate fiber and matrix,
respectively.
2.1. Debonding under loading process

The average axial stress of fiber in the bonded region (0� z< h)
can be expressed from Ref. [1] as

sfz ¼
�
kb1 sinhðlzÞ þ kb2 coshðlzÞ þ B6=B5

�
sa (1)

In which, l ¼ ffiffiffiffiffiffiffiffiffiffiffiffiffi
2B5=a

p
，sa is the applied stress at the end of the

fiber, and Bi are listed in Appendix A. The stress boundary condi-
tions of the fiber in the bonded region are

sfzð0Þ ¼ 0; sfzðhÞ ¼ sd (2)

Where, sd is average stress cross the fiber at z ¼ h as shown in
Fig. 1. Combining Eqs. (1) and (2), one gets
Fig. 1. Schematic diagram for single-fiber pullout test:
kb1 ¼ ðB5sd � B6sa þ B6sa coshðlLÞÞ=ðB5 sinhðlLÞÞsa;
kb2 ¼ �B6=B5

(3)

The debonded region is considered as an interfacial crack and its
extension is dependent on the energy-based criterion. When po-
tential energy release rate reaches critical GIC which is considered
as a material constant, interface debonding occurs and the fric-
tional sliding appears in the debonded region. The debonded region
(h< z� L) is presented at the end of fiber as illustrated in Fig. 1(b).
The fiber axial stress in the debonded region can be expressed from
Ref. [1] as

sfz ¼ kd1e
l1z þ kd2e

l2z � C9sa þ srs
C8

(4)

In which, srs is the radial residual thermal stress across the

interface. l1;2 ¼ �a±
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2�16m2C7C8

p
4mC7

, Ci are listed in Appendix B, and m is

the quasi-static frictional coefficient defined from Ref. [18] as

m ¼ mk þ ðms � mkÞe�ðv=C0Þp (5)

Where, C0 is a constant, v is the pullout speed, p is the damping
ratio, ms is the stick-slip frictional coefficient (v¼ 0), and mk is
limiting dynamic frictional coefficient (v/∞). The stress boundary
conditions of the fiber in the debonded region are

sfzðhÞ ¼ sd; s
f
zðLÞ ¼ sa (6)

Combining Eqs. (4) and (6), one gets

kd1 ¼ E1sa þ E2sd þ E3srs
kd2 ¼ E4sa þ E5sd þ E6srs

(7)

In which,
(a) mechanical model and (b) axial stress in fiber.



P.-Y. Pei et al. / Composites Science and Technology 137 (2016) 69e77 71
E1 ¼ ðC8 þ C9Þehl2 � C9eLl2

C8
�
ehl1þLl2 � ehl2þLl1

�; E2 ¼ �C8eLl2

C8
�
ehl1þLl2 � ehl2þLl1

�;
E3 ¼ eLl2 � ehl2

C8
�
ehl1þLl2 � ehl2þLl1

�; E4 ¼ C9eLl1 � ðC8 þ C9Þehl1
C8
�
ehl2þLl1 � ehl1þLl2

�;
E5 ¼ C8eLl1

C8
�
ehl2þLl1 � ehl1þLl2

�; E6 ¼ eLl1 � ehl1

C8
�
ehl2þLl1 � ehl1þLl2

�
An additional condition for debonding is adopted as

ðsrjr¼a þ srsÞ
��
z¼L ¼ 0 (8)

Where, sr jr¼a is the interfacial radial stress which caused by Pois-
son contraction, and it can be expressed from Ref. [1] as

sr ja ¼ C7
d2sfz
dz2

þ C8s
f
z þ C9sa (9)

Combining Eqs. (8) and (9), one gets the expression of fiber axial
stress at z¼ h

sd ¼ J1ðlÞsrs þJ2ðlÞsa (10)

In which,
j1 ¼
e�Lðl1þl2Þ

n
C8eLl1þhl2 � C8ehl1þLl2 � C7

h
� eLl1þhl2l21 þ ehl1þLl2l22

C7C8
�
l21 � l22

�

smz ¼ Em
�
2ymF4 � ð1� ymÞεmza

�
ð1� 2ymÞð1þ ymÞ þ

Em
�
ε
m
zb � ε

m
za

�h
2a2ð1� ymÞ2 � r2

�
2

2ð1� 2ymÞ
�
1� ðymÞ2

��
2b2 lnðb=

þ
Em
�
ε
m
zb � ε

m
za

�
b2ð � ym � 4ð1� ymÞÞ2 logðaÞ þ 2

�
2� 5ym þ 2

2ð1� 2ymÞ
�
1� ðymÞ2

��
2b2 lnðb=aÞ � �b2 � a2

�

smr ¼ Em
�
r2F4 � ð1� 2ymÞF3

�
r2ð1� 2ymÞð1þ ymÞ þ

Em
�
ε
m
zb � ε

m
za

��
r2ð3� 4ymÞ � 4b2ð1�

8
�
1� ðymÞ2

��
2b2 lnðb=aÞ � �b2

þ
Em
�
2a2εmzby

m � b2
�
ε
m
zb � ε

m
zað1� 2ymÞ

�
þ 4b2ym

�
ε
m
za lnðbÞ �

2
�
1� ym � 2ðymÞ2

��
2b2 lnðb=aÞ � �b2 � a2

��

smq ¼ Em
�
r2F4 þ ð1� 2ymÞF3

�
r2ð1� 2ymÞð1þ ymÞ þ

Em
�
ε
m
zb � ε

m
za

��
r2ð1� 4ymÞ � 4b2ð1�

8
�
1� ðymÞ2

��
2b2 lnðb=aÞ � �b2

þ
Emym

�
2a2εmzbð1� ymÞ � b2

�
ε
m
zað1� 2ymÞ þ ε

m
zb

�
þ 4b2ð1� ym

2
�
1� 2ym � ðymÞ2 þ 2ðymÞ3

��
2b2 lnðb=aÞ � �
j2 ¼ 1

C7C8
�
l21 � l22

��e�Lðl1þl2Þ
�
C8
�
eLl1þhl2 � ehl1þLl2

�
ðC8 þ C9Þ

þ C7C8
�
eLl1þhl2l21 � ehl1þLl2l22

�
� C7C9

�
� eLl1þhl2l21

þ ehl1þLl2l22 þ eLðl1þl2Þ
�
l21 � l22

����

From Ref. [1], the normal stresses in fiber and matrix can be
expressed as

sfz ¼
Ef
�
2yf F2 þ

�
1� yf

�
ε
f
z0

�
1� yf � 2

�
yf
�2 þ

r2Ef
�
2� yf

�
2a2

�
1� �yf �2�

�
ε
f
za � ε

f
z0

�

(11)

sfr ¼
Ef
�
F2 þ yf εfz0

�
1� yf � 2

�
yf
�2 � r2Ef

�
3� 4yf

�
8a2

�
1� �yf �2�

�
ε
f
za � ε

f
z0

�
(12)

sf
q
¼ sfr þ

r2Ef

4a2
�
1� �yf �2�

�
ε
f
za � ε

f
z0

�
(13)
þ eLðl1þl2Þ
�
l21 � l22

�io

� 5ym þ 2ðymÞ2
�i

aÞ � �b2 � a2
��

ðymÞ2
�
logðrÞ� (14)

ymÞlnðrÞ�
� a2

��
ε
m
zb lnðaÞ

��
(15)

2ymÞlnðrÞ�
� a2

��
Þ
�
ε
m
za lnðbÞ � ε

m
zb lnðaÞ

��
b2 � a2

�� (16)
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In which,

F2 ¼ A1sa þ A2ε
m
za þ A3ε

f
za þ A4ε

f
z0

F3 ¼ A5sa þ A6ε
m
za þ A7ε

f
za þ A8ε

f
z0

F4 ¼ A9sa þ A10ε
m
za þ A11ε

f
za þ A12ε

f
z0

(17)

Ai are listed in Appendix C.
In the bonded region,

ε
f
za ¼ B3s

f
z þ B4sa (18)

ε
f
z0 ¼ B3ε

f
za þ B2sa (19)

ε
m
za ¼ ε

f
za ¼ B3s

f
z þ B4sa (20)

In the debonded region,

ε
f
za ¼

a2
�
1þ yf

�
2ðC6 � 1ÞEf

d2sfz
dz2

þ C5
1� C6

sfz þ
C4

1� C6
sa (21)

ε
f
z0 ¼ C4sa þ C5s

f
z þ C6ε

f
za (22)

ε
m
za ¼ C1sa þ C2ε

f
z0 þ C3ε

f
za (23)

The shear stresses in fiber and matrix can be expressed from
Ref. [1] as

tfrz ¼ rti=a (24)

tmrz ¼
ati

b2 � a2

�
b2

r
� r
	

(25)

In which, ti is interfacial shear stress and can be expressed from
Ref. [1] as

ti ¼ �a
2
dsfz
dz

(26)

The debonding appears when the following equation is satisfied

GIC ¼ vUt

vð2palÞ (27)

Inwhich, Ut is the total elastic strain energy of model and can be
calculated as

Ut ¼ p

2

Zh
0

Za
0

�
sfrε

f
r þ sfzε

f
z þ sf

q
ε
f
q
þ tfrzg

f
rz

�
rdrdzþ p

2

Zh
0

Zb
a

�
smr ε

m
r

þ smz ε
m
z þ smq ε

m
q þ tmrzg

m
rz
�
rdrdzþ p

2

ZL
h

Za
0

�
sfrε

f
r þ sfzε

f
z

þ sf
q
ε
f
q
þ tfrzg

f
rz

�
rdrdzþ p

2

ZL
h

Zb
a

�
smr ε

m
r þ smz ε

m
z þ smq ε

m
q

þ tmrzg
m
rz
�
rdrdz

(28)

Combining Eqs. (27) and (28), one can express sd as a function of
l, sa, dimension of model and so on.
2.2. Frictional sliding in unloading process

When the applied stress increases to sp, the interfacial
debonding extends to l (0< l� L). The interfacial frictional stress is

ti ¼ mðsrja þ srsÞ (29)

When we reduces applied stress from the correspondingsp to
sua gradually, the reduction of applied stress causes the reverse
frictional sliding of interface, and the length of reverse sliding re-
gion is assumed to be u as shown in Fig. 1. The interfacial friction in
the reverse sliding region during the unloading process is
expressed as

ti ¼ �mðsr ja þ srsÞ (30)

Combining Eqs. (9), (26) and (30), one can obtain

d2sfz
dz2

� a
2mC7

dsfz
dz

þ C8
C7

sfz þ
C9sua þ srs

C7
¼ 0 (31)

A general solution of ordinary differential Eq. (31) is

sfz ¼ ku1e
l3z þ ku2e

l4z � C9sua þ srs
C8

(32)

Where, l3,4 are

l3;4 ¼ a±
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2 � 16m2C7C8

p
4mC7

The stress boundary conditions for Eq. (32) are

sfzðLÞ ¼ sua; sfzðL� uÞ ¼ su (33)

Combining Eqs. (32) and (33), one gets

ku1 ¼
�
C9ð1� e�ul4Þ � C8e�ul4Þsua þ C8su þ ð1� e�ul4Þsrs

C8ðeðL�uÞl3 � eLl3�ul4
�

ku2 ¼
�
C9
�
1� e�ul3

�
� C8e�ul3

�
sua þ C8su þ

�
1� e�ul3

�
srs

C8
�
eðL�uÞl4 � e�ul3þLl4

�
During the unloading process, the frictional interfacial stress at

z¼ L� u switches the direction, which requires t(L� u)¼0, e.g.,

srja þ srs ¼ 0 (34)

Meanwhile, during the unloading process, the axial stress dis-
tribution of fiber in the region of l< z� L� u is exact similar to that
under the applied loadingsp. Therefore,

kd1e
l1ðL�uÞ þ kd2e

l2ðL�uÞ � C9sp þ srs
C8

¼ su (35)

Substituting Eq. (35) into (32) and combining it with Eq. (34),
one can express the unloading stress as a function of reverse sliding
region u as

sua ¼ ððC7ð � 1þ eul4Þl23 � C7ð � 1þ eul3Þl24 � C8ðeul3

� eul4ÞÞsrs þ ðC7C8eul4l23 � C7C8e
ul3l24 � C2

8ðeul3

� eul4ÞÞsuÞ=ð � C7C9ðð � 1þ eul4Þl23 � ð � 1þ eul3Þl24Þ
þ C8ðC9ðeul3 � eul4Þ þ C7ðl23 � l24ÞÞ

�
(36)
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For a single-fiber pullout test, it's easy to measure the applied
stress and the related displacement between fiber and matrix. We
have expressed the applied stresses sa and sua above. The total
related displacementd at interface is contributed from two regions:
sliding region dd (h< z< L� u) and reverse sliding region
du(L� u< z< L), e,g., d¼ddþ du. dd can be calculated from

dd ¼
ZL�u

h

�
ε
f
za � ε

m
za

�
dz (37)

Where, εfza and ε
m
za are respectively defined in Eqs. (21) and (23)

under the maximum applied stress sp. In reverse sliding region,
according to Eqs. (21) and (23), the strain components in fiber and
matrix can be expresses as

ε
f
zua ¼

a2
�
1þ yf

�
2ðC6 � 1ÞEf

d2sfz
dz2

þ C5
1� C6

sfz þ
C4

1� C6
sua (38)

ε
f
zu0 ¼ C4sua þ C5s

f
z þ C6ε

f
zua (39)

ε
m
zua ¼ C1sua þ C2ε

f
zu0 þ C3ε

f
zua (40)

Where, εfzua and ε
f
zu0 are respective axial strains of fiber at r¼ a

and r¼ 0, while ε
m
zua is the axial strain of matrix at r¼ a. Therefore,

the relative displacement in the reverse sliding region du can be
calculated from the following equation

du ¼
ZL

L�u

�
ε
f
zua � ε

m
zua

�
dz (41)
3. Numerical evaluation results and discussion

Several numerical examples are illustrated the important results
of present model for a hypothetical glass/epoxy composite. The
elastic properties of the fiber and matrix are given from Ref. [19]
by:Ef¼ 72GPa,yf¼ 0.26,Em¼ 3.79 GPa and ym¼ 0.37. The radius of
fiber is fixed to be 0.1 mm, and the critical energy release rate GIC of
the interface is 0.1 J/m2. The constants to define the frictional
Fig. 2. Variation of the applied stress with the debonded length for b¼ 10a, n¼0 mm/
min, srs¼ 10 MPa and L¼ 6b.
coefficient from Ref. [18] arep¼ 5,C0¼10 mm/min, ms¼ 1.5 and
mk¼ 1.25(in Eq. (5)).

Fig. 2 shows the relationship of the applied stress sa result in
further debonding with debonding length h forsrs¼ 10 MPa and
v¼ 10 mm/min based three different models to calculate the elastic
strain energy. The model of Hsueh only took into account the axial
deformation mechanism to calculate the elastic strain energy [14].
That's to say,

Ut ¼ p

ZL
0

Za
0

sfzε
f
zrdrdzþ p

ZL
0

Zb
a

smz ε
m
z rdrdz (42)

The model of Zhou et al. also took into account the shear
deformation in matrix besides the axial deformation to calculate
the strain energy [15].

Ut ¼ p

ZL
0

Za
0

sfzε
f
zrdrdzþ p

ZL
0

Zb
a

�
smz ε

m
z þ tmrzg

m
rz
�
rdrdz (43)

Present model takes into account all the deformation mecha-
nism according to Eq. (28). One can see from Fig. 2 that the applied
stresses to cause the further debonding with the debonding length
show a same trend: the applied stress to cause further debonding
increases to a maximal value and then decreases till the fully
debonding with the increase of the debonding length. The applied
stress to cause the further debonding is distinctly influenced by the
methods to calculate the elastic strain energy because the models
of Zhou et al. and Hsueh et al. oversimplifies the deformation
mechanism. The predicted result from present model is higher than
those from other two models in the initial debonding region, while
is higher than that from Zhou et al. while lower than that from
Hsueh et al. in the last debonding region.

Distributions of the applied stress result in further debonding
with the debonding length are plotted in Figs. 3e5 for different
radial residual thermal stresses, fiber pullout rates, fiber volume
contents and model lengths. It can be seen from Figs. 3e5 that
under different conditions, the applied stress result in further
debonding increases with the increase of the debonded length to
some extent and then decreases till the fully debonding. Further-
more, there is almost no difference for the relationship between the
applied stress and the debonded length in the initial debonding
region. A drop for applied stress is observed when the debonding
Fig. 3. The influence of thermal residual stress on the applied stress to cause further
debonding for b¼ 10a and n¼0mm/min.



Fig. 4. The influence of fiber pullout rate on the applied stress to cause further
debonding for b¼ 10a and srs¼10 MPa.

Fig. 6. The influence of thermal residual stress on the relative displacement of fiber
and matrix for b¼ 10a and v¼ 10mm/min.
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close to model end, and the drop decreases with the increase of the
model length. It can be seen from Fig. 3 that the initial debonding
stress is independent on the radial residual thermal stress and the
applied stress result in further debonding is an increasing function
of the radial residual thermal stress. From Fig. 4, one can see that
the applied stress result in further debonding is a decreasing
function of the fiber pullout rate since the frictional coefficient is a
decreasing function of the pullout rate. However, the influence of
fiber pullout rate on the applied stress result in further debonding
is not so significant since the frictional coefficient changes a lit-
tle(According to Eq. (5), the frictional coefficients are 1.5, 1.342 and
1.25 corresponding to 0 mm/min, 10 mm/min and 100 mm/min,
respectively). Fig. 5 shows that the influence of the fiber volume
content on the applied stress result in further debonding is sig-
nificant and the applied stress result in further debonding is an
increasing function with the fiber volume content.

The influence of the radial residual thermal stresses, fiber
pullout rates, fiber volume contents and model lengths on the
applied stress result in further debonding is investigated above. It
has been mentioned previously that there are mainly two interfa-
cial properties, interfacial strength and frictional coefficient, for
interface to dominate the properties of composite. With the in-
crease of the applied stress, new debonding occurs and frictional
Fig. 5. The influence of fiber volume content on the applied stress to cause further
debonding for v¼ 10 mm/min and srs¼ 10MPa.
sliding in the debonded region occurs, so that it’s not easy to
evaluate both the interfacial strength and frictional coefficient
during the debonding process. However, during the unloading
process, there is only frictional sliding in the debonded region
without new debonding, thus one can easily determine the fric-
tional coefficient in the unloading process.

Fig. 6 shows the influence of the radial residual thermal stress
on relationship of applied stress sa versus relative displacement
d for b¼ 10a and v¼ 10 mm/min with different model lengths, in
which the radial residual thermal stresses change from 10 MPa,
15 MPae20 MPa, respectively. When the debonded length is small
related to themodel length(for example l¼ 2.2b here), it's hardly to
distinguish the influence of the model length for either loading and
unloading processes. The results agree well with the results from
Fig. 3 for loading process. Meanwhile, the relative displacement at
u¼ l increases with the increase of the radial residual thermal
stress under same debonding length. The unloading process stops
when the reverse sliding region u equals to the debonded length l.
The unloading stress and relative displacement at u¼ l increase
with the increase of radial residual thermal stress.

Fig. 7 shows the influence of fiber pullout rate on the relation-
ship of applied stress sa versus relative displacement d for b¼ 10a
Fig. 7. The influence of fiber pullout rate on the relative displacement of fiber and
matrix for and b¼ 10a and.srs¼ 10 MPa.



Fig. 8. The influence of fiber volume content on the relative displacement of fiber and
matrix for srs¼ 10 MPa and v¼ 0mm/min.

P.-Y. Pei et al. / Composites Science and Technology 137 (2016) 69e77 75
and srs¼ 10 MPa with different model lengths, in which fiber
pullout rate changes from 0 mm/min, 10 mm/min to 100 mm/min,
respectively. The unloading process starts when l¼ 4b for L¼ 6b
and l¼ 7b for L¼ 10b, respectively. The difference of the applied
stress sa versus relative displacement d is not significant in the
initial debonding region, which agrees well with the results from
Fig. 4. With the increase of fiber pullout rate, the unloading stresses
at u¼ l increases while the relative displacements at u¼l decreases.

Fig. 8 shows the influence of fiber volume content on the rela-
tionship of applied stress sa versus relative displacement d for
srs¼ 10MPa and v¼ 0 mm/min with different model lengths, in
which the fiber volume contents are given as b ¼ 6a, b ¼ 10a and
b ¼ 14a, respectively. The unloading process starts when l¼ 4b for
L¼ 6b and l¼ 7b forL¼ 10b, respectively. The difference of the
applied stress sa versus relative displacement d is not significant in
B3 ¼
8
�
1� yf

��
1� yf � 2

�
yf
�2	

Ef
�
2þ 2B1 þ yf ð8A2 þ 8A3 � 3B1 � 5þ 8A4B1 þ ð2� 8A2 � 8A3 þ 2B1 � 8A4B1Þyf

�

B4 ¼ �
2B2 þ yf ð8A1 � 3B2 þ 8A4B2 þ ð2B2 � 8A1 � 8A4B2Þyf

�
2þ 2B1 þ yf ð8A2 þ 8A3 � 3B1 � 5þ 8A4B1 þ ð2� 8A2 � 8A3 þ 2B1 � 8A4B1Þyf
the initial debonding region, which agrees well with the results
from Fig. 5. Both the unloading stresses and the relative displace-
ments at u¼ l increase with the increase of fiber volume contents.
4. Conclusions

A theoretical model is developed to establish the relationship
between the applied stress and relative displacement during the
loading-unloading process based on the debonding criterion of
energy release rate and the modified analysis of stress (Qing, 2013).
The influence of radial residual thermal stress, fiber pullout rate,
fiber volume contents and model length on loading and unloading
processes is investigated through the theoretical model. The study
results show that both normal deformation along the radial and
circumferential directions as well as shear deformation should be
taken into account to calculate the elastic strain energy for single
fiber pullout model. The model length almost has no influence on
the debonding and unloading processes at the initial debonding
region under different conditions of radial residual thermal stress,
fiber pullout rate and fiber volume contents. There is a drop for
applied stress when the debonding close to model end, and the
drop decreases with the increase of the model length. When the
unloading stops(u ¼ l), the unloading stress increases with the in-
crease of radial residual thermal stress, fiber pullout rate and fiber
volume content.

Acknowledge

The work was supported by Natural Science Foundation of
Jiangsu Province of China (BK20140802), the Fundamental
Research Funds for the Central Universities (No. NE2014401), the
Research Fund of State Key Laboratory of Mechanics and Control of
Mechanical Structures (Nanjing University of Aeronautics and As-
tronautics) (Grant No. MCMS-0214K01 and MCMS-0216G01), the
Priority Academic Program Development of Jiangsu Higher Edu-
cation Institutions and the Scientific Research Foundation for the
Returned Overseas Chinese Scholars, State Education Ministry.

Appendix A. Coefficients for bonded region
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Appendix B. Coefficients for debonded region
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Appendix C. Coefficients related to elastic properties and
geometrical parameters
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