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a b s t r a c t

In the present study, Mode-I fracture tests of hybrid fiber reinforced concrete (HFRC) composite beams
were conducted and the fracture properties and other post peak strength characteristics of the HFRC
composites were evaluated and analyzed. The HFRC composite was produced using three types of fibers
namely steel, Kevlar and polypropylene. A total of 27 HFRC composite beam specimens were cast and
tested using the RILEM recommended three point bending test. The main variables were the fiber vol-
ume content and combinations of different fibers. The load versus crack mouth opening displacement
(CMOD) curves of HFRC composite beams were obtained. Inverse analysis was carried out to determine
the tensile strength and crack opening relationship. Analytical models based on comprehensive rein-
forcing index were developed for determining the influence of the fibers on fracture energy, flexural
tensile strength, equivalent tensile strengths and residual tensile strengths of HFRC composites. Based on
the experimental results and inverse analysis, a model for predicting the tensile softening diagram of
HFRC composite mixes was also developed. The analytical models show conformity with the experi-
mental results.

© 2016 Elsevier Ltd. All rights reserved.
1. Introduction

After the success of steel fiber reinforced concrete (SFRC) com-
posite in improving the tensile properties of concrete [1,2], this
concept was extended to the production of hybrid fiber reinforced
concrete (HFRC) composites bymixing different types of fibers. Due
to the contribution of fibers, HFRC composites show an increase in
the strength (especially the tensile strength) and a strain softening
behavior for significant strain values. Compared to the plain con-
crete, the increase in the toughness of the HFRC composite is
mainly due to the fiber bridging and good bond behavior. Themajor
role played by the fibers in the HFRC composites occurs in the post-
cracking zone wherein redistribution of the load between the
matrix and the fibers occurs [3e5]. There is a wide application of
HFRC composites in precast concrete elements with reduced sec-
tions, improved impact resistance and crack control. Due to the
hybridization, the HFRC composites show the synergistic effect i.e.
two or more than two types of fibers contributing towards the
mechanical properties both individually and as a group [5]. In
bas).
recent studies, hybrid fiber reinforced concrete (HFRC) composites
were produced by mixing different types of fibers which were
found to be quite effective in resisting impact loads [6e10].

Fracture studies and the post-cracking behavior of HFRC com-
posites received considerable attention recently. In plain concrete,
the tensile strength and other fracture parameters decline rapidly
after the initiation of cracking [9]. However in the HFRC, the fibers
bridge the crack openings and the post-cracking behavior is
improved because of the significant increase in its tensile strength
[11e13]. Amongst the various fiber combinations used in the recent
studies on the mechanical characterization of HFRC, the use of two
or three fiber combinations is common in most of the studies
[13e27]. In the past, studies on HFRC composites were mainly
conducted on typical combinations of geometrically different steel
fibers [13], polyvinyl alcohol (PVA) fibers and steel fibers [14,15],
polypropylene fibers with different geometrical and material
properties [16], polypropylene fibers and steel fibers [2,17e25], as
well as polyolefin fibers and steel fibers [26]. Some studies were
also conducted on the HFRC composite produced from the combi-
nation of organic fibers with steel and synthetic fibers [5,28].

Studies in the past have also been conducted for determining
the fracture parameters of fiber reinforced concrete (FRC) using
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analytical models, empirical models and nondestructive test
methods. Lee and Barr [29] developed a multi-exponential model
for determining the load versus CMOD curves of the SFRC. Amin
et al. [30] developed a model for determining the load versus
CMOD curves of SFRC. The model mainly consists of two parame-
ters e one for the determination of the increase in the peak
strength and the other for controlling the steepness of the
descending branch. Using the model parameters, the authors [30]
calculated the tensile stress-CMOD law and also the fracture en-
ergy of SFRC. In another study [31], the fracture energy was esti-
mated by using the extrapolation of the load displacement curves
of three point bending tests. Using the embedded discontinuity
method (EDM) technique [32], a numerical study was undertaken
for SFRC beams and the size dependent fracture properties as well
as the post cracking behavior of SFRC beams were investigated. Li
et al. [33] studied the fracture behavior and damage evaluation of
PVA fiber concrete using acoustic emission techniques.

In the literature, analytical models for the tensile stress-crack
opening law or the tensile softening diagram of concrete based
on the inverse analysis [34e39] of the experimental results have
also been used. The procedure of developing tensile softening di-
agram of plain concrete, using the inverse analysis procedure
applied on the loadeCMOD plots of the three point bending tests
[34], was later extended to SFRC composites [36e38] and engi-
neered cementitious composites (ECC) [39].

In the present study, the post-cracking behavior and the fracture
properties of HFRC composites were investigated. For this purpose,
a total of 27 beams with different HFRC mixes were cast. The HFRC
composites were produced using different volume fractions of
steel, Kevlar and polypropylene fibers in concrete mix. For deter-
mining the fracture parameters of the HFRC composite, notched
beams were tested under three point loading as per the method
recommended by RILEM [40]. The main variables were the fiber
volume content and combination of different fibers. The load versus
crack mouth opening displacement (CMOD) curves of HFRC com-
posite beams were obtained. Inverse analysis was carried out to
determine the tensile strength and crack opening relationship.
Analytical models were developed in terms of the comprehensive
reinforcing index for determining the influence of the fibers on
fracture energy, flexural tensile strength, equivalent tensile
strengths and residual tensile strengths of HFRC composites. Based
on the experimental results and inverse analysis, a model for pre-
dicting the tensile softening diagram of HFRC composite mixes is
also developed. The analytical models show conformity with the
experimental results.
2. Research significance

The study aims to contribute to the reliable estimation of the
stress-crack opening relationships of the HFRC composites that can
be used for the design of HFRC structures. Since the complete load-
CMOD curves of HFRC are required for carrying out the nonlinear
analysis, the tension response is quantified using the models
developed herein. The contributions of the study are:
Table 1
Composition of control HFRC mix, M0.

Cement
(kg/m3)

Fine sand
(kg/m3)

Coarse aggregate (kg/m3) Wat
(l/m

Nominal maximum
size ¼ 5 mm

Nominal maximum
size ¼ 10 mm

520 586 850 315 145
� Perform experimental investigations on the post cracking
behavior of HFRC composite beams tested using the RILEM
recommended three point bending test [40].

� Studying the influence of different fibers used in the production
of the HFRC composites on its post-cracking behavior.

� Analytical models based on comprehensive reinforcing index for
the fracture properties of the HFRC composites.

� Determination of the tensile softening diagram for HFRC com-
posites using inverse analysis.
3. Experimental program

3.1. Concrete materials and mix

The experimental studies were carried out on the high strength
concrete reinforced with three types of fibers. The proportions of
the constituents of the concrete matrix were same in all mixes and
only the fibers proportions and contents were changed. Different
HFRC composites were prepared using a constant water/cement
ratio of 0.28. Two aggregate sizes of 10 mm and 5 mm were used.
The superplasticizer GLI-110 and the retarder LD10 were also used.
The compressive strength of concrete, f

0
c was determined by testing

three standard cylinders (150 � 300 mm) at 28 days. The average
compressive strength of plain concrete was 64.5 MPa. The
composition of control mix is given in Table 1.

3.2. Fibers

The HFRC composite specimens were cast using different com-
binations of steel, polypropylene and Kevlar fibers. Studies on the
FRC composites show that the fiber effect on the improvement of
the post cracking behavior of concrete composites is quite signifi-
cant when the fibers with large aspect ratio (length to diameter
ratio) were used in its production [9]. The steel fibers were hooked
at both ends, the polypropylene fibers were crimped and the Kevlar
fibers were plain. The aspect ratios of steel, polypropylene and
Kevlar fibers were 80, 57.5 and 90 respectively. The steel and
polypropylene fibers were procured from the local market whereas
the Kevlar fibers were prepared using needle felts of Kevlar. In order
to give shape and stiffness to the Kevlar fibers during the mixing
process of fresh concrete composite, the needle felts of Kevlar were
epoxy wiped and then after the drying process, the fibers were cut
to the required size. The physical and material parameters of fibers
are presented in Table 2.

3.3. Hybrid fiber reinforced concrete (HFRC)

The HFRC composites were produced using different pro-
portions and combinations of the steel (SF), polypropylene (PF) and
Kevlar fibers (KF). Fibers with two different total volume fractions
of 1.2% and 1.4% were used in the study. To alleviate the problems
and difficulty of mixing and placement, the upper limit of 1.4% on
the total volume fractionwas kept. Eight concretemixes (M1 toM8)
of HFRC were produced by using four types of fiber combinations:
er (w/c ¼ 0.28)
3)

Super-plasticizer
GLI-110 (l/m3)

Retarder
LD10 (l/m3)

Compressive
strength, f

0
c (MPa)

3 1.5 64.5



Table 2
Physical and mechanical properties of fibers.

Fiber type

Steel (SF) Polypropylene (PF) Kevlar (KF)

Length, l (mm) 60 50 45
Shape Hooked ends Crimped Plain
Section dimensions/equivalent

diameter, d (mm)
0.75 f (Circular) 1.0 � 0.6 z 0.88 fa (Rectangular) 0.50 fa (Circular)

Specific gravity 7.85 0.90 1.45
Tensile strength (MPa) 1225 550 3220
Modulus of Elasticity (GPa) 200 4.0 131
Aspect ratio (l/d) 80 57.5 90

a Approximate equivalent diameter.
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(i) steel fibers alone; (ii) steel and polypropylene fibers; (iii) steel
and Kevlar fibers; and (iv) all the three types of fibers. The volume
fraction of steel fibers was varied from 0.7% to 1.4%. The volume
fractions of polypropylene and Kevlar fibers were kept constant and
taken as 0.2% and 0.3% respectively. The details of the fiber per-
centage used in different HFRCmixes are given in Table 3. The fibers
were added to plain concrete in parts for preventing fiber balling
and to ensure the homogeneity of concrete mixture. The mixing
was done for about 3 min to ensure the proper distribution of fibers
in the concrete mass.

The HFRC composites were divided into the following four
groups [27] for the purpose of studying the influence of the addi-
Group� 4 ðM7 and M8Þ: M7: SFþ PFþ KF with total volume fraction ¼ 1:4%
M8: SFþ PFþ KF with total volume fraction ¼ 1:2%

�
PF ¼ 0:2%; KF ¼ 0:3%
tion of different types of fibers on post cracking properties:

Group

�1ðM1andM2Þ: M1:SFalone
M2:SFþPF

�
withtotalfibervolumefraction

¼1:2%ðPF¼0:2%Þ
Table 3
Fiber percentage in different HFRC composite beams.

Group Mix/Beam Percentage of fiber by volume (by weight)

Polypropylene (PF) Steel (SF) Kevlar (KF) Total

Control M0 0.0 (0.00) 0.0 (0.00) 0.0 (0.00) 0.0 (0.00)
Group-1 M1 0.0 (0.00) 1.2 (3.93) 0.0 (0.00) 1.2 (3.93)

M2 0.2 (0.08) 1.0 (3.27) 0.0 (0.00) 1.2 (3.35)
Group-2 M3 0.0 (0.00) 1.4 (4.58) 0.0 (0.00) 1.4 (4.58)

M4 0.2 (0.08) 1.2 (3.90) 0.0 (0.00) 1.4 (3.98)
Group-3 M5 0.0 (0.00) 0.9 (2.94) 0.3 (0.11) 1.2 (3.05)

M6 0.0 (0.00) 1.1 (3.60) 0.3 (0.11) 1.4 (3.71)
Group-4 M7 0.2 (0.08) 0.9 (2.94) 0.3 (0.11) 1.4 (3.05)

M8 0.2 (0.08) 0.7 (2.29) 0.3 (0.11) 1.2 (2.40)
Group

�2 ðM3andM4Þ: M3:SFalone
M4:SFþPF

�
withtotal fibervolumefraction

¼ 1:4% ðPF¼0:2%Þ

Group

�3ðM5andM6Þ:M5:SFþKFwithtotalvolumefraction¼1:2%
M6:SFþKFwithtotalvolumefraction¼1:4%

�
KF

¼0:3%
3.4. Specimen details

Table 4 presents the test methods, prescribed by different
standards [40e52], required to obtain the values of parameters for
defining the post-cracking behavior of FRC. These tests mainly
involve the testing of beams of different sizes in flexure except the
use of circular discs in ASTM C1550 [42] for bi-axial bending
response of FRC under a central point load. Although the plain
concrete beams without notch are recommended by most of the
standards but JCI-S-001-2003 [49] requires the testing of notched
beams. The cross-section of FRC beam specimens is mostly square
except for the sprayed concrete for which it is rectangular because
these specimens are either cored or sawn off the panels. It may be
noted from the table that the size of beam specimens of square
section mainly varies from 100 to 150 mm with the span to depth
ratio varying from 3 to 4. Although the notch causes fracture
localization in beams due to which the recording of strain hard-
ening is not possible but the strain hardening in FRC arises mainly
due to the microcrack bridging action of short fibers (e.g. ECC)
which are not used in this study. It is worth mentioning here that



Table 4
Experimental test methods for flexural strength and toughness characterization of concrete.

Test standard Specimen size (mm) Notch size (mm) Loading arrangement

Cross sectiona, b � D Span, S Length, L Depth, a0 Width, w

Plain concrete
ASTM C 78 [45] 150 � 150 for da � 50 mm; size � 3 da

for da > 50 mm
3D S þ 50 (min.) None Third-point loading

ASTM C 293e02 [44]/WSDOT
[52]/AASHTO T177 [41]

150 � 150 for da � 50 mm; size � 3 da
for da > 50 mm

3D S þ 50 (min.) None Center-point loading

JCI-S-001-2003 [49] �4 da 3D �3.5D 0.3D 5 Center-point loading
Fiber reinforced concrete
ASTM C 1609/C 1609Me07 [43] 100 � 100, 150 � 150 (Preferred); size � 3 Lf

(150 � 150 may be used for Lf ¼ 50e75)
3D S þ 50 (min.) None Third-point loading

DIN 1048 [46] 150 � 150 600 700 e e Third-point loading
EFNARC [47] 75 � 125 450 e None Third point loading
EN 14651 [48] 150 � 150 (Lf � 60; da � 32) 500 550e700 25 �5 Center-point loading
JCI-S-002-2003 [50] �100 mm for Lf � 40 mm � 150 mm

for Lf > 40 mm
3D �3.5D 0.3D 5 Center-point loading

RILEM TC 162-TDF [40] 150 � 150 (Lf � 60; da � 32) 500 550 25 �5 Center-point loading
UNI 11039 [51] 150 � 150 3D 4D 45 2 Third point loading
ASTM C 1550 [42] f800 disc, 75 thick; 3 pivot supports;

25 mm overhang
None Hemispherical nose

indenter

a da ¼ maximum size of aggregate; Lf ¼ length of fibers.

Fig. 1. Beam specimen details (All dimensions are in mm).

Fig. 2. Test setup for fracture testing of specimen.
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the bending of beams cannot be simulated in these beam speci-
mens but these tests may be enough for studying the fracture
response of the ligament which is the prime objective in these tests.
Moreover the smaller size of test specimens also helps to accom-
modate long fibers and at the same time keeping the weight of the
beam manageable for manual handling.

For each of the eight different HFRC composites (M1 to M8) and
control (M0), three standard notched beam specimens
(150 � 150 � 600 mm) were cast thus making a total of 27 notched
beams. The span to depth ratio of the beams was 3 and the notch to
depth ratio was 0.167. The notch was made by using 5 mm thick
plastic plate at the time of casting. The top surfaces of the speci-
mens were leveled and finished with a trowel. After casting, beam
molds were kept covered under plastic sheet for one day. The
beams were then demolded and cured in water for 28 days. The
specimen dimensions and loading arrangement are shown in Fig. 1.
3.5. Test method

The HFRC composite beams and control beam specimens were
tested for Mode-I fracture under servo-controlled electrohydraulic
Zwick compression testing machine. The three point bending test,
as recommended by RILEM [40], was conducted so that the high
stress fracture process zones were confined at the notched section.
The rate of increase of mid-span deflection of the specimen was
kept constant at 0.25 mm/min. The mid-span vertical deflection
was recorded by the vertical LVDT attached to the mid-span of
beams as shown in Fig. 2. The CMOD was also measured simulta-
neously. The distance of the LVDT from the bottom face of the beam
used for measuring the CMODwas kept as 16mm. The CMOD at the
beam face was calculated by using the geometrical equivalence. For
HFRC composite beams, the range of vertical deflection at failure
was from 5 to 8 mm. For control beams, the vertical deflection at
failure was approximately 1 mm. The uniaxial compression tests
were performed on cylindrical test specimens at 28 days in



Table 5
Test results.

Group Mix/Beam
specimen

Comp. strength
(MPa)

Split tensile
strength (MPa)

First crack
load (kN)

First crack
CMOD (mm)

Peak load
(kN)

CMOD at peak
load (mm)

Post-peak slope
(up to ~10 mm) (kN/mm)

Control M0 64.5 3.6 14.8 0.02 17.8 0.0 e

Group-1 M1 73.5 6.8 17.3 0.03 47.6 1.5 �2.0
M2 70.0 6.4 23.8 0.02 49.2 1.7 �2.1

Group-2 M3 74.4 6.5 20.5 0.02 59.4 1.2 �2.5
M4 71.9 6.4 21.5 0.02 60.4 1.1 �2.7

Group-3 M5 65.4 5.8 26.8 0.03 46.7 1.3 �1.9
M6 66.0 6.3 19.7 0.02 50.8 1.1 �2.7

Group-4 M7 66.7 6.1 28.7 0.02 54.7 0.8 �2.6
M8 65.6 6.0 25.7 0.02 46.2 1.2 �2.3
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accordance with ASTM C39 [53].

4. Results and discussion

The experimental test results such as compressive strength, split
tensile strength and post-peak slope of load-CMOD curve are given
in Table 5. The first crack load, the maximum load and corre-
sponding CMOD values are also reported in the table. The fracture
energy and the flexural tensile strength of HFRC, calculated later,
Fig. 3. CMOD-deflection relationship for M1 beams.

Fig. 4. Load-CMOD curves for control (M0-NB
are dependent on the strength and the corresponding strain re-
ported in Table 5.

4.1. CMOD-deflection relationship

A relationship between the mid-span deflection, d, and the
CMOD is derived and plotted in Fig. 3. The relationship can be given
by the following equation:

CMOD ¼ 1.42d þ 0.0172; (Unit: mm) (1)

A comparison with RILEM [40] is also shown in Fig. 3. The
CMOD-deflection relationship is dependent on the geometry of the
specimen and hence, remained the same for all the tested beam
specimens.

4.2. Load-CMOD and load-deflection response

The load displacement and load CMOD curves for HFRC com-
posite beams and control beams were obtained. For illustration, the
salient features of the load-CMOD curves obtained for the M0 and
M1 HFRC beam specimens are shown in Fig. 4. The average
maximum load carrying capacity of the control beams was about
17.8 kN. For control beam specimens, no descending branch was
observed and the beam failure takes place immediately after the
beam reaches its maximum load carrying capacity. The response of
the HFRC composite beam specimens was totally different. In
comparison to the control beam, significant increase in the
maximum load carrying capacity was observed in HFRC composite
1) and HFRC composite beams (M1-NB1).



Fig. 5. Average curves for M1 beams: (a) Load-CMOD; (b) Load-Deflection.
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beams due to the presence of fibers. The increase in the maximum
load carrying capacity was in the range of 160% (M8 HFRC beam) to
240% (M4 HFRC beam). The load versus deflection/CMOD curves for
HFRC composites also show a gradually descending branch.

The load-deflection/CMOD curves of HFRC composite beams
illustrate hardening response followed by post peak softening. For
HFRC composite beams, the slope of the load-deflection/CMOD
curves remains same up to 55%e60% of the maximum load car-
rying capacity. The peaks correspond to the displacement values
greater than 1 mm, except for the case of M7 beams, where the
peak was observed at around 0.8 mm. With further increase in the
loading, the strain softening behavior was observed in the
descending branch. For the HFRC composites, the softening
behavior can be characterized by linear decay with the negative
slope ranging from 1.8 to 2.7 kN/mm (Table 5). Due to the high
aspect ratio of fibers, the bond betweenmatrix and fiber was strong
and thus becomes the controlling criterion for arresting cracks. The
average load-CMOD and load-deflection curves of HFRC composite
beam specimen M1 are shown in Fig. 5.

M1 beams show minimum value of the average first crack load
whereas the maximum value was observed for M7 beams. The
CMOD corresponding to the average first crack load was same
(~0.02 mm) for all the tested beams. The average first crack load for
HFRC composite specimens varies from 17.3 to 28.7 kN. For control
beam, the average first crack load was 14.8 kN. The main reason for
higher first crack loads for HFRC composite beams is due to the
distribution of micro cracks over relatively large area because of the
presence of fibers. Due to these micro cracks, the apparent change
in the slope of the load versus CMOD curves of HFRC composites is
quite small. The change in slope is visible only at the higher load
levels where the crack size becomes almost comparable to that of
the control concrete beams.
4.3. Comprehensive reinforcing index

The cracking behavior of HFRC is dependent on a number of
factors such as the geometrical and mechanical properties of fibers,
fiber volume fraction, as well as matrix properties [54e59]. The
resisting forces that are produced in fibers during concrete fracture
are the anchorage force provided by deformed geometry of fibers
(hooked ends or crimped) and the mechanical bond stresses of
straight portion of fibers.

Ezeldin and Balaguru [60] used the concept of fiber reinforcing
index in defining the parameters for the stress-strain curves of FRC
containing hooked end steel fibers. This was later extended by re-
searchers [61,62] in the generation of complete stress-strain curves
of FRC produced using crimped steel fibers. However, due to the use
of the steel fibers alone in these studies [60e62], the concept of
reinforcing index was extended to hybrid fibers for describing the
quasi-static mechanical properties of FRC in later studies [27]. The
reinforcing index, RIv, was defined as [60]:

RIv ¼
Xn
i

RIvi; (2)

where, suffix i is used for fiber type and RIv is the comprehensive
reinforcing index. The value of i taken in this study is 1 for steel
fibers; 2 for polypropylene fibers and 3 for Kevlar fibers. RIvi is the
value of comprehensive reinforcing index, RIv, for the ith material
which has been updated from the earlier model [10,27] for incor-
porating the effect of tensile strength of fibers, thus giving:

RIvi ¼ vfi
kili
di

�
fti
fts

�a

; (3)

where, vfi is the volume fraction of fibers; ki is the bond factor of
fibers; li is the length of fibers; di is the diameter (or equivalent
diameter for non-circular sections) of fibers; fti and fts are the ten-
sile strength of the material of ith fibers and steel fibers respec-
tively. The values of bond factors, ki, for hooked-end steel, crimped
polypropylene and plain Kevlar fibers of this study are taken as 1, 1
and 0.1 respectively and the value of tension stiffness parameter, a,
is taken as 0.5. Taking RIv into consideration, the mechanical as well
as the post cracking properties of HFRC composites can be obtained
through regression analysis of the experimental data. The models
based on the comprehensive reinforcing index for the determina-
tion of the mechanical and the post cracking properties of HFRC
composites are obtained with the assumption that the fiber volume
fraction at the notched section (i.e. section of least resistance where
failure takes place) is equal to the supplied fiber dosage for the
beam.
4.4. Fracture energy

The fracture energy is the fundamental property which



Table 6
Derived fracture properties.

Group Mix/Beam
specimen

Reinforcing
index, RIv

Fracture energy up to
CMOD4, Gf (N/mm)

Flexural tensile
strength, fft (MPa)

Equiv. tensile
strength (MPa)

Residual tensile strength (MPa) Fracture energy
GI

F (N/mm)

feq,2 feq,3 fR,1-CMOD fR,2-CMOD fR,3-CMOD fR,4-CMOD

Control M0 0.00 0.107 5.1 e e e e e e 0.28
Group-1 M1 1.07 8.02 13.7 17 18 11 13 13 13 39.94

M2 1.02 8.53 14.2 15 21 12 13 14 13 37.82
Group-2 M3 1.25 9.87 17.1 26 26 14 17 16 15 48.35

M4 1.20 10.31 17.4 22 24 15 16 16 15 45.44
Group-3 M5 0.84 8.13 13.4 17 18 12 13 13 13 35.10

M6 1.02 8.57 14.6 23 21 13 14 13 12 37.14
Group-4 M7 0.97 9.22 15.7 15 20 15 15 14 13 39.57

M8 0.79 7.78 13.3 16 17 12 13 12 11 28.53

Fig. 6. Variation of fracture properties of HFRC composite beams.
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determines the cracking resistance and fracture toughness of the
material. The fracture energy, Gf, of the HFRC composite is calcu-
lated using the formula recommended by RILEM [63]:

Gf ¼
Wo þmgdf

Alig
; (4)

where Wo is the area of the load-deflection curve; df is the
maximum displacement equivalent to 3.5 mm CMOD value; Alig is
the beam ligament area, calculated as Alig¼ bheff, heff. is the effective
depth of the beam (¼ h e ao), h and ao are the depth of beam and
notch depth respectively, mg is the weight of the beam spanning
between the supports.

The fracture energies of different HFRCmixes are summarized in
Table 6. The group-wise variation of fracture energy for the beams
is plotted in Fig. 6. The following model has been developed (Fig. 7)
for predicting the fracture energy, Gf, in terms of the reinforcing
index, RIv:
Gf ¼ 4.4 RIv þ 4.3 (Units: N, mm) (5)

It is to be noted here that the above best fit line does not pass
through the origin. It is thus valid for the range of RIv for which it
has been developed (i.e. RIv � 0.8).

Because of the absence of any post-peak branch in the load-
CMOD curves for control beams, the fracture energy of control
was very small as a brittle failure was observed (Fig. 3). Compared
to the control, the values of fracture energy of HFRC (i.e. M1 to M8)
show an increase of two order of magnitude in the fracture energy
of HFRC. This increase can be attributed to the cracking resistance
due to the fiber bridging across the cracks [9], which primarily
results in a large area covered by the descending branch of load-
COMD curve.

4.5. Flexural tensile strength

The flexural tensile strength of concrete is useful for deter-
mining the cracking resistance of the concretematerials. It has been
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Fig. 7. Variation of fracture energy up to CMOD4, Gf , with reinforcing index, RIv.

Fig. 8. Variation of flexural tensile strength, fft, with reinforcing index, RIv.

Fig. 9. Definition of equivalent tensile strengths: (a) feq,2; (b) feq,3 (dL ¼ deflection corresponding to the highest value of load in the interval of 0e0.05 mm; d2 ¼ dLþ0.65 mm;
d3 ¼ dLþ2.65 mm).

T. Almusallam et al. / Cement and Concrete Composites 74 (2016) 201e217208



Fig. 10. Typical load-CMOD curve showing the standard values of CMOD used for the
determination of residual tensile strength as recommended by RILEM [40] and fib
Model Code2010 [64] (Note: Subscript i in the equation varies from 1 to 4).

Fig. 11. Variation of equivalent tensile strengths
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used in this study for comparing the flexural response of different
HFRC mixes. The flexural tensile strength of the concrete, fft, can be
determined by using the following equation:

fft ¼
3PmaxL

2bðh� aoÞ2
(6)

where Pmax is the maximum load and L is the effective span of the
beam. The flexural tensile strengths for different HFRC composites
are summarized in Table 6. The variation of flexural tensile strength
is also plotted in Fig. 6. The addition of fibers in concrete results in
two-fold increase (1.6e2.4) in the flexural tensile strength
compared to the control. The variation of flexural tensile strength,
fft, with the reinforcing index, RIv is shown in Fig. 8. The model for
the flexural tensile strength of HFRC composites can be given as:

fft ¼ 9.44 RIv þ ffto (Units: N, mm) (7)
with reinforcing index, RIv: (a) feq,2; (b) feq,3.
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where ffto is the flexural tensile strength of plain concrete.

4.6. Equivalent and residual tensile strengths

In order to satisfy the serviceability limit states, the equivalent
and the residual tensile strengths were calculated using the rec-
ommended procedure of RILEM [40] and fib Model Code2010 [64].
Fig. 9 shows the method of calculating the equivalent tensile
strength of concrete for a typical load-deflection curve. The method
is self-explanatory. The equivalent tensile strength represents the
energy dissipated up to certain kinematic thresholds which gives
an idea about the influence of fibers on the descending branch of
the load-CMOD curves. The procedure of calculating the residual
tensile strength of concrete for a typical load versus CMOD curve is
summarized in Fig. 10. On the other hand, the residual tensile
strength values provide an idea about the profile of descending
branch of the load-CMOD curves. It may be noted that recent
Fig. 12. Variation of residual tensile strengths (MPa) with reinforcin
guidelines [64] recommend the use of the residual tensile strength
of FRC. However, previous studies [65] show that the residual
tensile strength of FRC is relatively more susceptible to local ir-
regularities of load-CMOD curves. Thus for the present study, both
the equivalent tensile strength and the residual strength of FRC
have been considered (Table 6). The group-wise variations of
equivalent and residual tensile strengths are plotted in Fig. 6. The
experimentally determined values of the second and third equiv-
alent tensile strength as a function of reinforcing index, RIv, are
plotted in Fig. 11. Fig. 12 shows the variation of experimentally
determined values of the residual tensile strengths as a function of
reinforcing index, RIv. The models given in Figs. 11 and 12 are valid
for the range of RIv for which these have been developed (i.e.
RIv � 0.8). It is observed from these figures that the second and
third equivalent tensile strength and residual tensile strengths are
increasing almost linearly with reinforcing index. It is worth
mentioning here that the models given in these figures are
g index, RIv: (a) fR,1-CMOD; (b) fR,2-CMOD; (c) fR,3-CMOD; (d) fR,4-CMOD.
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developed for the grade of concrete used in this study and its use
for other concrete grades requires further verification.
4.7. Inverse analysis

In the present research, the tensile strength parameters of the
HFRC beams are obtained using the multilayer inverse analysis
procedure. Fig. 13 illustrates the principle involved in the analysis.
The beam is cut in two equal halves, which are connected together
by springs representing the stiffness of the notch section of HFRC.
The beam depth at the notch in compression and tension zone is
divided in n1 and n2 layers respectively. Different numbers of layers
in compression and tension zones are used because of the adoption
of the method of bi-section for the determination of neutral axis
depth. Each spring represents the response of a layer at the notch
section. The displacement variation at the notch section is assumed
to be linear. The modulus of elasticity of HFRC in compression and
tension is assumed to be same. The stress in each layer is deter-
mined from the stress-displacement relation of the springswhich is
represented by linear variation up to the peak stress followed by bi-
linear post-peak behavior in tension thus leading to the four de-
grees of freedom system, as shown in Fig. 13. The maximum stress
in compression is much less than the compressive strength of HFRC
because of the tension failure of beams and thus the stress variation
Fig. 13. Incremental procedure used in inverse analysis: (a) assumed
in compression is linear (Fig. 13). The consideration of equilibrium
of forces at the section gives:

Xn1

i¼1

scibðdzciÞ þ
Xn2

j¼1

stjb
�
dztj

� ¼ 0 (8)

where sci ¼ compressive stress in ith layer; stj ¼ tensile stress in jth
layer; dzci, dztj ¼ thickness of layers in compression and tension
zones respectively. The external load, P, can be obtained from the
equilibrium of moments at the section:

P ¼ 4
L

2
4Xn1

i¼1

scibðdzciÞzi þ
Xn2

j¼1

stjb
�
dztj

�
zj

3
5 (9)

where zi, zj ¼ distance of the centroid of ith (compression) and jth
(tension) layers respectively from top compression fiber of the
beam.

The steps involved in the inverse analysis procedure are:

i) Assume the parameters of tension strain-softening bi-linear
curve. Although it involves assuming four parameters but for
known tensile strength, it reduces to three parameters
namely fct,aeq, wc and wo. The CMOD value, wo, was taken as
springs and stress-deformation; (b) section analysis using slices.
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half of the average fiber length [37]. The other two param-
eters were varied. The initial guess for these parameters was
based on the shape of the experimental load-CMOD curve.

ii) Assume the depth of neutral axis. Its initial guess for the first
load level was taken as 0.4heff and for the subsequent load
Fig. 14. Comparison between the experimental load deflection curve and the curve obtained
M4; (e) M5; (f) M6; (g) M7; (h) M8.
levels it was taken as the final converged value obtained for
the previous load level.

iii) Assume a small CMOD value at the notch.
iv) Calculate displacements in different layers. Convert layer

displacements to strains using the concept of fictitious length
using the inverse analysis for the HFRC composite beams: (a) M1; (b) M2; (c) M3; (d)
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[34]. The fictitious length of 125 mm was chosen for all the
tested HFRC composite beams.

v) Iterate on the depth of neutral axis for satisfying the equi-
librium of forces i.e. Eq. (8).

vi) Determine the magnitude of external load, P, using Eq. (9).
vii) Increment CMOD and repeat from step (iv) for developing

complete load-CMOD curve.
vii) Match the analytical and experimental load-CMOD curves by

adjusting the two parameters fct,aeq and wc and repeating
from step (ii).

The analytical load-CMOD curves for beams obtained using the
inverse analysis procedure along with their comparison with the
Fig. 15. Experimental load deflection
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Fig. 16. Influence of fibers on the total fractu
respective experimental load-CMOD curves are plotted in Fig. 14.
The experimental load-CMOD curves of all HFRC mixes are also
plotted together in Fig. 15. The values of the fracture energy ob-
tained by the fitted parameters used for obtaining the analytical
load-CMOD curves is given in Table 6. The variation of the fracture
energy, GI

F, along with the reinforcing index of different mixes is
plotted in Fig.16. The best-fit line gives amodel for the prediction of

fracture energy, GI
F, of HFRC composite as:

GI
F ¼ 38:4RIv þ GI

Fo ðUnits : N; mmÞ (10)

where GI
Fo is the fracture energy of plain concrete (¼ 0.28 for mix

M0).
curves of different HFRC mixes.

Fo

0.8 1 1.2
Reinforcing index, RIv

Test data

re energy, GI
F of HFRC composite beams.



Fig. 17. Tensile softening diagram of HFRC composite beams: (a) M0; (b) M1; (c) M2; (d) M3; (e) M4; (f) M5; (g) M6; (h) M7; (i) M8.
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Fig. 17. (continued).
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4.8. Discussions

Table 6 presents the fracture properties namely fracture energy
(up to CMOD4), flexural tensile strength, equivalent tensile
strengths (feq,1 and feq,2), residual tensile strengths (fR1,CMOD,
fR2,CMOD, fR3,CMOD and fR4,CMOD) and the fracture energy of different
HFRC mixes obtained directly from experiments and inverse
analysis.

The influence of addition and/or replacement of different fibers
on the fracture properties of HFRC mixes are discussed under three
separate heads: (i) Effect of increase in SF fibers, (ii) Effect of
replacement of SF fibers by PF fibers, and (iii) Effect of replacing SF
fibers by KF fibers.

(i) Effect of increase in SF fibers: The influence of increase in
the SF fiber fraction can be studied by comparing M1 with
M3, M2 with M4, M5 with M6 and M7 with M8. The amount
of increase in SF fiber volume in all these comparisons is
0.2%. As expected, these comparisons show that the increase
in SF fiber volume results in 11%e45% increase in the fracture
properties of HFRC mixes. The higher percentages are asso-
ciated with the SF fibers alone because of better uniformity
in the distribution of fibers.

(ii) Effect of replacement of SF fibers by PF fibers: A compar-
ison of test results of M1 with M2, M3 with M4, M6 with M7
and M5 with M8 shows that partial replacement of 0.2%
volume of SF fibers by equal volume of PF fibers causes either
no change or small increase (4%e16%) in the fracture prop-
erties of concrete (Table 6). Although the tensile strength of
PF fibers is 45% of that of SF fibers, but the fracture strain of SF
fibers is only 0.6% whereas the PF fibers fracture at 13.8% due
to its low modulus. Thus PF fibers remain active even after
the fracture or debonding of SF fibers which results in the
improvement of fracture properties of concrete due to partial
replacement of SF fibers by PF fibers.

(iii) Effect of replacing SF fibers by KF fibers: The effect of
replacement of SF fibers by KF fibers can be studied by
comparing M1 with M5, M3 with M6, M4 with M7 and M2
with M8. The replacement percentage in these comparisons
is 0.3% by volume. A comparison shows that the replacement
of SF fibers by KF fibers causes either almost no change or
small decrease (2%e23%) in the values of fracture properties
of HFRC. The higher decrease is mostly for the comparison of
M3 with M6 in which the percentage of KF fibers is slightly
higher (25% of total fiber volume) than in mix M5 (21.4% of
total fiber volume). The reduction in fracture properties is
mainly due to relatively inferior bond characteristics of KF
fibers.

5. Analytical model for tensile softening diagram

For determining the tensile softening diagram of HFRC
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composite, an analytical model based on the reinforcing index, RIv,
is also developed. The model is based on the extension of the
existing model used for obtaining the tensile softening diagram for
plain/SFRC [30]:

scðwÞ ¼ c1 f 0ct e
�c

2
w; (11)

where c1 and c2 are parameters influencing the peak strength and
the steepness of the descending branch of concrete, respectively. f'ct
is a function of the tensile strength of concrete. The same expres-
sion (Eq. (11)) is used here to model the HFRC composite by
incorporating the reinforcing index, RIv in the determination of
model parameters. The model parameters used in the analytical
model for tensile softening diagram can be expressed as:

c1 ¼ 0.75; (12)

c2 ¼ aebRIv ; (13)

where the values of the model parameters a and b are 10 and �4.3,
respectively. The tensile strength of HFRC composite can be deter-
mined by using the following equation:

f
0
ct ¼ ðfct � 1Þ þ egRIv ; (14)

where fct is tensile strength of the control concrete. The value of g in
the above expression of f

0
ct is 1.23.

Using the developed model given in Eq. (11), the tensile soft-
ening diagram for the different HFRC composites are plotted in
Fig. 17 and compared with the experimental data obtained using
the inverse analysis.

6. Conclusions

Experimental investigations on Mode-I fracture and post
cracking behavior of HFRC composite have been carried out using
the RILEM recommended three point bending test. The load versus
crack mouth opening displacement (CMOD) curves of HFRC com-
posite beams were obtained. Inverse analysis was also carried out.
Influence of the different fibers used in the production of the HFRC
composite on the post-cracking behavior of HFRC composite was
investigated. Analytical models in terms of comprehensive rein-
forcing index were developed for determining the influence of the
fibers on the fracture properties of HFRC composites. The following
conclusions were drawn from the study:

� The increase in SF fiber volume results in increase in the fracture
properties of HFRC mixes. The replacement of SF fibers by KF
fibers causes either almost no change or small decrease in the
values of fracture properties of HFRC. The replacement of SF fi-
bers by equal volume of PF fibers causes either no change or
small increase in the fracture properties of HFRC composites.

� Analytical models based on reinforcing index were developed
for determining the fracture energy and flexural tensile strength
which can be used for the mix design of HFRC composites.

� An analytical model is developed for predicting the tensile
softening diagram of HFRC composite. The parameters required
for the model are based on reinforcing index of hybrid fibers.
The analytical model gives reasonable estimate of the tensile
softening diagram of HFRC composites.
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