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a b s t r a c t

Accuracy is one of the most vital factors when dealing with forecast using time series models. Accuracy
depends on relative weight of past observations used to predict forecasted value. Method of aggregation
of past observations is significant aspect in time series analysis where determination of next observation
depends only on past observations. Previous research on fuzzy time series for forecasting treated fuzzy
relationship equally important which might not have properly reflected the importance of each indi-
vidual fuzzy relationship in forecasting that introduced inaccuracy in results. In this paper, we propose
ordered weighted aggregation (OWA) for fuzzy time series and further design forecasting model signi-
fying efficacy of the proposed concept. Objective of using fuzzy time series is to deal with forecasting
under the fuzzy environment that contains uncertainty, vagueness and imprecision. OWA is utilized to
generate weights of past fuzzy observations; thereby eliminating the need for large number of historical
observations required to forecast value. OWA weights are determined by employing regularly increasing

monotonic (RIM) quantifiers on the basis of fuzzy set importance using priority matrix. Experimental
study reveals how OWA coalesced with fuzzy time series for designing of forecasting model. It can be
observed from comparative study that use of OWA considerably reduces mean square error (MSE) and
average forecasting error rate (AFER). Robustness of proposed model is ascertained by demonstrating its
sturdy nature and correctness.
. Introduction

Effectiveness of timely action and adequate preparedness in
eal time system can be greatly enhanced through forecasting. In
ast few decades of research and growth, numerous concepts &
echniques have been proposed to decipher efficient forecasting.
rediction using time series analysis is one of the oldest and most
eliable techniques to prophesy future outcome. Techniques for
ime series analysis can be broadly divided into two categories:
onventional approach also known as statistical techniques and
on-conventional approach. Conventional techniques confide on

dentifying behavior of time series. Box-Jenkins or Auto Regres-

ive Integrated Moving Average (ARIMA), Exponential Smoothing
nd Multiple Regressions are most widely used statistical meth-
ds [41]. These are straightforward and easy to interpret but have
everal restrictions and drawbacks. Foremost drawback of con-
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ventional techniques is inaccuracy of prediction and numerical
instability. Due to heavy computational burden, these techniques
converge slowly and may diverge in certain cases. Most of them
are designed particularly for specific problems without a wide
range applicability in other domains. In contrast, non-conventional
techniques have been implemented successfully in numerous dis-
ciplines. These techniques make fewer assumptions about internal
structure of the system and rely on input-output relationships to
describe the behavior of time series. Field of time series forecasting
is nowvastly different from what it was 20 years ago. It has grown
up massively with the advent of greater computing power. More
mature soft computing approaches have been proposed to fore-
cast uncertain and vague data. Artificial Neural Network is being
used in designing of prediction models due to vast development in
the area of artificial intelligence. Garg et al. [1] performed exten-
sive logical survey on implementation of forecasting method using
artificial neural network. However, Artificial Neural Network could
not generate efficient predictors because of its drawbacks like: (1)

it has large training time (2) it can only utilize numerical data
pairs (3) It traps in local minima that it deviates from optimal per-
formance. Another soft computing technique which has recently
received attention is fuzzy based approach.
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Initial work of Zadeh [2,3] on fuzzy set theory has been applied
n several diversified areas. In fuzzy treatment, linguistic values or
uzzy sets are utilized to approximate the desired output rather
han numbers. Immense work has been done on forecasting prob-
ems using fuzzy time series [4–27]. Primary reason for fuzzy time
eries popularity is that it can relate trend and cyclic component in
uzzy logical relationship. Hence, it can utilize historical data more
ffectively. Forecasting using fuzzy time series has been emanated
s an intelligent approach in the domain where information is
ague and imprecise. Moreover, fuzzy time series can handle situa-
ions where neither viewing of trend is possible nor visualization of
atterns in time series is handled. Substantial work has been done
sing fuzzy time series for real time forecasting problems.

Fuzzy time series definitions were proposed by Song and
hissom. Song and Chissom presented the concepts of time vari-
nt and time invariant time series [4,5]. It was applied on the time
eries data of University of Alabama to forecast enrollments. Song
nd Chissom [6] also proposed an average auto correlation func-
ion as a measure of dependency. Chen [7,8] presented simplified
rithmetic operations in place of max-min composition operations
hich were used by Song & Chissom and then, designed high order

uzzy time series forecasted model. Hunrag [9,10], Hwang and Chen
11], Lee Wang and Chen [12], Li and Kozma [13] developed a
umber of fuzzy forecasting methods with some variations. Singh
14,15] developed forecasting models using computational algo-
ithm. Lee et al. proposed a fuzzy candlestick pattern to improve
orecasting results [16]. Then, a multivariate heuristic model was
roposed to achieve highly complex matrix computations [17].
ork on determination of length of interval of fuzzy time series
as done [18]. [19] performed generalization of forecasting model.

ilani [20] proposed multivariate high order fuzzy time series based
orecasting method for car road accidents. Forecasting model based
n event discretization function was presented [21] and same was
sed for forecasting of average length of stay of patient [22]. Subse-
uently, Garg [22–24] also proposed optimized forecasting models.
arg [25] developed fuzzy based model to forecast number of out-
atient visits in hospital.

List of significant improvements of our proposed model over
forementioned fuzzy time series models are summarized as: 1)
onventional time series models such as ARIMA, ARCH,GAR CH,
tc can be designed only after making some assumption. These
odels cannot be used to deal with nonlinear relationship. How-

ver, proposed model can capture nonlinearity easily. (2) Almost
ll previous fuzzy time series models considered fuzzy logical rela-
ionship equally important. In proposed model, priority matrix is
reated to define importance of each fuzzy set in fuzzy time series
ike importance of each criterion in multiple criterion based deci-
ion problems. (3) Past forecasting methods utilized differences of
ime series data as the universe of discourse. However, increasing
nd decreasing rate of time series cannot be captured from differ-
nce alone. Proposed model eliminates subtlety of the universe of
iscourse by determining percentage change of data. (4)Previous
tudies did not consider method of aggregation of past observa-
ions although it is a significant factor in designing of forecasting

odels where next prediction depends only on past observations.
enceforth, proposed model employed OWA  for aggregation of
ata.

It has been observed that various studies have been proposed to
erform effective aggregation and these have resulted in significant
chievements as well. However, no one explored the use of OWA  to
ggregate fuzzy time series observations. Prime Objective of pro-
osed model is to capitalize the potency of OWA  in fuzzy time series

ased forecasting model to accomplish higher forecasting accuracy.

Application of forecasting exists in almost every domain be it
ealthcare or meteorological or financial or agricultural or econom-

cal. It is also concurred that in every real life situation, irrespective
puting 48 (2016) 265–280

of its domain, there will always be more than one factor influencing
the stats. Moreover, mostly these factors are complex and it is very
difficult to estimate their impact on the real time data/stats. For
this reason only, time series model came into consideration i.e. to
predict the future value in comparatively easier but accurate way;
in other terms method which reduces the attached complexities of
various external factors. Further, research is being done to enhance
the forecasting accuracy of time series models and to build models
that can be applied in every sphere of life. In this direction only, its
applicability is demonstrated on three spheres of life (healthcare,
financial and educational). Proposed model can be applied in other
areas as well. Outpatient visits application has been selected for
detailed demonstration since healthcare is one of the most impor-
tant and key aspect of our life.

This study is organized into ten sections. Section 1 has intro-
duction on history of fuzzy time series, OWA  efficacy. Section 2
is discussion of related work on the evolution of OWA  concepts
and OWA  based fuzzy time series forecasting models. Section 3
highlights the key features of statistical and fuzzy approach of time
series analysis, reveals the concept of fuzzy time series and OWA
respectively. Section 4 describes the steps for designing of proposed
forecasting model in detail. Also, concise algorithm and its compu-
tational complexity are discussed. Section 5 demonstrates usage of
proposed model in application domain (predicting outpatient visit
in hospital) in detail as an experimental study. Section 6 displays
the impact of partitioning of intervals. Section 7 presents impact of
order of model and type of defuzzification method. Section 8 dis-
cusses the impact of considering OWA  weights. Section 9 evaluates
and compares the results of proposed forecasting model with pre-
vious fuzzy time series and conventional forecasting models and
reveals its performance. In Section 10, accurateness of the proposed
method is tested on TAIEX stock exchange data and enrollment data
of University of Alabama. Section 11 checks the robustness of the
proposed method. Section 12 has conclusion and future work.

2. Related work

Preceding research on fuzzy time series for forecasting prob-
lems considered fuzzy relationship equally important which might
not have properly reflected the importance of each individual
fuzzy relationship in forecasting [42]. Employed the concepts of
entropy discretization and a fast Fourier Transform algorithm for
designing of forecasting model. An ant colony optimization and
auto-regression based fuzzy time series model was  given [43]. This
model was used to trade the actual data of Taiwan capitalization
weighted stock index. Chen et al. [44] presented forecasting model
based on fuzzy time series and fuzzy variation group to forecast
daily Taiwan stock exchange index (TAIEX). A high order fuzzy time
series model was proposed based on adaptive expectation method
and entropy based partitioning [45]. This model produced decision
rules and an efficient high order fuzzy time series model to fore-
cast internet stock. Sun et al. [46] presented a novel forecasting
method based on fuzzy sets and multivariate fuzzy time series to
predict stock index future prices. Yu [26] used concept of recurrent
relationship to generate forecasting model and recommended that
different weights must be assigned to fuzzy relationships. Expec-
tation and Grade-Selection method based on transitional weight
were developed for calculating weights [27]. This model designed
weight transition matrix on basis of findings of visible and hidden
linguistic value. This model was success to a certain extent to reduce
forecasting error. However this model required large number of his-

torical data for training process which was too complex to maintain.
Yager [30] introduced a class of function to generate weights and
concept of ordered weighted aggregation (OWA)operators. A flexi-
ble aggregation characteristic of OWA  accounted for its wider use in
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arious domains. Subsequently, Yager [31] introduced the concept
f smoothing of time series by Ordered Weight Aggregation (OWA)
perators. Sufyan [32] applied OWA  successfully to aggregate user
eedback to enhance web  search quality of a document. Sadiq [33]
tilized OWA  to find out the overall status of environmental sys-
ems by taking data aggregations of environmental indices. During
he same time, frequency moving average and ordered weighted
ggregation based time series model (MA-OWA) was proposed to
orecast air quality by daily O3 concentration [34]. This technique
tilized OWA  operator to aggregate multiple lag periods in single
alue by use of different situation parameters. Lagrange multipliers
ere applied to transforms Yager’s OWA  equation to a polynomial

quation [47]. This approach was used to solve constrained opti-
ization problem and to compute the optimal weighting vector.

he mapping of OWA  dimension n is done by giving the concept
f weighting vectors [48]. Two significant characterizing measures
ere given with respect to weighting vector W of an OWA  [49].

hese were “Orness” and dispersion of aggregation. A refined OWA
lgorithm was proposed to determine OWA  weights [50]. Differ-
nt alpha values ranging from 0.5–1.0 were utilized to generate
ifferent sets of OWA  weights. Another fusion based adaptive net-
ork fuzzy time series model was proposed to employ ordered
eighted averaging operator(OWA) and to fuse high ordered data

nto aggregated values of single attributes [51]. Chang [52] devel-
ped weighted fuzzy rules based forecasting model by determining
he number of each fuzzy relation. This paper has proposed OWA
ased model to forecast fuzzy time series data; where OWA  is
tilized to generate weights of past fuzzy observations thereby
liminating the need for large number of historical observations
equired to forecast a value. In this model, next value is predicted
rom OWA  aggregation of past three fuzzy observations and impor-
ance of each fuzzy set is produced by creating priority matrix.

. Review of time series analysis, fuzzy time series and
WA  studies

This section has been divided into three subsections. Subsec-
ion 3.1 is introduction of time series analysis. It also elucidates
he difference between statistical and fuzzy time series analysis.
ubsection 3.2 has the review of fuzzy time series studies and sub-
ection 3.3 unearths the concept of OWA  operators in detail.

.1. Time series analysis: statistical vs. fuzzy approach

Objective of time series analysis can be stated succinctly as fol-
ows: given a sequence up to time t, x(1), x(2) ,. . .,  x(t), find the
ontinuation x(t + 1), x(t + 2).  . .x(t + 3). Observations can either be
patiotemporal or temporal data that is usually stumbled upon in
ariety of areas. A distinctive characteristic of time series is that
ata cannot be generated independently; their diffusion varies with
ime which is controlled by trend and cyclic components. Time
eries analysis consists of two steps: (1) building a model that rep-
esents a time series, and (2) using the model to predict (forecast)
uture values. A time series is represented by a mathematical model
(t) = F(t) + R(t). Here, F(t) represents an ordered or systematic part
nown as signal component and R(t) presents a random part known
s noise component. Nevertheless, observation of these two com-
onents cannot be done separately. Generally, stochastic processes
Rt, t ∈ I} are used to deal with the random component of time
eries that is a random function of time and depends upon the struc-
ure of Rt. It becomes purely random process if occurring noise is

ndependent of time (E{Xt} = m).  Systematic part has non-random
ature that is a deterministic function of time series. Numerous

unctions like Fourier series, low degree polynomials and periodic
unctions are used to analyze and study the characteristics of the
puting 48 (2016) 265–280 267

deterministic part of time series such as trend, cyclic and seasonal
component. Structure of Rt classifies time series model in station-
ary or non-stationary form. Markov process, moving average (MA),
autoregressive (AR) and autoregressive moving average (ARMA)
processes are used to analyze and handle stationary time series
[35]. Box-Jerkin method based on class of model; also called inte-
grated autoregressive moving average (ARIMA) model is used to
deal with non-stationary time series [36]. Box-Jenkins extended
their research by modifying ARIMA model in general seasonal inte-
grated autoregressive moving average (SARIMA) model. On the
other hand, fuzzy time series models have performed designing of
time series model under the fuzzy environment. Time series data
in fuzzy environment contains uncertainty, vagueness and impre-
cision, which makes these two  approaches act differently in their
philosophy. Concepts of stationary and non-stationary time series
in statistical time series are being here dealt as time invariant fuzzy
time series and time variant fuzzy time series. Further, fuzzy time
series analysis deals with fuzzy logical relations in time series data
rather than random and non-random functions in case of usual
time series analysis. In many real life situations, it is hard to har-
vest a trend or cycle component in time series observations. Thus,
these components can be analyzed by using the fuzzy time series
methods.

3.2. Fuzzy time series

Fuzzy set theory is an intellectual quest in which the philosophy
of mathematics, abstraction and idealization are combined. Fuzzy
set theory provides a strict mathematical framework in which
vague conceptual phenomena can be studied precisely and rigor-
ously. Fuzzy set theory and fuzzy system applications are applied to
build a fuzzy logic interface that comprises of universe of discourse,
fuzzification, knowledge based decision making phenomena and
defuzzification process. Fuzzy time series is applicable when pro-
cess is dynamic and historical data is fuzzy sets. Some basic fuzzy
concepts are presented in own  discourse to make present method
self-contained. For this, [1–26] are viewed.

3.2.1. Fuzzy set
Fuzzy set is a pair (A, m)  where A is a set and m:  A→ |0,1|. For

a finite set A = {x1, . . .,  xn}, fuzzy set (A, m)  is often denoted by
{(m(x1)/x1), . . .,  (m(xn)/xn)}. For each, x &1028; A, m(x) is called
the grade of membership of x in (A, m).  Let x &1028; A, then x is
not included in the fuzzy set (A, m)  if m(x) = 0, x is fully included
if m(x) = 1 and x is called fuzzy member if 0 < m(x) < 1. The set x
&1028; A | m(x) > 0 is called the support of (A, m) and the set x
&1028; A | m(x) = 0 is called its kernel.

3.2.2. Fuzzy time series
Let Y(t) (t = . ., 0,1,2,. .), subset of real numbers, be the Universe of

Discourse on which fuzzy sets fj(t) are defined. If F(t) is collection of
f1(t), f2(t),. ., then F(t) is called a fuzzy time-series defined on Y(t).

3.2.3. Fuzzy relationship
Assume that F(t) is a fuzzy time-series and F(t) = F(t − 1) * R(t − 1,

t), where R(t − 1, t) is a fuzzy relation and “*” is the max–min
composition operator. Then, F(t) is caused by F(t − 1) and it is
denoted as “F(t − 1) → F(t)”, where F(t − 1) and F(t) are fuzzy sets.
Let F(t − 1) = Ai and F(t) = Aj. Relationship between two consecutive
observations, F(t) and F(t − 1), referred to as a fuzzy logical rela-
tionship (FLR), can be denoted by Ai → Aj, where Ai is called the
left-hand side (LHS) and Aj the right-hand side (RHS) of the FLR.

All fuzzy logical relationships can be further grouped together into
different fuzzy logical relationship groups according to the same
left-hand sides of the fuzzy logical relationship. For example, there
are two  fuzzy logical relationships with the same left-hand side
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Table 1
RIM(Q) vs �.

� Quantifiers Q � Quantifiers Q

� = 0 At least one � = 1 Half
68 B. Garg, R. Garg / Applied So

Ai): Ai → Aj1 and Ai → Aj2. These two fuzzy logical relationships
an be grouped into a fuzzy logical relationship group.

.2.4. Time—invariant/time-variant fuzzy time series
Suppose F(t) is caused by F(t − 1) only, and F(t) = F(t − 1) * R(t − 1,

). For any t, if R(t − 1, t) is independent of t, then F(t) is named
s time-invariant fuzzy time-series, otherwise time-variant fuzzy
ime-series.

.2.5. Order of fuzzy time series
Fuzzy time series order can be determined from its definition

tself. Suppose, F(t + 1) is caused only by F(t) or F(t − 1) or F(t − 2)
 . . or F(t − m)  (m > 0). This relation can be expressed by

(t + 1) = F(t) ∪ F(t − 1)...F(t  − m)  ∗ R◦(t + 1, t − m)(m > 0) (1)

Eq. (1) is called first order series of F (t + 1)
If F(t + 1) is caused by F(t) and F(t − 1) . and F(t − n) simultane-

usly. This relation can be expressed as:

(t + 1) = F(t) ∩ F(t − 1)...F(t  − n) ∗ R◦(t + 1, t − n)(n > 0) (2)

Eq. (2) is call nth order model of F(t). Fuzzy relationship is rep-
esented by Ai1, Ai2, . . .,  Ain → Aj, here F(t − n) = Ai1, F(t − n + 1) = Ai2

nd so on F(t − 1) = Ain. This relationship is called nth order fuzzy
ime series model.

.3. Ordered weighted aggregation (OWA) concept

Sometimes formulation of multiple parameters based decision
roblems cannot be done accurately by either aggregation of pure
ANDing” or pure “ORing” of parameters. These types of problems
equire aggregation that lies between these two extremes. OWA  is
ne such type of operator that allows us to easily adjust degree of
ggregation. OWA  operators were first introduced by Yager [30].
his generalized averaging operator bounds aggregation range by
he maximum (ORing) and the minimum (ANDing) operators. OWA
ggregation operator can be defined as

(X1, ..., Xn) =
∑n

i=1
wi ∗ bi (3)

ere, F is an OWA  operator of n dimensions having X1,X2, . . .,  Xnas
ts n arguments. bi is ith largest element from the collection of
rguments X1,X2, . . .,  Xn

wiis ith collection of weight of arguments such that wi D [0,1]
nd

∑
wi = 1, wi weights are associated with ordered position of

rguments rather than particular argument Xi.
Subsequent examples briefly illustrate this concept.
Example 1: Let F be an OWA  operator of three dimensions

1 = 0.6,X2 = 0.3, X3 = 0.7 and weights are (0.45, 0.3, 0.25) implying
1 = 0.45, w2 = 0.3 and w3 = 0.25.

Since, X3 is largest among X1, X2 and X3. Hence, b1 = X3 i.e. 0.7.
imilarly, b2 = 0.6 and b3 = 0.3. Using Eq. (3), F(0.6,0.3, 0.7) can be
valuated as

F (0.6, 0.3, 0.7)) = 0.7*0.45 + 0.6*0.3 + 0.3*0.25 = 0.57
Example 2: In criteria based problems, where decision is based

n importance of each criterion, OWA  approach is very helpful. Let,
he criteria Xi be twice as importance as criteria Xj and Xj be thrice
s importance as criteria Xk. Given that weights are = (w1, w2, w3).

 (Xi, Xj, Xk) can be evaluated as:

(Xi,Xj,Xk) = {Xi ∗ w1 + Xj ∗ w2 + Xk ∗ w3}Since, Xi > Xj > Xk

In order to use OWA, we must determine weight of arguments of
roblem domain. Various methods of weight generation are avail-

ble in the literature [30,31,37,38]. Our problem domain is fuzzy
ime series. Therefore, we took up then regularly increasing mono-
one (RIM) quantifiers [37] denoted by Q(r) to determine weights
f linguistic arguments of fuzzy time series.
�  = 0.1 At least few � = 2 Most
�  = 0.5 A few � = ∞ All

3.3.1. RIM quantifiers
Yager [30] in 1988 introduced a class of functions to generate

weights using regularly increasing monotonic (RIM) quantifiers.
RIM was proposed to determine OWA  weights by using linguistic
quantifiers such as: “there exists” Q*(r)(OR) and “for all” Q*(r)(AND).
Thus for any RIM quantifier Q(r), the limit Q*(r) < = Q(r) < = Q*(r)
holds true. Also, Q(r) must satisfy two properties: (a) Q(0) = 0 and
(b) rD [0,1]. OWA  weights with m number of criterion can be deter-
mined using RIM quantifier as follows [37].

wi = Q
(

i

m

)
− Q

(
i − 1

m

)
i = 1, 2....m (4)

The RIM quantifiers can continuously change its values between
Q*(r) and Q*(r). This generates a family of RIM quantifiers. This fam-
ily of RIM quantifiers can be defined by parameterized class of fuzzy
subsets [37]. It can be further defined as: Q(r) = r� where, r ≥ 0.

For � = 1; Q(r) = r (a linear function). This is called unitor quan-
tifier.

For � → ∞;  Q*(r) (and type). This is universal quantifier, imply-
ing most of the criterion must be satisfied for acceptable solution.

For � → 0; Q*(r) (or-type). This is called existential quantifier,
implying some of criterion must be satisfied for acceptable solution.

Eq. (4) can be redefined as

wi = Q
(

i

m

)ˇ

− Q
(

i − 1
m

)ˇ

i = 1, 2.....m (5)

here, � is a degree of polynomial. For � = 1, the uniform distribution
of weights takes place. It means that equal weight is assigned to
each criterion i.e. wi = 1/n, where n is number of criterion. For � < 1,
the RIM quantifier acts like “or-type” operator. For � > 1, the RIM
quantifier acts like “and-type” operator. All definitions of � in terms
of quantifier are given in Table 1.

In fuzzy time series, usually most of the criterion must be sat-
isfied to obtain a solution. Here “criterion” is past observation and
“solution” is predicted value. “n − 1” past values are required to pre-
dict next value for nth fuzzy time series. Since, most of the criterion
must be satisfied, “most” RIM quantifiers is best suited for aggre-
gation of past n fuzzy values. RIM “most” quantifier is defined as
Q(r) = r2(� = 2) [38].

Subsequent example briefly illustrates this concept of RIM quan-
tifiers:

Example 3: Given that m = 3 is number of criterion and “most”
linguistic quantifiers is used. Weights (w1, w2, w3) are calculated
using Eq. (5) For i = 1 to 3as:

w1 = Q(1/3) − Q(0/3) = (1/3)2 − (0/3)2 = (0.33)2 = 0.1089
w2 = Q(2/3) − Q(1/3) = (2/3)2−(1/3)2 = (0.66)2 − (0.33)2 = 0.3267
w3 = Q(3/3) − Q(2/3) = (3/3)2 − (2/3)2 = (1)2 − (0.66)2 = 0.5644

4. Proposed—OWA based fuzzy time series model

In nth order fuzzy time series forecasting model, Ft + 1is driven
by Ft,Ft − 1and Ft − 2 · · ·Ft − (n − 1) i.e. n past observations are required
to forecast value. Aggregation of past observations must be carried
out on basis of their relative weight to predict Ft + 1. OWA  opera-

tor is used to perform effective aggregation of past observations.
OWA  weight of each past observation is calculated by determin-
ing importance of respective fuzzy set in the system. this is hybrid
algorithm, amalgamation of OWA  with Fuzzy is presented. How-
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Table  2
Fuzzy set vs Linguistic Variable.

Fuzzy Set Linguistic Variable Fuzzy Set Linguistic Variable

F1 poor outpatient visits F5 Very good outpatient visits
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F2 below average outpatient visits
F3 Average outpatient visits 

F4 Good outpatient visits

ver, fundamental steps are same and none of the steps/methods
r techniques have been chosen randomly. Every aspect has been
ully understood and justified with proper reasoning. Outline for
undamental steps for designing of fuzzy time series models is

1) Define universe of discourse
2) divide U in equal no of intervals
3) Fuzzification
4) Define FLR
5) Determined forecasted value
6) Defuzzification
Universe of discourse is defined first and then, U is divided

n equal no of intervals using random partitioning method.
ubsequently fuzzification is done using membership function.
hereafter 4th step of fuzzy time series is implemented by design-
ng 3rd fuzzy time series. Significance of considering 3rd order is
xplained in Section 4. So in order to determine weights, priority
atrix is designed to find out importance of each fuzzy set. Sub-

equently, weighted centroid method is applied in defuzzication
rocess as written in step 6. It is proved from Table 2 that why
eighted centroid defuzzification is taken.

Detailed description of each steps of OWA  based fuzzy time
eries model to forecast value Ft + 1 is:

Step 1: This step is usually carried out as the first step towards
aking universe of discourse suitable for numerical evaluation by

ssociating time series data of different times. It eliminates sub-
lety of the universe of discourse. Various forecasting methods
ave utilized the differences of time series data as the universe
f discourse[14,20]. However, increasing and decreasing rate of
ime series cannot be captured from difference alone. Hence the
esigned model broadly used the percentage of time variant param-
ter to forecast the value. Since value of parameter is dependent on
ime with a characteristics of time variant relation. Therefore, it is
alled a time variant time series.

Calculate rate of change (RoC) of time series data using Eq. (6)

oCt+1 = ((Xt+1 − Xt) ÷ Xt) ∗ 100 (6)

ere, X(t + 1) is value at time t + 1 index and X(t) is actual value at
ime t index. RoC is the rate of change of value from time t to t + 1.

Step 2: Define Universe of Discourse U = [Dmin − D1, Dmax + D2],
ere Dmax and Dmin are maximum and minimum values of RoC
espectively. D1 and D2 are positive real values to partition U in
qual length of intervals say; u1, u2, u3. . .un of equal lengths.There
re numerous methods to divide U. When we  change the way of
ivision; it will affect the forecasting results in fuzzy time series.
ostly used partitioning methods are explained below. Also, illus-

rated is their impact on the model. Subsequently, reason to use
andom portioning is stated.

There are numerous methods to partitioning the intervals as:

1) Random Partitioning
2) distribution based partitioning
3) Average based length Partitioning
Random Partitioning: Random partition of U is commonly prac-
iced when the Universe of discourse is divided equally by the
ength chosen into n number of intervals. The length must not
F6 Excellent outpatient visits
F7 Extraordinary outpatient visits

be larger than length the universe of discourse. Suppose, we have
following time series data: 6,10,12,6,4.

Case 1: Universe of Discourse is not divided
U = [4,12] if Universe discourse is not divided then according to

[3,4] models, MSE  is 8.8.
Case 2: If length of interval is set as 4 then u1 = [3,5], u2 = [5,7],

u3 = [7,9], u4 = [9,11], u5 = [11,13] then MSE  is 4.5.
Hence, random partition of U in different length of intervals

results in different forecasting results.
Distribution based partitioning: The fluctuations in time series

can be represented by absolute value of first differences of any two
consecutive data. Hence heuristic can reflect atleast half of first dif-
ferences. Distribution based length is calculated according to the
distribution of first differences of data. Algorithms for distribution
length can be referred to [2].

Suppose, we have same above time series data: 6,10,12,6,4.
First differences are 4,2,6,2. The average of first differences is 14
From base mapping table [2], the base for length of intervals is

10
The number of first difference larger than 10 is 0, larger than 4

is 1 and larger than 2 is 2.
Because 2 is largest length, we can have, which is still smaller

than at least half the first differences, 2 is chosen as the length of
intervals

length of interval is set as 2 then u1 = [3,5], u2 = [5,7], u3 = [7,9],
u4 = [9,11], u5 = [11,13] then MSE  is 4.5.

Average Length based partition: Average of first differences may
not necessarily fulfil the heuristic. The average based length is set
to one half of the average of the first differences. Algorithms for
average length based partition can be referred to [2].

Suppose, we have same above time series data: 6,10,12,6,4.

1) First differences are 4,2,6,2. The average of first differences is 14
2) Take half of the average based length which is 7
3) From base mapping table [6], the base for length of intervals is

1
4) Round the length 7 by the base 1 which is 1, so 1 is chosen as the

length of intervals
5) Length of interval is set as 2 then u1 = [4,5], u2 = [5,6], u3 = [6,7],

u4 = [7,8], u5 = [8,9] u6 = [9,10], u7 = [10,11], u8 = [11,12] then MSE
is 0.25

Proposed model is designed for random partitioning method.
Step 3: Define seven fuzzy set as Fi (where i = 1 to 7) based on

the linguistic variables in the Universe of Discourse. This practice
is called fuzzification of the time series data where fuzzy set Fi
denotes a linguistic value of the RoC represented by a fuzzy set.

If, Universe of discourse has more linguistic variables then num-
ber of intervals will be decided accordingly. A fuzzy set of U can be
defined as: Fi = fFi(u1)/u1 + fFi(u2)/u2 + fFi(u3)/u3 + . . ..  . ..  fFi(un)/un.

Where fFi is membership function of fuzzy set Fi. fFi:U → [0,1],uk
is the element of fuzzy set Fi. fFi(uk) is the degree of belongingness

of uk to Fi. fFi(uk) D [0,1] where 1 ≤ k ≤ n. Chen [4] gave the concept
of deciding membership function and creating fuzzy sets on basis
of their belongingness.

Define seven fuzzy sets as linguistic variables as in Table 2.
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Fig. 1. Trinagular mf.
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The membership grades ofabove fuzzy sets which are assigned
o linguistic values can be defined as:

F1 = 1/u1 + 0.5/u2 + 0/u3 + 0/u4 + 0/u5 + 0/u6 + 0/u7
F2 = 0.5/u1 + 1/u2 + 0.5/u3 + 0/u4 + 0/u5 + 0/u6 + 0/u7
F3 = 0/u1 + 0.5/u2 + 1/u3 + 0.5/u4 + 0/u5 + 0/u6 + 0/u7
F4 = 0/u1 + 0/u2 + 0.5/u3 + 1/u4 + 0.5/u5 + 0/u6 + 0/u7
F5 = 0/u1 + 0/u2 + 0/u3 + 0.5/u4 + 1/u5 + 0.5/u6 + 0/u7
F6 = 0/u1 + 0/u2 + 0/u3 + 0/u4 + 0.5/u5 + 1/u6 + 0.5/u7
F7 = 0/u1 + 0.5/u2 + 0/u3 + 0/u4 + 0/u5 + 0.5/u6 + 1/u7
The Proposed model will work same for each type of mem-

ership function. Since Membership function represents degree of
ruth as an extension of valuation. In other words, it represents lin-
uistic term by a number in unit interval. There are various ways to
ymbolize membership degree uT (x) = P such as likelihood view,
andom set view, similarity view, utility view and measurement
iew. In our case, likelihood view is satisfied in which majority of
opulation satisfies a particular linguistic term. It implies linguistic
ariable denote highest membership degree which is irrespec-
ive of variation in degree. Since, proposed model is employed for
ighest degree of membership and not for variation in degree of
embership; hence each membership function will work same for

roposed model.
Example: Let us consider three different type of membership

unctions (mf) like triangular, Gaussian and trapezoidal. Figs. 1–3

ortray their respective curves. In all figures, X axis represents

nterval/range of a membership function and y axis represents
embership degree. Now consider RoC sample for year 2002/02

s −8.28 as shown in Table 4, Triangular mf generates fuzzy set

Fig. 3. Trapezo
ian mf.

F2 for this particular value as in Fig. 1. Gaussian mf  also produces
fuzzy set F2 as shown in Fig. 2. Similarly, from Trapezoidal, same
fuzzy set F2 is obtained as in Fig. 3. From here, It is proved that
belongingness of RoC to a fuzzy set depends only upon the inter-
val not on the variation of membership degree. In our paper, we
have worked on belongingness to a fuzzy set not on the variation
of degree and hence, result will be same irrespective of membership
function used.

According to our proposed model, U should be partitioned into
number of intervals same as given linguistic variable’s. Basically, we
have laid foundation of proposed model in such a way that num-
ber of fuzzy sets same as number of linguistic variable. The author
has chosen triangular membership function due to its simplicity.
It is easy to use and apply in fuzzy time series model. Any other
membership function can also be considered while designing of
fuzzy time series model like trapezium membership function or
Gaussian membership function. Result will be same in case mem-
bership function changes. Moreover, algorithm will perform same
if the membership function is in different shapes or even continu-
ous functions. Since, every linguistic variable represents each fuzzy
set that shows highest membership degree irrespective of type of
mf.

Step 4: Priority matrix is created to define the importance of
each fuzzy set in fuzzy time series like importance of each criterion

in multiple criterion based decision problems. Count the number
of RoC that fall in each fuzzy set. Now importance � is assigned
to each fuzzy set on basis of count of RoC. Arrange all fuzzy set in
ascending order on basis of number of RoC as Count (Fi) < Count (Fk)

idal mf.
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Table  3
Structure of priority matrix.

�(Fi) �(Fk) �(Fj) . . . �(Fn)

1/n 2/7 3/n . . . n/n

Ft-1

Ft

Ft+1

Ft-2 Fuzzy value at time t-2

Fuzzy value at time t-1

Fuzzy value at time t

Derived Fuz zy val ue at time t+1 
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Fig. 4. 3rd Order Fuzzy Time Series Model.

 . .<  Count (Fn). Then �(Fi) = 1/n, �(Fk) = 2/n . . ..  �(Fn) = n/n. Now
reate a priority matrix as shown in Table 3:

Step 5: Define fuzzy logical relationship (FLR) for 3rd order time
eries model in form of Ft → Ft + 1, Ft − 1 → Ft + 1, Ft − 2→ Ft + 1. It can
e written as Ft, Ft − 1, Ft–2 → Ft + 1. This means that prediction at a
articular period of time depends on past three observations.

3rd order model is used to forecast value at any time t + 1.
ntent of using 3rd order fuzzy time series model is to obtain FLR,
ree from ambiguities while ensuring low complexity. In this con-
ext, an ambiguity exists if two or more FLR have same fuzzy
alues/elements/sets. This implies that these FLR are not unique.
his decreases the forecasting accuracy of model. Use of high-order
uzzy time series can overcome drawback of ambiguities that gen-
rally exists in low order fuzzy time series model [8]. However,
igher order time series induces complexity and reduces efficiency
f model. In our problem domain, to avoid ambiguities, at least
hree past fuzzy time series

observations are required to forecast value at time t + 1. For sim-
licity and appropriateness, we took 3rd order time series in our
tudy. If, n is the total number of time series data then n − 3 FLR in
orm of rules are generated by Ft, Ft − 1, Ft–2 → Ft + 1. Fig. 4 implies
hat prediction at time t + 1 depends on previous value at time t,

 − 1 and t − 2 as:
Similarly, 4th, 5th and other higher order model can be described.
Step 6: In order to predict Ft + 1, we must aggregate Ft, Ft − 1, Ft − 2

3rd order fuzzy time series model). In this study, we  used OWA  for
ggregation. In order to use OWA, we must calculate weights of past
alues. We  used importance of past fuzzy set in RIM quantifiers to
alculate OWA  weight as described.

Let F1, F2, . . .,  Fn be n linguistic variables and importance associ-
ted with these linguistic variables be �1, �2, . . . �n as determined
n previous steps. Eq. (5) can be redefined for calculation of OWA

eights, on basis of importance of past fuzzy observation as:

j = Q (Sj/T)ˇ − Q (Sj−1/T)ˇ j = 1, 2, ....n (7)

ere, �=2, Sj =
∑j

k=1�k and T =
∑n

j=1�j

Properties of Eq. (7) are:

) wi is ith collection of weight of arguments such that wi D [0,1].
) Sum of weights

∑
wi = 1, wi weights are associated with ordered
position of arguments rather than particular argument Xi.
) Here, � is a degree of polynomial. For � = 1, the uniform dis-

tribution of weights takes place. It means that equal weight is
assigned to each criterion i.e. wi = 1/n, where n is number of cri-
puting 48 (2016) 265–280 271

terion. For � < 1, the RIM quantifier acts like “or-type” operator.
For � > 1, the RIM quantifier acts like “and-type” operator.

Further to simplify the Eq. (7), the variables Sj and Tj represents∑j
k=1�k and

∑n
j=1�j respectively. Here, �k and �j are importance

of fuzzy sets in fuzzy time series model.
Subsequent example illustrates the steps for calculation of

weights using RIM quantifiers.
Example 4: Let F1, F2 and F3 be three fuzzy sets. Importance

associated with these fuzzy set is �(F1) = 0.5, �(F2) = 0.7, �(F3) = 0.4
and fuzzy quantifier used is “most” (� = 2)

T =
∑n

j=1
�(Ai) ⇒ (0.5 + 0.7 + 0.4) ⇒ 1.6

⇒ (0.5/1.6)2 − (0/1.6)2 ⇒ 0.0976

w2 = Q ((S2)/1.6)2 − Q (S1/1.6)2 ⇒ (1.2/1.6)2 − (0.5/1.6)2 ⇒ 0.464

w1 = Q (S1/1.6)2 − Q (S0/1.6)2w3 = Q((S3)/1.6)2 − Q((S2)/1.6)2

⇒ (1.6/1.6)2 − (1.2/1.6)2 ⇒ 0.4375

∑n

j=1
wi ⇒ 0.0976 + 0.4649 + 0.4375 = 1

Step 7: “DRoC” stands for defuzzified rate of change. Primar-
ily, time series data is fuzzified after calculating their rate of
change. Thereafter, their relative weights are determined. Hence-
forth, defuzzification is performed to attain forecasting value, since
every fuzzified value must be defuzzified. There are numerous
defuzzification methods like centroid and many others [6–8,20].
Other defuzzification methods can also be considered but accu-
racy of forecasting models varies with method of defuzzification
method. The main defuzzification methods are the Max  method,
the centroid method and height method.

- The Maxima method, which computes the value whose mem-
bership degree is highest

- The centroid method, which determine the centre of gravity of
fuzzy number

-  The weighted centroid, which calculates the baby centre
of membership function kernels weighted by the corresponding
membership degrees.

-  The average method: which determine average of membership
function.

We  have chosen weighted centroid for defuzzification which
is further improved version of centroid method since it reduces
MSE  and AFER to a certain extent.Fuzzy logical relationship can be
written as Ft, Ft − 1, Ft–2 → Ft + 1. Where Ft, Ft − 1, Ft − 2 are fuzzy sets
at time t, t − 1 and t − 2 and maximum membership values of these
fuzzy sets occur at intervals ut, ut − 1, ut − 2 respectively, and mid
points of ut, ut − 1, ut − 2 are mt, mt−1, mt−2respectively.

The defuzzified value of RoC at t + 1 (DRoCt+1) can be calculated
as:

DRoCt+1 = [mt, mt−1, mt−2] ∗ [wi, wj, w
k
]T

⇒ (mt ∗ wi) + (mt−1 ∗ wj) + (mt−2 ∗ wk) (8)

Since, in 3rd order fuzzy time series forecasting model, Ft + 1 is
most effected by Ft follow by Ft − 1 and then Ft − 2. Hence, ordered
sequence of fuzzy set is {Ft, Ft − 1, Ft − 2}. Let mt, mt − 1, mt − 2 be mid

points of fuzzy intervals Ft, Ft − 1 and Ft − 2 respectively.

Wi, Wj, Wk are respective weights of fuzzy sets determined
according to their importance.

Fuzzy logical relationship can be written as Ft, Ft − 1, Ft–2 → Ft + 1.
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Step 8: Forecasted value at t + 1 is calculated using Eq. (9)

val = ((DRoCt+1 ∗ Xt) ÷ 100) + Xt (9)

.1. Algorithm code for steps illustrated in above proposed model

Input: A time series data = (Xt1, Xt2,. . .·  · ·Xtn)
Output: Forecasting data = (Ft4,. . .·  · ·Ftn)
For t = 1 to.  . ..  . .n(end of time series data)
ComputeRoCt+1 = ((Xt+1 − Xt) ÷ Xt) ∗ 100
End For
For i = 1 to number of fuzzy sets
Obtained the priority matrix
End For
For t = 3 to.  . ..  . .n(end of time series data)
Obtained FLR in the form of: Ft, Ft − 1, Ft − 2 → Ft + 1
Compute: for each FLR at t = 3 to n. . .

j = Q (Sj/T)ˇ − Q (Sj−1/T)ˇ

ere, � = 2, Sj =
∑j

k=1�k an
End For
For t = 3 to.  . ..  . .n(end of time series data)
Compute DRoCt+1 = [mt, mt−1, mt−2] ∗ [wi, wj, w

k
]T

End For
For t = 1 to.  . ..  . .n(end of time series data)

val = ((DRoCt+1 ∗ Xt) ÷ 100) + Xt

End For

.2. Computational complexity of algorithm for proposed model

Determination of RoC for time series data will take approx O(n).
et us assume that defining of U and formation of fuzzy set will take
ime equal to number of intervals that is L. Further each RoC is writ-
en as fuzzy set in O(n). Creation of priority matrix takes constant
ime P. Further, writing of 3rd FLR will take 3n time. Subsequently,
etermination of weights for 3rd order requires constant time 3W.
RoC and Fval calculation requires O(n).

otalComputationalcomplexity

= O(n) + L + O(n) + P + O(3n) + 3W + O(n) + O(n)

= > 7O(n) + L + P + 3 W = > 7O(n) + C

ere, C = L + P + 3 W (L is no of intervals, P is no of fuzzy set, W is
eights)

Computational complexity can be written in standard notion
s = aO(n) + c where a and c are constants.

The computational complexity of [7,26,27], models is also linear
nd similar to our model i.e. aO(n) + c. However difference is in value
f constants “a” and “c”. Value of a and c will be in increasing order
or proposed model, [7,26,27], respectively.

Additionally, 2nd order FLR is written as Ft, Ft − 1 → Ft + 1, 3rd
rder FLR is written as Ft, Ft − 1, Ft − 2 → Ft + 1 and 4th order as Ft, Ft − 1,
t − 2, Ft − 3 → Ft + 1· From this equation, it can be observed that order
f FLR will increase the constant factor marginally. Hence, order of
LR does not have huge impact on computational complexity. It is
mmensely driven by number of time series data.

. Application in healthcare: forecasting of outpatient visit

Forecasting the number of outpatient visit can not only influ-

nce patient waiting time but also improves the coordination of
are [28,29]. Yu [26] predicted the number of outpatient visits by
esigning of weighted Fuzzy Time Series Model. Likewise, Cheng
27] proposed fuzzy time series based on weighted transitional
matrix for forecasting the number of outpatient visits Therefore, we
considered this application domain to demonstrate potential of our
proposed model. Same historical outpatient data has been used in
previous work [26,27] to evaluate the proposed model. Here, num-
ber of outpatient visits is seen as time series data. Our objective is
to analyze the time series data so that forecasting for next month
can be done on basis of data of past months in advance. Thus, health
care administrator can keep record of number of outpatient visits
on monthly basis.

In this study we  used the dataset for year 2004 and 2005 of
outpatient visits [26,27] collected from the department of inter-
nal medicine of a hospital to verify our proposed model. Random
partitioning of intervals is used to divide Universe of Discourse. Tri-
angular membership function [40] is considered for fuzzification
process and weighted centroid defuzzification method is utilized
for forecasting of outpatient data.

Computation of each step for outpatient data is shown below
for sturdy understanding of proposed model.

Step 1: RoC of outpatient visit in hospital for each month is
shown in Table 4.

Step 2: Obtain Dmin = −13.98, Dmax = 18.79 from Table 4. Define
Universe of Discourse U = [–15, 20], where D1 = 1.02, D2 = 1.21.
Equal intervals are u1 = [–15 –10], u2 = [–10 –5], u3 = [–50], u4 = [05],
u5 = [510], u6 = [1015], u7 = [15,20]

Step 3: Fuzzification of data as shown in Table 5.
Step 4: Number of RoC fall in each fuzzy set is calcu-

lated. Count(F1) = 2, Count(F2) = 8, Count(F3) = 2, Count(F4) = 5,
Count(F5) = 4 Count(F6) = 1, Count(F7) = 1.Further arrange
fuzzy set in ascending order on basis of RoC numbers i.e.
F7 < F6 < F3 < F1 < F5 < F4 < F2. Priority matrix is designed as Table 6.

Step 5: Fuzzylogicalrelationship (FLR) for 3rd order is deter-
mined as in Table 7.

Step 6: OWA  weights are determined for each fuzzy logical rela-
tionship calculated in step 5. FLR at time 2004/05 is F1, F5, F2 → F2.
Hence weights w1, w2 and w3 are determined for F1, F5 and F2
respectively. Importance of �(F1), �(F5) and �(F2) is 4/7, 5/7 and
7/7 respectively from priority matrix (Table 6).

{b1, b2, b3} = {�(F1), �(F5), �(F2)} = {0.57, 0.71, 1}
w1 = (0.57/2.28)2 − (0/2.28)2 = 0.0625,
w2 = (1.28/2.28)2 − (0.57/2.28)2 = 0.25390625,
w3 = (2.28/2.28)2 − (1.28/2.28)2 = 0.6835,
All FLR weights are given in Table 8.
Step 7 and 8: Forecasted RoC and outpatient visit (Fval) are

shown in Table 9.

Fig. 5 shows the existing trends of forecasted outpatient visits

obtained by proposed method and actual value. It can be observed
from Fig. 5 that forecasted values computed by the proposed model
are significantly in closed accordance to the actual productions
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Table  4
RoC.

Month Outpatient RoC (%) Month Outpatient RoC (%)

2004/01 6519 2005/01 5920 −1.53027
2004/02 5979 −8.28348 2005/02 5512 −6.89189
2004/03 6322 5.736745 2005/03 6548 18.79536
2004/04 5666 −10.3765 2005/04 5987 −8.5675
2004/05 5318 −6.1419 2005/05 5638 −5.8293
2004/06 5364 0.864987 2005/06 5851 3.777935
2004/07 5513 2.777778 2005/07 5514 −5.7597
2004/08 5895 6.929077 2005/08 5395 −2.15814
2004/09 6682 13.3503 2005/09 5598 3.762743
2004/10 6254 −6.40527 2005/10 5284 −5.60915
2004/11 5681 −9.16214 2005/11 4545 −13.9856
2004/12 6012 5.826439 2005/12 4624 1.738174

Table 5
Fuzzification.

Month Outpatient RoC (%) Fuzzy Month Outpatient RoC (%) Fuzzy

2004/01 6519 2005/01 5920 −1.53027 F3

2004/02 5979 −8.28348 F2 2005/02 5512 −6.89189 F2

2004/03 6322 5.736745 F5 2005/03 6548 18.79536 F7

2004/04 5666 −10.3765 F1 2005/04 5987 −8.5675 F2

2004/05 5318 −6.1419 F2 2005/05 5638 −5.8293 F2

2004/06 5364 0.864987 F4 2005/06 5851 3.777935 F4

2004/07 5513 2.777778 F4 2005/07 5514 −5.7597 F2

2004/08 5895 6.929077 F5 2005/08 5395 −2.15814 F3

2004/09 6682 13.3503 F6 2005/09 5598 3.762743 F4

2004/10 6254 −6.40527 F2 2005/10 5284 −5.60915 F5

2004/11 5681 −9.16214 F2 2005/11 4545 −13.9856 F1

2004/12 6012 5.826439 F5 2005/12 4624 1.738174 F4

Table 6
Priority matrix.

�(F7) �(F6) �(F3) �(F1) �(F5) �(F4) �(F2)

1/7 2/7 3/7 4/7 5/7 6/7 7/7

Table 7
Fuzzy Relationships.

Month Fuzzy FLR Month Fuzzy FLR

2004/01 – 2005/01 F3 F5,F2,F2 → F3

2004/02 F2 – 2005/02 F2 F3,F5,F2 → F2

2004/03 F5 – 2005/03 F7 F2,F3,F5 → F5

2004/04 F1 – 2005/04 F2 F7,F2,F3 → F2

2004/05 F2 F1,F5,F2 → F2 2005/05 F2 F2,F7,F2 → F2

2004/06 F4 F2,F1,F5 → F4 2005/06 F4 F2,F2,F7 → F4

2004/07 F4 F4,F2,F1 → F4 2005/07 F2 F4,F2,F2 → F2

2004/08 F5 F4,F4,F2 → F5 2005/08 F3 F2,F4,F2 → F3

2004/09 F6 F5,F4,F4 → F6 2005/09 F4 F3,F2,F4 → F4
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2004/10 F2 F6,F5,F4 → F2

2004/11 F2 F2,F6,F5 → F2

2004/12 F5 F2,F2,F6 → F5

. Impact of partitioning of intervals

Proposed model is run for partitioning methods as discussed in
tep 4 of Section 4 and MSE’s are calculated respectively as shown
n Table 10.

It can be observed from Table 10 that optimum way  to divide U is
verage based partitioning method for proposed model. However,
andom partitioning of intervals is best suited from the designing
erspective of proposed model. Since, key point in deciding effec-
ive lengths of intervals is that they should be no too large or small.

hen effective length is too large there will be no fluctuations in the

uzzy time series. On the other side, when length is too small, the

eaning of fuzzy time series will be diminished. In order to reflect
uctuations properly and to keep fuzzy time series meaningful, the
euristic is set in such a way that at least half of fluctuations in the
2005/10 F5 F4,F3,F2 →F5

2005/11 F1 F5,F4,F3 → F1

2005/12 F4 F1,F5,F4 → F4

time series are reflected by effective lengths of intervals. In our pro-
posed model, U should be partitioned into number of intervals same
as given linguistic variable’s. Basically, we have laid foundation of
proposed model in such a way  that number of fuzzy sets same as
number of linguistic variable which asserted us to take random
partitioning approach. Random partition of U is chosen accordance
with the number of linguistic variables F1, F2,. ., Fn. This means that
U is divided into number equal to number of linguistic variables.

7. Impact of order of model and type of defuzzification
7.1. Impact of order of model

We have studied the impact of taking various orders of model.
Initially, we took 2nd order of model. It was very easy to design
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Table  8
OWA  weights.

Month Fuzzy FLR OWA  Weights

2004/01 – –
2004/02 F2 – –
2004/03 F5 – –
2004/04 F1 – –
2004/05 F2 F1,F5,F2 → F2 w1 = 0.06, w2 = 0.26, w3 = 0.68
2004/06 F4 F2,F1,F5 → F4 w1 = 0.19, w2 = 0.28, w3 = 0.53
2004/07 F4 F4,F2,F1 → F4 w1 = 0.12, w2 = 0.46, w3 = 0.42
2004/08 F5 F4,F4,F2 → F5 w1 = 0.1, w2 = 0.3, w3 = 0.6
2004/09 F6 F5,F4,F4 → F6 w1 = 0.09, w2 = 0.33, w3 = 0.58
2004/10 F2 F6,F5,F4 → F2 w1 = 0.02, w2 = 0.27, w3 = 0.71
2004/11 F2 F2,F6,F5 → F2 w1 = 0.25, w2 = 0.16, w3 = 0.59
2004/12 F5 F2,F2,F6 → F5 w1 = 0.19, w2 = 0.58, w3 = 0.23
2005/01 F3 F5,F2,F2 → F3 w1 = 0.07, w2 = 0.33, w3 = 0.6
2005/02 F2 F3,F5,F2 → F2 w1 = 0.04, w2 = 0.24, w3 = 0.72
2005/03 F7 F2,F3,F5 → F5 w1 = 0.22, w2 = 0.22, w3 = 0.56
2005/04 F2 F7,F2,F3 → F2 w1 = 0.01, w2 = 0.52, w3 = 0.47
2005/05 F2 F2,F7,F2 → F2 w1 = 0.22, w2 = 0.06, w3 = 0.72
2005/06 F4 F2,F2,F7 → F4 w1 = 0.22, w2 = 0.65, w3 = 0.13
2005/07 F2 F4,F2,F2 → F2 w1 = 0.09, w2 = 0.33, w3 = 0.58
2005/08 F3 F2,F4,F2 → F3 w1 = 0.12, w2 = 0.3, w3 = 0.58
2005/09 F4 F3,F2,F4 → F4 w1 = 0.04, w2 = 0.35, w3 = 0.61
2005/10 F5 F4,F3,F2 →F5 w1 = 0.14, w2 = 0.18, w3 = 0.68
2005/11 F1 F5,F4,F3 → F1 w1 = 0.13, w2 = 0.49, w3 = 0.38
2005/12 F4 F1,F5,F4 → F4 w1 = 0.07, w2 = 0.29, w3 = 0.64

Table 9
Forecasted RoC (Outpatient).

Month Outpatient RoC(%) Fuzzy FLR DRoC(%) Fval

2004/01 6519 –
2004/02 5979 −8.28348 F2 –
2004/03 6322 5.736745 F5 –
2004/04 5666 −10.3765 F1 –
2004/05 5318 −6.1419 F2 F1,F5,F2 → F2 −4.00391 5439.139
2004/06 5364 0.864987 F4 F2,F1,F5 → F4 −0.99609 5265.028
2004/07 5513 2.777778 F4 F4,F2,F1 → F4 −8.33045 4917.155
2004/08 5895 6.929077 F5 F4,F4,F2 → F5 −3.51108 5319.434
2004/09 6682 13.3503 F6 F5,F4,F4 → F6 1.634948 5991.38
2004/10 6254 −6.40527 F2 F6,F5,F4 → F2 0.073964 6686.942
2004/11 5681 −9.16214 F2 F2,F6,F5 → F2 −4.23469 5989.162
2004/12 6012 5.826439 F5 F2,F2,F6 → F5 −2.8125 5521.222
2005/01 5920 −1.53027 F3 F5,F2,F2 → F3 −6.46122 5623.552
2005/02 5512 −6.89189 F2 F3,F5,F2 → F2 −3.63333 5704.907
2005/03 6548 18.79536 F7 F2,F3,F5 → F5 1.966667 5620.403
2005/04 5987 −8.5675 F2 F7,F2,F3 → F2 −4.93802 6224.659
2005/05 5638 −5.8293 F2 F2,F7,F2 → F2 −5.83333 5637.758
2005/06 5851 3.777935 F4 F2,F2,F7 → F4 −4.27778 5396.819
2005/07 5514 −5.7597 F2 F4,F2,F2 → F2 −6.6 5464.834
2005/08 5395 −2.15814 F3 F2,F4,F2 → F3 −4.5 5265.87
2005/09 5598 3.762743 F4 F3,F2,F4 → F4 −1.23047 5328.616
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2005/10 5284 −5.60915 F5

2005/11 4545 −13.9856 F1

2005/12 4624 1.738174 F4

uzzy logic relationships because forecasting depends only on
wo past observations.However, a lot of ambiguities arisen while
esigning of 2nd order fuzzy relationships. As a result, we deter-
ined that forecasting accuracy of proposed model in term of MSE

 AFER was not convincing as compared to existing models as
hown in Table 11. Subsequently, model designed for 3rd order that

eans, forecasting depends on three past observations. There were

o ambiguities among fuzzy relationships. Moreover, results are
romising in form of MSE  and AFER than other methods. There-

able 10
omparison of different Partitioning Method.

Method Random
partition

Distribution
based Partition

Average based
Partition

MSE  165755 185673 137428
F4,F3,F2 →F5 −5.21484 5306.073
F5,F4,F3 → F1 1.22449 5348.702
F1,F5,F4 → F4 2.877778 4675.795

after, for 4th order, accuracy is better but complexity increased. To
make our model simple and efficient, we implemented it for 3rd

order.

7.2. Impact of defuzzification method
Comparative study of different defuzzification method for same
outpatient data has been shown in below Table 12.

Table 11
Impact of Order of Model.

Order of Model MSE  AFER(%)

2nd order 343688.6 7.890893
3rd order 165755 5.14
4th order 136786.7 4.32
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Table  12
Impact of type of defuzzification.

Month Outpatient Fval Fval Fval Fval

Centroid Weighted Average Max

Centroid Method Method

2004/01 6519
2004/02 5979
2004/03 6322
2004/04 5666
2004/05 5318 5429.917 5439.139 5429.917 6090.95
2004/06 5364 5096.417 5265.028 5096.417 5716.85
2004/07 5513 5051.1 4917.155 5051.1 5498.1
2004/08 5895 5467.058 5319.434 5467.058 5650.825
2004/09 6682 5845.875 5991.38 5845.875 6042.375
2004/10 6254 6849.05 6686.942 6849.05 7517.25
2004/11 5681 6201.883 5989.162 6201.883 7035.75
2004/12 6012 5633.658 5521.222 5633.658 6391.125
2005/01 5920 5861.7 5623.552 5861.7 6462.9
2005/02 5512 5870.667 5704.907 5870.667 6364
2005/03 6548 5466.067 5620.403 5466.067 5925.4
2005/04 5987 6711.7 6224.659 6711.7 7693.9
2005/05 5638 6036.892 5637.758 6036.892 7034.725
2005/06 5851 5684.983 5396.819 5684.983 6624.65
2005/07 5514 5607.208 5464.834 5607.208 5997.275
2005/08 5395 5284.25 5265.87 5284.25 5651.85
2005/09 5598 5260.125 5328.616 5260.125 5529.875
2005/10 5284 5458.05 5306.073 5458.05 5737.95
2005/11 4545 5416.1 5348.702 5416.1 5680.3
2005/12 4624 4507.125 4675.795 4507.125 4885.875

MSE= MSE  = MSE = MSE =
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. Impact of OWA  weight

All past fuzzy observations are assigned equal weight, this
mplies that assign wi = wj = wk = 1 in Eq. (8). Accuracy of forecasting
ystem gets degraded. From Table XIII, it can be seen that utiliz-
ng OWA  weights for past observations reduced MSE  to 165755 by
lmost 50% of MSE  that is 246030.7 obtained by equal weights. Thus
t is proved that accuracy of system is improved to a greatextent by
etermining relative weight of past observations.

. Performance evaluation

In this section, we assessed the forecasting efficacy of our pro-
osed model;on number of outpatient visits and juxtaposed the
esults with previous selective models [26,27,7] on same bench-
ark data. To verify, we too have used outpatient data of same

ear 2005. Forecasting accuracy is measured by average forecast-
ng error rate (AFER) and mean squared error (MSE)by following
quations which are defined by Eqs. (10) and (11):

FER = (
∑n

t=1
(|At − Ft |/At))/n ∗ 100% (10)

SE  =
∑n

t=1
(At − Ft)

2/n (11)

ere, n is total number of time series data, Ft is forecasted value
nd At is actual value of time series data at time t.

.1. Performance comparison with fuzzy times series models

Lower value of MSE  and AFER are measure of higher forecasting

ccuracy. From the results of Table 14, MSE  and AFER are lowest in
ase of proposed model and clearly indicating its superiority over
han Cheng, Yu’s, Chen model and other existing soft computing

odels.
165755 245031.6 679328

Figs. 6 and 7 display MSE  and AFER of all selected models for
outpatient visits graphically.

9.1.1. Discussion
From Table 13, Figs. 6 and 7, it can be seen that MSE  and AFER

are lowest in case of proposed method and clearly indicating its
transcendence over existing Yu [26], Chen [7] and Cheng [27] fore-
casting models for number of outpatient visits. Proposed method
utilized rate change of time series data rather than data itself.
Subsequently, FLR are defined on basis of impact of past fuzzy
observation on current fuzzy observation. It used 3rd order time
series model, sufficient to remove ambiguities while preserving
efficiency. Uniqueness of presented model is priority matrix that
determined the importance of each fuzzy observation in the sys-
tem. On the other hand, existing fuzzy time series model did not
count the importance of each past fuzzy observation to predict next
value. They treated all past fuzzy observation equally. So, dominant
reason of accurateness of proposed method is to generate OWA
weight for each past observation that contributes in prediction of
next value on basis of importance of corresponding fuzzy value in
the system.

9.2. Comparison of proposed method with conventional
techniques for forecasting

The ARIMA model is a precise forecasting model for short time
periods. Nevertheless, limitation of ARIMA model is that a large
amount of historical data (at least 50 and preferably 100 or more)
is required. However, sometimes, it is crucial to forecast future sit-
uations using little data in a short span of time due to factors of

uncertainty. Proposed model utilized the concept of measurement
error to deal with the differences between estimators and observa-
tions. The benefit of proposed model makes it possible for decision
makers to predict possible situations based on fewer observations
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Table  13
OWA  Weights/Equal Weights.

Month Outpatient Fval

(w1 = w2 = w3)
SE
(w1 = w2 = w3)

Fval (OWA
weights)

Proposed-SE
(OWA weights)

2004/01 6519
2004/02 5979
2004/03 6322
2004/04 5666
2004/05 5318 5429.917 12525.34 5439.139 14674.58
2004/06 5364 5096.417 71600.84 5265.028 9795.509
2004/07 5513 5051.1 213351.6 4917.155 355031.7
2004/08 5895 5467.058 183134.1 5319.434 331276.1
2004/09 6682 5845.875 699105 5991.38 476955.7
2004/10 6254 6849.05 354084.5 6686.942 187439
2004/11 5681 6201.883 271319.4 5989.162 94963.97
2004/12 6012 5633.658 143142.4 5521.222 240863.2
2005/01 5920 5861.7 3398.89 5623.552 87881.7
2005/02 5512 5870.667 128641.8 5704.907 37212.98
2005/03 6548 5466.067 1170580 5620.403 860436.8
2005/04 5987 6711.7 525190.1 6224.659 56481.65
2005/05 5638 6036.892 159114.6 5637.758 0.058403
2005/06 5851 5684.983 27561.53 5396.819 206280.5
2005/07 5514 5607.208 8687.793 5464.834 2417.296
2005/08 5395 5284.25 12265.56 5265.87 16674.56
2005/09 5598 5260.125 114159.5 5328.616 72567.63
2005/10 5284 5458.05 30293.4 5306.073 487.2194
2005/11 4545 5416.1 758815.2 5348.702 645937
2005/12 4624 4507.125 13659.77 4675.795 2682.722

MSE= 246030.7 MSE  = 165755

Fig. 6. MSE  Compaison (Outpatient).

Table 14
Comparison of AFER & MSE  (Outpatient).

Method Name Concept used AFER (%) MSE

Proposed − Method
(OWA-TSM)

Fuzzy time series
and OWA

3.06 165755

Cheng et al.-(i) [27] Equal triangle G-S
Method

7.79 308823

Cheng et al.-(ii) [27] Equal triangle
Exp-Method

8.49 339317

Cheng et al.-(iii) [27] TFA G-S Method 7.52 294147
Cheng et al.-(iv) [27] TFA Exp Method 7.48 269189
Cheng et al.-(v) [27] MEPA G-S Method 8.00 296103
Cheng et al.-(vi) [27] MEPA Exp Method 7.88 280579
Chen [7] High Order FTS 9.77 388571
Yu  [26] Fuzzy-Recurrence 8.6 322971
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Fig. 7. (a) AFER Comparison (Outpatient).

Table 15
Performance Comparison between MA/ARIMA/Proposed.

Name of Model MSE  AFER (%)

Moving Average 4370448 5.98%
Simple exponential smoothing model 318355.095 2.97%
Brown’s exponential smoothing model 272886.54 2.68%
ARIMA(1,0,0) model 271069.55 2.76%
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Table 16
Performance Comparison for TAIEX Stock Data.

Models 2000 2001 2002 2003 Average

AR(1) 375 515 98 97 271.25
AR(2) 376 506 99 92 268.25
Chen [3] 176 148 101 74 124.75
Yu  [8] 191 167 75 66 124.75
Yu  and Hurang [9] 150 99 79 59 96.75
Chang et al. [10] 173 119 61 53 101.5
M.Y.Chen(3rd Order) [11] 108 88 60 42 74.5
Quiesn et al. [12] 131.53 112.59 60.33 51.54 84.75
Cheng et al. [13] 130 120 66 55 92.75
Proposed Model 128.3 119.45 69.56 61.34 94.65

Table 17
Comparison of MSE  & AFER (OWA-OTSM:Enroll).

Method MSE AFER

Song Chissom [5] 775687 4.38%
Song [6] Chissom − adv 407507 3.11%
Chen [7] 321418 3.12%
Hwang chen & lee [11] 226611 2.45%
ARIMA(1,0,1) model 267447.86 2.78%
Proposed Model 165755 3.06%

han the ARIMA model. The MSE  and AFER have been juxtaposed
f our proposed model with MA/ARIMA as shown in Table 14.

0. Extensive applications

Accurateness and applicability of proposed model has been
ested & proved in other applications domains as well (Table 15).

0.1. Forecasting of TAIEX stock data

The financial forecasting is very prevalent for academy
esearchers and common investors because if accurate predictions
re made then myriad profit can be attained. Stock fund and finan-
ial analysts predict price activity in the stock market on the basis of
ither the assistance of stock analyzing tools or their professional
nowledge. Stock analysts make every effort to discover ways to
redict stock price accurately. However, forecasting stock returns
re difficult because market volatility needs to be captured in an
mplemented and used model. In stock market forecasting, high-
rder time-series model utilize the previous several periods of stock
rices. TAIEX stock market data from year 2000–2003 is used for
he new empirical analysis & experimental study to demonstrate
he efficiency of proposed model. The data can be downloaded from
ttp://finance.yahoo.com. The data from January to December for
ach year are used for forecasting. In addition, results from the
AIEX forecasting are also compared with the other models on same
enchmark data. The root of mean square error (RMSE) as defined

n Eq. (12) is taken as the evaluation metric to inspect forecasting

erformance of proposed model. Basically, random partition of U

s exercised when the Universe of discourse is divided equally by
he length chosen into n number of intervals. Triangular member-
hip function is applied to fuzzify the data. Result will be same for
Hunarg [9] 227194 2.39%
Proposed Method 174390.9 1.653621%

any type of membership function. 3rd order fuzzy logic relation-
ship are employed and centroid defuzzification method is used for
defuzzification process Since same metric is taken by others models
for same data. The comparative study of proposed model to other
models on same TAIEX data is shown in Table 16.

RMSE can be defined as:RMSE = √∑n
t=1(At − Ft)

2/n(12)

10.2. Forecasting of enrollment data of university of Alabama

Further, we  evaluated our proposed model in education domain
on Enrolment data of University of Alabama and compared the
results with previous prediction models [5–7,11,9] on same bench
mark data to demonstrate the performance of our method. Details
of parameters for enrolment data is: Random partition of U is exer-
cised, Triangular membership function is applied for fuzzify the

data, 3rd order fuzzy logic relationships are employed and cen-
troid defuzzification method is used for defuzzification process.
Forecasting accuracy is measured by average forecasting error rate
(AFER) and mean squared error (MSE) are shown in Table 17.

http://finance.yahoo.com
http://finance.yahoo.com
http://finance.yahoo.com
http://finance.yahoo.com


278 B. Garg, R. Garg / Applied Soft Computing 48 (2016) 265–280

11000

12000

13000

14000

15000

16000

17000

18000

19000

20000

1971
1973

1975
1977

1979
1981

1983
1985

1987
1989

1991

YEAR

E
n

ro
llm

en
t

Song Chissom  - adv Hwang chen & lee
Chen – adv Jilani, Burney & Ardi -adv
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Fig. 8. Actual vs Forecasted (OWA-OTSM:Enroll).

Table 18
Randomly increased of Outpatient by 5%.

Month Outpatient RoC (%) Fuzzy OWA  Weights DRoC (%) FVAL SE= (Ai − Fi)2 |Ai−Fi|/Ai

2004/01 6519 W1 W2 W3

2004/02 5979 −8.28 F2

2004/03 6322 5.74 F5

2004/04 5949.3 −5.9 F2

2004/05 5318 −10.61 F1 0.15 0.22 0.63 −4.923 5656.426 114531.83 6.364
2004/06 5364 0.86 F4 0.01 0.44 0.56 −1.354 5245.985 13927.442 2.2
2004/07 5513 2.78 F4 0.18 0.07 0.75 −9.413 4859.072 427621.24 11.862
2004/08 5895 6.93 F5 0.21 0.64 0.15 1.021 5569.272 106098.9 5.526
2004/09 6682 13.35 F6 0.06 0.33 0.61 1.875 6005.531 457609.97 10.124
2004/10 6254 −6.41 F2 0.05 0.24 0.71 0.666 6726.481 223238.08 7.555
2004/11 5681 −9.16 F2 0.25 0.26 0.49 −2.296 6110.413 184395.75 7.559
2004/12 6012 5.83 F5 0.17 0.51 0.32 −1.064 5620.553 153230.46 6.511
2005/01 5920 −1.53 F3 0.05 0.32 0.63 −6.759 5605.633 98826.401 5.31
2005/02 5787.6 −2.24 F3 0.1 0.22 0.68 −3.73 5699.156 7822.297 1.528
2005/03 6548 13.14 F7 0.13 0.38 0.49 1.76 5889.474 433657.06 10.057
2005/04 5987 −8.57 F2 0.03 0.31 0.66 −3.507 6318.365 109802.95 5.535
2005/05 5638 −5.83 F2 0.25 0.16 0.59 −3.418 5782.342 20834.713 2.56
2005/06 5851 3.78 F4 0.19 0.57 0.23 −1.641 5545.502 93329.295 5.221
2005/07 5514 −5.76 F2 0.09 0.33 0.58 −6.6 5464.834 2417.296 0.892
2005/08 5664.75 2.73 F4 0.12 0.3 0.58 −4.5 5265.87 159105.25 7.041
2005/09 5598 −1.18 F3 0.1 0.37 0.53 −1.683 5569.422 816.694 0.511
2005/10 5284 −5.61 F2 0.08 0.3 0.63 −5.247 5304.278 411.188 0.384
2005/11 4772.25 −9.68 F2 0.15 0.29 0.56 0.478 5309.278 288399.5 11.253
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2005/12 4624 −3.11 F3 0.14 0

Fig. 8 demonstrates actual versus forecasted enrolment data.
rom the results of Table XVI, MSE  and AFER are lowest in case
f proposed model, clearly indicating its superiority over other
oft computing models. Previous fuzzy based forecasting model
5–7,11,9] did not count the importance of relative position of past
uzzy observation to predict next value. However, our model gener-
tes weights for past observations so that most recent observations
an be assigned relatively higher weight resulting in more accurate
redicted value.

1. Robustness of proposed model
Robustness of proposed model is tested in this section. It is
xamined and proved that proposed method still performs well
f the historical time series data are not precise. Two  different cases
ave been taken to check the robustness of the model.
0.46 2.5 4891.556 71586.347 5.786
MSE=
107250.75

AFER=
5.548249

11.1. Case 1

Aforethought the same situation for checking the robustness of
the forecasting model which is exercised by Song and Chissom [4],
Chen [7] and Tsuar [39]. Increase the historical time series data by
5% of randomly selected years. Here, we  selected years randomly
are: 2004/4, 2005/2, 2005/8 and 2005/11. The Table 18 illustrates
actual values; weights generated and forecasted value after increas-
ing the 5% value on some selected year. MSE  = 107250.75 & ranges of
forecasting errors are from 0.384% to 11.862% and average error is
5.548249% against the MSE  = 165755 & ranges of forecasting errors
are from 0.00428% to 17.683% and the average error 3.06%. This
represents the robustness of the proposed method by proving that
the mean square error does not grow with increasing value oftime

series data. In fact, in this case, eventually abatement of mean
square error took place. Moreover, range of forecasting errors are
also decreased.
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Table  19
Randomly increase of Outpatient by 7% & decrease by 6%.

Month Outpatient RoC (%) Fuzzy OWA  Weights DRoC (%) FVAL SE= (Ai − Fi)2 |Ai−Fi|/Ai

2004/01 6519 W1 W2 W3

2004/02 5979 −8.28 F2

2004/03 6322 5.74 F5

2004/04 6062.62 −4.10 F3

2004/05 5318 −12.28 F1 0.08 0.30 0.63 −3.44 5853.98 287278.36 10.08
2004/06 5042.16 −5.19 F2 0.07 0.29 0.64 0.66 5352.86 96536.01 6.16
2004/07 5513 9.34 F5 0.19 0.28 0.53 −8.22 4627.56 784003.08 16.06
2004/08 5895 6.93 F5 0.12 0.46 0.42 −1.65 5421.91 223812.72 8.03
2004/09 6682 13.35 F6 0.10 0.30 0.60 1.50 5983.59 487778.91 10.45
2004/10 6254 −6.41 F2 0.02 0.31 0.67 −0.36 6658.14 163325.68 6.46
2004/11 5681 −9.16 F2 0.22 0.14 0.64 −4.66 5962.84 79434.66 4.96
2004/12 6012 5.83 F5 0.19 0.57 0.23 −2.81 5521.22 240863.17 8.16
2005/01 5920 −1.53 F3 0.09 0.33 0.58 −6.15 5642.26 77138.40 4.69
2005/02 5897.84 −0.37 F3 0.08 0.30 0.63 −2.67 5761.95 18465.92 2.30
2005/03 6548 11.02 F6 0.10 0.29 0.61 3.11 6081.00 218093.13 7.13
2005/04 5627.78 −14.05 F1 0.03 0.31 0.66 −3.51 6318.37 476908.03 12.27
2005/05 5638 0.18 F4 0.13 0.17 0.70 −3.37 5438.25 39900.31 3.54
2005/06 5499.94 −2.45 F3 0.11 0.49 0.40 2.38 5771.99 74010.93 4.95
2005/07 5899.98 7.27 F5 0.17 0.27 0.56 −5.76 5182.93 514161.32 12.15
2005/08 5395 −8.56 F2 0.18 0.43 0.38 −3.16 5713.35 101345.44 5.90
2005/09 5598 3.76 F4 0.15 0.37 0.48 −1.96 5289.26 95317.51 5.52
2005/10 4966.96 −11.27 F1 0.04 0.36 0.61 −5.37 5297.33 109141.81 6.65
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2005/11 4545 −8.50 F2 0.08 0.
2005/12 4947.68 8.86 F5 0.25 0.

1.2. Case 2

At this juncture, we performed more arduous testing of the
odel in circumstances of non-accuracy in time series data set.
ssuming same time series data but increased number of outpa-

ient visits by 7% of the randomly selected years 2004/04, 2005/02,
005/07 & 2005/12 and decreasing by 6% of randomly selected
ears 2004/06, 2005/04, 2005/08, 2005/10 and leaving unchanged
or the remaining years. The forecasted and actual numbers of out-
atient visits are shown in Table 19. MSE  = 167531.6 & ranges of
orecasting errors are from 2.30% to 16.08% and average error is
.145651% against the MSE  = 165755 & ranges of forecasting errors
rom 0.00428% to 17.683% and the average error 3.06%. Of course,
ery small inaccuracy occurred into system as compared to accu-
acy calculated by proposed system. Nevertheless, still very smaller
han Yu [26], Cheng [27] and Chen [7] models.

2. Conclusion and future work

The paper attempted to present novel concept of forecasting
y amalgamating OWA  operators with fuzzy time series to pre-
ict number of outpatient visit and ascertained that use of OWA
perators is very effective in time series analysis.The proposed con-
ept commenced the designing of proposed model by determining
ate change of time series data. So that, increasing and decreasing
ate of time series can be captured. The paper proved that accu-
acy depends on relative weight of past observations and method
f aggregation of past observation is important factor where next
rediction depends only on past observations. The concept of pri-
rity matrix is given whose task is to calculate the priority of
ach fuzzy set on the basis of number of occurrence of fuzzy set.
enceforth, concept of priority matrix can be utilized in devis-

ng new fuzzy time series model. The paper derived 3rd order
uzzy rules. Intent of using 3rd order fuzzy time series model is
o obtain FLR, free from ambiguities. Weighted centroid aggrega-
ion method has been applied to defuzzify the value. An experiment

tudy is performed to forecast number of outpatient visits due to
ts significance in health care domain. Values of MSE  and AFER
btained by this research indicate the weight determination of
uzzy relationship using OWA  can improve prediction accuracy by
0.75 −0.84 4925.15 144511.21 8.36
0.38 0.59 4571.67 141385.71 7.60

167531.6 6.145651

a considerable factor. We have proved that joint consideration of
OWA  and fuzzy time series is success to enhance the efficiency of
forecasting model.It can be seen that proposed model has shown
a considerable improvement in accuracy over conventional mod-
els like ARIMA, MA,  ARCH, etc. From the comparative study, MSE
and AFER are lowest in case of proposed method, clearly indicating
its transcendence over existing like Yu, Chen and Cheng forecast-
ing models for number of outpatient visits. In addition, impact of
order of model and OWA  has been carried out. Also, robustness of
proposed model is proved by increasing and decreasing time series
data randomly. It is examined and proved that proposed method
still performs well if the historical time series data isnot precise.
Extensive experiment is performed to forecast TAIEX stock market
data. Presented fuzzy-OWA based forecasting model can be used to
deal with future trends in health care domain.Presented model can
also be considered as a strong standard methodology for planning
and management in health care and other domain also.

In the future work, other stock data sets such as (HSI http://
www.hsi.com/HSI-Net/); NASDAQ(http://www.nasdaq.com/)to
validate proposed model. Genetic algorithms can be further
explored to optimize parameters of fuzzy time series such as
membership functions, length of interval and number of intervals.
The accuracy of proposed model can be improved by employing
other machine learning methods such SVM and rough sets.
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