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Fiber-reinforced cementitious composites (FRCC) represent a large group of construction and buildingmaterials.
While numerous experimental studies have been conducted on fatigue of FRCC, predicting FRCC fatigue
performance remains difficult. This paper proposes a novel multi-scale analytical model to capture the fatigue
dependency of fiber bridging constitutive law in FRCC. On the micro-scale, a new analytical model to predict
the post-fatigue single-fiber pullout behavior (P-u curve) is established based on the understanding of the fatigue
dependency of fiber and fiber-matrix interface. On themacro-scale, the fatigue-induced fiber strength reduction
was considered and probabilistics is introduced to describe the randomness of fiber location and orientation so
that the fatigue dependent fiber-bridging constitutive law can be predicted. The model proposed in this paper
is the first analytical model that is able to capture the effects of fatigue cycle as well as the fatigue loading level
on deterioration of fiber bridging in FRCC.
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1. Introduction

Fatigue is an important factor for the deterioration of many rein-
forced concrete infrastructure, such as pavement [1], bridge [2], railway
slippers [3], and the supporting structure of offshore windmills [4].
Under repeated loading, the intrinsic flaws andmicro cracks in concrete
would gradually propagate into macro cracks. This reduces not only the
structural capacity and serviceability but also the durability as the ag-
gressive acid rain or sea water would penetrate through the cracks.
The coupling effect of load repetition and environmental attack greatly
shorten the service life of these infrastructures.

Fibers provide effectivemeans to suppress the brittleness of cement-
based materials. Under repeated loading, fiber bridging of fiber-rein-
forced cementitious composites (FRCC) can effectively relieve the stress
concentration at the crack tip, thus decelerating the crack propagation
and extending the fatigue life of the structure [5]. The extension of fa-
tigue life with increasing fiber content has been observed in FRCC rein-
forced by various types of fibers, such as steel fibers [6–8], polymeric
fibers [9–11], glass fibers [12], and carbon fibers [13]. The effects of
fiber dimension on fatigue life, however, remain controversial. For ex-
ample, Johnston and Zemp [6], on the basis of fatigue test over 100 spec-
imens, concluded that higher fiber aspect ratio, i.e. length-to-diameter
ratio, led to higher flexural fatigue strength and extended fatigue life;
while Naaman and Hammound [14] noticed in their tests that fiber as-
pect ratio of 60 and 100 produced similar flexural fatigue strength and
enue, 639798, Singapore.
fatigue life. Such disagreement indicates the complicacy involved in
predicting the fatigue performance of FRCC.

The key to predict fatigue performance of FRCC lies in robust charac-
terization of fatigue-induced crack propagation, the rate of which is de-
termined by the crack-tip stress intensity factor. The crack-tip stress
intensity factor is influenced by the quality of fiber bridging, which de-
teriorate continuously with fatigue loading [15]. Twomodels have been
proposed to predict the fatigue-induced fiber-bridging deterioration of
FRCC. In a force equilibrium-based model, Zhang et al. [16] measured
the fiber-bridging law, i.e. the tensile stress vs. crack opening displace-
ment curve, with notched cube specimens under tensile fatigue loading,
so the fiber-bridging deterioration can be modelled analytically. The
limitation of such method lies that micro-scale factors such as fiber ge-
ometry cannot be included and that fatigue tests must be conducted
once the mix design is changed. In a fracture mechanics-based model,
Li and Matsumoto [17,18] established the fiber-bridging law by sum-
ming the pullout behavior of individual fibers after fatigue deteriora-
tion. In their model, the frictional bond between fiber and matrix
interface was assumed to decrease with fatigue cycles without any ex-
perimental justification. In addition, chemical adhesion between fibers
and matrix was not considered.

Recently, the fatigue-induced fiber and fiber-matrix interfacial dete-
rioration has been experimentally characterized and new deterioration
mechanisms have been discovered in a micro-polyvinyl alcohol (PVA)
fiber reinforced cementitious composites by the authors [19,20]. To
characterize fiber deterioration under fatigue, single PVA fiber was em-
bedded in cement matrix with large embedment length to prevent full
debonding of fiber from the matrix. The embedded fiber with different
inclination angle underwent tensile fatigue loading at various loading
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level until fiber rupture. It was found that the in-situ strength of PVA
fiber decreased with increasing load cycles. To investigate deterioration
of fiber-matrix interface properties, single PVA fiber was embedded in
cement matrix with small embedment length so that fiber underwent
debonding and sliding from the surrounding cement matrix when sub-
jected to tensile fatigue loading. It was discovered that fatigue load was
able to propagate the tunnel crack along the fiber-matrix interface,
which was referred as fatigue-induced fiber debonding, and an empiri-
cal relation between debonding rate and fatigue loading level similar to
the Paris' law was suggested. It was observed that interface chemical
bond Gd was fatigue independent while frictional bond τ0 increased
with fatigue cycles N and fatigue loading levels Pmax. Such fatigue-in-
duced interface hardening can occur during fiber debonding stage,
which was referred as fatigue debonding hardening, as well as during
fiber slippage stage, which was referred as fatigue slippage hardening.
These phenomena led to premature fiber rupture andmay cause severe
fiber-bridging deterioration, which needs to be captured with proper
model.

In this paper, a micromechanics-based fatigue dependent fiber-
bridging constitutive model was proposed by taking account of fatigue
dependency in material microstructure which consists of fiber, matrix,
and fiber-matrix interface. Parametric study on the influence of fatigue
loading level and fatigue cycle as well as fiber surface treatment on the
fiber-bridging σ-δ curves was also reported and discussed.

2. Modeling approach: Scale linking

Scale linking represents the approach behind the development of cur-
rent model as shown in Fig. 1. As can be seen, fibers bridge across the
crack and fiber-bridging spring law governs the bridging behavior in the
macro-scale (μm–mm). One scale below is the material microstructure
(nm–μm) which consists of fiber, matrix, and fiber-matrix interface.
This conceptual illustration suggests that performance of fiber bridging
in the macro-scale is governed by the properties of component, i.e. fiber,
matrix, and interface, in the micro-scale. Specifically, deterioration of
the fiber-bridging constitutive law subject to fatigue is a result of fatigue
dependencies in fiber, matrix, and fiber-matrix interface micro-scale.
Fig. 1. Illustration of the scale
The fatigue dependent stress-crack opening relationship σ(δ), which
can be viewed as the constitutive law of fiber-bridging behavior subject
to fatigue, is derived by using analytic tools of fracture mechanics,
micromechanics, and probabilistics. In particular, the energetics of tunnel
crack propagation alongfiber-matrix due to fatigue is used to quantify the
fatigue-induced debonding process and fatigue-induced changes on the
fiber and the fiber-matrix interfacial properties are captured in the
micro-scale. The total stress carried across a crack is a composite action
of many fibers bridging across this crack which can be express as a sum-
mation of the forces induced by each bridging fiber across the matrix
crack per unit area. Probabilistics is introduced to describe the random-
ness of fiber location and orientation with respect to a crack plane. The
random orientation of fiber also necessitates the accounting of the me-
chanics of interaction between an inclined fiber and the matrix crack. As
a result, the σ(δ) curve is expressible as a function of fatigue dependent
micromechanical parameters.

3. Micro-scale modeling: Fatigue dependent single-fiber pullout
behavior

When a fiber is monotonically pulled out from the matrix, tunnel
crack propagation along the fiber-matrix interface starts until the fiber
is fully debonded from matrix followed by slippage of fiber out of the
tunnel [21]. As shown in Fig. 2, the event of complete debonding (no-
ticed by the sudden load drop from Pa to Pb) divides the single fiber pull-
out curve into the preceding fiber debonding stage and the following
fiber slippage stage.

Based on fracture mechanics-based approach, Lin et al. [22,23] devel-
oped an analytical model for monotonic single fiber pullout force-dis-
placement (P-u) relation, as explicitly expressed in Eqs. 1 to 4. In the
fiber debonding stage (Eq. 1), the load P is resisted by the chemical
bond Gd at the bonded interface as well as the frictional bond τ0 at the
debonded interface. After full debonding, i.e. in the fiber slippage stage,
chemical bond diminishes and only the frictional bond dominates pullout
behavior (Eq. 2). In this stage, due to the large relative displacement
between soft fiber and hard matrix, the fiber surface is abraded and
roughened, resulting in stronger friction. Such slippage-induced friction
linking in current model.



Fig. 2. Illustration of typical tensile load-displacement (P-u) curve in single-fiber pullout
test.
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increase is referred as slip hardening, and slip hardening coefficient β is
introduced into the model (Eq. 3).

P ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
π2 τ0uþ Gdð ÞE f d

3
f 1þ ηð Þ

2

s
; u≤u0 ð1Þ

P ¼ πτ
df

Le þ u0−uð Þ; u≥u0 ð2Þ

τ ¼ τ0 1þ β u−u0ð Þ
df

� �
ð3Þ

u0 ¼ 2τ0L2e 1þ ηð Þ
E f d f

þ Le
E f

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
8GdE f 1þ ηð Þ

df

s
ð4Þ

where Ef is the fiber Young's modulus; df is the fiber diameter; Le is the
fiber embedment length; u0 is the displacement at full debonding; and
η = EfVf / Em(1− Vf) where Em is the matrix Young's modulus and Vf is
the fiber content by volume. At low fiber content, η approaches to zero.

The chemical bond Gd, frictional bond τ0, and slip hardening coeffi-
cient β can be determined from the single-fiber pullout tests as shown
in Eqs. 5 to 7.

Gd ¼ 2 Pa−Pbð Þ2
π2E f d

3
f

ð5Þ

τ0 ¼ Pb

πdf Le
ð6Þ

β ¼ df

Le
1þ 1

πτ0df
� ΔP
Δu0

����
u0→0

� �
ð7Þ

where u′ is the fiber displacement after full-debonding, and ΔP/Δu′ is
the initial slope of the P versus u′ curve (u′ approaching 0 as shown in
Fig. 2).

To capture the fatigue dependency, the effects of fatigue loading, in-
cluding fatigue-induced fiber debonding, fatigue debonding hardening,
and fatigue slippage hardening, on singlefiber pullout behavior are quan-
titatively characterized and incorporated into the new model. Specifi-
cally, fatigue loading level Pmax and fatigue cycle N are included in this
model and the influence of Pmax and N on post-fatigue single fiber pull-
out curve, i.e. P (u, Pmax, N) is presented here.

3.1. Fatigue dependent fiber debonding process

In the fatigue single fiber pullout experiment of [20] where a micro-
PVA fiber was pulled out from a mortar matrix, it has been shown that
when the fatigue loading level Pmax was much lower than the Pa, the
full-debonding of fiber could not be reached during fatigue loading.
The fatigue deterioration in the debonding stages can be characterized
with such cases. Specifically, the fatigue-induced fiber debonding and fa-
tigue debonding hardening must be added into the new model.

3.1.1. Fatigue-induced fiber debonding
The phenomenon of fatigue-induced fiber debonding has been ob-

served in the debonding stage of single fiber pullout tests when the fa-
tigue loading level Pmax was smaller than Pa [20]. In the monotonic
model, the interfacial debonding crack propagates only when the sur-
face energy G, the energy released by creation of new crack surface
per unit area, is equal to the chemical bond between fiber and matrix
Gd. When the interface debonds, the relation between tensile load P
and debonding crack length a is given based on Type II fracture criterion
as

P ¼ πτ0a 1þ ηð Þdf þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
π2GdE f 1þ ηð Þd3f =2

q
ð8Þ

where df is the fiber diameter, Ef is the Young'smodulus of the fiber, η=
EfVf/Em(1− Vf), where Em is the Young's of thematrix, and Vf is the fiber
fraction by volume. Based on the equilibriumof thefiber-matrix system,
the correlation between P, a, and fiber displacement u is obtained as Eq.
9:

P ¼ πE f d
2
f u=4aþ πτ0a 1þ ηð Þdf =2 ð9Þ

P-u relation in the debonding stage can be obtained once the crack
length a is determined. The derivation of Eqs. 8 and 9 can be found in
[22].

In current model, the debonding crack length a is composed of a0,
the crack length at thepeak of thefirst load cycle andΔa, the crack prop-
agation induced by fatigue loads (Eq. 10).

a ¼ min:
a0 þ Δa Nd; Pmaxð Þ
Le

�
ð10Þ

where Nd is the number of fatigue load cycles applied before during the
debonding stage. In Eq. 10, a0 can be calculated with Eq. 8 by substitut-
ing P with Pmax and Δa (Nd, Pmax) can be experimentally determined as
illustrated Fig. 3 where a micro-PVA fiber was pulled out from a mortar
matrix [20]. As can be seen in Fig. 3a,Δa increaseswithN aswell as Pmax.
The fatigue-induced fiber debonding rate, i.e. the slope of the Δa-N curve,
as shown in Fig. 3b increases with the increase of Pmax, which can be de-
scribed by a power function similar to the form of the Paris' Law [24] as
Eq. 11 [16].

Δa ¼ max: 0
Nd � C � ðPmax � P0ÞM

�
ð11Þ

where C andM arematerial related constants, and P0 is the threshold to
initiates fatigue-induced fiber debonding. P0 is determined by assuming
a equals to zero in Eq. 8 and it can be calculated with Eq. 1 taking u=0.
This specific data point is also considered in Fig. 3b in additional to the
experimental results. The details of the single fiber fatigue pullout ex-
perimental program and discussions on the fatigue-induced fiber
debonding rate can be found in [20].

3.1.2. Fatigue debonding hardening
At low-level fatigue (Pmax b b Pa), it was found that while the chem-

ical bond Gd between fiber andmatrix was not affected by fatigue load-
ing, the frictional bond τ0 was enhanced with fatigue cycle Nd and
fatigue loading level Pmax [20]. Such enhancement was referred as fa-
tigue debonding hardening. This phenomenon is believed to be related
to the damage of soft polymeric fiber caused by the reciprocated move-
ment of debonded fiber portion against hard cement matrix subject to
fatigue. A jamming effect can take place inside the matrix due to fiber



Fig. 3. (a) Fatigue-induced fiber debonding, i.e. tunnel crack propagation Δa, as a function
of fatigue cycle (Nd) and fatigue loading level (Pmax); and (b) fatigue-induced fiber
debonding rate (Δa/Nd) as a function of Pmax [20].

Fig. 4. Fatigue debonding hardening coefficient γd as a function of fatigue cycle Nd and
fatigue load level Pmax [20].
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or interface debris accumulation along the tunnel crack between the
fiber-matrix interface. This leads to an increasing load resisting fiber
pullout.

In current model, the increase of frictional bond in the debonding
stage is captured by introducing the fatigue debonding hardening coeffi-
cientγdwhich is a function of fatigue loading level Pmax and fatigue cycle
Nd as shown in Eq. 12.

τ ¼ τ0 1þ γd Nd; Pmaxð Þ½ � ð12Þ

where τ0 is the frictional bond and τ is the fatigue-enhanced frictional
bond due to debonding hardening. τ0 and τ can be measured experi-
mentally as illustrated in [20] where a micro-PVA fiber was pulled out
from a mortar matrix and γd (Nd, Pmax) can be derived accordingly. Fig.
4 shows that γd increases with the fatigue load cycle Nd in a logarithmic
manner, and the increasing rate γd / logNd is correlated with Pmax. It
should be noted that in Fig. 4b, there also exists a threshold P to initiate
fatigue debonding, only after which the fatigue debonding hardening
effect can occur. As a result, γd (Nd, Pmax) is given in the form of Eq. 13

γd ¼ Cd � Pmax−
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
π2GdE f 1þ ηð Þd3f =2

q� �Md

� logNd; Nd≥1

0; Nd ¼ 0

8<
: ð13Þ

The details of the experimental program and discussions on the fa-
tigue debonding hardening in PVA fiber-reinforced cement system can
be found in [20].

3.1.3. Fatigue dependent single fiber pullout behavior during the debonding
stage

The analytical solution of fatigue dependent single fiber pullout be-
havior during the debonding stage, i.e. P(u, Nd, Pmax), is given in Eq. 14.

P ¼
πE f d

2
f u=4aþ πτadf 1þ ηð Þ=2; ubu0

π τ−τ0ð Þadf 1þ ηð Þ þ πdf

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
E f d f Gd þ uτ0ð Þ 1þ ηð Þ

2
−a2τ0 τ−τ0ð Þ 1þ ηð Þ2

r
; u0bubu00

(

ð14Þ

where a is the fatigue-induced fatigue debonding length which can be
determined from Eq. 10; τ is the frictional bond in the fatigue debonded
interface considering fatigue debonding hardening which can be deter-
mine from Eq.; u′ is the corresponding fiber pullout displacementwhen
P reaches the critical value initiating further interface debonding; and
u0′ is the corresponding fiber pullout displacement when fiber is fully



Fig. 5. Fatigue slippage hardening coefficient γs as a function of fatigue cycle Ns and fatigue
load level Pmax [20].
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debonded. The value of u′ and u0′ are given in Eqs. 15 and 16, respective-
ly. The derivation of Eqs. 14–16 can be found in Appendix A.

u0 ¼ 2τa2 1þ ηð Þ
E f df

þ a

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
8Gd 1þ ηð Þ

E f d f

s
ð15Þ

u00 ¼
2 τ0L2e þ τa2−τ0a2
	 


1þ ηð Þ
E f df

þ Le

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
8Gd 1þ ηð Þ

E f d f

s
ð16Þ

3.2. Fatigue dependent fiber slippage process

In the fatigue single fiber pullout experiment of [20] where a micro-
PVA fiber was pulled out from a mortar matrix, it has been shown that
when the fatigue loading level Pmax was higher than the Pa, the full-
debonding of fiber was completed even before the first cycle of fatigue
loading. The fatigue deterioration in the slippage stages can be charac-
terized with such cases. Specifically, the fatigue slippage hardening
must be added into the new model.

3.2.1. Fatigue slippage hardening
At high-level fatigue (Pmax N Pa), it was found that the chemical bond

Gd between fiber and matrix diminished, and the frictional bond τ0 was
enhancedwith fatigue cycle applied during slippage stageNs and fatigue
loading level Pmax [20]. Such enhancement was referred as fatigue slip-
page hardening. Similar to fatigue debonding hardening, this phenome-
non can also be attributed to the jamming effect between the fiber
and matrix, which results from the fiber damage accumulated during
the reciprocated movement.

In current model, the fatigue dependent frictional bond in the slip-
page stage is given as shown in Eq. 17.

τ ¼ τ0 1þ β u−u0ð Þ=df
� �

1þ γd Nd; Pmaxð Þ½ � 1þ γs Ns; Pmaxð Þ½ � ð17Þ

where τ0 is the frictional bond, γs is the fatigue slippage hardening coef-
ficient which is a function of fatigue loading level Pmax as well fatigue
cycle Ns, and τ is the fatigue-enhanced frictional bond due to the
debonding and slippage hardening. τ0, τ, and β can be measured exper-
imentally as illustrated in [20] where a micro-PVA fiber was pulled out
from amortar matrix and γs (Ns, Pmax) can be derived accordingly. Fig. 5
shows that γs increases with the fatigue load cycles Ns in a logarithmic
manner, and the increasing rate γs/logNs is correlated with the power
of Pmax. As a result, γs is given in the form of Eq. 18.

γs ¼ Cs � Pmax
Ms � logNs; Ns ≥1

0; Ns ¼ 0

�
ð18Þ

where Cs andMs. arematerial related constants. The details of the exper-
imental program and discussions on the fatigue slippage hardening in
PVA fiber-reinforced cement system can be found in [20].

3.2.2. Fatigue dependent single fiber pullout behavior during the slippage
stage

The analytical solution of fatigue dependent single fiber pullout be-
havior during the slippage stage, i.e. P(u, Ns, Pmax) where u N uo, consid-
ering fatigue slippage hardening can therefore be determined as Eq. 19.

P ¼ πdf τ Le þ u0−uð Þ 1þ β u−u0ð Þ
df

� �
; u≥u0 ð19Þ

where τ can be determined from Eq. 16 where both the fatigue
debonding hardening and fatigue slippage hardening are considered
by introducing γd and γs, respectively. The fiber full-debonding could
occur during the fatigue loading, which divides the total number of
load cycles N into Nd and Ns, in such situation the effect of fatigue
debonding hardening and fatigue slippage hardeningmust be considered
separately. If the fatigue loading level Pmax is large enough to fully
debond the fiber during the first cycle, γd will be zero. Nd and Ns can
be determined by Eqs. 20 and 21 respectively.

Nd ¼ N; NbNd0
Nd0; NNNd0

�
ð20Þ

Ns ¼ N−Nd ð21Þ

where Nd0 is the number of cycle needed to fully debond the fiber from
matrix and calculated as Eq. 22.

Nd0 ¼
1; a0 Pmaxð ÞNLe
Le−a0ð Þ= C � Pmax

M
	 


; a0 Pmaxð ÞbLe

(
ð22Þ

4.Macro-scalemodeling: Fatigue dependentfiber-bridging constitu-
tive law

The fatigue dependent single fiber load-displacement (P-u) relation
has been characterized and modelled in the previous section. On the
macro-scale, once the crack occurs, the total stress is sustained by all fi-
bers bridged across the crack. As a result, the fatigue dependent fiber-
bridging σ-δ relation can be obtained by summing the load carried by
the individual fibers under given crack opening.
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4.1.1. Snubbing effect

In single fiber pullout model, the fiber embedment length Le is
predetermined and the fiber orientation φ (the angle between fiber
alignment and tensile loading) is 0°. In the fiber-bridging model, how-
ever, the randomness of fiber distribution must be considered by vary-
ing Le and φ. It has been reported that misaligned fiber (φ ≠ 0) is
subjected to additional load due to the Euler friction pulley effect at
thefiber exit point, and new P(φ) can be calculated as suggested by [25].

P φð Þ ¼ P φ ¼ 0ð Þ � e fφ ð23Þ

where f N 0 is referred as snubbing coefficient. The effects of fatigue
loading on the snubbing coefficient remained unknown. For simplicity,
snubbing coefficient was assumed to be independent to the fatigue
loading in the current model. Similar assumption was also adopted in
Li and Matsumoto's model [17,18].

4.1.2. Fatigue-induced deterioration of in-situ fiber strength

When accounting the force resistance by individual fibers, fiber rup-
ture must be considered by introducing the in-situ fiber strength, σfu. It
has been reported that the in-situfiber strength is a function of fiber ori-
entation [26,27]. The in-situ fiber strength is also affected by the fatigue
load cycles as reported previously by the authors [19]. Fig. 6 shows that
in-situ σfu of a micro-PVA fiber decreasing linearly with fatigue load cy-
cles, for both 0°- and 30°-oriented embeddedfiber. As a result,σfu can be
expressed as a function of orientation and fatigue cycle.

σ fu φ;Nð Þ ¼ σ fu φ ¼ 0;N ¼ 1ð Þ � e− f 0φ � 1− f ″ � log Nð Þ
h i

ð24Þ

where f′ N 0 and f″ N 0 are referred as fiber strength reduction coeffi-
cients due to fiber orientation and fatigue cycle, respectively.

4.1.3. Randomness of fiber distribution

The randomness of Le andφ can be accounted by adopting probability
density functions p(z) and p(φ), where z is the distance from fiber geo-
metrical center to the crack surface, and Le = Lf/2-z. [22,26] suggested
that p(z) and p(φ) can be calculated as Eqs. 25 and 26 respectively:

p zð Þ ¼ 2=L f ; 0bzbL f =2 ð25Þ

p φð Þ ¼ 2=π; 0bφb2=π; 2D fiber distribution
sin φð Þ; 0bφb2=π; 3D fiber distribution

�
ð26Þ

where the 2D fiber distribution is applied to the FRCC specimen whose
smallest dimension is comparable to the fiber length; and the 3D fiber
Fig. 6. Fatigue-induced deterioration of in-situ fiber strength [19].
distribution is applied to the FRCC specimen whose smallest dimension
is much larger than the fiber length.

4.1.4. Averaging

For a given cross section area of specimen A, the number of fibers Nf

for within a specific range of Le (z1 to z2) and φ (φ1 to φ2) can be calcu-
lated as Eq. 27.

Nf ¼
A
Af

� V f �
Z
φ1

φ2Z
z1 cosφ

z2 cosφ

p φð Þp zð Þdzdφ ð27Þ

where Af is the cross section area of an individual fiber and Vf is the fiber
content fraction by volume. The total number of fibers crossing the crack
can be calculatedwhen adopting z1=0, z2= Lf/2,φ1=0, andφ2= π/2.

With the aforementioned formula for the fatigue dependent single
fiber pullout behavior (Eqs. 8–21), the fatigue dependent fiber-bridging
constitutive model, i.e. σ (δ, N, σmax) where N is the number of load cy-
cles, σmax is the ambient fatigue tensile stress, can be computed with a
numerical procedure illustrated in Fig. 7.

5. Results and discussion

The modeling results of fatigue dependent single-fiber pullout behavior
are compared against the experimental measurements to verify the validity
of the new model. The micromechanical parameters as the input of the
model are given in Table 1. Single-fiber pullout curves after two different fa-
tigue loading schemesare included inFig. 8. In theexperimental study,when
the fatigue loading levelwas relatively low(Pmaxb 0.4N), the full-debonding
was never reached during the fatigue preloading and the load drop from Pa
to Pb at u= u0 during monotonic reloading still existed. When the fatigue
loading level was relatively high (Pmax N 0.5 N), the full-debonding had
been reached during the fatigue preloading and the load drop duringmono-
tonic reloadingwasnot observed. In can be seen in Fig. 8a andb, both effects
canbewell capturedby thecurrentmodel. In thefirst stageof Eq. 14, it is no-
ticed that the tensile force Pmust reach a certain level to overcome the fric-
tional bond, which is quantified by the second term in Eq. 9. The fiber
displacement u can be activated after only the frictional bond is overcome,
which is reflected in themodeling curve Fig. 8. However, the experimental
P-u curve initiates from (0,0) as the stretch of the free fiber was inevitable
in the actual testing [20]. Table 2 compares the Pa and Pb measured in the
experimental study and those predicted by the current model at different
fatigue loading levels and fatigue cycles. It can be seen that the value of Pa
and Pb can be well predicted after various fatigue preloading schemes.

The fiber-bridgingσ-δ curves in typical PVA fiber-reinforced cemen-
titious composites, after fatigue deterioration of different fatigue cycle
(N) at different loading level (σmax), were predicted with the current
model. The input parameters were given in Table 1. Two types of PVA fi-
bers, with andwithout surface oil-treatment, were considered. Previous
studies [19,20] have shown that oil-treatment can effectively mitigate
the fatigue deterioration of the fiber and fiber-matrix interface.

Figs. 9 and 10 show the post-fatigue fiber-bridging curves of non-oil-
coated and oil-coated PVA fiber systems. It can be seen that for both sys-
tems, thefiberbridginggradually deteriorateswith increasingnumberof fa-
tigue cycles (Figs. 9a and10a). Specifically, the ascendingpart of the curve is
gradually enhanced with fatigue loading because of the fatigue debonding
hardening and fatigue slippage hardening effects on the micro-scale. On the
other hand, the peak of the curve, i.e. σ0, gradually decreases with fatigue,
which is attributed to the premature fiber rupture due to the interface
hardening as well as the fatigue deterioration of the in-situ strength of
fiber. As a result of the fiber-bridging deterioration, the energy dissipa-
tion, which is reflected by the area under the σ-δ curve, is also decreased.
It is also notice that the degree of fiber-bridging deterioration depends on
the fatigue loading levelσmax (Figs. 9b and 10b), which reflects themicro-
scale observation that the fatigue-dependency of fiber strength and fiber-
matrix interface hardening is related to the fatigue loading level Pmax.



Fig. 7. Flow chart of the numerical procedure for computing FRCC fiber-bridging constitutive law σ (δ, N, σmax).

123J. Qiu, E.-H. Yang / Cement and Concrete Research 90 (2016) 117–126
Fig. 11 compares the post-fatigue fiber bridging with non-oil-coated
and oil-coated PVA fibers. It can be seen that despite the slightly lower
σ0, the fiber surface oil-treatment can greatly delay the failure of the fiber
bridging and enhance the load capacity of the descending part of the
curve. Therefore, the oil-treatment enlarges the energy dissipation capacity
of the fiber-bridging. Such changes on themacro-scale can be attributed to
that on the micro-scale oil-coating reduces the fatigue-induced fiber-ma-
trix interface hardening [20] as well as the fiber strength reduction [19],
as a result more fibers sustain instead of rupture during the widening of δ.

While the current model is verified with the experimental results of
PVA fiber-reinforced cementitious composites, where the fiber-matrix
interface undergoes hardening under fatigue loading, it may also be ap-
plied to other fiber-reinforced cementitious composites, where the
Table 1
Micromechanical parameters for the calculation of fatigue dependent single-fiber pullout
curve and fatigue dependent fiber-bridging constitutive law.

Input parameters Notation Non-oil-coated
PVA fiber

Oil-coated
PVA fiber

Monotonic
micro-scale
parameters

Fiber Young's
modulus

Ef (GPa) 22* 22

Fiber diameter df (mm) 39* 39
Fiber fraction Vf (%) 2 2
Matrix Young's
modulus

Em (GPa) 20* 20

Chemical bond Gd (J/m2) 2.68* 1.77
Frictional bond τ0 (MPa) 1.89* 1.37
Slip-hardening
coefficient

β 0.19* 0.21

Snubbing coefficient f 0.2 0.2
Fiber strength
reduction
coefficient
(orientation)

f′ 0.33 0.33

Fatigue
dependent
micro-scale
parameters

Fatigue-debonding
coefficients

C 0.002913* 0.002659
M 10.24* 10.88

Interfacial
hardening
coefficients

Cd 0.47* 0.46
Md 1.53* 1.93
Cs 0.44* 0.39
Ms 1.88* 1.87

Fiber strength
reduction
coefficient (fatigue)

f″ 0.0649 0.0536

* used as input parameters for calculating the post-fatigue single-fiber pull out curve in
Fig. 8.

Fig. 8.Measured and modelled post-fatigue single-fiber pullout behavior (P-u curve): (a)
low level fatigue where full-debonding has not completed during fatigue (Pmax=0.35 N);
and (b) high level fatigue where full-debonding has occurred during the loading ramping
stage before 1st fatigue cycle (Pmax = 0.60 N).



Table 2
Pa and Pb after fatigue preloading: the modeling results vs. the experimental results.

Pmax (N) Load cycles N Pa (N) Pb (N)

Experimental Modeling Experimental Modeling

No fully-debonded 0.35 10,000 0.513 ± 0.051 0.546 0.388 ± 0.043 0.445
0.35 100,000 0.565 ± 0.031 0.571 0.431 ± 0.035 0.476
0.35 500,000 0.592 ± 0.039 0.610 0.443 ± 0.043 0.497
0.40 10,000 0.521 ± 0.050 0.591 0.407 ± 0.062 0.473

Fully-debonded 0.50 10,000 0.537 ± 0.021 0.544 =Pa
0.60 10,000 0.640 ± 0.020 0.576
0.60 100,000 0.655 ± 0.021 0.604
0.70 10,000 0.740 ± 0.034 0.616
0.70 100,000 0.794 ± 0.008 0.689
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fiber-matrix interface undergoes softening under fatigue loading such
as steel fiber [28]. In the currentmodel, the interfacial hardening behav-
ior is captured by the two hardening coefficients γd and γs, a fiber-ma-
trix interface with softening behavior can also be described by using
these two coefficients with negative values. Further verification with
experimental results is preferred before the current model being used
in different fiber-matrix systems.
Fig. 9. (a) Effects of fatigue cycle N; and (b) effects of fatigue load level σmax on modelled
σ(δ) of non-oil-coated PVA fiber FRCC.
6. Conclusions

This paper proposes a novel multi-scale analytical model to predict
the fatigue deterioration of the fiber bridging (σ-δ curve) in fiber-rein-
forced cementitious composites (FRCC). On the micro-scale, a new ana-
lytical model to predict the post-fatigue single-fiber pullout behavior
(P-u curve) is established based on the understanding of the fatigue
Fig. 10. (a) Effects of fatigue cycle N; and (b) effects of fatigue load level σmax onmodelled
σ(δ) of oil-coated PVA fiber FRCC.



Fig. 11. Comparison of the fiber bridging constitutive laws with oil-coated and non-oil-
coated PVA fibers after fatigue deterioration (N = 1000 cycles and σmax = 4 MPa).
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dependency of fiber and fiber-matrix interface. On the macro-scale, the
fatigue-inducedfiber strength reductionwas considered andprobabilis-
tics is introduced to describe the randomness of fiber location and ori-
entation with respect to crack plane. The random orientation of fiber
also necessitates the accounting of the mechanics of interaction be-
tween an inclined fiber and the matrix crack so that the fatigue depen-
dent fiber-bridging constitutive law can be predicted. The model
proposed in this paper is thefirst analyticalmodel that is able to capture
the effects of fatigue cycle (N) as well as the fatigue loading level (σmax)
on deterioration of fiber bridging in FRCC.
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Appendix A. Derivation of P-u relation (u b u b u0′) after fatigue-in-
duced debonding and fatigue debonding hardening

Fig. A1Illustration of a fiber being pulled out from matrix after fa-
tigue loading.
Fig. A1 illustrates the process of single fiber being pulled out by
monotonic loading after it was pre-debonded by fatigue loading. In
Fig. A1, the new fiber debonding has been triggered, or in other
words, the current debonding crack length a′ is larger than a, the
crack length immediately after fatigue loading. At the debonded inter-
face, the frictional bond is τ0 if 0 b x ≤ a′ − a and τ if a′ − a b x ≤ a′.

Taking the free-body diagram of the debonded fiber (0 b x ≤ a′− a),
it is not hard to get Eqs. A1 and A2 based on force equilibrium.

dσ f1 xð Þ
dx

¼ 4τ0
df

ðA1Þ

dσ f2 xð Þ
dx

¼ 4τ
df

ðA2Þ

where σf1(x) and σf2(x) represent the cross-sectional tensile stress in
the fiber, and the subscript “1” and “2” indicates the new generated
debonding length (0 b x ≤ a′ − a) and the debonding length by fatigue
(a′ − a b x ≤ a′). Then integrate both equations and take the boundary
conditions in Eqs. A3 and A4.

σ f1 a0−að Þ ¼ σ f2 a0−að Þ ðA3Þ

σ f2 a0ð Þ ¼ σ ðA4Þ

where σ is the cross-sectional tensile stress at the fiber free end. The ex-
pressions of σf1(x) and σf2(x) can be solved and given in Eqs. A5 and A6.

σ f1 xð Þ ¼ 4τ0x
df

þ σ þ 4 τ−τ0ð Þ a0−að Þ−4τa0

df
; 0bxba0−a ðA5Þ

σ f2 xð Þ ¼ 4τx
df

þ σ−
4τa0

df
; a0−abxba0 ðA6Þ

Taking the free-body length of the composites, i.e. fiber and matrix
together and consider the force equilibrium (Eq. A7), the cross-sectional
tensile stress in the matrix σm(x) can be calculated as Eqs. A8 and A9.

V fσ f xð Þ þ 1−V f
 �

σm xð Þ ¼ V fσ ðA7Þ

σm1 xð Þ ¼ V f

1−V f

� �
−

4τ0x
df

−
4 τ−τ0ð Þ a0−að Þ−4τa0

df

� �
; 0bxba0−a ðA8Þ

σm2 xð Þ ¼ V f

1−V f

� �
−

4τx
df

þ 4τa0

df

� �
; a0−abxba0 ðA9Þ

The relative displacement between the fiber and the matrix can be
calculated as Eqs. A10 and A11.

Δ1 xð Þ ¼
Z
0

x σ f1 xð Þ
E f

−
σm1 xð Þ
Em

� �
dx; 0bxba0−a ðA10Þ

Δ2 xð Þ ¼
Z
0

a0−a σ f1 xð Þ
E f

−
σm1 xð Þ
Em

� �
dx

þ
Z
a0−a

x σ f2 xð Þ
E f

−
σm2 xð Þ
Em

� �
dx; 0bxba0−a ðA11Þ
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The relative displacement of thefiber free end tomatrix u can be cal-
culated as Eq. A12 by taking x as a′.

u ¼
Z
0

a0−a σ f1 xð Þ
E f

−
σm1 xð Þ
Em

� �
dxþ

Z
a0−a

a0 σ f2 xð Þ
E f

−
σm2 xð Þ
Em

� �
dx ðA12Þ

or

u ¼ σa0

E f
þ
2 1þ ηð Þ τ−τ0ð Þ a0−að Þ2−τa02

h i
E f df

ðA13Þ

where η = EfVf / Em(1− Vf).
Based on the fracture mechanics concept, the energy criterion for

debonding crack advancing is given in Eq. A14.

Gdπdf da
0 ¼ dW−dWε−dW f ðA14Þ

where dW, dWε, and dWf are the external work, strain energy, and fric-
tion-induced energy dissipation while the crack advancing by da. The
calculation of dW and dWε, can be rewritten as Eqs. A15 and A16 respec-
tively.

dW ¼ Pduf ðA15Þ

dWε ¼
Pduf−dW f

2
ðA16Þ

where uf is the displacement of the fiber free end. As a result, the energy
balance can be rewritten as Eq. A17.

Gdπdf da
0 ¼ Pduf−dW f

2
ðA17Þ

Now it is to quantify uf as well asWf. uf is a combination of the elon-
gation of the debonded part of fiber and the elongation of the
undebonded composite, which includes fiber and matrix. As a result,
uf is calculated as Eq. A18.

uf ¼
Z
0

a0−a σ f1 xð Þ
E f

� �
dxþ

Z
a0−a

a0 σ f2 xð Þ
E f

� �
dxþ V fσ Le−a0 �

Ed
ðA18Þ

where σf1(x) and σf2(x) are calculated with Eqs. A5 and A6. Wf, on the
other hand, is calculated in Eq. A19.

W f ¼
Z
0

a0 −a

πdf τ0Δ1 xð Þ� �
dxþ

Z
a0−a

a0

πdf τΔ2 xð Þ� �
dx ðA19Þ

whereΔ1(x) andΔ2(x) are calculatedwith Eqs. A10 and A11. Combining
Eqs. A17–19, the relation between σ and a′ can be obtained as Eq. A20.

σ2−
8 1þ ηð Þ τ0a0 þ τ−τ0ð Þa½ �

df
σ

þ 16 1þ ηð Þ2 τ−τ0ð Þ a0−að Þ−τa0½ �2
d2f

−
8 1þ ηð ÞGdE f

d f

¼ 0 ðA20Þ

By solving this equation, σ (a′) is calculated as Eq. A21.

σ a0 � ¼ 4 1þ ηð Þτ0a0 þ 4 1þ ηð Þ τ−τ0ð Þaþ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
8 1þ ηð ÞGdE f d f

q
df

ðA21Þ

Eqs. A13 and A21 are two critical relation that summarize the rela-
tion between σ, u, and a. They are derived based on force equilibrium
and energy criterion respectively. By taking Eq. A21 into Eq. A13, u(a′)
is obtained as Eq. A22.

u a0 � ¼ 2 1þ ηð Þ τ−τ0ð Þa2 þ τ0a02
h i

þ a0
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
8 1þ ηð ÞGdE f d f

q
E f d f

ðA22Þ

When a′= a and a′= Le, Eqs. 15 and 16 are obtained. By combining
Eqs. A21 andA22 and taking account of P=σ(πdf2) / 4, the secondmath-
ematical expression of Eq. 14 can be obtained.
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