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A novel generalized random walks model based algorithm for image smoothing is presented. Unlike pre-
vious image smoothing methods, the proposed method performs image smoothing in a global weighted
way based on graph notation, which can preserve important features and edges as much as possible. Based
on the new random walks model, input image information and user defined smoothing scale informa-
tion are projected to a graph, our method calculates the probability that a random walker starting at each

pixel node position will first reach one of the pre-defined terminal node to achieve image smoothing,

Keywords:

Edge detection
Image decomposition
Image enhancement
Image smoothing
Random walks

which goes to solving a system of linear equations, the system can be solved efficiently by lots of meth-
ods. Theoretical analysis and experimental results are reported to illustrate the usefulness and potential
applicability of our algorithm on various computer vision fields, including image enhancement, edge
detection, image decomposition, high dynamic range (HDR) image tone mapping and other applications.

© 2016 Published by Elsevier B.V.

1. Introduction

Image smoothing is one of the most fundamental and widely studied problem in
computer vision. Image smoothing, also called image blurring. Traditional smooth-
ing methods not only dissolve the noise, but also blur the important edges. To avoid
this, edge preserving smoothing is proposed. Edge preserving smoothing method
may be viewed as a compromise between smoothing and edge preserving. It wipes
out tiny details and noise, and at the same time, preserves salient important edges. In
the past few years, it has been successfully applied in the field of image processing
such as edge detection, image restoration, image enhancement, and many other
high-level image processing tasks. As an integral step of many computer vision prob-
lems, the results of image smoothing influence the performance of the whole vision
system.

Our work is partially inspired by the well-known graph cut model [1], in this
paper we propose a novel approach to edge preserving image smoothing with a
similar graph structure. However, theoretical foundation of our work is based on
random walks algorithm [2,3], the random walks algorithm is used for image seg-
mentation by Grady, it solves this problem as following: given a random walker
starting at each pixel position, what is the probability that it first reaches each of
the pre-labeled nodes. A generalized random walks model for image smoothing is
proposed. The smoothing problem is formulated on a carefully designed graph. First
an image model is constructed, an input image is treated as a graph with a fixed
number of vertices and edges. Each edge is assigned a positive value weight corre-
sponding to image gradient. It indicates the likelihood that a random walker will
cross that edge, which is the same as traditional random walks algorithm. Besides,
two auxiliary nodes are added to the model and each pixel node is connected with
the two nodes. Edges between the two nodes and pixel nodes are also assigned a
weight to indicate that random walker will reach a terminal node from pixel node. By

* Corresponding author. Tel.: +86 9318912786.
E-mail address: zhaobin_wang@foxmail.com (Z. Wang).

http://dx.doi.org/10.1016/j.as0c.2016.01.003
1568-4946/© 2016 Published by Elsevier B.V.

calculating the probability that the random walker first reaches one of the terminal
nodes from each pixel node position, the smoothing result can be obtained.

The main contribution of the paper is to propose a new strategy that can
project information of image structure and smoothing willing to a graph model.
Our approach gives a new understanding of how edge preserving smoothing can
be realized, which can fully explain the reason why image smoothing problem can
be solved by random walks algorithm; Algorithmically, we propose a system of lin-
ear equations in an optimization framework for image smoothing and apply it to
some interesting applications; The relationship between our method and general-
ized random walk with restart [4,5], anisotropic diffusion [6] and WLS [7] is also
discussed.

The rest of the paperis organized as follows. Section 2 reviews previous methods.
Differences between our algorithm and some existing image smoothing methods are
also discussed. Section 3 provides implementation details of our method and the-
oretical connections with previous related work. Section 4 discusses experimental
results and performance, along with comparisons with other smoothing methods.
Finally, Section 5 gives the conclusions.

2. Prior work

Our work benefits from the rich body of work on image smooth-
ing and random walk based applications. Some related work is
reviewed in this section.

2.1. Prior image smoothing methods

Anisotropic diffusion model introduced by Perona and Malik
is widely used in practice and extensively studied in theory [6], it
is modeled using partial differential equations and implemented
as an iterative process, it uses an edge-stopping function of local
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gradient to make smoothing take place only in the interior of
regions without crossing edges. It has been demonstrated to be
able to achieve a good trade-off between noise removal and edge
preservation. There has been a large number of works aimed at
optimizing and extending the idea [8,9]. Rudin et al. proposed
to regularize total variation, which utilizes the gradient sparsity
enforced by an L1 penalty term to do edge preserving smooth-
ing [10]. It has been successful in denoising problems. It is the
inspiration source of much work. By now, the algorithm has also
been used for other restoration tasks such as deblurring, blind
deconvolution and inpainting [11]. The bilateral filter computes a
smoothed output with a weighted average of neighboring pixels
intensities, it takes into account spatial and color distances [12]. It
is an extension of typical Gaussian smoothing. There exist a number
of methods to boost the algorithm [12,13]. Because of its simplicity
and effectiveness, it is one of the most popular smoothing methods.

In recent years, many exciting new techniques have been
invented to solve this problem. All the methods have demon-
strated satisfying results with good performance. Farbman et al.
proposed to perform the edge preserving smoothing using the
weighted least square (WLS) framework [7,14], edge preserving
smoothing is viewed as a compromise between data term and
regularization term. By minimizing the proposed energy func-
tional, image smoothing result can be obtained by solving a large
linear system. Xu et al. presented LO gradient minimization for
image smoothing, it minimizes a specific objective function [15],
it can remove low-amplitude structures and globally preserve
and enhance salient edges. Subr et al. considered edge preserving
smoothing as interpolation between local signal extremes [16]. The
method defines detail as oscillations between local minima and
maxima. It smoothes high contrast texture while preserving salient
edges. Guided image filter assumes there is a local linear model
between the guidance image and the filtering output, and they seek
asolution that minimizes the difference between filtering input and
output while maintaining the linear model [17].

Among different smoothing schemes, our proposed graph
theory based method has several good features in practical applica-
tions. It explicitly organizes the image elements into mathematical
structures, requires no discretization and therefore incurs no dis-
cretization errors or ambiguities, and makes the formulation of the
problem more flexible and the computation more efficient [3].

2.2. Random walks

The term random walk was first proposed by Karl Pearson in
1905 [19]. In his letter to nature, Pearson proposed the problem of
random walk. At each step, a man started from a point and moved
a fixed length, with a randomly chosen angle. He wanted to know
the distribution of the man after many steps had been taken. In
the same year, Albert Einstein published his paper on Brownian
motion which he modeled as a random walk [20]. It had an enor-
mous impact, and it gave strong evidence for discrete particles at a
time when most scientists believed that matter was a continuum.
The concept of random walk has been used in many fields, and it
is nearly ubiquitous in science and engineering, including ecology,
economics, physics, chemistry, and biology [20,22,23].

Various properties of random walks can be used to define
the specified algorithm. The average first-passage time which is
defined as the average number of steps a random walker starting
in a state will take to enter another state for the first time; the
average commute time which is defined as the average number of
steps a random walker starting in a state will take before enter-
ing another state for the first time and go back to starting state; the
escape probability which is defined as the probability that arandom
walk starting at a state will reach another state before returning to
starting state, they are applied in many applications [23-27].

Random walks proposed by Grady are an improvement to tra-
ditional random walks on graph by highlighting the diversity and
centrality simultaneously [3]. It obtains the affinities between each
node and labeled nodes by measuring probability that a random
walker will first reach a labeled node before other labeled nodes.
The probability problem shares the same solution as the harmonic
functions with given boundary conditions. The harmonic function
defined on graph can be easily solved by minimizing a combina-
torial formulation of the Dirichlet integral, and through certain
mathematical transformations, the final question goes to solving
a system of linear equations. Now the algorithm has been suc-
cessfully applied in many fields of image processing, e.g. image
segmentation, image fusion, image annotation and classification,
2D-3D conversion and other applications [2,29,30].

3. Proposed smoothing method
3.1. Problem formulation

Unlike most previous image smoothing methods, we consider
image smoothing as a problem: given a random walker starting at
each pixel node position, what is the probability that he first reaches
one of the two terminal nodes? As illustrated in Fig. 1, a walker
starting from an image pixel node position, he may go directly to
the terminal nodes or he may wander around his starting position
before he reaches terminal nodes. At last, he will reach one of the
terminal nodes before another. Our method calculates the probabil-
ity that he will end up with reaching each terminal nodes, and takes
each probability starting from each pixel positions as smoothed
pixels intensities. The process is explained in detail below.

Suppose an input image [ with n pixels is scaled to [01], image |
can be written in a vector form [I1, I, . .., I,]7. Image pixel lattices
arerepresented in the form of a weighted undirected graph G=(V, E,
W), where Vis a set of vertices {1, 2, . . ., n}, represents image pixels
with intensities {Iy, ..., In}, E is a set of edges {e;} connecting two
neighboring pixels I; and I;, W is a weighted adjacency matrix of
input image, whose elements {w;;} are assigned to each edge e;;.
In this work, we use the typical Gaussian weighting function to
calculate the weight given by

wyj = e A1)’ (1)

where I; and ; indicate the image intensity at pixel i and j, and 8
is a free parameter. A big weight value means a close relationship.

Fig. 1. Traditional random walk model (left) and the proposed model (right) for
image smoothing (3 x 3 image). On the traditional graph model, each pixel is con-
nected with its four neighbors (if it has). We added some other vertex and edges in
our proposed graph model for image smoothing. Terminal nodes W and B are added
and further connected with each pixel node. Random walkers starting from each
pixel node position can walk to its surrounding pixel node position through the edge,
in the long term walking process, he will wander among the pixels nodes before
reaching terminal nodes. By calculating the probability walkers will first arrive ter-
minal node W before B, we get our image smoothing result. Section 3 gives detailed
instructions.
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B

Fig. 2. Weight assignment. Take central blue pixel as an example. First, it has four
edges connecting itself with its four neighboring pixels, the weight is calculated
using Eq. (1); second, it has two edges connecting itself with terminal node W and
B, the weight is defined as Eq. (3). Note that the main difference between our method
with traditional random walks algorithm is the existence of edges between terminal
nodes and pixel nodes, which adapts traditional random walks to more applications.

Degree d; of vertex i is defined as the sum of the weights of the
edges, that connect i with its neighboring pixel node,

di=> wj. )

By inspecting edge weights of traditional graph model, it can be
figured out that the model only contains intensity gradient infor-
mation, while intensity information is ignored. In our proposed
model, two auxiliary nodes are added and connected to pixel nodes,
by properly setting the weights of the edges connecting terminal
nodes to pixel nodes, we can map the intensity information to the
graph model.

Fig. 1 shows the traditional graph model and the proposed
model, terminal nodes W and B are added. Each pixel nodes is
connected with terminal nodes, with weights

wip = (1 - I;)d; (3)

assigning to edges connecting image pixel node i to W and B, respec-
tively. Fig. 2 shows weight assignment of the blue node, it has four
edges connected to its four neighbors, which is assigned with w;q,
Wi, Wiz and wj, the weight is calculated using above mentioned
Gaussian weighting function equation (1), it is proportional to the
probability that a random walker may cross the edge. Besides, it
has two edges connected to terminal node, which is assigned with
weights w;y and wig.

The probabilities of each edges that will be crossed by a random
walker are directly proportional to the weights assigned to them.
So at each step, random walker has a probability p, to go to his
neighbouring node, and p; to go to terminal nodes, where p; +p, = 1.

Z?:]Wni

wiw = pld;,

Pn = )
D icqWai + ildn + (1 = Ddy
_ (4)
(14 p)dn
1
T+p
pr=1—-pp= ﬁ (5)

So we can imagine that if p is infinite, then P, will be zero, ran-
dom walker starting from each pixel position has two ways to go,
he can either go the way to W or B. As weight of one edge con-
nected to terminal node W is wl;d;, and the other edges connected
to terminal node B have a weight w(1 — [;)d;, so the probability that
arandom walker first reach terminal node W will be [;, which is the
same as its starting pixel intensity. This leads to an unsmoothed
result.

However, if u is not infinite, then the random walker starting
from each pixel position has six paths to go, he can go the direction
of terminal node W and B with probability P, or he can go to his
neighboring pixels with probability P,. It means in this situation,
a random walker has a big probability to take more steps at wan-
dering around his starting points before he reaches either terminal
nodes. When goes to his neighbors, he has a different probability
to first reach terminal node W. This means the probability that he
first reaches terminal node W can be affected by his neighboring
pixels. So in this situation we can obtain a smoothed result. As ran-
dom walker always tends to go to his neighboring node which has
a similar pixel intensity to his starting pixel, so our method has an
edge preserving property.

Next, we will give a mathematical solution to the probability
and a more detail theoretical analysis of the process.

3.2. Implementation

In a similar logic as traditional random walks algorithm, we
consider W and B as two marked pixels, itis desired to find the prob-
ability that random walk starting from each pixel position reaches
terminal node W before B. One possible solution is that we can start
many random walkers at each pixel position and find the average
number. This method is known as a Monte Carlo method [31]. It is
a colorful way to solve the problem, but quite inefficient [32]. It is
difficult to directly implement the idea, as the computation will be
too expensive to afford. Luckily the combinatorial Dirichlet prob-
lem has the same solution as the desired random walker probability
[33], so the probability can be efficiently solved by minimizing the
combinatorial Dirichlet integral.

In this section, a combinatorial formulation of the Dirichlet inte-
gral is given, and steps of minimize the integral are reviewed and
our method is deduced.

First, some used matrices are defined. The weighted adjacency
matrix of the graph model is defined by:

W =

smooth

nl nn

- . (6)

where Wiw = /,LI,‘d,', Wig = [,L(l — I,)dl Define Dsmooth as diagonal
matrix with degree of each node along the diagonal.

dy

smooth ~—

(1+)d, ’

1+ u)d
(I+ 1) 0
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So the combinatorial Laplacian matrix [34,35] of the proposed
graph model can be described as

Lot = Dot = Womoon
d, 0 E Wy Waw |5
d B Wi Wop
= (I+)d, = Ww Wi Wy W,
(I+w)d, Waw  Wap & W =0 Wy
dy B
= dy
B’ (1+u)D-W
(8)

where D is a diagonal matrix with pixel node degree {d,, ...,
dn}along the diagonal, and W is a weighted adjacency matrix of
input image. The element w;; of W is edge weight of pixel grid, it is
calculated using Gaussian function as defined above, and

—Wiw - —Whw
B= . (9)
—Wi1B —WnB

Then, a combinatorial formulation of Dirichlet integral can be
formulated as:

1
Erw = igTLsmoothg- (10)

Last, above energy functional is minimized, Eq. (10) can be
decomposed into block form for analysis:

d, :
g B
A 7]
B" (1+u)D-W

d,
= %(f,fr { ! 4 }ff +2f"B" fi, + [T ((A+)D=W)[)

=f"B"f,, +%fr((l+,u)D—W)fT + const
(11)

where const means a constant number which is independent of f,
frer and frepresent intensities of two terminal nodes and n image
pixels. fier is the intensities of two terminal nodes, which is 1 and 0
respectively. It is the initial state. So Egy can be further simplified
as

—Wiw

—Wi1B
[ 1
Erw  =fT +5f1((1+14)D — W)f +const
0
—Wnw —WnB
-Wiw
1
=fT + 5f1((1+ u)D — W) + const
—Wnw

= —ufTDI + jfT((l + w)D — W)f + const
(12)

where fis the smoothed pixel intensity. In fact, fis the only critical
point that minimizes the Egy, so it can be obtained by differentiat-
ing Egw to f and the final question goes to solve the equation:

—uDI +((1 4+ u)D - W)f =0. (13)
3.3. Computation complexity analysis

Eq. (14) can be solved using matrix inversion in principle by
solving following equation,

f=ul(1+wE-D'WI'1 (14)

However, it costs O(n3) operations, where n is the number of
pixels. And applying the inverse matrix requires O(n?) operations
[7]. Solving the sparse linear equation system equation (15) is more
computational efficient. Above equations is a system of linear equa-
tions with n unknowns.

1
ﬁ[(1+,u)E—D*1W1f:I (15)

The resulting linear system is a form of Ax=b, and the above
equation is nonsingular [36]. It is easy to be solved using mod-
ern numerical linear algebra. The basic steps of our algorithm are
summarized in Algorithm 1.

Algorithm 1.
1: Input [, B, .
2: Calculate weights w;; of each edges according to Eq. (1).

3: Construct the weighted adjacency matrix W of input image I.

4: Construct the diagonal matrix D with degree of each node along the diagonal.
5:

6:

Basic steps of the proposed smoothing algorithm

Solve Eq. (13).
Output smoothed image f.

Besides, to some extents, we have to say that the solution of
above equations for image smoothing sometimes is predictable.
As the smoothed image is always near the initial image, especially
when the smoothing scale is small. So this equation is suggested
to be solved by iterative solvers. These solvers have the advan-
tage of a small memory requirement and the ability to represent
the matrix vector multiplication as a function. When we set the
image to be smoothed as the initial value, the computation speed
can be further improved. Many good methods exist on the solu-
tion to large, sparse, symmetric, linear systems of equations. An
appropriate preconditioner or a multi-grid solver requires only O(n)
operations.

Random walk problem has a close connection with electrical cir-
cuits [32,37]. Specifically, in our proposed model. If we replace edge
weight of the proposed model with the same value conductor, and
add a voltage source between terminal nodes, the voltage of each
pixel position will be the same as our smoothing pixel intensity.
Fig. 3 shows the corresponding relationship. The direct correspon-
dence between our proposed method and analog electric circuits
make a hardware (e.g., VLSI) implementation possible [3].

3.4. Parameter setting

In this part, we briefly discuss parameter setting in our model.
As pointed out in Eq. (15), our smoothing result can be expressed
as applying the operator u[(1+x)E—D-1W]-1 to the input image
vector. Each row of the operator matrix may be thought as a kernel
that determines the weight value of the corresponding pixel, out-
put smoothing result can be thought as a weighted combination
of other pixels in the input image. Fig. 6 gives weight distribution
of our smoothing method. Reasonable parameter setting is vital
important for the method working at its best situation.

First, we would like to talk about the 4 neighbors system of
our model. A pixel node is connected to his four neighbors, in our
experiments, it is computational efficiency and the results are sat-
isfactory. Of course, we can apply 8 neighbors or more neighbors
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1V

T 11

e AAA

Wy

Fig. 3. Model used in the paper (2 x 2 image) and its corresponding electric circuits.
Resistors represent the inverse of the corresponding edge weights. Fix the potential
of terminal node W to unity (1V) and set to zero (ground) the remaining terminal
node B. the electric potentials calculated represent the probability that a random
walker starting from each pixel node first reaches terminal node W.

system, but computational burden increases much while the results
do notimprove that much. All the experimental results in this paper
are acquired using 4 neighbors system [14].

In this paper, we use a typical Gaussian function for edge weight
calculation. However, it is more appropriate to modify the function
to texture information, filter coefficients of other image features
when applying our methods to other specific problems [3]. Fig. 4
shows the plot of Gaussian function with different 8. When 8 is
small, for example 0.1, edge weights connecting to four neighbors
have a similar value, which can be seen from Fig. 4, all the weights
of edges are between 0.9 and 1, the intensity differences between
neighboring pixels are ignored. The walker has almost the same
probability to go to his four neighbors. In this situation, our method
performs similar to a Gaussian filter. Fig. 5 shows the situation,
when u takes different values, our method acts like a Gaussian fil-
ter with different radius. With the increasement of 8, our method
gradually performs as an edge preserving filter. When g is appro-
priately big, the random walker will avoid crossing sharp intensity
gradients. This makes our algorithm have a strong ability to pre-
serve salient edges. Fig. 6 shows the situation. Smoothing kernel
is calculated for each labeled pixel position. When 8 equals 0.1,
it is similar to a Gaussian filter; When g equals 100, our smooth-
ing method is edge aware; When $ equals 50, it has a combined
effects of 0.1 and 100. Fig. 7 shows a more detailed effect of varying
parameters.

(a) Input image

(b) #=0.5 (¢) #=0.1

120N

— —01

/7 ; \
_— s ‘/j AR\NRN —3

Fig. 4. Gaussian weighting function Eq. (1) with different .

Let us consider a situation, if terminal node in our graph model
is a kind of special node, whenever a random walker reaches it,
the walker would be absorbed, he never walks again. For a walker
walks on such a graph model, when he first reaches terminal nodes,
he is absorbed. So the probability the walker first reaches W is the
same as the probability the walker is absorbed by W, they share the
same solution.

In our model, the walker has a solid possibility to be absorbed
by terminal node in each step, and the probability is pr= /(1 + 1)
as computed in Eq. (5). So no matter where random walker starting
from, the mean step number he will take before he is absorbed by
terminal node is determined by ©. When w is big enough, there
is almost no smoothing effect. As random walker tends to directly
go the way of terminal node direction. He is absorbed at the very
first step. When u decreases, the random walker starting from each
pixel position tends to wander in a larger radius, random walker can
take more steps before he is absorbed, the smoothing scale gradu-
ally improves. When u tends to zero, the random walker starting
from each pixel position tends to wander in the whole image lattice
before he is absorbed, finally the probability that the walker first
reaches terminal node W will no longer depend on his starting pixel
position, it is a weighted result of all image pixels, the smoothing
output will be a constant image.

4. Algorithm analysis
In this section, different properties of our algorithm are ana-

lyzed. This part will begin with establishing relationships with
anisotropic diffusion [6] and discusses the relationship of our graph

(d) #=0.01 (e) #=0.001 ) ©#=0.0001

Fig. 5. Gaussian filter effect. Set 8=0.1, the left free parameter x in weighting function controls smoothing scale. In this situation, when g is small, all edge weights calculate
using Gaussian weighting function are basically equal. Random walkers walk on such a graph have no biased direction, in which case, proposed method has no edge preserving

property.
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(a) Labeling position (b) £=0.1 (c) B=50 (d) B=100

Fig. 6. Smoothing kernel of the proposed method with different 8. $=0.1, 50, 100 are computed for the labeled pixel in the Parrot image. ;t = 1E-3. When S equals 0.1, it
is similar to a Gaussian filter; when p equals 100, the random walker will avoid to cross sharp intensity gradients, it has a strong ability to preserve salient edges; When
£=40 £=20

equals 50, it has a combined effects of $=0.1 and =100.
£=80 £=70 £=60 £=50 £=30 B=10
o m m m ] J I ] I
o l . . . l l l l

Fig. 7. Effect of varying parameters. 1 controls the extent of smoothing; B controls edge preserving property.

“=le-5

smoothing algorithm to generalized random walk with restart where I(0) is the initial state of iteration process (i.e. input image).
(GRWR) and WLS [4,7]. An iterative solver of the proposed algorithm can be summarized
as Algorithm 2. For each pixel

4
. . . e 1 Whi n
4.1. Relationship to anisotropic diffusion = — padLy gy i
p pic diffi In(k+1) T dy Inz(k)+.l+ﬂln(0)
1=
In fact, solving a system of equation (14) using Jacobi iteration 1 4 (17)
can be thought as a kind of anisotropic diffusion. = mE:pmlm-(k) + %IH(O)
i=1
I(k+1)= 1 DWI(k) + H 1(0), (16) wherg Ii(k) is the. ith ngighl?oring p.ixel of In(k). While anisotropic
1+ T+p diffusion can be discretized in a similar way:
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4
In(k+1)  =In(k) + )‘Z{Wni[lni(k) = In(k)]}
i=1

4 4
= 1n(k) = 2 [waihal0) + Ay |51k
i=1 i=1

4

= (1= 2 )a0) + 2> [0 )
i=1
4

= (1= Adn)ln(k) + Adn Y [Ppilni(k)]
i=1

(18)

Note that, both of above methods find their smoothing result in
an iterative way, but there are some minor differences. First, our
method obtains pixel information from the initial image in each
iteration. Second, our method converges to a pre-defined solution,
rather than to a constant image.

Algorithm 2. An iterative solver of the proposed algorithm
1: Input I, B, .

2: Calculate weights w;; of each edges according to Eq. (1).

3: Calculate degree of each node.

4: Do

4
Lk + 1) = b0+ rrek Y Walla(k) ~ 1(0))

i=1
(similar as anisotropic diffusion)
OR:

I(k + 1) = 14 PICk) + ££1(0)

(similar as RWR)
Until I(k) converges.
5: Output smoothed image I(k).

4.2. Relationship to random walk with restart (RWR)

The solution to our optimization problem can be viewed as
a solution to the combinatorial Laplace equation (with Dirichlet
boundary conditions), it must satisfy two properties: (1)0<F, <1,
V n (maximum/minimum principle) where n is pixel index. (2) The
probability of each node assumes the weighted average of its neigh-
boring nodes (the mean-value theorem)[3].

4
Mhn) iy Wri
(1 + /JL)Z?:] Whi

4

1
fn = i Wﬂifﬂi+
1+m)3 2

i=1Wni "

4
M(l —In )Zi=l Whi

x 1+ 7
(1+ M)Zi=1wni

x 0 (19)

It is written in a matrix form

1 1
f_1+,upf+1+u’ (20)
where P=D~1W, I is the input image, f is the smoothed output
image. Aniterative solver of the proposed algorithm similar as RWR
can be summarized as Algorithm 2.

Note that above equation has a strong connection with ran-
dom walk with restart. Random walk with restart (RWR) is used to
develop a general method that can spot correlations across media
[38]. After that, it has also been applied to interactive image seg-
mentation, colorization [39,40]. The difference between RWR and
RW is that, the random walker iteratively transmits to its neighbor-
hood with the probability that is proportional to the edge weight
between them in RW model, while the random walker has an addi-
tional restarting probability in RWR model [39].

Ham et al. [4] proposed generalized random walk with restart
(GRWR) for depth up-sampling and interactive segmentation. Their
proposed energy functional unifying the RW and RWR models is

quite similar to us. Steady state solution via Gaussian-Jacobi itera-
tion of GRWR can be formulated as follows:

flk+1)=(1-c)Pf(k)+cl. (21)

where f(k) and f{k+1) are the steady state probability of k and
k+1 iteration, I is the initial state. Liu et al. [5] proposed a similar
equation for image denoising from a perspective of regularization
functions. All of our solution is exactly the same, but our starting
point and application area is quite different.

4.3. Relationship to WLS

WLS achieves the goal of edge preserving smoothing through a
compromise between data term (minimize the distance between
input and output images) and regularization term (smoothing out-
put in a spatially varying manner) [7]. Our method can also be seen
as working in a similar way from the perspective of energy func-
tional. There is a little difference, WLS regularizes the difference of
input and output images as a whole, while our method regularizes
the difference between each individual pixels. Next we will talk
about details below.

First, WLS can be seen as seeking an fthat minimize the following
energy functional:

= -D'(-D+MTLf
= (fTf = 2ITf) + AfTLf + const

E
WIS (22)

where f and I denote smoothed image and original image, and A
is a free parameter. From the last equality of Eq. (12), our pro-
posed method can be considered as seeking an f that minimize the
following energy functional:

Eow = —ufTDI+ (1 +w)D ~ W + const
(23)

= %fTLf+ (%fTDf - ,ufTDI) + const

Our method is closely connected with WLS, WLS was considered
as a tradeoff between data term (f'f— 2I"f) and regularization term
(fTLf). Our method has the same regularization term (fTLf) with WLS,
while our method has a regularization term (f'Df — 2I7Df) taking the
degree of each pixel node into consideration.

Furthermore, we explore the following energy functional to
make our idea more clear.

Erw = (f —D)'D(f — 1)+ AfTLf

24
= (fTDf — 2I"Df) + AfTLf + const (24

As it turned out, it has the same data term and regularization
term with our method, minimizing Eq. (24) will have the same
effect as our algorithm. The only difference between Eq. (24) and
Eq. (22) is that Eq. (24) takes each pixel into consideration.

Second, from the random walk view of our proposed random
walk framework, WLS can be seen as calculating the probability
of random walker starting from each pixel on a structure shown in
Fig. 8(b). Where wyy = ln, wyp = (1 — Ip), which means the weight
of edge connecting pixel node n with terminal node is changed.

We can validate our thoughts by calculating the probability that
random walker starting from each pixel node position will first
reach terminal node W on graph model Fig. 8(b). Similar to Eq. (12),
in this situation, the probability can be calculated by minimizing
following energy functional.
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o0 »-©

(A
0/3

(c) Generalized

(a) Our model

(b) WLS

Fig. 8. Difference among our model, WLS [7] and a more generalized model. Take
central blue pixel as an example to show graph weight assignment. WLS and some
more generalized equation can be formulated as random walker walks on graph
model (b) and (c), respectively. The difference between all these models is the
weights assigned to edges connecting pixel nodes and terminal nodes. It gives a
random walks view of these algorithms and applications.

—Wiw

—WiB
1 1.p
Ewis =fT 0 + §f (L + UE)f + const
—Wpw —Wng
—pl (25)
=fT : +%fT(L+,uE)f+const
—uln

= (—ufTI + %fo) + %fTLf+const

Above equation has the same data term and regularization term
as original energy functional equation (22), which means that the
solution to the WLS optimization problem shares the same result as
the proposed random walk problem on the graph model Fig. 8(b).

4.4. Relationship to a more generalized model

If we replace D of Eq. (24) with a more general diagonal matrix
A which is encoded with the weights of other constraints. Let us

assume A is a diagonal matrix, with element {11, Ay, ..., An} along
the diagonal.
Egeneralizea = (f =T A(f = 1)+ fTLf

generalized ( 2 6)

= (fTAf = 2IT Af) + fTLf + const

The energy functional can be found in guided image smoothing,
super resolution, image matting, image dehazing and many other
applications [17,42-44]. Next we will calculate the probability that
random walker first reaches terminal node W on a graph model as
shown in Fig. 8(c).

—Wiw

—Wip
T Tl 14
Egeneralized =f 0 +§f (A+L)f+const
~Way  ~WnB
—Wiw
27
=fT : +%fT(A + L)f + const (27)
—Wnhw

=—fTAI+ %fT(A + L)f + const

= (AT -1 + 3f11f + const

The result shows that when we calculate the probability of ran-
dom walk problem on the graph model Fig. 8(c), we are actually
minimizing Eq. (26). These applications are highly related to our
proposed framework. It opens the possibility for a hardware (e.g.
VLSI) implementation of all these applications.

5. Applications and results

To validate our algorithm, we have tested our method on
hundreds of related images, from most-used images in the area
to all kinds of image libraries. Most of our experiments are con-
ducted on Berkeley Segmentation Data Set and Benchmarks 500
(BSDS500). The dataset consists of 500 different natural images.
However, we would like to stress that next experiments do not aim
to give state-of-the-art results, and instead concentrate on demon-
strating how the proposed algorithm can be harnessed directly to
a variety of applications.

As edge preserving image smoothing is one of the most funda-
mental work in image processing area, it finds lots of interesting
applications in the field of computer vision. For some problems,
such as image enhancement, edge detection, image denoising
and HDR tone mapping, our method helps to make a satisfactory
result. We show in this section how flattening, edge detection and
other applications can be effectively addressed using the proposed
method. Different tasks are characterized by small variations in
term of task complexity. We briefly describe these tools and show
some results in this section.

5.1. Flattening

5.1.1. Skin smoothing

For skin smoothing, it is desired to smooth out freckles
while important contours are preserved. Skin smoothing is an
application which requires the algorithm should be able to gen-
erate a high precise result. We applied our smoothing method
to smooth skin texture and compared with four other algo-
rithms.

Fig. 9 shows our result. Some image smoothing works in some

particular situation, for example, local extreme due to its number Q5

of smoothing scale is limited, so it can hardly have a good result
in such situation. Over-sharpening often happens in LO algorithm
when remove details. Our smoothing method together with WLS
and guided filter are suitable for this application, above algorithm
analysis has shown that our method has a similar principle foun-
dation. Experimental results show that our method gives the lady
a beautiful face. Notice how fine details in the lady’s face are pre-
served (e.g., the pupil, the hair), while the skin texture is effectively
smoothed.

5.1.2. Compression artifacts removal

Image compressed at low bit rates using current popular image
standard will bring the annoying visual artifact. As the compression
artifacts are always near the edges, they are strongly correlated
with edges, general denoising approaches are not suitable in this
application. Our method is compared with LO regularization, which
defeats many state-of-art algorithms in PSNR and SSIM comparison
[15].

Fig. 10 shows our result. As we have seen, LO regularization can
remove most artifacts of (a) as shown in (b), it achieves quite good
result. However, when take a careful look at the close-up images,
there still exist some annoying artifacts. (¢) Gives our result, our
method creates a cleaner contour line and gives a cleaner recon-
struction.
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(©)LO

(d) Local extreme (e) WLS (f) Proposed RW

Fig.9. Skin smoothing. (a) Input image. (b) Guided filter [17]. (c) The LO regularized method [15]. (d) Local extreme [16]. (e) WLS [7]. (f) The proposed RW method. We adjust
parameters of each algorithm to present the best result of each algorithm. (f) The result of our proposed RW method, the skin texture is effectively smoothed, while pupil
and hair are preserved.

o

(a) Input image (b) LO regularized (c) proposed RW

Fig. 10. Clip-art JPEG compression artifact remove result. (a) Input image. (b) The LO regularized method [15]. (c) Proposed RW. The last three rows are the close-ups of
images in 1st row. The artifact remove effect of (b) is quite similar to the one in (c) produced by our proposed algorithm on parts of the image but much less noticeable on
other parts, such as the artifacts near important contours.

5.1.3. Edge detection cracks, directly applying the Canny edge detector to the original

Our method is able to suppress low-amplitude details, while image produces a problematic result as shown in Fig. 11(b). Many
preserving salient edges. In the example shown in Fig. 11(a), the unwanted detail edges appear in the final result which greatly
top image has many waves, and the bottom one has many hairline affects visual pleasure. Our smoothing method can remove tiny
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(a) Input image (b) Edges of (a)

(c) Proposed RW

(d) Edges of (c)

Fig. 11. Smoothing for edge detection. (b) Results by directly applying the Canny edge detector; (c) the smoothed image using the proposed method; (d) the edge computed

by the same edge detector.

details of the original image as shown in (c) which gives people
a visual esthetic feeling. The edges in (d) computed by the same
edge detector are much better.

5.2. Image decomposition

Image is often decomposed into a piecewise smooth base layer
and one or more detail layers in computational photography [7]. For
example, detail enhancement can be done by combining together
boosted base layer and base layer [45]; combining a compressed
base layer and the detail layer can be used for HDR tone mapping;
image stylization discards details layer while the base layer is fur-
ther processed to achieve a stylized look [46]. Our method may
be also used in place of the BLF, WLS, LO regularization and other
smoothing methods based decomposition applications.

5.2.1. Detail enhancement

Given the input image, using our decomposition method, we
compute the detail magnification results by only magnify the detail
layer. Fig. 12 shows the magnification results of LO regularization,
local extreme [16] and our method. (a) A widely used flower image
for image enhancement, (b)-(d) show similar results of the three
methods. Fig. 13 gives a comparison with a close examination. As
shown in (b)-(c), results obtained from LO regularization and local
extreme may suffer from artifacts along some of the edges. In con-
trast, edges in our result appear much better.

As our edge preserving smoothing method is able to smooth
the image at arbitrary scales, it can create multi-scale smoothing

results, so an image can also be decomposed into several layers and
then manipulate image information on multiple layer similaras [7].

5.2.2. Stylization

Stylization aims to produce digital imagery with a wide vari-
ety of effects not focused on photorealism [47]. In this application,
the base layer is further processed to achieve a stylized abstract
look. We adopt the framework of Ref. [46]. The framework is pro-
posed for stylization for efficient visual communication. The basic
workflow of the framework, readers can refer to their paper. Our
smoothing method is perfect for this application. Fig. 14 illustrates
an example of our smoothing result and bilateral filtering [48] to
produce abstracted results.

5.2.3. HDR tone mapping

HDR tone mapping is another popular application. There exist
many different tone mapping methods [49-52]. Most of the recent
operators are capable of effectively mapping HDR radiance maps
into a displayable low dynamic range image. Our method avoids
haloing and other artifacts that may happen in other methods.
According to the standard tone mapping strategy of compressing
base layer while preserving the detail layer proposed by Durand
and Dorsey [53], edge preserving image smoothing method is used
to decompose an image into base layer and detail layer. We use our
RW based smoothing framework to replace the bilateral filter in
their original work. Farbman et al.’s implementation is used in our
experiments [41].

Fig. 15 compares the result of a tone mapping operator imple-
mented using our RW based method and other popular methods.

(a) Input image

(b) LO

(c) Local extreme (d) Proposed RW

Fig. 12. Detail exaggeration using our tool. The detail enhanced results (3x ). Parameters: LO (1 =3E-2), local extreme (17), and proposed RW (i =0.005, 8=9).
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(a) proposed RW

(b)LO

(c) Local extreme  (d) proposed RW

Fig. 13. Detail enhancement. LO and local extreme based detail layer results in halos (b) and artifacts (c) along the high-contrast edges, while our proposed RW (d) suffers

from no this problem.

(a) Input image

(b) BLF

e e

-

(c) proposed RW

Fig. 14. Abstraction examples. (a) Input image. (b) Results of BLF [48]. (¢) Proposed RW.

Our results show that the proposed method is able to generate a
competitive tone mapping result.

5.3. Test for computation complexity

In Section 3, we analyze the time complexity of the algorithm
theoretically. The runtime of different methods is tested in this
section. The methods for comparison consist of LO method, WLS
method, the proposed RW method, and local extrema method. All
the algorithms run on the same platform (CPU: Intel i5-3470, Mem-

«Q6 ory: 10 GB, and Software: Windows 10+ Matlab2015a). Images in

617
618
619
620
621
622
623
624
625
626

Fig. 16 are employed to test the runtime of algorithm.

The experimental results of image smoothing are listed in Tables
1 and 2. From the Table 1, we can see that although test image
with the same size (200 x 300) have different textures, the run-
time of each method keeps almost unchanged. It is thus clear that
image content is not the major factor that affects the running time
of algorithms.

If its size (image resolution) is changed for the same image,
the runtime of each method will change accordingly. For example,
Table 2 shows the runtime of Tulips image under different image

Table 1
Comparison with different algorithms (image size: 200 x 300, time unit: second).

Test images Lo WLS Proposed RW Local extrema
Tulips 0.29 0.43 0.44 29.63
Rock 0.29 0.43 0.44 29.67
Flower 0.29 0.43 0.44 29.14
Statue 0.29 0.43 0.44 29.59
Table 2

Runtime of Tulips under different image resolution (time unit: second).

Image size LO WLS Proposed RW Local extrema
100 x 150 0.13 0.10 0.10 7.37
200 x 300 0.29 0.43 0.44 29.63
400 x 600 1.49 2.05 221 120.89
800 x 1200 6.53 10.26 10.50 508.47
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(d) Reinhard.

(e) WLS

(f) proposed RW

Fig. 15. Comparison with other methods. (a) Ward Larson et al. [54]. (b) BLF [53]. (c) LCIS [49]. (d) Reinhard [51]. (e) WLS [7].

(a)Tulips

(b) Rock (c) Flower (d) Statue

Fig. 16. Images for run-time test.

resolution. Obviously, this is the main factor slowing down the algo-
rithm running because large image (high resolution) usually has
more data, which will cost more time.

For the speed of algorithms in Table 2, LO method is the fastest,
and local extrema method is the slowest. WLS and the proposed RW
have almost equivalent speed, accurately speaking, WLS is slightly
faster than the proposed RW. Most of the time (about 70%) of the
proposed algorithm are spent in the process of solving the equa-
tion system. In fact, image smoothing does not require a precision
result of the equation system. A faster speed can be obtained using
iterative solver. This is our future work.

6. Conclusion

In this work, we proposed a novel algorithm for edge preserving
image smoothing. Unlike previous methods, our method has a
clear physical meaning, which turned image smoothing to a
random walk problem. A generalized random walks framework
was proposed to solve the image smoothing problem in this paper,
which provides a new perspective for the problem. Furthermore,

the proposed framework has many equivalences with electric
circuits, and some image processing techniques are showed to
be highly related to our method, which opens the possibility
for a hardware (e.g., VLSI) implementation of these algorithms.
Finally, comparison with some other techniques, experiments
demonstrate that our algorithm generates high quality results at
low computational cost and does not suffer from some drawbacks
of other previous approaches. Our future work will improve the
speed of our method further and apply it into more applications.
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