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Motivated by the doubly special relativity theories and noncommutative spacetime structures, thermody- 

namical properties of the photon gas in a phase space with compact spatial momentum space is stud- 

ied. At the high temperature limit, the upper bounds for the internal energy and entropy are obtained

which are determined by the size of the compact spatial momentum space. The maximum internal en- 

ergy turns out to be of the order of the Planck energy and the entropy bound is then determined by the 

factor 
(
V/l 3 

Pl 

)
through the relevant identification of the size of the momentum space with Planck scale. 

The entropy bound is very similar to the case of Bekenstein–Hawking entropy of black holes and suggests

that thermodynamics of black holes may be deduced from a saturated state in the framework of a full

quantum gravitational statistical mechanics.

© 2016 Elsevier B.V. All rights reserved.
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1. Introduction

Existence of a minimum length scale, below which no other

length could be observed, is suggested by all quantum gravity

candidates such as string theory and loop quantum gravity [1,2] .

It is then widely believed that a non-gravitational theory which

contains a universal minimal length scale will be arisen at the flat

limit of quantum gravity. Although the standard relativistic quan-

tum mechanics does not take into account any minimal length

scale, the flat limit of quantum gravity will be reduced to this

standard theory in the continuum limit (if it is exist) in the light

of correspondence principle. In this respect, the deformation of

standard relativistic quantum mechanics seems to be necessary in

order to take into account a quantum gravity length scale. The first

attempt in this direction goes back to the seminal work of Snyder

who formulated a discrete Lorentz-invariant spacetime in which

the spacetime coordinates appear to be non-commuting operators

[3] . On the other hand, it is well-known that the transition from

non-relativistic to relativistic and also classical to quantum me-

chanics are obtained by stabilizing deformations of two unstable

algebraic structures, say, Lie algebra of Galilean group and Poisson

algebra, to two robust stable Lorentz and Heisenberg algebras.

However, when Lorentz and Heisenberg stable algebras are put to-
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ether, the resultant algebra for the relativistic quantum mechanics

urns out to be unstable. Thus, it is natural to explore a stable

lgebra for the relativistic quantum mechanics [4] . Evidently, the

pacetime coordinates also become non-commuting operators for

he resultant stable algebra of the relativistic quantum mechanics

nd a parameter with dimension of length naturally arises in this

etup [5] . One could then consider this noncommutative stable

lgebra to be a candidate for the flat limit of quantum gravity by

he relevant identification of the associated deformation parameter

ith universal minimal length. The non-commutativity of space-

ime coordinates is also suggested by string theory at fundamental

evel [6] . The direct consequence of the non-commutating space-

ime coordinates is the modification of the Heisenberg uncertainty

rinciple (see for instance [7] ). In this respect, one could also study

he effects of a universal minimal length to the classical (special

elativity) and non-relativistic (quantum mechanics) limit of rela-

ivistic quantum mechanics. For instance, inspired by string theory,

eneralized uncertainty relations are suggested [8] which support

he existence of a minimal length through a nonzero uncertainty

n position measurement [9] . This deformed quantum mechanics

s very similar to the one that is inspired by non-relativistic subal-

ebra of Snyder noncommutative algebra [10] . Furthermore, from

he fact that a minimal length in one inertial frame may be dif-

erent in another observer’s frame through the Lorentz–Fitzgerald

ontraction in special relativity, the doubly special relativity (DSR)

heories are investigated in order to take into account an observer-

ndependent minimum length (or maximal energy) in special

elativity framework [11] . The Lorentz invariance then may be
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onsidered only as an approximate symmetry which will be bro-

en at the Planck scale. However, it could be possible to formulate

 Lorentz-invariant DSR theory through a nonlinear action of

orentz group on four-momentum space [12] . Recently, it is found

hat the DSR theories can be realized from maximally symmet-

ic curved four-momentum spaces and the observer-independent

cale is determined by the constant curvature of the corresponding

our-momentum space in this setup [13] . The duality of curved

omentum space and noncommutative spacetime is also shown

n quantum geometry setup [14] . Generally, deformed noncom-

utative spacetimes could be realized from deformed κ-Poincaré

lgebra on the associated κ-Minkowski noncommutative spacetime

15] . For instance, the Lorentz-violating algebra that is investigated

n Ref. [11] and a Lorentz-invariant version that is proposed

ater in Ref. [12] , could be realized from the different bases of

-Poincaré algebra in a unified picture [16] . Also, it is shown that

he Snyder algebra [3] and the stable algebra of relativistic quan-

um mechanics [5] can be obtained from a ten-dimensional phase

pace, with curved geometry for four-momentum space, through

he symplectic reduction process [17] . In these respects, curved

our-momentum spaces found their robust role in relative locality

rinciple [18] . Furthermore, in the absence of a full quantum

heory of gravity, the DSR theories suggest some quantum gravity

orrections usually as a ratio of Planck length to the characteristic

ength scale of the system under consideration for some standard

ell-known systems. Although these effects are usually so small,

hey could be detected in principle in future high energy physics

xperiments or even in ultra-high energy cosmic rays showers (see

ef. [19] and references therein). In this respect, the DSR theories

rovide some potentially detectable effects for quantum gravity

roposal. 

The direct consequence of the curved four-momentum space

r noncommutative spacetime is the deformation to the disper-

ion relation and the associated density of states [20–22] . Since

ensity of states determines the number of microstates in statis-

ical mechanics, the thermodynamical properties of the physical

ystems in these setups would be significantly different from the

tandard ones. Indeed, existence of a minimal length and maximal

omentum (or maximal energy), as an extra information for the

ystem under consideration, change the standard uniform proba-

ility distribution of microstates at high energy regime. In recent

ears, the effects of minimal length and maximal momentum on

hermodynamical systems are studied in many contexts. For in-

tance, thermodynamical properties of some physical systems in

oncommutative spaces are studied in Ref. [23] . For the case of

eneralized uncertainty principle, see Refs. [24,25] . Thermodynam-

cs of relativistic systems are studied in the context of DSR the-

ries [21] . Moreover, it is well-known that black holes obey the

hermodynamical laws and emit thermal emission (the so-called

awking radiation) similar to the black body radiation [26] . In the

bsence of a full quantum theory of gravity, approaches to quan-

um gravity proposal such as string theory and loop quantum grav-

ty reveal some thermodynamical aspects of the black hole physics

27,28] . Interestingly, the candidates for flat limit of quantum grav-

ty are capable to reproduce some important thermodynamical re-

ults that are common between these alternative approaches. For

he thermodynamics of the black holes in noncommutative spaces

ee Ref. [29] . The effects of the generalized uncertainty principle

n black holes thermodynamics are studied in Ref. [30] . Therefore,

lack holes may be the most interesting thermodynamical systems

hat is expected to be considered in the framework of quantum

ravitational statistical mechanics [31] . In this streamline, we study

hermodynamical properties of a system composed of photon gas

n noncommutative spacetime, as a semiclassical flat limit of quan-

um gravity. This study has the potential to open new windows

n the statistical origin of black hole thermodynamics. The results
how that the thermodynamical properties of photon gas will be

aturated at high temperature in noncommutative spacetime. We

lso find an interesting analogy between black hole entropy and

ntropy of saturated photon gas. 

The structure of the paper is as follows: In Section 2 , we

resent the stable (noncommutative) algebra of relativistic quan-

um mechanics and we consider its non-relativistic subalgebra in

rder to find the deformed density of states in this setup. In

ection 3 , we obtain the modified partition function by means of

he deformed density of states. Using the partition function, we

tudy thermodynamical properties of the photon gas in noncom-

utative spacetime in Section 4 . Section 5 is devoted to the sum-

ary and conclusions. 

. Noncommutative spacetime: deformed density of states 

In the context of stability theory, special theory of relativity

s understood as a transition from the unstable Lie algebra of

alilean group, the kinematical group of non-relativistic quantum

echanics, to the stable algebra of Lorentzian group. Moreover,

assage from classical to quantum mechanics is also appeared

o be a transition from unstable Poisson algebra to the stable

eisenberg one. It was then pointed out that the fundamental

heories of nature may also seem to be stable in the sense that

hey do not change in a qualitative manner under a small change

f the associated parameters [4,32] . However, when Lorentz and

eisenberg stable algebras are put together in relativistic quantum

echanics framework, the resultant algebra turns out to be unsta-

le. It is then natural to explore a stable algebra for the relativistic

uantum mechanics through consideration of structural stability.

n this regard, the minimal candidate for such a stable algebra of

elativistic quantum mechanics is found as [5] 

[ J μν, J ρσ ] = i (J μσηνρ + J νρημσ − J νσ ημρ − J μρηνσ ) , 

 J μν, p ρ ] = i (p μηνρ − p νημρ ) , (1) 

[ J μν, x ρ ] = i (x μηνρ − x νημρ ) , 

[ x μ, x ν ] = −iε
J μν

κ2 
, [ p μ, x ν ] = iημνI, [ p μ, p ν ] = 0 , 

[ x μ, I ] = iε
p μ

κ2 
, [ p μ, I ] = 0 , [ J μν, I ] = 0 , 

here ημν = diag (+1 , −1 , −1 , −1) is the Minkowski metric,

= ±1 , and I is the nontrivial operator that replaces the triv-

al center of the standard Heisenberg algebra [33] . Clearly, the

pacetime coordinates x μ become non-commuting operators and

he deformation parameter κ with dimension of inverse of length

aturally arises in this setup which could be identified with

 minimal length scale. The deformed algebra (1) is Lorentz-

nvariant through the preservation of the commutation relation

or generators J μν and the vector nature of ( x μ, p μ). A full rep-

esentation of the stable algebra (1) by differential operators in a

ve-dimensional manifold with commutative coordinates ξA and

at metric ηAB = diag (+1 , −1 , −1 , −1 , ε) is given by [34] 

 μ = 

i 

κ

(
ξμ

∂ 

∂ξ 4 
− εξ 4 ∂ 

∂ξμ

)
, p μ = i 

∂ 

∂ξμ
, (2) 

 μν = i 

(
ξμ

∂ 

∂ξν
− εξν

∂ 

∂ξμ

)
, I = 

i 

κ

∂ 

∂ξ 4 
. 

n order to obtain the deformed density of states associated to

he deformed algebra (1) , we restrict ourselves to a subalgebra

ontaining { x i , p i , I} with i = 1 , 2 , 3 , that replaces the standard

eisenberg algebra in this setup. Also we fix ε = −1 since, as we

ill see, this choice leads to the compactification of the spatial

omenta space and a universal spatial maximal momentum arises

or this case. For a fixed i , in x -basis, the representation of this
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subalgebra is given by 

x i = x, p i = κ sin 

(
1 

iκ

d 

dx 

)
, I = cos 

(
1 

iκ

d 

dx 

)
. (3)

The states | p〉 = e ikx would be eigenvectors of p i with eigenvalues 

p(k ) = κ sin (k/κ) . (4)

Considering vanishing boundary condition on a box for | p 〉 , gives

k n = 

π
L n, with n ∈ Z . Using the fact that dn = 

dn 
dp 

dp, from the

relation (4) , to first order of approximation the deformed density

of states in this setup will be (see Ref. [35] for more details), 

g(p) dp = 

V 

2 π2 

p 2 dp √ 

1 − (p/κ) 2 
, (5)

which is not exact since it is obtained in the spirit of the subalge-

bra (3) . An important result, which is also clear from the relation

(4) , is that there is an spatial maximal momentum as p < κ in

this setup. Also, the deformed density of states (5) shows that the

phase space volume expands at high momentum regime. Thus, the

main result of this section is that: the stable algebra of relativistic

quantum mechanics (1) suggests the deformation to the density

of states as the relation (5) . The standard state density could be

recovered in the limit of κ → ∞ . 

The deformed density of states (5) is suggested also in the con-

text of DSR theories [36] , non-relativistic Snyder noncommutative

space [37] , and polymerized phase space [38] . The question then

arises: what is the origin of these coincidence? Let us more elab-

orate on this point. The space of four momentum p μ in (1) is in-

deed determined by the de Sitter geometry [5] . On the other hand,

the space of momentum in Snyder original noncommutative space-

time [3] has also de Sitter geometry. The topology of the de Sitter

space is R × S 3 . Identifying R with the space of the energy and S 3 

with the space of spatial momenta, a universal maximal momen-

tum (which signals the existence of a UV cutoff) naturally arises

which is completely determined by the radius of the three-sphere

S 3 , or equivalently with curvature of the de Sitter four-momentum

space. More precisely, compactness of S 3 topology is the origin of

natural UV cutoff in all of these models [39] . For instance, for the

case of non-relativistic Snyder model defined in Ref. [10] , the space

of spatial momenta is the three sphere S 3 . So there is no surprise

when the measure on the momentum space gets the same mod-

ification (5) in Ref. [37] . Thus, the density of states (5) underlies

on the S 3 compact topology and consequently a universal maximal

momentum p < κ , as an ultraviolet cutoff for the system under

consideration, naturally arises in this setup. This maximal momen-

tum is completely determined by the radius of the three-sphere.

As we will show in the next sections, existence of a maximal mo-

mentum leads to the saturation of thermodynamical properties of

the statistical systems at the high temperature regime. 

3. Partition function 

In this section, we obtain the modified partition function by

means of the deformed density of states (5) in order to study ther-

modynamics of photon gas in noncommutative spacetime. 

The number of accessible microstates for a physical system de-

termines the associated thermodynamical properties in the context

of statistical mechanics. The microstates, however, is determined

only by quantum mechanics and there is no classical statistics in

essence. More precisely, for a system at temperature T , the quan-

tum partition function for a single-particle state is defined as 

Z 1 = 

∑ 

ε i 

e −ε i /T , (6)

where { ε i } are the single-particle energy states which are the

solution of Hamiltonian eigenvalue problem. From the single-

particle partition function one could find the total partition
unction and all the thermodynamical properties of the system

nder consideration then could be easily obtained from the total

artition function. Solving the Hamiltonian eigenvalue problem in

oncommutative spacetime, however, is not an easy task at all due

o the complicated form of the representations of the operators

n this setup (see for instance Ref. [40] ). Even if one solves the

amiltonian eigenvalue problem, performing the summation over

he microstates’ energies in relation (6) to obtain an analytic

xpression for the associated quantum partition function may

e difficult. Nevertheless, one could approximate the summation

ver the energies by the integral over the phase space volume

y means of the density of states. The advantage of this method

s that, it is not need to solve the Hamiltonian eigenvalue prob-

em in noncommutative setup. Indeed, one could work with the

amiltonian function together with the deformed density of states

5) on the associated noncommutative phase space. However,

ne should note that this semiclassical approximation will be

oincided with full quantum consideration at high temperature

egime and the full quantum considerations then preserve their

mportance for the low temperature phenomenons such as the

ose-Einstein condensation. Thus, all the noncommutativity effects

re summarized in the deformed density of states (5) and one

ould replace the summation over the microstates’ energies as 

 

ε 

→ 

V 

(2 π) 3 

∫ 
| p|≤κ

d 3 p √ 

1 − p 2 

κ2 

, (7)

here V is the spatial volume. Using the semiclassical approxima-

ion (7) in the relation (6) , the canonical partition function will

e 

 1 (T , V ) = 

1 

(2 π) 3 

∫ 
d 3 x 

∫ 
| p|≤κ

e −H(x,p) /T d 3 p √ 

1 − (p/κ) 2 
. (8)

or a photon gas confined in a volume V at temperature T with

amiltonian function H(p) = p, the associated modified partition

unction for the single-particle state could be easily deduced from

he relation (8) as 

 1 (T , V ) = 

V 

(2 π) 3 

∫ κ

0 

e −p/T p 2 dp √ 

1 − (p/κ) 2 
= 

V 

( 2 π) 3 
f ( T ) , (9)

here we have defined 

f (T ) = −κ4 

3 

T + 

πκ2 

2 T 

{ [ 
I 1 (κT ) + κT I 2 (κT ) 

] 

−
[ 

L 1 (κT ) + κT L 2 (κT ) 
] } 

, (10)

ith I n and L n are the modified Bessel functions and modi-

ed Struve functions of rank n respectively. In the limit of low

emperature, the noncommutativity effects will be removed

nd we find f (T ) = 8 π T 3 and the relation (9) reduces to the

tandard non-deformed partition function for the photon gas

 1 (T → 0 , V ) ≈ 8 πV (T /h ) 3 . The total partition function for a non-

ocalized system such as photon gas, with which we are interested

n this paper, can be obtained from the standard definition 

 N (T , V ) = 

1 

N! 

[
Z 1 (T , V ) 

]N 
, (11)

here N is the number of photons and the Gibb’s factor is also

onsidered. Substituting the single-particle state partition function

9) into the definition (11) gives the total partition function for the

hoton gas as 

 N (T , V ) = 

V 

N 

(2 π) 3 N 
f (T ) N 

N! 
. (12)

Having the total partition function (12) in hand, we are able

o study thermodynamics of the photon gas in noncommutative
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Fig. 1. Entropy versus the temperature. The solid line represents the entropy of the 

photon gas in noncommutative spacetime with maximal momentum for the spatial 

momenta and the dashed line corresponds to the non-deformed case. At the high 

temperature regime, the entropy increases with a slower rate in noncommutative 

spacetime with respect to the corresponding non-deformed case. At high temper- 

ature, the entropy approaches to a maximum value (17) which is originated from 

the existence of an ultraviolet cutoff (maximal momentum corresponds to a mini- 

mal length) in noncommutative framework. The figure is plotted for T 
Pl 

= 1 , where 

T 
P 

is the Planck temperature. 
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d  
pacetime. Considering the maximal spatial momentum κ to be

f the order of the Planck momentum (energy) as κ ∼ p 
Pl 
, it is

atural to expect that the deviation from the standard thermody-

amical results for a photon gas emerges at the high temperature

egime (about the Planck temperature) where the noncommutative

ffects play significant role. 

. Thermodynamics of photon gas 

First of all, we obtain the Helmholtz free energy F which can be

btained from the standard definition as 

 = −T ln 

[
Z N (T , V ) 

]
= −NT 

[
1 + ln 

(
V f 

8 π3 N 

)]
, (13) 

n which we have used the Stirling’s formula ln (N!) ≈ N ln N − N

or large N . The thermal pressure of the photon gas will be 

 = −
(

∂F 

∂V 

)
T,N 

= 

NT 

V 

. (14) 

herefore, the familiar form of the equation of state for the ideal

asses 

 V = NT , (15)

s also preserved in this setup. It is the well-known result that the

rom of equation of state (15) is held for both of the relativistic and

on-relativistic ideal gases in standard Maxwell–Boltzmann statis-

ics. It seems that this form also remains unchanged for both of

he relativistic and non-relativistic ideal gases in the presence of

n ultraviolet cutoff (see for instance Ref. [25] for the case of gen-

ralized uncertainty principle). 

.1. Entropy bound 

The entropy could be obtained from the Helmholtz energy

13) by definition as 

 = −
(

∂F 

∂T 

)
N,V 

= N 

(
1 + ln (V/ 8 π3 N) + (T ln f ) ′ 

)
, (16) 

here a prime denotes the derivative with respect to the tempera-

ure. The behavior of the entropy versus the temperature is plotted

n Fig. 1 . It is clear from Fig. 1 that the entropy increases with a

lower rate in noncommutative case (the solid line) than the stan-

ard one (the dashed line). Unlike the entropy of the standard pho-

on gas, the entropy approaches to a maximum value at very high

emperature regime in the noncommutative setup. The maximum

ntropy bound for the photon gas is 

 ≤ S 
max 

= C 1 (N) + N ln 

(
V 

l 3 
Pl 

)
, (17) 

here C 1 (N) = N + N ln 

(
κ3 

0 
8 πN 

)
and also we have substituted κ =

0 p Pl 
= κ0 /l 

Pl 
with κ0 is the dimensionless parameter and l 

Pl 
is

he Planck length. The dimensionless parameter κ0 ∼ O(1) deter-

ines the boundary at which the noncommutative effects will be-

ome important and it should be fixed only by the experiments

see Ref. [41] in which some upper bounds for this dimensionless

arameter are obtained in different contexts). The entropy bound

17) shows that the photon gas is saturated at high temperature

egime in noncommutative spacetime and the entropy could not

ncrease by increasing the temperature in this regime. More pre-

isely, the entropy bound (17) for the photon gas originates from

he existence of an ultraviolet cutoff in this setup which also, as

e shall see, leads to an upper bound for the internal energy. 

Appearance of the factor 
(
V/l 3 

Pl 

)
in the relation (17) for the max-

mum entropy bound, signals the discreteness of the space with re-

pect to the Planck length at high temperature limit in this setup.
his result, in some sense, is similar to the case of the entropy of

he black holes. The Bekenstein–Hawking entropy for black holes is

iven by the relation S 
BH 

= 

(
A/ 4 l 2 

Pl 

)
, where A is the horizon area of

lack hole [26] . Then, the number of microstates is precisely deter-

ined by the horizon area and the fundamental area l 2 
Pl 

. In other

ords, each bit of information is proportional to the fundamental

Planck) area l 2 
Pl 

. In the case of the photon gas in noncommuta-

ive setup, the entropy bound (17) shows that the number of mi-

rostates at high temperature regime is precisely determined by

he factor 
(
V/l 3 

Pl 

)
, i.e. , one bit of information is proportional to l 3 

Pl 
.

n other words, similar to the black holes, the entropy at high en-

rgy regime (where quantum gravitational effects play the central

ole) precisely is determined by the accessible spatial volume to-

ether with the ultraviolet cutoff (Planck length) for the systems.

any attempts have been done to find the microscopic origin of

lack holes entropy [27,28,42] . Then, in the light of this result,

t may be possible that black holes thermodynamics will emerge

rom a saturated state in a full quantum gravitational statistical

echanics framework. In the absence of such a theory, the gravita-

ional statistical theories such as the generally covariant statistical

echanics may open a new window on this issue [31] . 

.2. Internal energy and specific heat 

The internal energy of the photon gas will be 

 = −T 2 
[ 

∂ 

∂T 

(
F 

T 

)] 
N,V 

= NT 2 
f ′ 
f 

. (18) 

ubstituting f ∼ T 3 for the low temperature regime, immediately

ives the standard result U = 3 NT for the photon gas. The inter-

al energy versus the temperature is plotted in Fig. 2 . It is clear

rom Fig. 2 that, at high temperature regime, the internal energy of

he photon gas in noncommutative framework (the solid line) in-

reases with a smaller rate with respect to the non-deformed case

the dashed line). Interestingly, there is an upper bound, of the or-

er of the Planck energy, for the internal energy of the photon gas
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Fig. 2. Internal energy of the photon gas versus the temperature. The solid line 

represents the internal energy in noncommutative setup and the dashed line cor- 

responds to the standard case. Clearly, noncommutative effects dominate when 

the temperature approaches the Planck temperature and the internal energy of 

the photon gas then increases with a much less rate in this regime. The system 

will be finally saturated and the internal energy approaches to its maximum value 

(19) which is of the order of Planck energy. This feature also originates from the 

existence of an ultraviolet cutoff in this setup. 
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Fig. 3. Specific heat versus the temperature. The solid line represents the heat 

capacity of the photon gas in noncommutative space and the dashed line corre- 

sponds to the non-deformed case. While the specific heat is constant (for a fixed 

N ) for the standard photon gas, it becomes temperature-dependent at high tem- 

perature regime in noncommutative spacetime. Indeed, the photon gas saturates at 

the high energy regime and then the specific heat tends to zero in this regime. 

In other words, the system cannot access a higher energy scale by increasing the 

temperature. 
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in noncommutative spacetime as follows 

 ≤ U 

max 
= 

(
8 

9 πκ0 

)
E 

Pl 
. (19)

This result also originates from the fact that there is an ultravi-

olet cutoff | p | ≤ κ for the system under consideration in noncom-

mutative spacetime. 

The specific heat then will be 

 

V 
= 

(
∂U 

∂T 

)
V 

= NT 2 
(

f ′′ 
f 

− f ′ 2 
f 2 

+ 

2 f ′ 
T f 

)
. (20)

The specific heat versus the temperature is plotted in Fig. 3 . Unlike

the standard photon gas with constant specific heat C 
V 

= 3 N (for a

fixed N ), the specific heat in noncommutative framework becomes

temperature-dependent at high energy regime (see Fig. 3 ). As it

is clear from Fig. 3 , C 
V 
(T → ∞ ) = 0 which shows that the photon

gas saturates at high temperature limit (around the Planck temper-

ature), when the noncommutative effects become significant and

the system cannot access a higher energy scale by increasing the

temperature. 

5. Summary and conclusions 

Existence of a minimal length, preferably of the order of Planck

length, is suggested by quantum gravity candidates such as string

theory and loop quantum gravity. Although a full quantum the-

ory of gravity is not formulated yet, it is widely believed that a

non-gravitational theory that admits a minimal length scale would

be emerged at the flat limit of quantum gravity. Evidently, such a

theory could be achieved through the deformation of the algebraic

structure of the standard relativistic quantum mechanics in such a

way that spacetime coordinates become non-commutating opera-

tors. Recently, in the context of doubly special relativity theories,

it was shown that this issue could be also realized from a curved

four-momentum space with constant curvature such as the de Sit-

ter geometry with topology R × S 3 . Identifying R with the space of
nergy and S 3 with the space of spatial momenta, a universal max-

mal momentum (corresponds to a minimal observer-independent

ength scale) naturally arises which is completely determined by

he radius of three-sphere or equivalently with curvature of the

e Sitter four-momentum space. The deformation to the disper-

ion relation and density of states are the direct consequence of

hese setups. Since the number of microstates is determined by

he density of states, the significant effects on the thermodynam-

cal properties of the physical systems will be arisen in these se-

ups. In this paper, after obtaining the modified partition function

y means of the deformed density of states in spacetime with sta-

le noncommutative algebra, we have studied the thermodynam-

cal properties of the photon gas in this setup. The results show

hat the entropy of the photon gas increases with a smaller rate

t the high temperature regime in noncommutative setup in com-

arison with the standard non-deformed case. Also, the entropy

pproaches to a maximum entropy bound around the Planck tem-

erature. The number of accessible microstates associated to the

esultant entropy bound is totally determined by the factor 
(
V/l 3 

Pl 

)
hich is qualitatively very similar to the black holes’ Bekenstein–

awking entropy S BH = 

(
A/l 2 

Pl 

)
in which the number of accessible

icrostates for a black hole is precisely determined by the factor

A/l 2 
Pl 

)
, where A is the black hole horizon area. In other words,

imilar to the case of black holes, the entropy for the photon gas

n high temperature regime is precisely determined by the acces-

ible spatial volume and an ultraviolet cutoff in noncommutative

pacetime. This result suggests that thermodynamics of black holes

ay be obtained from a saturated state in the framework of a full

uantum gravitational statistical mechanics. Furthermore, the in-

ernal energy of the photon gas also gets a finite maximum value,

f the order of the Planck energy, at very high temperature regime.

he associated specific heat then tends to zero at high temperature

egime since the photon gas is saturated in this regime and could
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ot access to a higher energy scale by increasing the temperature.

lthough we have studied the thermodynamics of a particular sys-

em (the photon gas) in noncommutative spacetime, having upper

ounds for the entropy and internal energy are generic properties

ince they originate from the existence of an ultraviolet cutoff in

his setup. 
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