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a b s t r a c t

An approach based on self-organizing models is presented for identification of piecewise linear switch-
ing systems, whose dynamics switch between a number of modes. The proposed method is based on
a formulation of the identification problem as a generalized plane-clustering problem, which is solved
using self-organizing maps. The method does not assume that the system modes depend on the state,
but the mode switches may occur in an arbitrary and unknown manner. The procedure does not require
knowledge of the number of modes or system orders, and it can be used for both on-line and off-line
identification. Numerical examples illustrate that the procedure identifies switching systems correctly.
ystem identification
elf-organizing maps
witched systems
ilicon content

The identification method is also applied to data from an industrial blast furnace for modeling and predic-
tion of the silicon content of the hot metal. A switched linear model is demonstrated to capture different
dynamics of the process and an analysis of the results reveals how mode switching models gradual and
rapid changes in the output. The resulting models are finally shown to provide insight into factors that
govern the silicon content in the blast furnace in different states.

© 2016 Elsevier B.V. All rights reserved.
. Introduction

Switching systems are dynamical systems with the feature that
hey can switch between a number of modes with different dynam-
cal properties [16,27]. An important class of switching systems
onsists of hybrid systems, whose continuous dynamics depend
n discrete-valued logical variables. Systems with multiple oper-
ting regimes can also be modeled as switching systems, where
he modes are associated with the various operating conditions. In
his case the mode is usually known or is a function of known vari-
bles. In more general cases, the mode switchings may, however,
e random, or they may depend on variables which are unknown.

Black-box identification of switching systems using
nput–output data is an important problem which has been
ddressed in several studies [5,10,30,22,18,12,28,31,2,6]. A special
roblem in switching system identification is the fact that the
imes of the mode switches may not be known. In these cases the
witching times between the various modes should be identified

imultaneously with the individual models, which makes the
dentification of switching systems significantly more demanding
han standard system identification. Therefore, many studies have

∗ Corresponding author. Tel.: +358 2 2154676; fax: +358 2 2515557.
E-mail addresses: josaxen@abo.fi (J.-E. Saxén), hsaxen@abo.fi (H. Saxén),

toivone@abo.fi (H.T. Toivonen).

ttp://dx.doi.org/10.1016/j.asoc.2016.05.048
568-4946/© 2016 Elsevier B.V. All rights reserved.
addressed the simpler problem where it is assumed that the modes
depend on some measured variables.

A special class of switching systems consists of systems where
the modes depend on the state. Identification of such systems can
be roughly decomposed into two parts. First, clustering techniques
are used to determine regions where the various system modes are
active, followed by identification of the individual models using
standard techniques. In [21], a two-stage approach was applied to
the identification of nonlinear systems, using self-organizing maps
for input data clustering, and modeling the system using locally
valid linear models. In [18] statistical clustering of the input data
was applied to identification of piecewise affine systems. The fact
that the clustering and model identification steps interact and can-
not be solved independently of each other has been addressed
in [5,10], where piecewise affine models were identified using
combinations of clustering, classification and linear identification
methods. In [12] a Bayesian approach was applied to identification
of hybrid systems, where the model parameters are described as
random variables. In [6] an identification method for a class of lin-
ear switched systems was developed based on a discrete particle
swarm optimization formulation. The authors demonstrated the
feasibility of the approach on two simulated examples, one being a

switching ARX model and the other a switched mode power supply
system.

The approaches which rely on data clustering to determine the
regions where individual modes are active are not suitable for

dx.doi.org/10.1016/j.asoc.2016.05.048
http://www.sciencedirect.com/science/journal/15684946
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ystems where the switching dynamics do not depend on the state,
ut is random or depend on some unknown variable. Identifica-
ion of switching systems with arbitrary switching dynamics can
e formulated as a convex linear or quadratic mixed integer pro-
ramming problem [22]. The practical applicability of this approach
s, however, restricted by the high complexity of the mixed inte-
er optimization problems involved. Therefore, various alterative
dentification methods have been proposed.

In [30], identification of switched ARX systems was addressed
y minimizing the sum of the product of the squared prediction
rrors of individual models. By construction, in the noise-free case
his objective function is minimized by the correct models asso-
iated with the various modes. A nice feature of this approach is
hat the identification can be performed recursively [11,31]. The
rocedure was further modified in [8] for robustness to outliers in
he data. The method involves, however, the solution of a compu-
ationally demanding nonconvex optimization problem, for which
onvergence to the globally optimal solution can in general not
e guaranteed. Other approaches include subspace identification
o identify switching systems with a minimum dwell time in each

ode [1], solution by a modified k-plane clustering algorithm [7],
nd a sparse optimization approach inspired by the field of com-
ressive sensing [2].

In [31], a recursive identification method for switched ARX sys-
ems was presented. The switching system was characterized in
erms of a single lifted model in a higher-dimensional space. The
ifted model, which is derived using the product of the predic-
ion errors of the individual models, has a linear in parameters
epresentation in terms of hybrid model parameters, which have

 one-to-one correspondence with the ARX model parameters. A
ecursive identification method can therefore be obtained by apply-
ng standard recursive identification to identify the hybrid model
arameters, from which the ARX model parameters can be recon-
tructed.

Self-organizing maps have been introduced to produce low-
imensional representations of high-dimensional data using
nsupervised learning [14]. The technique has been applied to a
umber of problems, including clustering [13], processing of tem-
oral data and time-series [4], and identification and control of
ynamical systems [3]. For signal segmentation and classification,
15] introduced an approach based on a self-organizing map  of
inear models. It was assumed that the signal segments can be char-
cterized by autoregressive (AR) models, and a self-organizing map
14] was applied to detect the models which describe the signal in
he various segments. The method does not assume that the dif-
erent modes depend on the state, but the modes are found by a
ombination of Kohonen’s self-organizing map  and adaptive least-
quares to estimate the AR model parameters.

In this paper we study identification of switching systems with
rbitrary switching dynamics. The proposed approach is based on
he observation that while the system modes cannot be found by
ata clustering, which is the case when the modes depend on the
tate, the identification problem can instead be formulated as a
ind of modified plane-clustering problem [7]. This fact has been
xploited previously in [28] to solve the identification problem by
-plane clustering. Here, the resulting plane-clustering problem
ill be solved using self-organizing models, and in this respect the

pproach studied here is closely related to the method introduced
n [15]. The proposed method does not require that the number of

odes be known, and it can also be formulated for the case with
nknown model orders. The technique is easy to implement and it
an be applied in both batch mode and in an on-line manner.
In the present study, the proposed method will also be applied
o predicting the silicon content of the hot metal produced in a blast
urnace. This problem has been tackled by black-box modeling in
he literature (e.g., [20,32,25]) but only with moderate success due
puting 47 (2016) 271–280

to the complex nature of the problem. The results of the switching
system modeling and identification provide insight into the process
dynamics and also a means by which more light can be shed on the
variables that govern the silicon content in hot metal in different
states of the blast furnace.

The paper is organized as follows. In Section 2, the identification
problem is formulated, and it is shown that it can be stated as a
generalized plane clustering problem. Section 3 contains the main
contribution of the paper, consisting of an identification method
using self-organizing models. Finally, in Section 4 the performance
of the procedure is studied using both simulated examples and
industrial data.

2. Problem formulation

We  consider a dynamical system whose behavior switches
between a number of modes. It is assumed that the system behavior
is described by the linear time-dependent discrete-time model

y(k) = ϕ(k)T �(k) + v(k) (1)

where y(k) is the output, ϕ(k) ∈ Rn is a suitably defined state vec-
tor, v(k) is a zero-mean disturbance with variance Ev(k)2 = �(k)2,
and �(k) ∈ Rn is a parameter vector. It will be assumed that the
system dynamics switch between a number of modes, so that the
system parameters �(k) at each time instant k belong to a finite set
corresponding to the various modes, i.e.,

(�(k), �(k)) ∈ {(�(i), �(i)), i ∈ {1, 2, . . .,  Nmode}} (2)

where Nmode is the number of modes.
An important special case of switching system models of the

form (1) consists of switched ARX models [31],

y(k) − a1(k)y(k − 1) − · · · − ana (k)y(k − na)

= b1(k)u(k − 1) + · · · + bnb
(k)u(k − nb) + v(k) (3)

where u(k) is the input, and for which the state vector is given by

ϕ(k) = [ y(k − 1) ·  · · y(k − na) u(k − 1) · · · u(k − nb) ]T (4)

and the parameter vector is defined as

�(k) = [ a1(k) · · · ana (k) b1(k) · · · bnb
(k) ]T (5)

The system identification problem studied in this paper can
be stated as follows. Assume that a number of input–output data
pairs (ϕ(k), y(k)), k = 1, . . .,  N from the switching system have been
observed. The problem is then to identify the number of different
modes Nmode needed to model the system behavior during the iden-
tification experiment, the parameters �(i) of the individual modes,
and the time regions during which the system has been in the
various modes. In a least-squares setting, the problem can be for-
mulated quantitatively as finding the parameter vectors �̂(i) which
minimize the sum of squares of the smallest prediction errors, or

min
{�̂(i)}

N∑
k=1

min
i

(y(k) − ϕ(k)T �̂(i))
2

(6)

It is assumed that the input–output sequence is the only informa-
tion available, and it is thus not known when the system behavior
switches from one mode to another, nor is it required that the num-
ber Nmode of modes is known. However, as the minimum value
of the sum of squared prediction errors in (6) is a monotonically
decreasing function of the number of modes, the proper number of

modes should in practice be determined by statistical methods.

Remark 2.1. The optimization problem (6) can be compared to
methods based on clustering of the state vectors. A subset of the
linear switching system (1) consists of piecewise affine systems,
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or which it is assumed that the system mode is a function of the
tate [5,10],

(k) = �(i), if ϕ(k) ∈ Xi

here {Xi}si=1 is a partition (usually assumed polyhedral) of Rn.
iecewise affine systems described by (1) where the system modes
re defined by a partition of the state can be identified by applying
lustering techniques to classify the data pairs (y(k), ϕ(k)) in order
o determine the subsets Xi and the time instants associated with
he various modes, followed by identification of the submodels [18].
arious methods can be applied to solve the clustering problem. In

18] a statistical clustering method based on a Gaussian mixture
odel was used. In a least-squares setting, the classification stage

onsists of the minimization problem

in
�(i)}

N∑
k=1

min
i
‖�(i) − z(k)‖2 (7)

here �(i) are the cluster centers, z(k) = [ y(k) ϕ(k)T ]
T
, and ||·|| is

he Euclidian vector norm. For future reference, we  may  observe
hat self-organizing maps [14] can be applied to find the cluster
enters by adapting a set of vectors �̂(i) iteratively in the direction
f the negative gradients of the quadratic terms in (7), according to

ˆ (i)(k + 1) = �̂(i)(k) − 1
2

�kd‖ �̂(i)(k) − z(k)‖2/d �̂(i)(k)

= �̂(i)(k) + �k(z(k) − �̂(i)(k)) (8)

here �k is a nonnegative steplength parameter.

emark 2.2. Observe that the optimization problems (6) and (7)
ave a similar general structure. Indeed, the system identification
roblem defined by (6) can be considered as a generalized cluster-

ng problem. More precisely, it is closely related to plane clustering
7], where the cluster plane associated with the vector �̃(i) is defined
s

(�̃(i)) = {x|xT �̃(i) = 0} (9)

he plane clustering problem consists of finding the planes P(�̃(i))
escribed by (9) and the associated vectors �̃(i) such that the sum
f the squares of each data point x(k) to the nearest plane is mini-
ized. This corresponds to the minimization problem [7]

in
{�̃(i)}

N∑
k=1

min
i

(dist(x(k), Pi))
2 (10)

here the 2-norm distance between the point x(k) and the plane
i is [7]

ist(x(k), Pi) = |x(k)T �̃(i)|/‖�̃(i)‖

his form of plane clustering problem has been introduced in
7], where a k-plane clustering algorithm was presented as a
eneralization to the standard k-means method. By making the

dentifications x(k) = [ y(k) −ϕ(k)T ]
T

and �̃(i) = [ 1 (�̂(i))
T ]

T
the

dentification problem (6) takes the form

in
N∑

min|x(k)T �̃(i)|2 (11)

{�̃(i)}

k=1
i

hich is essentially equivalent to the plane clustering problem
efined by (10), apart for the normalizing factor ‖�̃(i)‖.
puting 47 (2016) 271–280 273

3. Identification method

In this section we present a solution to the switching sys-
tem identification problem stated in Section 2. The identification
problem defined by (6) will be solved using a method which can
be considered as a modification of Kohonen’s self-organizing maps
[14]. The procedure consists of applying the iterative algorithm
(8) to minimize (6) instead of (7), but is otherwise similar as
the standard procedure. Using the fact that the derivative of the
squared prediction errors in (6) is

d
d�

(y(k) − ϕ(k)T �)
2 = −2ϕ(k)(y(k) − ϕ(k)T �) (12)

we obtain the following self-organizing model algorithm.

Off-line identification algorithm:

1. Initialization. Select the model structure and the maximum num-
ber of modes, M.  Set iteration number p = 0 and choose a set of
initial parameter vectors �̂p

j
, j = 1, 2, . . .,  M.

2. Initialize iteration. Set p ← p + 1, time index k = 0 and �̂p
j
(k) =

�̂p
j
, j = 1, 2, . . .,  M.

3. Matching. Set k ← k + 1. For input–output data pair ϕ(k), y(k),
compute the squared model prediction errors

qj(k) = (y(k) − ϕ(k)T �̂p
j
(k))

2
, j = 1, 2, . . .,  M (13)

and let j∗ be the index of the best-matching parameter vector
�̂p

j∗ (k) which solves

minjqj(k), j = 1, 2, . . .,  M

4. Updating. Adjust the parameters according to

�̂p
j
(k + 1) = �̂p

j
(k) + �p�p

j,j∗ϕ(k)(y(k) − ϕ(k)T �̂p
j
(k)) (14)

where �p is a learning parameter and �p
j,j∗ is a neighborhood

function.
5. Continuation? If k < N, continue from step 3; otherwise go to step

6.
6. Test for convergence. If parameters have converged, go to step

7. Otherwise, set �̂p
j
= �̂p

j
(N), j = 1, 2, . . .,  M, and continue from

step 2.
7. Determine individual modes. Determine the efficient number of

modes and associated model parameters by applying clustering
to the parameter vectors �̂p

j
.

The procedure can be applied to on-line identification by repeat-
ing the matching and updating steps 3 and 4 recursively,

�̂j(k + 1) = �̂j(k) + �(k)�j,j∗ (k)ϕ(k)(y(k) − ϕ(k)T �̂j(k)) (15)

The neighborhood function �j,j∗ (k) is a key design variable
in determining algorithm performance and convergence of the
parameters. Its purpose is to adjust those parameter vectors which
give the best match for the data pair (ϕ(k), y(k)) in the descent
direction of the cost qj(k), whereas the rest of the parameter vec-
tors should not be influenced. In order to achieve good convergence
properties, it should be a non-increasing function of the squared
prediction error qj(k). The simplest form of neighborhood func-
tion is a step function which includes all parameters that give a
prediction error less than a defined maximum prediction error, i.e.,
�j,j∗ =
{

1, if qj ≤ cqj∗

0, otherwise
(16)
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here c ≥ 1. This approach, however, ignores the effect of distances
ithin the neighborhood. A typical neighborhood function which

akes the distances into account is a Gaussian function [21]

j,j∗ =
{

exp(−0.5qj/d2), if qj ≤ cqj∗

0, otherwise
(17)

here d is the neighborhood width parameter. The values of design
arameters c and d in (16) and (17) reflect the magnitudes of the
rediction errors considered acceptable for a model to describe a
iven system mode.

.1. Convergence analysis

The proposed identification method has convergence properties
imilar to those of the standard self-organizing map  [14,3]. The con-
ergence can be studied by considering the average of the squared
rediction error in (6). Assume that the system is stationary and
he various modes have probabilities

i = E[(�(k), �(k)) = (�(i), �(i))], i = 1, . . .,  Nmode

or a set of parameter estimates {�̂j}, the prediction errors and the
eighborhood functions �j,j∗ then have well defined probability
istributions, and we can introduce the average cost

({�̂j}) = E

⎡
⎣ M∑

j=1

�j,j∗‖ej(k)‖22

⎤
⎦

=
Nmode∑

i=1

E

⎡
⎣ M∑

j=1

�j,j∗ ‖ej(k)‖22 | (�(k), �(k)) = (�(i), �(i))

⎤
⎦pi

(18)

here

j(k) = y(k) − ϕT(k)�̂j, j = 1, . . .,  M

he stochastic approximation method to minimize J(·) when the
robabilities pi are unknown consists of considering samples of J(·),

k({�̂j(k)}) =
M∑

j=1

�j,j∗ ‖y(k) − ϕT(k)�̂j(k)‖22 (19)

nd adjusting the parameters in the direction of the negative gra-
ient of Jk(·),

ˆ
j(k + 1) = �̂j(k) − 1

2
�(k)

dJk({�̂j})
d�̂j

(20)

his is identical with the updating formula (14).
The stochastic approximation algorithm converges to a local

inimum of J({�̂j}) if

∞

k=1

�(k) = ∞ and
∞∑

k=1

�2(k) < ∞

.e., the learning parameter �(k) should decrease as the models
ecome more accurate, but sufficiently slowly to allow conver-
ence. A common choice is [21]

1

(k) =

 ̨+ ˇk
(21)

here ˛,  ̌≥ 0, or in batch mode,

p(k) = 1
 ̨+ ˇp
puting 47 (2016) 271–280

For proper choices of the neighborhood function �j,j*, such as (16)
with a sufficiently small radius, the local minima are achieved by
the true mode parameters �(i). Convergence to the true parameters
as N → ∞ requires in addition that the model structures are correct,
and that each mode satisfies a persistent excitation condition, i.e.,

lim
N→∞

1
Ni

∑
ki

ϕ(ki)ϕ
T(ki) > 0 and lim

N→∞
Ni

N
> 0

where ki and Ni denote the time instants and the total number of
time instants, respectively, that the system is in mode i.

The convergence points of the individual parameter vectors
depend on their initial values. In order to ensure that all system
modes are found, the initial parameter vectors should therefore
cover the parameter space sufficiently well.

3.2. Unknown model orders

The identification method presented above assumes that the
model orders are known. When this is not case, the numbers na, nb
of parameters of the various models should be identified as well.
One approach is to apply sparse modeling techniques, in which the
number of model parameters are first overestimated, and pruned
in the identification process. This can be achieved by replacing the
cost function (19) by

Vk({�̂j(k)}; {Wj(k)}) = Jk({�̂j(k)}) +
M∑

j=1

�j,j∗�̂T
j (k)Wj(k)�̂j(k) (22)

where Wj(k) are diagonal weighting matrices

Wj(k) = diag(wj,1(k), . . .,  wj,nj
)

where the elements are non-negative, and nj is the dimension of �̂j .
An update algorithm for minimization of V(·; ·) can be constructed
in analogy with (20).

The purpose of the parameter weighting in the cost function is to
make the estimates of redundant parameters of an overparameter-
ized model equal to zero. For this purpose the parameter weights
should be properly chosen. This is, however, in general not possi-
ble a priori as the parameters whose actual values are zero are not
known. A widely used method for pruning model parameters is to
apply iteratively reweighted least squares [9], where the parameter
weights are given as functions of the previous estimates,

wj,m(k) = 	j,m


 + |�̂j,m(k − 1)|
(23)

where 
 > 0 is a small parameter. The purpose of the reweighting
scheme is to adjust the weights in such a way that the estimates
of any redundant parameters eventually become zero. To secure
that the correct parameters are pruned, the weights 	j,m ≥ 0 can be
selected to put a larger weight on parameters ama , bmb

which are
associated with higher-order models.

4. Examples

In this section numerical examples are presented to illustrate

the behavior of the proposed identification method. In Section 4.1,
on-line identification of a simulated system is considered, while
switching models of an industrial process are identified in Sec-
tion 4.2.
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Fig. 2. Estimated parameter â(k) of winning modes in Example 1. Noise-free and
noisy case (� = 0.3).

Table 1
Parameter estimates in Example 2. Mean values and root mean square errors based
on  100 simulations with different noise standard deviations �.

� = 0 � = 0.1 � = 0.2 � = 0.3

Mode 1
â  −0.900 ± 0.000 −0.899 ± 0.018 −0.897 ± 0.035 −0.893 ± 0.049
b̂  1.000 ± 0.000 0.998 ± 0.015 1.002 ± 0.036 1.000 ± 0.052

Mode 2

is unknown. The model is therefore overparameterized using the
second-order ARX model
ig. 1. Estimated parameters â(j)(k) (blue) and b̂(j)(k) (red) in Example 1. Noise-free
nd noisy case (� = 0.3). (For interpretation of the references to color in this figure
egend, the reader is referred to the web version of this article.)

.1. Simulated examples

In the following examples, we consider recursive identification
f the simulated first-order switched ARX system [11,31]

(k) = a(k)y(k − 1) + b(k)u(k − 1) + v(k) (24)

he system has two modes, in which the parameters take the values
(1) = −0.9, b(1) = 1 and a(2) = 0.7, b(2) = −1, respectively.

The system is simulated with varying switching times between
he two modes. The input u(k) was taken to be normally distributed
hite noise with zero mean and unit variance.

The on-line version of the identification method presented in
ection 3 was applied to recursively identify the switching system
24). The neighborhood function was taken as Gaussian (17) with

 bounded c-value and the learning parameter �(k) as a decreasing
unction of time according to (21). The initial parameter vector
alues were selected at random.

In the first example, periodic mode switching is studied, while
n the second example the mode switches are random. In the third
xample the approach in Section 3.2 is applied to the case when
he model orders are unknown.

The simulation results are comparable to the ones presented in
31] where the same switching system has been studied.

xample 1. In this example, the system is simulated with periodic
witching of period 30 samples. The number of models was over-
stimated as M = 4, while the correct number of models is M = 2.
he learning parameters in (21) were taken as  ̨ = 9,  ̌ = 0.01. The
xperiment is repeated for both noise-free and noisy cases. In the
atter case, the disturbance v(k) is normally distributed white noise

ith standard deviation � = 0.3. Fig. 1 shows the evolution of the
odel parameters for the noise-free and noisy cases, while Fig. 2

hows the estimated parameter â(k) of the winning mode.
It is seen that the parameters of the individual models converge

o the true values, models 1 and 4 converging to mode 1 and models
 and 3 to mode 2. The parameters of the winning mode, taken as the

arameter vector which minimizes the quadratic cost (13), are seen
o be correctly identified after approximately 100 samples (Fig. 2)
n the noise-free case. In the noisy case, the identified parameters
re close to the correct values after approximately 200 samples,
â  0.700 ± 0.000 0.701 ± 0.018 0.694 ± 0.035 0.699 ± 0.054
b̂ −1.000 ± 0.000 −1.000 ± 0.015 −1.009 ± 0.034 −0.999 ± 0.051

but there are some misclassified modes. This cannot be completely
avoided, because in the presence of noise even using the correct
system models may  occasionally result in misclassification.

Example 2. In this example, the system and model order are as
above, but the switching is modeled as a Markov process. This
case demonstrates both the identification of a randomly switching
system and how the identification method adapts to a high switch-
ing frequency. The number of models was  overestimated as M = 4
and the same learning parameters were used as in Example 1. The
Markov process was defined as a first-order Markov chain with the
transition matrix

P =
(

0.520 0.480

0.576 0.424

)

where Pij = E[�(k + 1) = �(j)|�(k) = �(i)]. Fig. 3 shows the evolution of
the model parameters for the noise-free and noisy cases. It is seen
that the convergence rate is similar to that in Example 1. Table 1
shows the mean parameter estimates and their root mean square
errors from 100 simulations for various noise variances.

Example 3. Finally, we  consider the case when the system order
y(k) = a1(k)y(k − 1) + a2(k)y(k − 2) + b1(k)u(k − 1)

+ b2(k)u(k − 2) + v(k) (25)
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Table 2
Parameter estimates in Example 3. Mean values and root mean square errors based
on  100 simulations with different noise standard deviations �.

� = 0 � = 0.1 � = 0.2 � = 0.3

Mode 1
â1 −0.897 ± 0.022 −0.823 ± 0.051 −0.873 ± 0.044 −0.840 ± 0.062
â2 0.0026 ± 0.021 0.0113 ± 0.042 0.0234 ± 0.045 0.0328 ± 0.065
b̂1 1.000 ± 0.003 1.002 ± 0.022 0.997 ± 0.037 1.005 ± 0.056
b̂2 −0.0032 ± 0.021 −0.0129 ± 0.046 −0.0303 ± 0.045 −0.0641 ± 0.068

Mode 2
â1 0.690 ± 0.070 0.676 ± 0.108 0.674 ± 0.087 0.677 ± 0.055
â2 0.0073 ± 0.050 0.0109 ± 0.079 0.0160 ± 0.080 0.0009 ± 0.060
nd noisy case (� = 0.3). (For interpretation of the references to color in this figure
egend, the reader is referred to the web version of this article.)

terative reweighted least squares based on (22) was  applied to
rune model parameters. In the reweighting scheme (23) the
arameters were taken as 	 = 0, 
 = 0.2 for a1(k), b1(k) and 	 = 0.5,

 = 0.2 for a2(k), b2(k). In analogy with Example 1, the system is
imulated with a constant switching period of 30 samples and the
umber of models is now assumed correctly as M = 2. The learning
arameters in (21) were taken as  ̨ = 12,  ̌ = 0.01.

Fig. 4 shows the evolution of the model parameters for the
oise-free and noisy cases. Although convergence is slower than

n Example 1, the model parameters converge to the correct ones,
nd the model structures are correctly identified. Table 2 shows the

ean parameter estimates and their root mean square errors from

00 simulations for various noise variances.
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ig. 4. Estimated parameters â(j)
1 (k) (blue), b̂(j)

1 (k) (red) and â(j)
2 (k), b̂(j)

2 (k) (green) in
xample 3. Noise-free and noisy case (� = 0.3). (For interpretation of the references
o  color in this figure legend, the reader is referred to the web version of this article.)
b̂1 −1.000 ± 0.001 −1.000 ± 0.016 −1.003 ± 0.032 −1.005 ± 0.059
b̂2 −0.0103 ± 0.072 −0.0229 ± 0.105 −0.0317 ± 0.095 −0.0242 ± 0.060

4.2. Identification of switching system model of a metallurgical
process

Finally, application of the proposed procedure will be demon-
strated on data from an industrial metallurgical process. In the
ironmaking blast furnace, which produces molten iron (hot metal)
for further refining into steel, the silicon (Si) content of the hot
metal is an important process variable that reflects the product
quality and also the thermal status of the process [25]. Predicting
the silicon content has been used as a benchmark problem in many
modeling efforts (e.g., [20,32]).

The process dynamics may vary due to a number of factors,
such as changes in raw materials, different manual control strate-
gies used by the operators, gas and burden distribution, etc.
Furthermore, the level around which the silicon content varies
changes with the internal conditions (e.g., thermal level of the high-
temperature region). Obviously, these aspects should be taken into
account in the process modeling, so it seems natural to describe the
process dynamics with multiple models, as suggested in a recent
review paper on the topic [25]. To the best of our knowledge,
switching models for predicting the silicon content have only been
used once earlier [19].

Inspired by the findings in [24], hourly mean values of three pro-
cess variables in an industrial blast furnace, namely a gas resistance
index, the specific blast volume and the heat losses from the tuy-
eres (air supply nozzles) are taken as inputs for a model of the hot
metal silicon content. This is in agreement with process knowledge,
as these variables mainly reflect the conditions in the lower part of
the furnace, where the hot metal assumes its final state (composi-
tion and temperature). The data used for identification consist of
a set of 797 consecutive data points with one output y, the sili-
con content, and the three input variables mentioned above, x1, x2
and x3. These variables were normalized between 0 and 1 and are
illustrated in Fig. 5. Previous studies [24] have demonstrated that
the process could be described by a model where the output y(k)
is taken as a function of recent values of the inputs. To tackle the
problem of unknown time lags the three variables were included
at time lags of one, two  and three hours, i.e., xi(k − l), i = 1, 2, 3, l = 1,
2, 3. In order to assess whether the changing process dynamics can
be captured by a switching system, the switching linear model

ŷ(k) =
3∑

i=1

Li∑
l=1

�̂il(k)xi(k − l) (26)

was used, where ŷ(k) is the predicted output (silicon content).
In this example, the on-line version of the procedure described

in Section 3 was applied on the data shown in Fig. 5, with M = 3 mod-

els. After training the switching model on the 697 first data points,
the performance on the remaining 100 data points was  studied. As
the model here was  used for one-step ahead prediction rather than
estimation, the value of the output at time k is unknown at the time
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Fig. 5. Output y(k) (silicon content) and input variables x1(k) (gas resistance ind

f making the prediction, ŷ(k). Therefore, in carrying out the predic-
ion the mode was chosen as the one selected by the method in the
pdating of the parameters at time k − 1. The neighborhood func-
ion was chosen Gaussian (17) and the initial value of the learning
arameter was  chosen as �(0) = 0.3.

The top panel of Fig. 6 shows the (scaled) silicon content (solid
ine) and the model predictions (dashed line) for the test set. It
s seen that the model can follow the main trends of the signal,
ut experiences problems in predicting abrupt changes and often

ags behind. This problem is common for all kinds of models of the

ilicon content in the blast furnace reported in the literature [25].
owever, at the end of the test set the model predicts the behavior
uite accurately without delay. For the purpose of illustration, the
ottom panel of Fig. 6 illustrates the simultaneous evolution of one
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ig. 6. Top panel: True (solid line) silicon content for the last 100 observations of the data 

witching model. Bottom panel: Simultaneous evolution of one parameter of the switchin
umerals at the line denotes the mode numbers.
ple

(k) (specific blast volume) and x3(k) (tuyere heat loss) in blast furnace example.

model parameter, (�̂11), which expresses the dependence between
the resistance index at a time lag of one hour and the silicon content.
From this panel the three modes of operation (seen as distinct levels
in the parameter, and indicated by numerals 1–3) a can be seen. It
may  be observed that mode 3 occurs less frequently than modes 1
and 2.

Fig. 7 illustrates by solid lines the predictions of the three modes
on the test set. The open circles connected by the dashed lines
depict the one-step ahead prediction by the mode applied by the
method. The figure gives an idea of how switching occurs (on this

particular data set). It may  be noted that the three modes provide
very similar output patterns, but the levels of the outputs differ:
This could reflect medium-term changes in the heat level of the
process [17] encountered in the training set. It is, furthermore,

mple
750 760 770 780 790

mple
750 760 770 780 790

set illustrated in Fig. 5, and one-step ahead prediction (dashed line) of a three-mode
g model, showing mode transitions as abrupt changes in the parameter value. The
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parameters for lags 2 and 3 are of the same absolute size, but of
he method (open circles connected by dashed lines).

een that the main transitions occur between neighbor modes, i.e.,
etween modes 1 and 2 or between modes 2 and 3. However, on two
ccasions in the test set (at samples 757 and 790), a direct switch-
ng between modes 1 and 3 occurs, and in some situations (samples
40–742, 745–747 and 776–778) a switching from one extreme
ode to the other with only one application of the intermediate
ode is seen. Another interesting observation is that it seems that
ode 1 is usually applied to describe an increase of the silicon con-

ent from low values, while mode 3, by contrast, is used to describe
 decrease from high values. Yet another noteworthy observation
s that even though the three models implement changes on dif-

erent silicon content levels, the highest value of mode 1 is greater
han the lowest value of mode 3, as seen in the end of the test set.
n summary, the switching model has been able to capture level
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changes in the outputs and, furthermore, changes in the process
dynamics that will be discussed next.

In order to further analyze the three modes of operation applied
to describe the hot metal silicon content in the blast furnace in
question, the values of the parameters (after their estimation on
the training set) are depicted graphically in Fig. 8. The order of
appearance of the parameters is defined in the lowest subpanel.
From these results, the following may  be concluded: mode 1 is pri-
marily based on the second input, i.e., the specific blast volume,
which is associated with the efficiency of the reduction process:
A low value of the specific blast volume implies a high produc-
tion rate, a low level of the coke reserve, which gives a low silicon
content. Therefore, the fact that all parameters are clearly posi-
tive is in agreement with process knowledge. Furthermore, mode 1
stresses the importance of this input with longer time lags, which
may  reflect the inertia of the high-temperature region. As for the
other to inputs in mode 1, the resistance index (Input 1) shows a
positive, but rather weak correlation, while the overall effect of the
third input, the tuyere heat loss, is almost negligible as the sum of
the parameters is practically zero. Mode 2, in turn, is characterized
by an influence of all inputs. Even though the effect of the specific
blast volume is strongest like in mode 1 (with a parameter sum of
0.51), the importance now decreases with the time lag, so recent
values of this input are more relevant. The gas resistance (Input 1)
also plays a strong role, with a time lag of (mainly) 2. The effect of
the tuyere heat loss is positive for lags 1 and 2, but the negative
parameter value at lag 3 decreases the effect and leads to a more
complicated dynamic response (as will be discussed later). The sum
of the parameters is still slightly positive (0.11). As for mode 3, even
though all parameters but one are positive, it reflects clearly differ-
ent dynamics than modes 1 and 2. The tuyere heat loss (Input 3) is
the most influential variable (parameter sum 0.67), and the impact
gets stronger with decreasing time lag, so the most recent value
of the heat loss plays a key role for the output of this mode. For
the first input, a more complex dynamic is implemented, as the
opposite sign. Thus, an increase in the gas resistance will first yield
an increase in the silicon content after two hours, then the effect
is cancelled to be followed by a decrease. This complex behavior

12312

de 1

12312

de 2

 lag (h)
12312

Input 3put 2

de 3

g phase, arranged according to the definition in the bottom panel.
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ig. 9. Artificial set of inputs (top panel) for illustration of the dynamics of the output
redicted by the three modes (bottom panel).

eflects the immediate and longer-term effect of a gas resistance
hange: As the gas resistance increases, the hot metal production
ate decreases, which leads to a higher silicon content. However, as
he gas resistance continues to stay high, reflecting a nonuniform
as flow, the reduction and heat transfer efficiency of the furnace
rops and hence the silicon content decreases. It is a well-known
act that the hot metal temperature and chemistry may  show cor-
esponding inverse responses after changes in the fuel injection
ates [26]. Finally, the effect of the specific blast volume (Input 2)
s positive, but minor.

To shed further light on these findings, an artificial input
equence was generated where one input in turn was perturbed by
aising the value by 0.2 from its base level during three consecutive
amples, keeping the other inputs on their base levels. The base lev-
ls of the three inputs were selected as 0.3, 0.2 and 0.6, mimicking
he mean values of these variables in the test set (cf. last 100 obser-
ations of xi in Fig. 5). Fig. 9 illustrates the inputs (upper panel) and
he outputs of the three modes (lower panel) based on the model
arameters in Fig. 8. By analyzing the lower panel, the following
ay  be concluded: First, the different levels of the output in the

hree modes is clearly seen. As for the dynamic responses, mode
 (solid line) is mainly affected by changes in Input 2, as noted in
onjunction with Fig. 8, and the effect increases with time. In mode

 (dashed line), the response to the two first inputs is similar to
hat of a first-order system, where the former is lagged by two  and
he latter by one time step. The different signs of the parameters of
nput 3, in turn, give rise to a somewhat more complex response.
inally, mode 3 (dash-dotted line) reacts mainly on changes in the
hird input.

Summarizing the findings, we may  also conclude that modes
 and 2 show a strong positive correlation with the second input,
hich means that an increase (decrease) in the specific blast vol-
me would increase (decrease) the silicon content unless it is not
lready high. The specific blast volume essentially expresses the
atio of the gas and hot metal flow, and a high ratio means that
ore SiO gas (generated in the combustion of coke in the raceways

n front of the tuyeres) is available for reaction into Si dissolved
n the hot metal [29]. Furthermore, also considering the findings
resented in Fig. 7, a recovery of the silicon content from very
ow levels is reflected in an increase in the specific blast volume.
his may  be due to control actions by the blast furnace opera-
ors: as the silicon content drops low, the operators charge extra
oke, which decreases the production rate and, hence, increases

[

puting 47 (2016) 271–280 279

the specific blast volume when the extra coke has descended to the
lower part of the furnace. Changes in the first input (gas resistance)
mainly affects the silicon content when it is on an intermediate
level. Therefore, fluctuations in the silicon content around the set
point are reflected in gas resistances changes [23], so controlling the
gas resistance could stabilize the silicon content. Finally, the third
input, the tuyere heat loss, reflects changes in the silicon content
when the heat level is high. As noted earlier, a decrease of the silicon
content from high levels is captured by mode 3. Thus, a decrease
in the tuyere heat loss is a good indication that the silicon content,
after being high, will decrease. Summing up, these observations
demonstrate that the findings from the multiple-mode model can
help understanding the complex dynamics of the silicon content of
the hot metal in the blast furnace.

5. Conclusions

An identification method for switching systems has been pre-
sented. The method does not assume that the system mode depends
on the state, but may  change in an arbitrary way. In the proposed
procedure the identification problem is formulated as a gener-
alized plane clustering problem. The resulting problem is solved
using a method which can be considered as a modification of self-
organizing maps. One advantage of the proposed identification
method is that in analogy with standard self-organizing maps, it
is simple to implement, and it can be applied both off line or recur-
sively to on-line identification. Numerical simulations show that
the proposed technique efficiently identifies the correct modes and
parameters.

On a set of industrial data taken from an ironmaking blast
furnace, the method was  illustrated to provide reasonable predic-
tions of the output variable, the hot metal silicon content, thus
demonstrating the potential of the technique for real-time applica-
tions. Furthermore, the switching between the modes was analyzed
and the interpretation provided by the modes was discussed. The
results of the analysis with multiple models demonstrated that the
modes describe different dynamics and also different operation lev-
els of the silicon content, further revealing interesting findings on
the way in which the input variables affected the output in differ-
ent states. Despite the black-box nature of the model, a detailed
analysis of the arising modes can provide additional information
about the factors governing the silicon content in the hot metal.
These findings may  prove useful, e.g., in the design of strategies for
automatic control of the silicon content.
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