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a b s t r a c t

To predict the flexural behavior of ultra-high-performance fiber-reinforced concrete (UHPFRC) beams
including straight steel fibers with various lengths, micromechanics-based sectional analysis was per-
formed. A linear compressive modeling was adopted on the basis of experiments. The tensile behavior
was modeled by considering both pre- and post-cracking tensile behaviors. Pre-cracking behavior was
modeled by the rule of mixture. Post-cracking behavior was modeled by a bilinear matrix softening curve
and fiber bridging curves, considering three different probability density functions (PDFs) for fiber
orientation, i.e., the actual PDF from image analysis and PDFs assuming either random two-dimensional
(2-D) or three-dimensional (3-D) fiber orientation. Analytical predictions using the fiber bridging curves
with the actual PDF or the PDF assuming 2-D random fiber orientation showed fairly good agreement
with the experimental results, whereas analysis using the PDF assuming 3-D random fiber orientation
greatly underestimated the experimental results.

© 2016 Elsevier Ltd. All rights reserved.
1. Introduction

Over the past decades, concrete has been recognized as one of
the most widely used construction materials, owing to its
remarkable compressive strength, durability, and cost-
effectiveness. However, its relatively low tensile strength, poor
energy absorption capacity, and brittle failure have hindered its
application in structures subjected to tension-dominated loads and
extreme loads, such as earthquakes, impacts, and blasts. Among the
various methods to overcome these drawbacks, fiber re-
inforcements have been adopted by many researchers. Fiber rein-
forcement is the simplest and most effective way to enhance
fracture toughness through the strengthened post-cracking stress
transfer capability in concrete [1e4]. Post-cracking tensile behavior
is illustrated for conventional concrete and fiber-reinforced con-
crete (FRC) (in Fig. 1) [5]. Fibers crossing the crack planes transfer
the load to the concrete, and thus, significantly improved post-
cracking tensile performances including higher load carrying
Yoo), banthia@civil.ubc.ca
capacity and ductility are obtained for FRC in comparison with
conventional concrete or matrix.

Ultra-high-performance fiber-reinforced concrete (UHPFRC)
was first developed in mid-1990s. It has attracted much attention
from engineers due to its excellent strength (compressive strength
is higher than 150 MPa and tensile strength is equal to or higher
than 8 MPa), ductility, and fatigue resistance, as well as a unique
strain-hardening response involving multiple micro-cracks [6,7]. In
recent years, several studies [8e12] have been carried out to more
improve its tensile or flexural performance at identical fiber volume
fractions by using various types of steel fibers. Wille et al. [9]
experimentally verified that the use of twisted steel fiber
improved the post-cracking tensile strength and strain capacity,
compared to that of short straight steel fiber, which is used for
commercial UHPFRC available in North America [13]. In addition,
Yoo et al. [12] reported that the use of longer straight steel fibers
with a higher aspect ratio provided much improved flexural per-
formance including strength, deflection capacity, and energy ab-
sorption capacity than that of short ones, because of their higher
effective bonding area between the fiber and matrix and higher
possibility of locating the fibers at the crack surfaces. Thus, the
addition of both deformed (twisted) and long straight steel fibers is
effective in improving the tensile or flexure performance, but the
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Fig. 1. Conceptual view of post-cracking tensile behavior of FRC [5].

Table 2
Chemical compositions and physical properties of cementitious materials.

Composition % (mass) Cement Silica fume

CaO 61.33 0.38
Al2O3 6.40 0.25
SiO2 21.01 96.00
Fe2O3 3.12 0.12
MgO 3.02 0.10
SO3 2.30 e

Specific surface (cm2/g) 3413 200,000
Density (g/cm3) 3.15 2.10
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use of long straight steel fiber is preferred for the case of UHPFRC
because it is simpler to be fabricated and exhibits better resistance
at high rate loadings [14].

In order to precisely analyze the response of UHPFRC elements
subjected to tension or flexure, a realistic tensile model including
fiber bridging and matrix softening curves are required. Ba�zant and
Planas [15] reported that true tensile test is difficult to carry out,
because of either rotation of the supports or internal elastic rotation
in the specimen itself, and sophisticated machine needs to mini-
mize the rotation. For the limitation, some researchers [11,16] have
proposed the tensile model of UHPFRC based on the numerical
approach. Habel et al. [17] successfully predicted the structural
behavior of composite UHPFRCeconcrete beams on the basis of an
analytical cross-sectional model developed. Wille et al. [18] pre-
dicted the flexural behavior of UHPFRC based on the backward
analysis considering the fiber orientation and dispersion along the
beam height and reported that the fiber orientation and distribu-
tion over the height of beam give marginal effect on the numerical
results. Yoo et al. [12] also simulated the flexural behavior of
UHPFRC beams with various steel fibers and placement methods,
based on the fracture mechanics-based inverse analysis, and they
suggested a generalized tension-softening model. However, it
required indirect tensile tests and very complicated program code
to carry out the inverse analysis, thus a substitutive micro-
mechanical analysis was adopted by Kang and Kim [16] to predict
the uniaxial tensile response of UHPFRC reinforced with 2% by
volume of short straight steel fibers (lf/df¼ 13/0.2 mm/mm,where lf
is the fiber length and df is the fiber diameter). Based on their
analysis [16], the post-cracking tensile behavior was reasonably
simulated using only restrictive fundamental information, such as a
single fiber pullout model, matrix softening curve, and probability
density function (PDF) of fiber orientation. Likewise, various nu-
merical methods for predicting structural and mechanical re-
sponses of UHPFRC have been developed by several researchers.

Various simple bi or trilinear tension-softening models were
proposed for UHPFRC [12,19e22]. Japan Society of Civil Engineers
(JSCE) [19], Habel and Gauvreau [20], and Yoo et al. [21] proposed
bilinear tension-softening models for UHPFRC incorporating short
Table 1
Mix proportions.

W/B (%) Unit weight (kg/m3)

Water Cement Silica fume

20 160.3 788.5 197.1

[Note] SP ¼ superplasticizer.
straight steel fibers with various coefficients, while Kang et al. [22]
and Yoo et al. [12] suggested trilinear tension-softening models for
various types of UHPFRC with different volume fractions and
lengths of straight steel fibers. However, not only did they suggest
the tension-softeningmodels based on their own test data, but also
there is no published study, which comprehensively compares the
previous models and examines their applicability in prediction of
flexural behavior of UHPFRC with various fibers.

Accordingly, in this study, to predict the flexural response of
UHPFRC containing steel fibers of various lengths and different fi-
ber orientations, a micromechanics-based analytical technique was
adopted. For this, a tension-softening curve consisting of matrix
softening and fiber bridging curves considering randomly oriented
multiple fibers was suggested, and subsequently, a sectional anal-
ysis was performed incorporating linear compressive and pre-
cracking tensile models as well as the suggested tension-
softening curve. The previously suggested tension-softening
models were also adopted, and their predictive values obtained
by sectional analyses were verified through comparison with the
test data.

2. Experimental section

2.1. Mixture proportions and test set-up

The mix proportions used in this study are summarized in
Table 1. For cementitious materials, Type 1 Portland cement and
silica fume were used. The chemical compositions and physical
properties of these materials are given in Table 2. Silica flour with a
diameter of 2 mm including 98% SiO2 and silica sand with a grain
size of less than 0.5 mm were included. Coarse aggregate was
excluded from themixture to improve its homogeneity. Awater-to-
binder ratio (W/B) of 0.2 was used, and 1.6% of liquid type poly-
carboxylate superplasticizer with a solid content of 30% was added
to obtain proper fluidity and viscosity. To estimate the effect of fiber
length on the flexural behavior, three types of steel fibers with
different lengths, lf, of 13, 16.3, and 19.5 mm and a constant
diameter, df, of 0.2 mm, leading to three different fiber aspect ratios,
lf/df, of 65, 81.5, and 97.5, were included by 2% by volume. The
commercial UHPFRC available in North America contains 2% by
volume of steel fibers with lf/df ¼ 13/0.2 mm/mm ¼ 65 [13]. The
properties of steel fibers are given in Table 3. Test specimens were
fabricated by pouring concrete from the corner and letting it to flow
naturally.
Flow (mm)

Silica flour Silica sand SP (%)

236.6 867.4 1.6 230e240



Table 3
Properties of steel fibers.

Name Diameter, df (mm) Length, lf (mm) Aspect ratio (lf/df) Density (g/cm3) Tensile strength (MPa) Elastic modulus (GPa)

S13 0.2 13.0 65.0 7.8 2500 200
S16.3 0.2 16.3 81.5
S19.5 0.2 19.5 97.5

Table 4
Summary of mechanical test results.

Name fc' (MPa) Ec (MPa) PMOR (kN) dMOR (mm) CMODMOR (mm)

S13 201.8 (2.14) 50876 (545.0) 27.9 (1.27) 0.49 (0.041) 0.61 (0.059)
S16.3 204.5 (1.63) 46260 (166.0) 32.9 (3.21) 0.75 (0.107) 1.00 (0.243)
S19.5 197.3 (0.89) 46126 (878.1) 37.9 (2.05) 1.31 (0.365) 1.88 (0.547)

[Note] fc0 ¼ compressive strength, Ec ¼ elastic modulus, PMOR ¼ peak flexural load.
dMOR ¼ deflection at the peak load, CMODMOR ¼ CMOD at the peak load, and (x.xxx) ¼ standard deviation.
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A total of nine cylindrical specimens (three cylinders for each
variable) with a diameter of 100 mm and a length of 200 mmwere
fabricated and tested as per ASTM C 39 [23]. A uniaxial compressive
load was applied from a universal testing machine (UTM) with a
maximum capacity of 3000 kN at a loading rate of 0.1 mm/min. In
addition, a compressometer equipped with three linear variable
differential transformers (LVDTs) was used to measure the average
compressive strain and elastic modulus with a gage length of
100 mm. The average parameters characterizing the compressive
performance such as compressive strength and elastic modulus are
summarized in Table 4.

A three-point flexure test was performed as per JCI-S-002-2003
standard [24]. In the JCI standard, the side length of the cross-
section of beam is recommended to be larger than 100 mm. There-
fore, the beam specimens with cross-sectional dimensions of
100� 100mmand a length of 400mmwere adopted. In addition, as
per the JCI standard, a 30-mm notch was adopted at the mid-length
of the specimen. Nine beams (three beams for each variable) were
fabricated and tested. A load was applied using a UTM with a
maximum load capacity of 250 kN through displacement control. A
clear span of 300 mm was used, and two LVDTs were installed on
both sides of the specimen for the centerdeflectionmeasurement. In
addition, to measure the crack mouth opening displacement
(CMOD), a clip gauge with a capacity of 10 mm was located at the
notch, as shown in Fig. 2. The details of the test set-up andprocedure
for both compressive and flexural tests can be found elsewhere [12].

The letter S denotes the incorporation of steel fiber and the
subsequent numeral indicates the fiber length. For example, S19.5
refers to the specimens including 2 vol% of steel fibers, having a
length of 19.5 mm.

2.2. Flexural test results

Fig. 3 shows the average flexural load-CMOD behaviors of
UHPFRC beams as a function of the fiber length. All reported test
Fig. 2. Test setup for three-point flexure test of notched beam (unit: mm).
results shown were obtained by averaging the results from three
beams based on a linear interpolation, which is similar to the
method used in a previous study [25]. In addition, the average
parameters characterizing the flexural performance are given in
Table 4. The initial slope and descending slope in the load-CMOD
curves were not significantly affected by the fiber length, whereas
the peak load, deflection capacity, and CMOD at the peak were
noticeably improved by an increase in the fiber length, on account
of the increase of bonding area between the fiber and matrix with
an insignificant change in the number of fibers at the cracked
section. For example, the highest peak load was found to be 37.9 kN
for the specimen S19.5, which was approximately 15% and 36%
higher than those of the specimens S16.3 and S13, respectively. All
test series generated a higher load carrying capacity after matrix
cracking and exhibited only one major crack at the center of the
span due to the notch, as shown in Fig. 4.

2.3. Discussion on tensile performance

Fig. 5 exhibits the average direct tensile stress-strain curves of
UHPFRCwith fiber lengths of 13 and 19.5 mm, reported by Yoo et al.
[26]. Specimen S19.5 provided better tensile performance, such as
higher tensile strength, strain capacity andmoremicro-cracks, than
those of the specimen S13, similar to the flexural test results. Thus,
it can be noted that the use of long steel fibers is effective in
improving tensile performance of UHPFRC. All test specimens
showed “strain-hardening response”, fLOP,t < fMOR,t, where fLOP,t is
the first cracking tensile strength and fMOR,t is the post-cracking
Fig. 3. Average load-CMOD curves.



Fig. 4. Typical failure mode of UHPFRC beam (S19.5).

Fig. 5. Direct tensile behaviors [26]; (a) stress versus strain curves, (b) cracking
behaviors.

Table 5
Fiber orientation and dispersion coefficients at the center of beam.

Name af Fn (number/mm2) hq anf

S13 0.394 0.340 0.612 0.696
S16.3 0.388 0.331 0.578 0.689
S19.5 0.395 0.358 0.553 0.770

[Note] af ¼ fiber dispersion coefficient, Fn ¼ number of fiber per unit area, hq ¼ fiber
orientation coefficient, and anf ¼ fiber number coefficient.
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tensile strength. Based on the discussion following the 2003 fourth
international workshop on High Performance Fiber Reinforced
Cement Composites (HPFRCC-4), the tensile strain-hardening
composite is considered to have mechanically more performance
than the strain-softening one, and thus, it is useful in structural
applications where tensile or flexure prevails [27]. However, since
the post-cracking tensile response, as given in Fig. 5, was more
dominated by softening behavior and the difference between fLOP,t
and fMOR,t was insignificant, the combined matrix softening and
fiber bridging curve was named as a “tension-softening curve”,
adopted by several international recommendations for UHPFRC
[19,28], rather than a “tension-hardening curve.”
2.4. Image analysis results

Fig. 6 shows the binary images obtained in the maximum
Fig. 6. Binary images at the crack surf
moment region at the center of the UHPFRC beams with three
different fiber lengths. The procedure for obtaining binary images
and the equations for calculating the fiber orientation and disper-
sion parameters can be found elsewhere [12]. Due to thewall effect,
the fibers near the wall tended to be more aligned with the direc-
tion of flow than those farther from the wall. Several parameters
characterizing the fiber distribution, such as the fiber dispersion
coefficient, the number of fiber per unit area, the fiber orientation
coefficient, and the fiber number coefficient, are summarized in
Table 5. The fiber dispersion coefficient and the number of fibers
per unit area were insignificantly affected by the fiber length,
whereas the fiber orientation coefficient decreased with an in-
crease in the fiber length. This is caused by the fact that since the
reduction of aspect ratio increased the effective viscosity and
decreased the drag reduction efficiency, the magnitude of fiber-
orienting torque was improved [29,30]. This is consistent with
the findings from Yoo et al. [25] that in the case of radial flow, better
fiber orientation was obtained by using steel fibers with a shorter
length.

As shown in Fig. 7, the PDF obtained from the image analysis
differs from those obtained by the assumptions of two-dimensional
(2-D) and three-dimensional (3-D) random fiber orientations. The
PDF of 3-D random fiber orientationwas obtained by assuming that
the fiber ends lying on the hemispherical surface, reported by Li
et al. [31]. The actual PDF is skewed to the right with increasing the
fiber length. Thus, shorter fibers tend to be more aligned with the
direction of flow than longer fibers.
3. Micromechanical modeling to predict the flexural response
of UHPFRC beams

3.1. Pre-cracking tensile modeling

Before cracking occurs in FRCs, applied external tensile load is
transferred from thematrix, which has a low elastic modulus, to the
fiber, which has a high elastic modulus, via shear transfer mecha-
nism. Thus, part of the load is carried by the fibers and the rest by
the matrix. This interaction between the fiber and the matrix is
aces; (a) S13, (b) S16.3, (c) S19.5.



Fig. 7. PDF for fiber orientation according to fiber length (Note: I.A. indicates the Image
Analysis).
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elastic in nature during the early stages of loadings. The shear stress
is non-uniformly distributed along the embedment length. A
schematic deformation around the fiber and shear stress distribu-
tion is shown in Fig. 8 [1]. Cox [32] first developed analytical
models for the tensile stress sf(x) in the fiber and the elastic shear
stress at the interface t(x) at a distance of x from the fiber end, as
follows:

sf ðxÞ ¼ Ef εm

8<
:
1� cosh b1

�
lf
2 � x

�

cosh b1lf
2

9=
; (1)

tðxÞ ¼ Ef εm

8<
: Gm

2Ef ln
�
Rm

.
rf
�
9=
;

1=2sinh b1

�
lf
2 � x

�

cosh b1lf
2

(2)

Here,
Fig. 8. Schematic view of the deformation and stress fields around the fiber; (a) geometry o
(b) elastic shear stress distribution at the interface and tensile stress distribution in the fib
b1 ¼
8<
: 2Gm

Ef r2f ln
�
Rm

.
rf
�
9=
;

1=2

(3)

where Ef is the elastic modulus of the fiber, εm is the local strain of
the matrix,Gm is the shear modulus of the matrix at the interface
(Gm ¼ Em/2(1þvm)), vm is the Poisson's ratio of the matrix, Rm is the
radius of the matrix around the fiber, and rf is the radius of the fiber.
Herein, Rm/rf depends on the fiber packing and the volume contents
of the fibers. For long fibers with a circular cross-section, the
following equations can be adopted [33]:

For square packing : ln
�
Rm

.
rf
�
¼ 1

2
ln
�
p
.
Vf

�
(4)

For hexagonal packing : ln
�
Rm

.
rf
�
¼ 1

2
ln
�
2p

��
3Vf

�1=2�
(5)

where Vf is the volume fraction of fiber. Hexagonal packing was
used in this study, similar to a previous research by Kang and Kim
[16].

The tensile stress in FRC can be calculated by the ‘rule of
mixture’, as applying Eqs. (6)e(8). The existence of a uniform strain
is assumed throughout the FRC. Failure occurs when either the fiber
or the matrix reaches the failure strain.

scðεcÞ ¼ smðεcÞVm þ hlhqsf ðεcÞVf (6)

where

hl ¼ 1�
tanh

�
b1lf

.
2
�

�
b1lf

.
2
� (7)

hq ¼
Zqmax

qmin

pðqÞcos2 qdq (8)
f the fiber and the deformation in the matrix around the fiber before and after loading,
er [1].
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where sc is the stress in FRC, sm is the stress in the matrix, εc is the
strain in FRC, Vm is the volume fraction of thematrix, hl is the length
efficiency factor in the pre-cracking case for the frictional stress
transfer mechanism, hq is the fiber orientation coefficient, sf is the
stress in the fiber, q is the inclination angle of the fiber with respect
to the loading direction, and p(q) is the PDF for fiber orientation.
Herein, hq¼ 2/p for 2-D random fiber orientation and hq¼ 1/2 for 3-
D random fiber orientation, respectively.

Eq. (8) is derived by assuming that no enhancement in the
tensile strength is achieved when all fibers are aligned perpen-
dicular to the loading direction, whereas the tensile strength is
maximized when fibers are all aligned parallel to the loading di-
rection. Thus, hq ¼ 1 denotes that all fibers are aligned parallel to
the loading direction, and conversely, hq ¼ 0 indicates that all fibers
are aligned perpendicular to the loading direction.

3.2. Post-cracking tensile modeling

3.2.1. Snubbing and matrix spalling effects
Li et al. [34] indicated that the bond strength of synthetic fibers

increases when the fibers are inclined in the tensile load direction,
and this is caused by a result of the local interaction forces (matrix
reaction force R and friction force mR) between the fiber and the
matrix at the exit point, as shown in Fig. 9. This is named as the
‘snubbing effect’. Due to the snubbing effect, the bond strength of
straight steel fibers in ultra-high strength cementitious matrix
increased with the increase of inclination angle up to 45�. The
largest bond strength was obtained between an angle of 30� and
45� [35]. On the other hand, in the case of deformed steel fibers
embedded in normal-, medium-, and high-strength concretes, the
fibers that were aligned in the direction of loading exhibited higher
pullout resistance than the fibers inclined with respect to the
loading direction [36]. In addition, Schauffert et al. [37] reported
that the snubbing effect is not as strong for the steel fibers as
compared with the polyvinyl alcohol (PVA) fibers. Since the fiber
pullout behavior is strongly influenced by the inclination angle and
different according to fiber type and matrix strength, a further
study to comprehensively investigate the snubbing effect on fiber
pullout behavior is required to be done. A local failure of the matrix
also occurs at the matrix wedge due to stress concentration from
Fig. 9. Schematic description of crack bridging of obliquely aligned fiber (Kanda and Li
[38]).
the pullout load of the inclined fiber and leads to a drop of pullout
load as well as an increase of crack opening displacement (COD).
This is the ‘matrix spalling effect’. In the case of inclined steel fiber,
the gradual spalling of the matrix occurs together with the snub-
bing effect. Thus, the combined effects of the snubbing and matrix
spalling need to be consideredwhenmodeling the pullout behavior
of an inclined single fiber.

By considering these effects on bond behavior and replacing
pullout load with stress, the apparent bond strength and frictional
shear strength (tmax(app) and tf(app)) can be expressed as a function
of inclination angle, as follows:

tmaxðappÞðqÞ ¼ tf ðappÞðqÞ ¼ ef qðcos qÞktðq ¼ 0Þ (9)

where f and k are coefficients describing the increase of bond and
frictional shear strengths, respectively, as a function of inclination
angle. The comparison of the measured and predicted apparent
bond strengths is shown in Fig. 10(a). The coefficients f and k were
calculated to be 1.6 and 1.8, respectively. Eq. (9) showed good
agreement with the previous experimental results [35].

In order to take into account the increase in the slip capacity
(slip at the peak strength) with increasing inclination angle of the
fiber, the coefficient b is also adopted, as follows (Fig. 10(b)):

dðqÞ ¼ bdðq ¼ 0Þ (10)

Here,

b ¼ 1þ g

�
2q
p

�n

(11)

where d is the slip displacement and g and n are the coefficients for
considering the increase of slip capacity with the inclination angle.
g ¼ 100 and n ¼ 2 were adopted as calculated by Lee et al. [35].

In general, the apparent tensile strength of polyvinyl alcohol
(PVA) fiber decreases with the inclination angle, because the
interaction between the fiber and the matrix at the exit point led to
an additional stress by bending. However, in contrast to PVA fibers
[38], the steel fibers did not break before being completely pulled
out in this study. This is because the steel fibers are much stiffer in
bending than PVA fibers. The fiber pullout test results obtained by
Yoo et al. [6] reported the maximum stresses of 981.1 MPa and
1507.1 MPa in straight 13 and 19 mm-long steel fibers embedded in
ultra-high-strength matrix. These values are just 39% and 60% of
the fiber tensile strength of 2500 MPa. Because of these observa-
tions, the degraded fiber tensile strength (apparent fiber strength)
was not considered.
3.2.2. Pullout modeling of a single fiber embedded in an ultra-high-
strength cementitious matrix

The pullout behavior of straight steel fiber embedded in a
cementitious matrix consists of (a) a perfect bonding region, (b) a
partial debonding region, and (c) a full debonding region. Cate-
gories (a) and (b) are included in the ascending part of the pullout
load-slip curve, while category (c) is included in the descending
part, as shown in Fig. 11. The mathematical equations for predicting
the pullout behavior of straight steel fibers were first suggested by
Naaman et al. [39]. Based on these equations, Lee et al. [35] sug-
gested amodified analytical model to simulate the pullout response
of straight steel fibers embedded in an ultra-high-strength
cementitious matrix having almost identical properties to that
used in this study. In their study, modeling the ascending part was
mostly based on Naaman's equation, but the frictional shear stress
was assumed to be identical to the bond strength. The descending
part can be modeled by the assumption that the frictional shear



Fig. 10. Comparison of experiments and predicted values for; (a) apparent bond strength, (b) b coefficient [35].

Fig. 11. Schematic description of pullout behaviors of straight steel fiber in cementi-
tious matrix.
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stress decays with increasing the slip. Naaman et al. [39] adopted
an exponential function tomodel the decayed frictional shear stress
of the fibers embedded in normal- and high-strength cementitious
matrices due to a fiber-matrix misfit (an asymptotic decaying
model). However, Lee et al. [35] experimentally verified that
the pullout response of straight steel fibers embedded in an ultra-
high-strength cementitious matrix is totally different from the
asymptotic decaying model using an exponential function. A new
empirical model for slip softening behavior of straight steel fibers in
an ultra-high-strength cementitious matrix was suggested.

The complete pullout load-slip models for single straight steel
fibers in an ultra-high-strength cementitious matrix with various
inclination angles are expressed by the following Eqs. (12)e(20). The
detailed derivation of these equations can be found elsewhere [8].

(a) A perfect bonding region in ascending branch, before the
critical pullout load when the shear stress acting on the fiber
and matrix at x ¼ l reaches its bond strength (P � Pcrit).

�
P
d

�
ðqÞ ¼ 1=2

1þ g

�
2q
p

�n
lAmEm
Q � 2

1þ e�ll

1� e�ll
(12)

where

l ¼
ffiffiffiffiffiffiffi
KQ

p
(13)

K ¼ pdf k
AmEm

(14)

Q ¼ 1þ AmEm
Af Ef

(15)

where P is the pullout load, Am and Em are the area and elastic
modulus of the matrix, respectively, l is the embedment length, k is
the initial slope of the bond stresseslip relation, and Af is the area of
the fiber.

(b) A partial debonding region in the ascending branch, after the
critical pullout load when the shear stress acting on the fiber
and matrix at x ¼ l reaches its bond strength (P > Pcrit) and
before the complete debonding of the interface.
PðqÞ ¼ pdf tf ðappÞðqÞu

þ pdf tmaxðappÞðqÞ
l

1� e�2lðl�uÞ

2
Qe

�lðl�uÞ þ
�
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where u is the length of the debonding zone.
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(c) A full debonding region in the descending branch, after
complete debonding of the interface.

x ¼
�
l2 � dl

�.
ðl� 2d0Þ (18)

P ¼ pdf tfdðdÞx (19)

tfdðdÞ ¼ tf ðappÞðqÞexp
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where d0 is the end slip of fiber at the onset of full debonding, tfd is
the decaying frictional bond stress, h is the factor reflecting the
steepness of the descending branch in fiber pullout curve
(h ¼ 0.05), a is the coefficient determining the initial slope of the
frictional slip behavior (a ¼ 1), vf is the Poisson's ratio of the fiber,
and m is the frictional coefficient at the fiber-matrix interface.

Fig. 12 shows the calculated pullout loadeslip responses of
straight steel fibers with a length of 13 mm embedded in an ultra-
high-strength cementitious matrix in terms of the inclination
angle. The variation of the maximum pullout load and slip capacity
according to the inclination angle were well replicated by applying
Eqs. (12)e(20).
3.2.3. Modeling of the fiber-bridging curve by multiple fibers
In two or three dimensions, the number of fibers per unit area is

influenced by the fiber orientation and the embedded length.
Fig. 13 shows a fiber arbitrarily located at a distance of z from the
matrix crack plane to the centroid of fiber with an inclination angle
of q to the tensile load direction. In three dimensions, the PDFs of q
and z (p(q) and p(z)) will be sinq and 2/lf, respectively. If the incli-
nation angle q ranges from 0 to p/2, the distance z will be ranged
from 0 to (lf/2)cosq, since the embedded length of fiber cannot be
less than 0. Therefore, the number of fibers per unit area is given by
Fig. 12. Analytical pullout responses of straight steel fibers (S13) in ultra-high-strength
cementitious matrix with various inclination angles.
Nb ¼ N1D

Zp=2
0

Zlf=2
0

pðlÞpðqÞcos qdldq (21)

where N1D is the number of fibers per unit area in one dimension
(N1D ¼ Vf/Af) and p(l) is the PDF for embedment length.

The resistance force of a single fiber at the crack plane is given as
a function of the inclination angle q, the embedded length l, and the
amount of slip d. Thus, the bridging stress of the composites sb can
be expressed as

sbðdÞ ¼
4Vf

pd2f

Zp=2
0

Zlf=2
0

Pðq; l; dÞpðlÞpðqÞcos qdldq (22)

Since the fiber bridging stress is strongly influenced by the
number of fibers, the actual number of fibers obtained from the
image analysis needs to be used in order to simulate more accu-
rately the fiber bridging behavior. Therefore, in this study, the fiber
number coefficient anf was introduced, using Eq. (23) [40].

anf ¼
pd2f Nm

4Vf Aim

Z p=2

0

Z lf=2

0
pðlÞpðqÞcos qdldq

(23)

where Nm is the number of fibers measured by using image analysis
and Aim is the total image area.

Therefore, the actual fiber bridging curve is expressed by

sbðdÞ ¼ anf
4Vf

pd2f

Zp=2
0

Zlf=2
0

Pðq; l; dÞpðlÞpðqÞcos qdldq (24)

The pullout load of the fiber embedded in a plain matrix is
different to that of the fiber embedded in the composites (matrix
with fibers). According to test results of Markovic [41], the inclusion
of fibers in the plain matrix increased the maximum pullout force.
In his study, the mix proportion (W/B of 0.2) and type of straight
steel fiber (lf/df¼ 13/0.2 mm/mm)were similar to those used in this
study. Thus, the pullout force of the composites P(q, l, d) is recal-
culated by adopting coefficient af, as follows:
Fig. 13. Embedment length with an inclination angle.
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Pðq; l; dÞ ¼ af Ppulloutðq; l; dÞ (25)

where af is the coefficient representing the relationship between
the fiber pullout behaviors in the actual composites and in the plain
matrix. af ¼ 1.25 was applied to UHPFRC in accordance with Kang
and Kim [16].

The fiber bridging curves obtained by using Eqs. (22)e(25) are
shown in Fig. 14. Fiber bridging curves obtained from the as-
sumptions of 2-D and 3-D random fiber orientations were also
investigated for comparisons. The measured PDF was adopted for
the case of the actual fiber orientation, obtained from the image
analysis, while the PDFs of 2/p and sinq were used for 2-D and 3-D
random fiber orientations, respectively.

Regardless of the fiber length, the PDFs assuming 3-D random
fiber orientation showed the lowest fiber bridging stress. This in-
dicates that the fibers in UHPFRC were more aligned (better fiber
orientation) with the flow direction than the assumption of 3-D
random fiber orientation, due to the drag force of the matrix by
the flow-velocity gradient. On the other hand, the highest fiber
bridging stress was obtained when the measured PDF did not
consider anf. The bridging stresses obtained by using the measured
PDFs without consideration for anf were approximately 30e45%
higher than those obtained using the measured PDFs with
consideration for anf. In addition, the bridging strengths calculated
based on the measured PDFs considering anf were quite similar to
those predicted by using the PDFs assuming 2-D random fiber
orientation. This is in accordance with the findings of Lee et al. [40].
Fig. 14. Fiber bridging curves with various PDFs for
However, smaller crack width at the peak bridging strength was
obtained for PDFs assuming random 2-D fiber orientation than
those using the measured PDFs. This is because of the different
shapes of the PDF curves.
3.2.4. Modeling of the tension-softening curve
Several softening models (i.e., linear, bilinear, and exponential

curves) are available for conventional concrete. However, thematrix
including steel fibers exhibits different softening behavior to that of
the plain concrete. In accordance with a previous study [16], the
softening curve of the matrix including steel fibers cannot be pre-
dicted by the softening models for the plain concrete proposed by
theCEB-FIP code [42]. In general, thefiberbridging stress is activated
with an increase in the crackwidth. Thismeans that the fibers in the
fracture process zone (FPZ) do not contribute to the fiber bridging
stress. However, they can resist the localization and extension of
matrix micro-cracks in FPZ from the shear stress transfer between
the fiber and the matrix, as shown in Fig. 15. Thus, the matrix soft-
ening curves should be composed of the pure matrix softening and
the fiber resistance effect on the localization and extension of the
micro-cracks ofmatrix in the FPZ. Unfortunately, there is nomethod
forquantitativelyevaluate thefiber resistance effect in the FPZ. Thus,
following a previous study [16], the matrix softening curve was
obtained by subtracting the fiber bridging curve calculated on the
basis of the measured PDFs considering anf from the polylinear
tension-softening curve obtained from inverse analysis [12].

The matrix softening curves for UHPFRC are shown in Fig. 16. To
consider the matrix softening curve using numerical analysis, a
fiber orientation; (a) S13, (b) S16.3, (c) S19.5.



Fig. 15. Schematic description of fracture process in matrix with and without fibers; (a) matrix without fiber, (b) matrix with fibers.

Table 6
Parameters of matrix softening curve.

Name a w1 wc

S13 0.30 0.15 0.70
S16.3 0.35 0.30 1.20
S19.5 0.45 0.30 1.75
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bilinear softening model was adopted, as follows:

smt ¼ ft

�
1� ð1� aÞ w

w1

�
for aft � smt � ft (26)

smt ¼ aft
wc �w1

ðwc �wÞ for 0 � smt � aft (27)

where the parameters in the bilinear matrix softening curves (a,w1,
and wc) are summarize in Table 6.

The micromechanics-based tension-softening curves for
UHPFRC are shown in Fig. 17. The order of tensile strength is as
follows; 2-D random fiber orientation > actual fiber orientation
from image analysis > 3-D random fiber orientation, regardless of
the fiber length. For example, the tensile strength of S19.5 calcu-
lated on the basis of the PDF assuming 2-D random fiber orientation
was found to be 13.7 MPa, approximately 12e25% higher than
those calculated on the basis of the PDFs using image analysis and
assuming 3-D random fiber orientation. In addition, higher tensile
strength and larger crack widths at both the peak strength and the
ultimate (tensile stress equals to zero) were obtained with an in-
crease in the fiber length. Thus, it can be concluded that the use of
longer steel fibers leads to better flexural performance than that of
shorter steel fibers [25], because of the improved fiber-bridging
capacity at the crack surfaces.

In order to compare the tensile-softening curves obtained from
the micromechanics-based analyses with those obtained from
previous models, various tension-softening models suggested by
several researchers [12,19e22] were considered. JSCE [19], Habel
and Gauvreau [20], and Yoo et al. [21] proposed bilinear tensile
stress-COD (s-w) models with different parameters for UHPFRC
containing 2 vol% of short straight steel fibers (lf ranging from
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Fig. 16. Matrix softening curves for UHPFRC according to fiber length.
13 mm to 15 mm), while Kang et al. [22] and Yoo et al. [12] sug-
gested trilinear tensile s-w models for UHPFRC with various vol-
ume fractions and lengths of straight steel fibers, respectively. The
detailed equations for all suggested softening models can be found
in the Appendix. The parameters suggested by the researchers are
also summarized in Table A1, and the calculated tensile s-wmodels
are shown in Fig. 18.

It is obvious that according to the researchers, the suggested
tension-softening models were completely different. Since JSCE
[19], Habel and Gauvreau [20], and Yoo et al. [21] suggested the
bilinear models only for UHPFRC containing short straight steel
fibers at the Vf of 2%, one type of bilinear model was adopted
regardless of fiber length. Although Kang et al. [22] proposed the
trilinear softening model for UHPFRC including short straight steel
fibers with various fiber volume fractions, the effect of fiber length
on the tension-softening model was able to be considered due to
the parameter of ultimate COD (wc). Thus, only the ultimate COD
value was changed according to the fiber length. On the other hand,
Yoo et al. [12] proposed a generalized trilinear softening model,
applicable for all types of UHPFRC with various lengths and ori-
entations of straight steel fibers, so it was able to consider the
implication of fiber length on the softening behavior. Based on their
model, the tensile strength and ultimate COD were obviously
influenced by the fiber length: a higher tensile strength and COD
were obtained with increasing the fiber length.

3.3. Sectional analysis

In order to verify the suggested micromechanics-based tension-
softening curves and previous models, sectional analysis was per-
formed. Sectional analysis is a very useful and powerful method for
modeling the flexural behavior of concrete beams presenting a
single dominant crack [43]. Since sectional analysis can take into
account the realistic stress-strain (or stress-COD) relationship un-
der compression and tension, several researchers have adopted this
analysis to predict the flexural behavior of FRC beams [43e45].
Since the UHPFRC beams used in this study are subjected to a center
point loading and include 30-mm notch at mid-length, a single
dominant flexural crack was formed for all test series, as shown in
Fig. 4. For this reason, the failure configuration of the UHPFRC beam
with a center point load is simplified as shown in Fig. 19. The



Fig. 17. Tension-softening curves for UHPFRC; (a) 2-D random fiber orientation, (b) 3-D random fiber orientation, (c) actual fiber orientation from image analysis.

Fig. 18. Summary of bi or trilinear tension-softening models.
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cracked section at mid-length is assumed to be acting as a plastic
hinge, and the total axial shortening of the top fiber in the beam is
given by

D0 ¼
ZL
0

εxdx ¼ 1
2
εcf L (28)

where D0 is the total axial shortening of the beam at the topmost
fiber, L is the span length, εx is the axial strain of the beam at the
topmost fiber, and εcf is the axial strain at mid-length of the beam at
the topmost fiber.

Based on the geometrical conditions, the incremental rotation
angle dq, mid-span deflection dd, and CMOD dCMOD are expressed,
as follows

dqz
D0

2c
(29)

dd ¼ dq
L
2

(30)

dCMOD ¼ 2½dqðh� cÞ� (31)

where c is the neutral axis depth and h is the height of the beam.
The stress distribution along the uncracked depth is given as a

function of the strain distribution. The strain distribution was
assumed to be linear based on the assumption that the plane
section remains plane. In general, UHPFRC shows a very linear
relationship for both compressive stress-strain before failure and
tensile stress-strain before cracking [8]. Thus, the linear compres-
sive and tensile stress-strain models for UHPFRC at uncracked
section were used in this study, as follows

fc ¼ Ecεc (32)



Fig. 19. Idealized failure mode of FRC beam under center point load.
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where fc is the stress of concrete, Ec is the elastic modulus of con-
crete, and εc is the strain of concrete.

The tension-softening curve is composed of matrix softening
and fiber bridging curves. The stress distribution by matrix soft-
ening is easily considered along the crack depth because it is
expressed by simple equations (Eqs. (26) and (27)). However, the
fiber bridging curve along the crack depth is difficult to be
considered by sectional analysis on account of its complicated
shape. Thus, although it is the best way to consider the actual fiber
bridging curve obtained from the micromechanical approach in the
sectional analysis, simple equations for simulating ascending and
descending branches of fiber bridging curve were alternatively
adopted.

For the ascending branch, Eq. (33) was adopted based on
Fig. 20. Comparison of fiber bridging curves calculated by micromechanics-based an
Gopalaratnam and Shah's model [46], which was suggested for the
stress-COD relationship of the softening curve in concrete.

sb ¼ sub

�
1� e�awb

�
(33)

where sb is the fiber bridging stress, sub is the maximum fiber
bridging strength, a and b are empirical coefficients, and w is the
crack width.

Fig. 20(a) shows the prediction of the ascending branch of
fiber bridging curve from Eq. (33). For all test series, the coeffi-
cient of determination (R2) was found to be higher than 0.99.
Thus, Eq. (33) was proper for modeling the ascending branch of
the UHPFRC fiber bridging curves. The empirical coefficients a
and b, obtained by the least-square method, for all test series are
listed in Table 7.

For the descending branch, the simple linear softening curve
suggested by Kang and Kim [47] was applied, as follows

sb ¼
4
�
lf
.
2
�
Vf tf

pdf

�
1� w�ws

0:85
�
lf
.
2
�
�ws

�
for w � 0:85

�
lf
.
2
�

(34)

sb ¼ 0 for w>0:85
�
lf
.
2
�

(35)

where ws is the crack width when the fiber starts to slide at the
interface.

The comparison between the micromechanics-based fiber
bridging curve and the modeled curve is shown in Fig. 20(b). The
solid line indicates the micromechanics-based fiber bridging curve,
while the dotted line indicates the modeled curve. The overall fiber
bridging curves calculated using Eqs. (33)e(35) showed quite good
agreement with the curve obtained from the micromechanics-
based approach. Therefore, the modeled fiber bridging curve was
incorporated into the sectional analysis algorithm in lieu of that
obtained from the micromechanics-based analysis.

The modeled fiber bridging curves are shown in Fig. 21.
Regardless of the fiber length, the fiber bridging strength obtained
using the PDFs assuming 3-D random fiber orientation was lower
than that obtained by the PDFs measured from image analysis. In
contrast, the PDFs assuming 2-D random fiber orientation exhibited
similar maximum bridging strength with the measured PDFs. Thus,
it is concluded that if the PDF for fiber orientation is not obtained
alysis and Eqs. (33)e(35) (lf ¼ 13 mm); (a) initial behavior, (b) overall behavior.



Table 7
Summary of empirical coefficients a and b.

Name a b

S13 Measured PDF 5.87 0.834
2-D random 6.59 0.727
3-D random 5.90 0.866

S16.3 Measured PDF 3.75 0.782
2-D random 5.27 0.726
3-D random 4.22 0.827

S19.5 Measured PDF 2.75 0.742
2-D random 4.27 0.707
3-D random 3.20 0.775
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from image analysis, a 2-D random fiber orientation can be used as
a substitute for small-sized UHPFRC beams without internal
reinforcements.

Synthetically, the material model for UHPFRC in compression
and tension is shown in Fig. 22. This model is divided into two
categories: (1) the uncracked region and (2) the cracked region. A
schematic diagram of the stress, strain, and crack width distribu-
tions at the cross-section is shown in Fig. 23. The internal resisting
moment M is calculated through an iterative procedure to deter-
mine the appropriate neutral axis depth in terms of the force
equilibrium condition, as follows

Zc0
0

fcdAþ
Xn
i¼1

sct;i ¼ 0 (36)
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Fig. 21. Modeled fiber bridging curv
M ¼
Zc0
0

fcydAþ
Xn
i¼1

sct;iyi (37)

where sct is the summation of matrix softening and fiber bridging
stresses.

The matrix softening and fiber bridging stresses can be obtained
from the stress-COD relationship. If the width of the notch (which
represents only 1% of the total beam length) is assumed to be
negligible, the crack width at the i th layer can be expressed by

wi ¼
CMOD
h� c

yi (38)

From the moment M calculated by Eq. (37), the applied load P
can be obtained from the following equation.

P ¼ 4M
L

(39)

The algorithm of sectional analysis for predicting the flexural
response of UHPFRC beams is shown in Fig. 24. Details of the
analytical procedures are available elsewhere [8]. Fig. 25 shows the
comparison of load-CMOD curves obtained from the experiments
and sectional analyses incorporating micromechanics-based ten-
sion-softening curves. The analytical predictions using the fiber
bridging curve on the basis of the PDFs measured from image
analysis agree fairly well with the present test data. In particular,
the maximum load and the corresponding CMOD were almost
perfectly predicted. However, the prediction exhibited a slightly
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es; (a) S13, (b) S16.3, (c) S19.5.



Fig. 22. Material models for UHPFRC under compression and tension.

Fig. 24. Algorithm for sectional analysis.
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higher load resistance at certain CMOD values in the post-peak
softening region. The analytical predictions with the fiber
bridging curve on the basis of the PDFs assuming 2-D random fiber
orientation showed slightly higher maximum load and post-peak
load resistance than the present test data. In contrast, the pre-
dictions based on the PDFs assuming 3-D random fiber orientation
exhibited much lower maximum load than the test data, regardless
of the fiber length. From the results, it is concluded that the
micromechanics-based sectional analyses using the PDFs for fiber
orientation obtained from image analysis predict the flexural
behavior of UHPFRC beams with various fiber lengths well. In
addition, the assumption of 2-D random fiber orientation is more
appropriate to predict the flexural behavior of UHPFRC beams than
the assumption of 3-D random fiber orientation.

Fig. 26 also exhibits the comparison of experimental results and
predicted values obtained from previous tension-softening models
[12,19e22]. For the specimen S13, the sectional analyses incorpo-
rating tension-softening models suggested by the present study,
JSCE [19], and Yoo et al. [12] provided good agreement with the
overall flexural behavior obtained from experiments. The analysis
including Habel and Gauvreau's model [20] well predicted the pre-
peak flexural behavior as well as the flexural strength, but it
exhibited steeper decrease in the load carrying capacity after the
peak point as compared with the test data. On the other hand, the
analytical results incorporating tension-softening models from
Kang et al. [22] and Yoo et al. [21] significantly overestimated the
Fig. 23. Schematic description of uncracked and cracked sections.
flexural strength as compared to the test data. This is caused by the
fact that the tension-softeningmodels suggested by Kang et al. [22]
and Yoo et al. [21] were based on the flexural test results of UHPFRC
beams, fabricated by a placement method different to that adopted
in this study. The different placement method may have caused the
discrepancy between the test data and the predictive values,
because of the different fiber orientations.

The analytical results considering the tension-softening models
suggested by JSCE [19] and Habel and Gauvreau [20] obviously
underestimated the flexural strength than the test data for the
specimens S16.3 and S19.5. This is because they suggested the
models only based on the test data obtained for UHPFRC including
short straight steel fibers. The analytical results considering the
models proposed by Kang et al. [22] and Yoo et al. [21] exhibited
good agreement with the test data of S16.3 and S19.5, respectively.
However, it seems to be a coincidence because their models were
suggested for UHPFRC incorporating short straight steel fibers with
a length of 13 mm.

Yoo's generalized softening model [12] presented quite a good
agreement with the test data regardless of the fiber length, because
their model was proposed based on the test results of UHPFRCs with
various lengths and orientations of straight steel fibers. However, the
micromechanical approach incorporating the actual PDF of fiber
orientation exhibited the best prediction to the test data regardless
of the fiber length. From these observations, it is noted that most of
the previous models are only applicable to a specific type of UHPFRC



Fig. 25. Comparison of experimental and analytical results; (a) S13, (b) S16.3, (c) S19.5.

Fig. 26. Comparison of experimental results and predictive values from various
tension-softening models; (a) S13, (b) S16.3, (c) S19.5 (Note: Present study indicates
the micromechanical analysis incorporating fiber bridging curve from the measured
PDF of fiber orientation).
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and not generally applied for various types of UHPFRC with different
lengths, shapes, and volume fractions of steel fibers. Accordingly, the
micromechanical approach introduced in this study can be one of the
solutions to overcome the drawbacks of previous models and
generally applied for various types of UHPFRC.

4. Conclusions

The flexural behaviors of UHPFRC beams including straight steel
fibers with various lengths were numerically investigated. For the
numerical analysis, sectional analyses incorporating linear
compressive and tensile models before cracking and tension-
softening curves obtained from micromechanical approach and
previous models were adopted and verified through a comparison
with the test data. From the above discussions, the following con-
clusions are made:
1) The use of longer steel fibers resulted in better flexural perfor-
mance, butpoorerfiberorientation, compared to thatwith shorter
steel fibers. In contrast, the initial and descending slopes of the
flexural load-CMOD curve, the fiber dispersion, and number of
fibers were not significantly affected by the fiber length.

2) To obtain tension-softening curve, the fiber bridging curve was
calculated based on the pullout model of straight steel fibers
embedded in an ultra-high-strength cementitious matrix and a
bilinear matrix softening curve was adopted. In particular, the
fiber bridging strength was influenced by the fiber length and
orientation. Higher fiber bridging strength was obtained with a
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higher fiber length. The order of fiber bridging strength was also
found to be 2-D random fiber orientation > actual fiber orien-
tation by image analysis > 3-D random fiber orientation.

3) The sectional analyses incorporating the fiber bridging curve
based on the PDFs using fiber orientation from image analysis
exhibited fairly good agreement with the test data. The use of
PDFs assuming 2-D random fiber orientation showed slightly
higher load carrying capacity, whereas the use of PDFs assuming
3-D random fiber orientation exhibitedmuch lower load carrying
capacity than the experimental results. From these results, it was
concluded that the micromechanics-based sectional analysis us-
ing the PDFs obtained from image analysis is most suitable for
predicting the flexural response of UHPFRC beams. However, if
the actual PDF is not obtained from the image analysis, the
assumption of 2-D random fiber orientation can be adopted as a
substitute to predict the flexural behavior. This is more accurate
than the assumption of 3-D random fiber orientation.

4) Most of the previously suggested tension-softening models were
only appropriate to a specific type of UHPFRC, and they were not
generally applied for UHPFRCs with various lengths, shapes, and
volume contents offibers. This limitationwas able to be overcome
byusing themicromechanical approach although it requiredquite
complicated equations for modeling fiber bridging curve.
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Appendix

Previous tensile stress-COD models for UHPFRC

▪ Bilinear models

JSCE [19], Habel and Gauvreau [20], and Yoo et al. [21] proposed
a bilinear stress-COD model (Eqs. (A1) and (A2)), and the param-
eters suggested are all summarized in Table A1.

s ¼ ft � ðft � f1Þ
w
w1

for w<w1 (A1)

s ¼ f1

�
1� w�w1

wc �w1

�
for w1 � w<wc (A2)

where s is the tensile stress, ft is the tensile strength, f1 is the tensile
stress at a kink point,w is the COD,w1 is the COD at f1, andwc is the
ultimate COD at s ¼ 0.

▪ Trilinear models

Kang et al. [22] proposed a trilinear stress-CODmodel having an
initial softening branch due to matrix cracking, a fiber bridging
plateau, and a final softening branch, as follows

s ¼ �ft � f1
w1

wþ ft for w<w1 (A3)

s ¼ f1 for w1 <w<w2 (A4)

s ¼ � f1
wcw2

ðw�wcÞ for w2 <w<wc (A5)
s ¼ 0 for wc <w (A6)

where s is the tensile stress, ft is the tensile strength, f1 is the tensile
stress at the region of fiber bridging plateau, w is the COD,w1 is the
COD at the beginning of f1, w2 is the COD at the end of f1, and wc is
the ultimate COD at s ¼ 0.

Based on the numbers of flexural tests and inverse analyses,
they suggested the following equations for predicting the param-
eters in Eqs. (A3)e(A6), considering the volume fraction of short
straight steel fibers.

ft ¼ aft Vf þ bft (A7)

f1 ¼ af1Vf þ bf1 (A8)

w1 ¼ bw1 (A9)

w2 �w1 ¼ aw2

�
1� e�bw2

Vf

�
(A10)

*wc ¼
lf
2

for Vf < bwc

wc ¼
lf
2
e�ðVf�bwc Þ þ awc

�
1� e�ðVf�bwc Þ

�
for Vf � bwc

(A11)

where Vf is the fiber volume fraction by percent and lf is the fiber
length. Experimental coefficients aft ¼ 7.09, bft ¼ 16.2, af1 ¼ 3.79,
bf1 ¼ 3.69, bw1 ¼ 0.0242, aw2 ¼ 0.5, bw2 ¼ 0.54, awc ¼ 4.64, and
bwc ¼ 1.29 were proposed.

According to Eqs. (A7)e(A11), the parameters in Eqs. (A3)e(A6)
were calculated and summarized in Table A1.

Yoo et al. [12] suggested a generalized trilinear softening model,
which is applicable for UHPFRC with various lengths and orienta-
tions of straight steel fibers. To obtain the generalized model, they
[12] used dimensionless parameters, i.e., s/ft and w/wch, where wch

is the ratio between fracture energy and tensile strength (¼ GF/ft),
similar to that adopted by Ba�zant and Zi [48]. The generalized
trilinear tension softening model proposed by Yoo et al. [12] is as
follows

s ¼ ft for w<w1 (A12)

s ¼ ft

�
1� 0:2

w�w1

w2 �w1

�
for w1 <w � w2 (A13)

s ¼ 0:8ft

�
wc �w
wc �w2

�
for w2 <w � wc (A14)

w1 ¼ 0:15
GF

ft
(A15)

w2 ¼ 2
GF

ft
� 0:8wc (A16)

wc ¼ 2
GF

ft
(A17)

where s is the tensile stress, ft is the tensile strength, w is the COD,
w1 is the COD at the end of initial plateau with ft, w2 is the COD at
the kink point, GF is the fracture energy, and wc is the ultimate COD
at s ¼ 0.
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The parameters used in Eqs. (A12)e(A17) are also given in
Table A1.
Table A1
Summary of previous tensile stress-COD models for UHPFRC

Model type Parameters

JSCE [19] Bilinear ft ¼ f1 ¼ 8.8 MPa, w1 ¼ 0.5 mm, and wc ¼ 4.3 mm
Habel and Gauvreau [20] Bilinear ft ¼ 11 MPa, f1 ¼ 3.5 MPa, w1 ¼ 1.5 mm, and wc ¼ 5.0 mm
Yoo et al. [21] Bilinear ft ¼ f1 ¼ 13.4 MPa, w1 ¼ 0.48 mm, and wc ¼ 5.22 mm
Yoo et al. [12] Trilinear S13: ft ¼ 9.56 MPa, w1 ¼ 0.29 mm, w2 ¼ 0.60 mm, wc ¼ 4.60 mm, and GF ¼ 21.80 N/mm

S16.3: ft ¼ 10.95 MPa, w1 ¼ 0.46 mm, w2 ¼ 1.16 mm, wc ¼ 6.67 mm, and GF ¼ 37.09 N/mm
S19.5: ft ¼ 11.88 MPa, w1 ¼ 1.00 mm, w2 ¼ 2.09 mm, wc ¼ 8.17 mm, and GF ¼ 53.55 N/mm

Kang et al. [22] Trilinear S13: ft ¼ 30.38 MPa, f1 ¼ 11.27 MPa, w1 ¼ 0.0242 mm, w2 ¼ 0.354 mm, and wc ¼ 5.55 mm
S16.3: ft ¼ 30.38 MPa, f1 ¼ 11.27 MPa, w1 ¼ 0.0242 mm, w2 ¼ 0.354 mm, and wc ¼ 6.37 mm
S19.5: ft ¼ 30.38 MPa, f1 ¼ 11.27 MPa, w1 ¼ 0.0242 mm, w2 ¼ 0.354 mm, and wc ¼ 7.15 mm
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