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a b s t r a c t

In this paper, we introduce a new global optimization method and study its global convergence prop-
erty through theoretical and experimental approaches. The proposed method is named as multivariant
optimization algorithm (MOA) because the intelligent searchers, which are called as atoms, not only are
divided into multiple subgroups but also are variant in responsibility. That is, global atoms explore the
whole solution space in the hope of finding potential areas where local atoms start the local exploitation.
The proposed method is characterized by two important features. On one hand, global atoms do the
global exploration in each loop to jump out from local traps. On the other hand, global and local atoms
conduct the global exploration and the local exploitation according to their own responsibility, respec-
tively. These features contribute to increasing the chance of converging to the global best. To study the
ultivariant search groups
lobal optimization

convergence property of MOA, we carried out the convergence analysis, numerical optimization exper-
iments and the shortest path planning experiments. And the results demonstrate that MOA is globally
convergent and superior to the compared methods in the global convergence accuracy and probability in
solving complex challenging problems which have one or more features such as deceptiveness, randomly
located optimum, asymmetry or multiple traps.

© 2016 Elsevier B.V. All rights reserved.
. Introduction

Global optimization algorithms are designed to deal with opti-
ization problems with multiple local extremal solutions [1]. In

his study, we address the solution of the global optimization prob-
em min f (�x) where �x ∈ RN , f : RN → R is a given objective function,

is the dimension of a problem. A global optimization algorithm is
tilised to seek a solution �x∗ ∈ S ⊆ RN such that f (�x∗) ≤ f (�x),∀�x ∈ S,
here the solution space S is some region of RN . Such a solution �x∗

s called a global minimum or a global optimum. A solution �x′ is a
ocal minimum (trap) in a local neighborhood S0⊂ S if f (�x′) ≤ f (�x),
�x ∈ S0.

The “basic” versions of particle swarm optimization (PSO),
enetic algorithm (GA), differential evolution (DE) and firefly
lgorithm (FA) [2] are widely regarded as classical global opti-
ization algorithms, since they have many advantages such as
riefness, compact and fast convergence speed [3,4]. A compact
ifferential evolution (cDE) algorithm ne-cDE was proposed to effi-
iently perform an optimization process despite a limited memory

∗ Corresponding author.
E-mail address: xlshi@ynu.edu.cn (X. Shi).

ttp://dx.doi.org/10.1016/j.asoc.2016.07.001
568-4946/© 2016 Elsevier B.V. All rights reserved.
requirement in [5]. However, a high likelihood of being trapped
into local optima limits their performance [6]. The proper control
of the global exploration and the local exploitation is critical to
the global convergence probability of a global optimization algo-
rithm [7]. However, there exists a contradiction between the global
exploration and the local exploitation because a single swarm is
responsible for both the global exploration and the local exploita-
tion, in these “basic” algorithms [8]. As a result, a user has to balance
the contradiction carefully to achieve a good performance [9].

Focusing on increasing the probability of locating the global
optimum among numbers of local traps, different strategies were
proposed and discussed. Most studies address the performance
improvement of PSO, GA or DE through endowing with auxil-
iary local search, parameter adaptation or scalability strategies,
which are briefly reviewed below. (1) Auxiliary local search:
Dynamic multi-swarm PSO with harmony search (DMS-PSO-HS)
is developed through combining the exploration capabilities of the
dynamic multi-swarm particle swarm optimizer (DMS-PSO) with
the stochastic exploitation of the harmony search (HS) algorithm

[10]. A probabilistic memetic framework (APrMF) is a probabilis-
tic memetic algorithm, which is able to analyze the probability of
evolution or individual learning [11]. Global and local real-coded
GA (HRCGA) is proposed by means of the parent-centric crossover

dx.doi.org/10.1016/j.asoc.2016.07.001
http://www.sciencedirect.com/science/journal/15684946
www.elsevier.com/locate/asoc
http://crossmark.crossref.org/dialog/?doi=10.1016/j.asoc.2016.07.001&domain=pdf
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space according to:

atomg = {unifrnd(min
1

, max
1

), . . ., unifrnd(min
N

, max
N

)} (1)
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perators [12]. (2) Parameter adaptation: A new PSO version with
daptive ω,  �1, and �2, called adaptive PSO(APSO), was proposed by
han et al., recently [13]. In APSO, four evolutionary states, includ-
ng exploitation, exploration, convergence, and jumping out, are
efined. Self-learning PSO (SLPSO) is an improved version of APSO.

n SLPSO, each particle has a set of four strategies to cope with
ifferent situations in the search space [14]. By considering a time-
arying population topology, the velocity update mechanism in
ully informed PSO [15], and a decreasing inertia weight, Franken-
tein’s PSO (FPSO) was  proposed in [16]. The covariance matrix
daptation evolution strategy algorithm (G-CMA-ES) employs a re-
tart mechanism and an increasing population size strategy [17].
-adaptive differential evolution (JaDE) is proposed by implemen-
ing a new mutation strategy “DE/current-to-pbest” with optional
xternal archive and updating control parameters in an adaptive
anner [18]. By means of learning from their previous experi-

nces in generating promising solutions, a self-adaptive differential
volution (SaDE) algorithm, in which both trial vector generation
trategies and their associated control parameter values are gradu-
lly self-adapted, was proposed [19]. (3) Scalability: comprehensive
earning particle swarm algorithm (CLPSO) was proposed by using

 novel learning strategy whereby all other particles’ historical best
nformation is used to update a particle’s velocity [20].

These improved methods, have shown a superiority over the
basic” algorithms in solving problems with lots of local traps
21–23,10]. However, the attractiveness in these improved meth-
ds may  mislead intelligent searchers to move into a local optimum
hen solving deceptive functions. The reason is that the global min-

mum lies in a very narrow basin of attraction and at the same time
here exists a strong local minimum with a wide basin of attrac-
ion in deceptive functions such as the Damavandi function [24].
o, these improved methods have difficulty in locating the global
inimum of deceptive functions.
In this paper, a new “basic” heuristic search framework

amed multivariant optimization algorithm (MOA) is introduced
o increase the global convergence probability in solving complex
hallenging problems. In MOA, the intelligent searchers (named as
toms) are divided into two categories according to their different
esponsibilities. They collaborate to search the solution space based
n the historical searching information which is obtained by atoms
nd managed by a data structure. The data structure remembers
nd shares the historical useful searching information selectively.
n each loop of MOA, a group of global atoms explore the whole
olution space to locate areas which are more potential than those
emembered by the data structure. Then, a group of local atoms
xploit each potential area remembered by the data structure for

 local refinement. After enough numbers of iteration, the global
ptimum is recorded in the data structure. From the brief descrip-
ion of MOA, it can be seen that a feature of this proposed method is
hat the global exploration is executed in each loop, which lessens
he probability of being trapped into the local optima. Another is
hat multivariant search groups carry out the global exploration
nd the local exploitation respectively, which settles the contra-
iction between the global exploration and the local exploitation.
hese features make it a well-suited approach for solving global
ptimization problems with multiple local optima.

The purpose of this work is twofold. First, a new “basic” stochas-
ic heuristic global optimization method was proposed. Further,
e study the global convergence property of the proposed method

hrough the convergence analysis, numerical optimization experi-
ents and the shortest path planning experiments.
In the following sections, we describe the MOA  method and
rove that MOA  is globally convergent. Then, MOA  is compared
ith several state-of-the-art algorithms on twenty-three complex

enchmark functions. The results suggest that MOA  has a better
erformance in the global convergence accuracy and probability
ting 48 (2016) 230–239 231

than the compared methods in solving complex challenging prob-
lems which are characterised by deceptiveness, randomly located
optimum, asymmetry or multiple traps. Finally, MOA  is used to
solve the shortest path planning problems to assess the conver-
gence property of MOA  in application oriented problems.

2. Multivariant optimization algorithm

In this section, we  present the MOA  method for solving global
optimization problems, introduce the data structure used to man-
age the communication and cooperation among multivariant
search groups and describe the search strategy of MOA.

Without loss of generality, we  take the solution space S
as the hyperrectangle S = {�x = (x1, . . .,  xN)|min

i
≤ xi ≤ max

i
, (i =

1, . . .,  N)} where min
i

and max
i

are the lower and upper bounds

of the ith dimension of the solution space, respectively. The
global optimization problem considered in this paper is: find �x∗ =
argmin{f (�x)|�x ∈ S}, where f is a given objective function.

In MOA, intelligent searchers called atoms search the solution
space through cooperating with each other based on a data struc-
ture illustrated in Fig. 1. To simplify the description, we  name the
horizontal and vertical sorted doubly linked list as the queue and
stack, respectively.

MOA  is a stochastic heuristic optimization algorithm, where
each iteration consists of two  phases: a global exploration phase
and a local exploitation phase. In the global exploration phase,
global atoms explore the whole solution space randomly to produce
a diverse set of potential areas. In the local exploitation phase, local
atoms exploit each potential areas gained in the previous search for
local refinements. The pseudo-code of MOA  is outlined in Table 1,
where

• TL is a temporary list used to record the newly generated global
atoms and their fitness values;
• TN is a temporary node used to record a newly generated local

atoms and its fitness value;
• DS is the used date structure;
• DS(i,  j) is the jth node from the top in the ith stack;
• DS(i, j).A is an atom recorded in DS(i, j) and DS(i, j).Fv is its fitness

value;

In step 1, new global search atoms explore the whole solution
Stack1

U: upward pointer

D: downward pointer

D

Fig. 1. Data structure of multivariant optimization algorithm.
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here the function unifrnd(min
i

, max
i

), (i = 1, . . .,  N) returns a ran-

om number uniformly distributed on the interval from min
i

to

ax
i

. Then, their fitness values are evaluated by using the objec-

ive function (line 5). To carry out an efficient local exploitation,
e update the queue in step 2 according to two rulers: one is that

nly the better atoms are recorded in the queue, the other is DS(1,
 − 1).Fv≤DS(1, i).Fv≤DS(1, i + 1).Fv. In step 3, local atoms exploit
ach potential area centered at a global atom in the queue (line
0). A local search atom atoml in the neighborhood of the global
tom atomg is generated according to:

toml = atomg + r × {h1, . . .,  hN} (2)

here hi(i = 1, 2, . . .,  N) are random numbers uniformly distributed
n [−1,1], atomg and r are the center and the radius of the neigh-
orhood, respectively. After the evaluation (line 11), the new local
tom is compared against the corresponding historical atom (line
2). A new atom will be remembered (lines 13–21), if its fitness
alue is smaller than that of the historical atom recorded in the
ottom of its corresponding stack.

. Convergence analysis

We  analyze the global convergence of MOA  based on a global
ptimization problem where S is a finite discrete solution space.
ur objective is to locate a global optimal solution �x∗ ∈ S which
inimizes the objective function f on S. The search process of MOA

an be described as a stochastic process { �X(t), t ≥ 0} on the finite
olution space S. �X(t) = (�xt,1, �xt,2, . . ., �xt,n)(�xt,i ∈ S, n < ∞)  repre-
ents the tth generation atoms in the structure whose state space
s �E = |S|n where n is the number of atoms. Assuming the global
ptima set is �E∗ = {�x∗|��x /= �x∗, f (�x) ≤ f (�x∗)}
heorem 1. The search process { �X(t), t ≥ 0} of MOA is a finite homo-
eneous Markov chain.

roof. At the tth iteration, the structure has a state �X(t) and atoms

earch the solution space to make a transition to the next state �X(t +
) according to a probability P(�X(t + 1)| �X(t)). The structure transfers
o the next state �X(t + 1) with a probability which has nothing to
o with its previous history but �X(t). In other words, the stochastic

able 1
he pseudo-code of multivariant optimization algorithm.

1: Initialize randomly the global atoms, set iteration=1;
2: while the stopping criterion is not satisfied do
3:  for i=1:length of queue % step 1: global exploration
4: TL(i).A←generate a global atom using Eq. (1);
5: TL(i).Fv←evaluate TL(i).A according to the objective function;
6: end for
7: Update the queue; % step 2
8: for i=1:length of queue
9: for j=1:depth of the ith stack % step 3: local exploitation
10: TN.A←generate a local atom using Eq.(2), in the area centers on DS(1,

i).A;
11:  TN.Fv←evaluate TN.A according to the objective function;
12: if DS(i,depth of the ith stack).Fv>TN.Fv
13: for k=depth of the ith stack:2
14: if DS(i, k).Fv>TN.Fv
15: switch the places of the nodes DS(i, k) and DS(i, k − 1);
16:  else
17: DS(i, k) ← TN %remember the historical information;
18: break;
19: end if
20: end for
21: end if
22: end for
23: end for
24: set iteration=iteration+1;
25: end while
ting 48 (2016) 230–239

process { �X(t), t ≥ 0} has the Markov property that P(�X(t + 1)| �X(t)) =
P(�X(t + 1)| �X(t), �X(t − 1),  . . ., �X(0)). Thus, { �X(t), t ≥ 0} is a Markov
process.

Because the solution space S is discrete and finite, the structure
state space |S|n is also discrete and finite. What is more, the transfer
probability P(�X(t + 1)| �X(t))(t > 0) is independent of t:

P(�X(t + 1) = �Xi| �X(t) = �Xj) = � (� > 0) (3)

where �Xi, �Xj are two arbitrary states. Thus, the search process of
MOA  can be described sufficiently by a discrete finite homogeneous
Markov chain. �

Theorem 2. The time sequence of the number of optima in the struc-
ture {F(�X(t)), t ≥ 0} is a monotonically non-decreasing sequence as

P(F(�X(t + 1)) < m|F(�X(t) = m)) = 0 (∀t ≥ 0, m > 0) (4)

where F(�X(t)) = | �X(t) ∩ �E∗| represents the numbers of global optima
in the structure,

Proof. In MOA, the worse atoms are abandoned but the better
atoms are saved in the structure, so an atom in the structure will not
be abandoned unless a new atom with better fitness is located. The
best atom standing for the optimum is impossible to be abandoned
so the number of optima in the structure will not decrease.�

Theorem 3. The MOA  method has a positive probability of locating
more than one global optimum at any time during the search process

P(F(�X(t + 1)) > 0|F(�X(t) = 0)) > 0(∀t ≥ 0) (5)

Proof. According to (3) the transition probability between
two arbitrary states �Xi, �Xj is positive, given F(�X(t) = �Xi) = 0, the
probability P(F(�X(t + 1) = �Xj) > 0|F(�X(t) = �Xi) = 0),  (∀t ≥ 0) is also
positive. In MOA, a newly generated atom has the probability to be
any solution because search atoms are generated in the whole solu-
tion space. So, for an atom the probability of being global optimum
is larger than 0. Thus, the number of optima in the new genera-
tion atoms is probable to be larger than 0 given that the number of
optima in the previous generation atoms is 0.�

Theorem 4. MOA converges to more than one global optimal solution
with probability 1:

lim
t→∞

P(F(�X(t)) > 0) = 1 (6)

Proof. Based on theorem 1, we  define the probability of i global
optima existing in the structure at the tth iteration as Pi(t) =
P(F(�X(t)) = i). From the Bayesian conditional probability

P0(t + 1) = P(F(�X(t + 1)) = 0|F(�X(t)) = 0) × P(F(�X(t)) = 0)

+ P(F(�X(t + 1)) = 0|F(�X(t)) /= 0) × P(F(�X(t)) /= 0)

and theorem 2 we  have that P(F(�X(t + 1)) = 0|F(�X(t)) /= 0) = 0 then

P0(t + 1) = P(F(�X(t + 1)) = 0|F(�X(t)) = 0) × P0(t)

From theorem 3 we  know that P(F(�X(t + 1)) > 0|F(�X(t)) = 0) > 0,
let � = min(P(F(�X(t + 1)) > 0|F(�X(t)) = 0)),  t = 0, 1, . . . then

P(F(�X(t + 1)) > 0|F(�X(t)) = 0) ≥ � > 0 (7)

From (7) we can get that

P(F(�X(t + 1)) = 0|F(�X(t)) = 0) = 1 − P(F(�X(t + 1)) /= 0|F(�X(t)) = 0)

= 1 − P(F(�X(t + 1)) > 0|F(�X(t)) = 0) ≤ 1 − � < 1(t  = 0, 1, . . .)
So

0 ≤ P0(t + 1) ≤ (1 − �)P0(t) ≤ · · · ≤ (1 − �)t+1P0(0)
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Table  2
Dimensions, search ranges, and global optimum values of test functions.

f Function name Dimensions Search ranges Global optimum values

F1 Schwefel [27] 2 [−500, 500]2 0
F2  Levy5 2 [−10, 10]2 −176.1375
F3  Langermann [28] 2 [0, 10]2 −5.1621
F4  Xin-She Yang [29] 2 [−20, 20]2 −1
F5  Egg Holder [30] 2 [−513, 513]2 −959.64
F6  Damavandi [24] 2 [0, 14]2 0
F7  CF1 [25] 10 [−5, 5]10 0
F8  CF2 [25] 10 [−5, 5]10 0
F9  CF3 [25] 10 [−5, 5]10 0
F10  CF4 [25] 10 [−5, 5]10 0
F11  CF5 [25] 10 [−5, 5]10 0
F12  CF6 [25] 10 [−5, 5]10 0
F13  CEC05(F1+450)[26] 30 [−100, 100]30 0
F14  CEC05(F2+450)[26] 30 [−100, 100]30 0
F15  CEC05(F9+330)[26] 30 [−5, 5]30 0
F16  CEC05(F10+330)[26] 30 [−5, 5]30 0
F17  CEC05(F11–90)[26] 30 [−0.5, 0.5]30 0
F18  CEC05(F15–120)[26] 30 [−5, 5]30 0
F19  CEC05(F16–120)[26] 30 [−5, 5]30 0
F20  CEC05(F17–120)[26] 30 [−5, 5]30 0
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F21  CEC05(F18–10)[26] 30 

F22  CEC05(F19–10)[26] 30 

F23  CEC05(F20–10)[26] 30 

ecause lim
t→∞

(1 − �)t+1 = 0, and 0 ≤ P0(0) ≤ 1 so when t → ∞

 ≤ P0(t + 1) ≤ (1 − �)t+1P0(0) = 0

hus, lim
t→∞

P0(t + 1) = 0

From the above, we can get that

lim
t→∞

P(F(�X(t + 1)) ≥ 1) = 1 − lim
t→∞

P(F(�X(t + 1) = 0)

= 1 − lim
t→∞

P0(t + 1) = 1

hus MOA  converges to more than one global optimal solution with
robability 1.�

. Numerical experiments

We  compared MOA  with several state-of-the-art algorithms to
emonstrate the superior global convergence property of MOA  in
olving complex challenging problems.

.1. Benchmark functions

We  wish to study the convergence property of MOA  when deal-
ng with complex multimodal problems where the global optimum
s hard to find. Firstly, six two-dimensional (2-D) problems and
ix ten-dimensional (10-D) novel composition problems from [25]
re selected for comparison. These composition functions are ran-
omly located, asymmetrical and multimodal problems. Although
heir dimension is low, they are good at trapping many heuristic
ptimization algorithms into local optima. To draw more robust
onclusions, experiments are carried out based on five unimodal
r simple multimodal 30-dimensional problems and six complex
ultimodal 30-dimensional problems, which were taken from

he CEC’2005 special session on real-parameter optimization [26].
13–F23 were added by some bias values so that their best values
re all zero. An overview of these functions is presented in Table 2,
hile mathematical descriptions are presented in Appendix.
.2. Parameter settings

Fourteen algorithms are chosen to compare with MOA, because
hey are widely known as classic “basic” algorithms or are designed
[−5, 5] 0
[−5, 5]30 0
[−5, 5]30 0

for global optimization of complex problems or well-known
improved algorithms. The GA, PSO-w, FA, CLPSO, DMS-PSO-HS and
MOA  algorithms and their parameter settings are listed as follows:

• GA with one elitist [31]: eighty percent of the new generation is
produced by roulette selection and twenty percent is produced
by crossover, uniformly distributed mutation is performed with
probability 0.01;
• PSO with inertia weight (PSO-w) [32]: the inertia weight

decreases from 1.4 to 0.5, acceleration constants c1 = c2 = 1.49445;
• FA [2]: The randomization parameter  ̨ is 0.2, the attractiveness

ˇ0 is 1, the light absorption coefficient � is 1;
• CLPSO [20]: the inertia weight w decreases from 0.9 to 0.4, accel-

eration constants c = 1.49445, refreshing gap m = 7;
• DMS-PSO-HS [10]: The best parameters suggested in [10] are

as follows: w = 0.729, c1 = c2 = 1.49445, 10 sub-swarms, 5 par-
ticles in each sub-swarm, regrouping period R = 10, harmony
memory considering rate HMCR = 0.98, the pitch adjusting rate
PAR(t) and the band bw(t) width for generation t are calculated
by:

PAR(t) = 0.01 + 0.99 − 0.01
maxg

× t

bw(t) = (0.05 × (UB − LB))e

0.0001
(0.05 × (UB − LB))

×  t

where max
g

is the maximum number of generations, UB and LB

are the upper and lower bounds of the search range;
• MOA: The radius of the local neighborhood r is set at 0.05 times

the absolute difference between the high value and the low value
of the search ranges according to our experiences. An upper tri-
angular structure, where the depth of the ith stack is QL − i + 1 for
a queue with QL nodes, is used. Thus, the population contains QL

global atoms and 0.5QL(QL + 1) local atoms.

To compare fairly, the population size of MOA  is set as close as
that of the compared methods. When solving the two-dimensional
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Table 3
Comparison of the average final fitness values on low-dimensional numerical optimization between the control algorithm MOA  and the rest of algorithms selected in the
experimental study. The signs in the parentheses are used in the computation of the multiple comparison sign test.

f MOA  GA PSO-w FA CLPSO DMS-PSO-HS

F1 3E−05 161(+) 92.8(+) 3.35(+) 7.9(+) 2E−05(−)
F2  −176 −127(+) −166(+) −174(+) −176(=) −174(+)
F3  −5.16 −3.61(+) −4.4(+) −5.12(+) −5.16(=) −4.45(+)
F4  −0.97 3E−04(+) −0.86(+) −0.11(+) −0.33(+) 1E−05(+)
F5  −957 −711(+) −782(+) −932(+) −939(+) −848(+)
F6  1.63 1.93(+) 1.93(+) 1.70(+) 2.00(+) 2.00(+)
F7  7.91 26.66(+) 93.33(+) 199.45(+) 31.81(+) 20(+)
F8  58.1 99.59(+) 122.02(+) 155.93(+) 84.14(+) 69.79(+)
F9  355.82 211.36(+) 266.11(+) 466.03(+) 201.05(+) 126.64(−)
F10  436 371.21(+) 392.62(+) 518.85(+) 366.93(+) 259.55(−)
F11  15.55 74.45(+) 99.25(+) 164.78(+) 44.49(+) 27.58(+)
F12  480.06 775.66(+) 802.11(+) 563.10(+) 532.52(+) 607.47(+)
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No.  of pluses 12 12 

No.  of minuses 0 0 

rj (significance level: 5%) 1 1 

roblems, the population size is set at 14 and the maximum fitness
valuations (FEs) is set at 14000. When solving the ten-dimensional
roblems, the population size is set at 65, and the maximum of the
umber of fitness evaluations is set at 29,250 according to [20].
hen solving the thirty-dimensional problems, the population size

s set at 119 which is in close proximity to that in [5], and the
aximum of the number of fitness evaluations is set at 150,000

ccording to [5]. All experiments were run 30 times per algorithm
or per problem.

.3. Convergence performance measures

We  use the following two criteria measured over 30 runs to
ompare the convergence property of different algorithms.

1. The accuracy of convergence. The mean of the final fitness
alues in the 30 independent runs are calculated and recorded to
nalyze the convergence accuracy of the compared method. Note
hat a smaller average value suggests a higher convergence accu-
acy of the algorithm.

2. The probability of convergence. Convergence probability is
he percentage of globally convergent runs where the fitness value
f the best atom achieves a given fitness-threshold value (ft).

The multiple comparison sign test has also been applied accord-
ng to the description given in [33–35] to compare the performance
f the control algorithm MOA  with that of the other selected algo-

ithms. A level of significance 5% is chosen. The +, − and = symbols
epresent win, lose and tied respectively.

The comparison operations in the management of structure
able increase the computational complexity compared with PSO

able 4
omparison of convergence probability on low-dimensional numerical optimization betw
ental study. The signs in the parentheses are used in the computation of the multiple co

f ft MOA  GA PS

F1 0.01 1 0.23(+) 0.
F2  −175 1 0.5(+) 0.
F3  −5 1 0.37(+) 0.
F4  −0.5 0.97 0(+) 0.
F5  −950 0.87 0.03(+) 0.
F6  0.1 0.13 0.03(+) 0.
F7  10 0.90 0.77(+) 0.
F8  58 0.50 0.47(+) 0.
F9  126 0 0.07(−) 0.
F10  260 0 0(=) 0.
F11  18 0.90 0.33(+) 0.
F12  480 0.30 0(+) 0(
No.  of pluses 10 11
No.  of minuses 1 0 

rj (significance level: 5%) 1 1 
11 10 9
0 0 3
1 1 1

which are treated as the simplest optimization solver universally.
However, a comparison operation needs less clock cycles than a
multiply operation. Different with PSO, only comparison operations
are used in MOA. Thus, it is unfair to compare the computational
complexities of the “basic” MOA  through the big O notation when
the iteration number is small. Because, the computational complex-
ity is calculated by counting the number of basic computer steps
without considering the differences between different steps in the
big O notation method [36]. What is more, most real life optimiza-
tion problems require intensive and time consuming simulations
for every function evaluation; the time spent by the optimization
solver itself doing its calculations simply disappears in front of the
real process simulation [37]. Hence the algorithm-related compu-
tation complexities are not compared.

4.4. Results and discussions on low-dimensional numerical
optimization

The experimental results with respect to the convergence
accuracy and the convergence probability are presented in
Tables 3 and 4, respectively.

4.4.1. The accuracy of convergence on low-dimensional
numerical optimization

As listed in Table 3, MOA  can earn the smallest mean values

compared with the other peer methods except on F1, F2, F9 and
F10. DMS-PSO-HS achieve the best results on F1, F9 and F10. The
reason lies in that the single group algorithms including GA, PSO-
w, FA and CLPSO are easily be trapped into local optima of these

een the control algorithm MOA and the rest of algorithms selected in the experi-
mparison sign test.

O-w FA CLPSO DMS-PSO-HS

33(+) 0(+) 0.93(+) 1(=)
73(+) 0.27(+) 1(=) 0.93(+)
67(+) 1(=) 1(=) 0.67(+)
87(+) 0.13(+) 0.03(+) 0(+)
2(+) 0.13(+) 0.73(+) 0.1(+)
03(+) 0(+) 0(+) 0(+)
47(+) 0(+) 0.10(+) 0.80(+)
27(+) 0(+) 0.10(+) 0.40(+)
03(−) 0(=) 0(=) 0.47(−)
17(+) 0(=) 0(=) 0.47(−)
57(+) 0(+) 0(+) 0.73(+)
+) 0(+) 0.03(=) 0(+)

 9 7 9
0 0 2
1 1 1
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eceptive functions, it’s most likely that a part of their final obtained
ptima are local optima.

As shown in the results of the Multiple Comparison Sign test
n Table 3, the convergence accuracy of MOA  is significantly better
han that of GA, PSO-w, FA and CLPSO. MOA  outperforms DMS-PSO-
S on most problems. This proves the proposed local exploitation in
OA, where the local group with the largest population is allotted

o the most potential area, can help the algorithm exploite the local
ptimum areas at a high level.

.4.2. The probability of convergence on low-dimensional
umerical optimization

The convergence probabilities for all compared methods are
resented in Table 4. It can be seen that the MOA  method performs
etter on most of the test functions (higher convergence probabil-

ty), which is consistent with the convergence analysis in Section 3.
specially on test functions F3, F4, F7, F8, F11 and F12, there is a
harp increase in the convergence probability compared with other
ethods.
As shown in the results of the multiple comparison sign test in

able 4, the convergence probability of MOA  is significantly bet-
er than that of GA, PSO-w, FA and CLPSO. The better performance
f MOA  is due to the division of labor between global exploration
nd local exploitation. The global exploration provides MOA  the
apacity of escaping from local optima and locating new potential
rea where the global optimum may  lies in. The local exploita-
ion guarantees each local group to converge to the optimum in
ts area. To sum up, MOA  has the ability of finding the global opti-

um  with a higher probability compared with other methods on
ost functions.
To sum up, the global convergence properties of these peer

ethods vary on different problems. However, a prominent result
s that MOA  outperforms the other compared methods in the con-
ergence accuracy and probability on most of the test functions
hich are characterized by deceptiveness. It is necessary to notice

hat the test functions in this experiment are all deceptive, which
ay  contribute to emphasizing the global convergence ability of
OA.

.5. Results and discussions on 30-dimensional numerical
ptimization
The experimental results on 30-dimensional numerical opti-
ization with respect to the convergence accuracy are presented

n Tables 5. The results of the SLPSO, APSO, AprMF, FPSO, G-CMA-ES

able 5
omparison of the average final fitness values on 30-dimensional numerical optimizatio
xperimental study. The signs in the parentheses are used in the computation of the mul

f MOA  SLPSO APSO AprM

F13 0.71 1.00e−13(−) 7.20e−14(−) 0.76(
F14  87.35 1.40e−06(−) 0.0182(−) 4.21e
F15  6.72 1.17e−13(−) 5.74(−) 3.92(
F16  1.21e+02 1.15e+02(−) 1.33e+02(+) 2.31e
F17  4.05e+01 3.29e+01(−) 3.04e+01(−) 3.09e
f  MOA  SLPSO APSO AprM
F18  301 305(+) 363(+) 583(
F19  400 420(+) 426(+) 404(
F20  512 914(+) 656(+) 393(
F21  751 1.56e+03(+) 1.71e+03(+) 1.26e
F22  196 457(+) 312(+) 1(−)  

F23  278 300(+) 300(+) 1(−)  

No.  of minuses 5 4 6 

No.  of pluses 6 7 5 

rj (significance level: 5%) 1 1 1 
ting 48 (2016) 230–239 235

and HRCGA were taken from [14], and the results of the JaDE, SaDE
and ne-cDE algorithms were taken from [5].

4.5.1. The accuracy of convergence on 30-dimensional numerical
optimization

From the results on the unimodal or simple multimodal prob-
lems F13–F17 in Table 5, it can be seen that MOA  is outperformed
by the other compared algorithms on most of these problems.
Although the dimensions of these simple problems are high, all
these compared methods can easily locate the area of global opti-
mum.  It is normal that the convergence accuracies of the SLPSO,
APSO, AprMF, JaDE and SaDE algorithms become higher while their
searching scopes become smaller along with the iteration number
increases. However, MOA  can be competitive, at least for some of
the considered problems. Clearly, MOA  are not expected to outper-
form modern complex algorithms on simple problems because of
the following two reasons. Firstly, MOA  is supposed to be a light
version, which does not employ any extra complex search compo-
nent. As a simple framework, MOA  uses a rather simple local search
strategy, i.e., generating random local atoms in an area with fixed
scope. Secondly, MOA  is designed for complex challenging prob-
lems, for which most optimization technologies become invalid. In
this sense, the results on functions F13–F17 should be read in the
following way: notwithstanding its significant disadvantage, MOA
displays a respectable performance when compared with complex,
modern, and computer consuming algorithms. Future studies will
consider the integration into the presented compact framework of
more advanced local search techniques.

From the results on the complex challenging problems F18–F23
in Table 5, it can be seen that MOA  outperforms the other com-
pared algorithms on most of these problems. This fact can be,
in our opinion, explained as a consequence of the MOA  search
logic. More specifically, the global exploration is executed in each
loop, which lessens the probability of being trapped into the local
optima, and the global atoms and the local atoms carry out the
global exploration and the local exploitation respectively, which
settles the contradiction between the global exploration and the
local exploitation. These features make it a well-suited approach
for solving complex challenging problems with multiple local traps.

As shown in the results of the multiple comparison sign test in
Table 5, the global convergence accuracy of these peer algorithms
vary on different problems with different complexities, and the

convergence accuracy of MOA  is almost the same as that of the com-
pared algorithms on all of these simple and challenging problems.
This result conforms with the “no free lunch theorem”. However,
a prominent result is that MOA  outperforms the other compared

n between the control algorithm MOA  and the rest of algorithms selected in the
tiple comparison sign test.

F JaDE SaDE ne-cDE

+) 1.54e−13(−) 2.313e−34(−)  1.82e−15(−)
+04(+) 1.50e+02(+) 1.527e−01(−)  1.183e+04(+)
−) 2.03e+01(+) 2.18e+01(+) 1.203e+02(+)
+02(+) 2.65e+01(−) 3.25e+01(−) 2.20e+02(+)
+01(−) 2.78e+01(−) 1.66e+01(−) 3.80e+03(+)
F FPSO G-CMA-ES HRCGA

+) 459(+) 200(−) 320(+)
+) 549(+) 400(=) 400(=)
−) 988(+) 1.5e+03(+) 465(−)
+03(+) 837(+) 1.94e+03(+) 400(−)

644(+) 659(+) 231(+)
620(+) 400(+) 572(+)
– – –
– – –
– – –
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ethods in the convergence accuracy on most of these complex
hallenging functions.

. The shortest path planning experiments

The MOA, GA, PSO-w, FA, CLPSO and DMS-PSO-HS algorithms
re used to solve the shortest path planning problems, to assess the
onvergence property of MOA  in application oriented problems.

.1. Path planner based on an optimization algorithm

To transfer a path planning task into an optimization problem,
he Bezier curve is used to describe a path [38]. The optimization
lgorithm is employed to locate the position of the optimal control
oints of the Bezier curve.

A path P = {(Pc
x (t), Pc

y(t))|t = 0.001, . . .,  1.000} reconstructed

y a d-dimensional solution atom = {P1
x , P1

y , . . .,  Pd/2
x , Pd/2

y } is
escribed by:⎧⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

Pc
x (t) = Ps

xB0,N(t) +
d/2∑
i=o

Pi
xBi,N(t) + Pe

xBN,N(t)

Pc
y(t) = Ps

yB0,N(t) +
d/2∑
i=o

Pi
yBi,N(t) + Pe

yBN,N(t)

here Ps
x and Ps

y are the x-coordinate and y-coordinate of the ori-
in positions respectively, (Pi

x,Pi
y) represents the coordinate of the

th control point of a Bezier curve, the ending position is deter-
ined by Pe

x and Pe
y , N equals d/2 +1, Bi,N(t) is a Bernstein polynomial

epresented by:

Bi,N(t) = Ci
Nti(1 − t)N−i

The fitness value of an atom is defined as follows:

f (atom) = flen(P) + � × Nim

flen(P) =
1000∑
k=2

√(
Pc

x

(
k

1000

)
−Pc

x

(
k − 1
1000

))2

+
(

Pc
y

(
k

1000

)
−Pc

y

(
k − 1
1000

))2

(8)

here flen(P) is the length of P. 1000 points on P are used to describe
he path. If all points are in negotiable areas, the path could be

efined as feasible. Otherwise, penalty will be imposed. The con-
tant value � is used to balance the proportion of path length and
enalty and is set to be 500 in our study. Nim is the number of points

n impassable areas or out of the map.
ironments.

5.2. Experimental setup

The den520d map  and the den400d map  [39] illustrated in Fig. 2
are used as the testing environments. The � and * marks respec-
tively stand for the origin positions and the destinations, and the
Bezier curves stand for paths planned by using MOA. The coordi-
nates of the origin and destination in each path planning task are
listed in Table 6.

The parameter settings of the GA, PSO-w, FA, CLPSO, and DMS-
PSO-HS algorithms are the same as those introduced in Section 4.2.
The population size of each algorithm is set at 65, and all these
algorithms terminate when 3250 fitness evaluations are exhausted,
because experimental results show that more searching iterations
make no contribution to the solution quality of any algorithm.

5.3. Results and discussions on path planning experiments

A run where a feasible path is obtained is regarded as a feasible
run. The average path length over feasible runs is used as the index
of convergence accuracy. The probability of convergence is indexed
by the rate of the feasible runs.The average final path length over
feasible runs is calculated by Apl = 1

N

∑N
n=1f (P∗n) where P∗n is the

shortest path obtained at the nth feasible run, N is the number of
feasible runs. The Apl values are calculated only in feasible runs, so
that the very large path length values in infeasible runs have no
influence on the Apl value. A small Apl value suggests a good per-
formance on optimality. The Multiple Comparison Sign test [34] is
used as a methodology for comparing the perform of the adopted
algorithms. The feasible rate is the quotient of the number of feasi-
ble runs and the number of total runs. A large feasible rate suggests
a good performance on convergence probability.

5.3.1. The accuracy of convergence on path planning problems
The results on average final path length are illustrated in

Table 7.The results of the Multiple Comparison Sign test show that
MOA significantly outperforms GA, FA and CLPSO on convergence
accuracy, but it is hard to say which one is the best one among MOA,
PSO-w and DMS-PSO-HS. It’s worth mentioning that the statistics
results are over feasible runs only, so it is not surprising that PSO-w
and DMS-PSO-HS obtained low Apl values, the reasons are as fol-
lows: firstly, once a particle in PSO-w moves into the area where
the attraction of the global optimum can reach, the swarm will
converge to the global optimum as close as possible, because it’s

search scope shrinking along with the iteration number increases.
Secondly, the auxiliary local exploitation technology in DMS-PSO-
HS contributes to increase the quality of a intermediate solution.
Consistent with the conclusion in the 30-D unimodal or simple
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Table  6
Path planning tasks.

No . Map Origin Destination No . Map  Origin Destination

P1 den520d (25,160) (70,60) P7 den400d (25,160) (110,40)
P2  den520d (25,160) (165,35) P8 den400d (25,160) (170,30)
P3  den520d (25,160) (240,30) P9 den400d (25,160) (245,20)
P4  den520d (25,160) (230,110) P10 den400d (25,160) (240,120)
P5  den520d (25,160) (230,210) P11 den400d (25,160) (210,200)
P6  den520d (25,160) (140,220) P12 den400d (25,160) (150,215)

Table 7
Comparison of the average final path length over feasible runs between the control algorithm MOA  and the rest of algorithms selected in the experimental study. The signs
in  the parentheses are used in the computation of the multiple comparison sign test.

No. MOA  GA PSO-w FA CLPSO DMS-PSO-HS

P1 288.1 316.4(+) 276.1(−) 337.2(+) 315.5(+) 285.2(−)
P2  264.6 274.5(+) 256.6(−) 286.8(+) 282.6(+) 260.8(−)
P3  293.2 316.1(+) 281.0(−) 334.7(+) 324.0(+) 284.8(−)
P4  260.0 274.4(+) 250.1(−) 291.9(+) 286.4(+) 258.6(−)
P5  218.8 227.5(+) 220.2(+) 250.8(+) 238.0(+) 218.8(=)
P6  141.1 156.5(+) 133.8(−) 195.8(+) 190.0(+) 136.5(−)
P7  158.5 180.3(+) 166.9(+) 199.5(+) −(+) −(+)
P8  233.3 276.9(+) 233.6(+) 277.5(+) −(+) −(+)
P9  282.4 284.2(+) 277.6(−) 557.2(+) 280.0(−) 272.3(−)
P10  258.8 419.3(+) 400.8(+) 298.1(+) −(+) −(+)
P11  197.4 206.5(+) 202.0(+) 223.8(+) −(+) −(+)
P12  159.6 161.7(+) 142.7(−)  209.1(+) −(+) 141.4(−)
Number of pluses 12 7 12 11 4
Number of minuses 0 5 0 1 7
rj(significance level: 5%) 1 1 1 1 1

Table 8
Comparison of feasible rate between the control algorithm MOA  and the rest of algorithms selected in the experimental study. The signs in the parentheses are used in the
computation of the multiple comparison sign test.

No. MOA  GA PSO-w FA CLPSO DMS-PSO-HS

P1 56.7% 36.7%(+) 20.0%(+) 26.7%(+) 36.7%(+) 93.3%(−)
P2  73.3% 26.7%(+) 6.7%(+) 33.3%(+) 40.0%(+) 60.0%(+)
P3  46.7% 3.3%(+) 6.7%(+) 20.0%(+) 3.3%(+) 13.3%(+)
P4  86.7% 33.3%(+) 23.3%(+) 63.3%(+) 43.3%(+) 76.7%(+)
P5  100.0% 90.0%(+) 96.7%(+) 96.7%(+) 100.0%(=) 100.0%(=)
P6  96.7% 53.3%(+) 36.7%(+) 96.7%(=) 53.3%(+) 80.0%(+)
P7  100.0% 100.0%(=) 80.0%(+) 100.0%(=) 0.0%(+) 0.0%(+)
P8  100.0% 70.0%(+) 83.3%(+) 100.0%(=) 0.0%(+) 0.0%(+)
P9  90.0% 13.3%(+) 13.3%(+) 36.7%(+) 90.0%(=) 53.3%(+)
P10  96.7% 53.3%(+) 63.3%(+) 100.0%(−) 0.0%(+) 0.0%(+)
P11  100.0% 100.0%(=) 100.0%(=) 100.0%(=) 0.0%(+) 0.0%(+)
P12  86.7% 60.0%(+) 20.0%(+) 100.0%(−) 0.0%(+) 76.7%(+)
Number of pluses 10 11 6 10 10

m
p

5

o
o
s
n
o
p
o
g
a

6

n

Number of minuses 0 0 

rj(significance level: 5%) 1 1 

ultimodal numerical experiments, the simple MOA  can be com-
etitive, at least for some of the considered problems.

.3.2. The probability of convergence on path planning problems
The results on feasible rate are illustrated in Table 8. The results

f the multiple comparison sign test show that MOA  significantly
utperforms the other compared algorithms except for FA on fea-
ible rate. Consistent with the conclusion in complex challenging
umerical experiments, MOA  has the ability of finding the global
ptimum with a higher probability compared with the other com-
ared methods for path planning problems. The better performance
f MOA  on feasible rate is due to the division of labor between
lobal exploration and local exploitation, and the alternant global
nd local search strategy.
. Conclusion

We  present a detailed description and convergence proofs of a
ew “basic” heuristic method in this paper. The proposed method
2 0 1
1 1 1

is characterized by two features: global atoms explore the whole
solution space in each loop; multivariant search groups carry out
the global exploration and the local exploitation respectively. These
features enable MOA  to discourage the premature convergence
and to settle the contradiction between the global exploration
and the local exploitation. The global convergence property of this
characteristic method is proved through the convergence analysis
and the experiments. The results against some peer optimization
algorithms demonstrate the superior performance of MOA  in the
global convergence accuracy and probability for complex challeng-
ing problems. In summary, MOA  is a global convergence method for
global optimization problems.

As a “basic” framework, MOA  is light and compact. The param-
eters in MOA  are suggested to be set as follows: TL equals 1–2
times the dimension of problems, r equals 0.05–0.1 times the abso-

lute difference between the high value and the low value of the
search ranges. MOA  is characterized by that the global and local
atoms conduct the alternate global exploration and local exploita-
tion, respectively. As a result, MOA  is suitable for solving complex
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by continuous grasp, Optim. Lett. 1 (2) (2007) 201–212, http://dx.doi.org/10.
1007/s11590-006-0021-6.

[2] X.S. Yang, Firefly algorithm, stochastic test functions and design optimisation,
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hallenging problems, but it doesn’t do well in solving simple prob-
ems such as the unimodal problems or the simple multimodal
roblems with unimodal envelop. To improve the convergence
ccuracy of MOA, future studies will consider the integration into
he presented “basic” framework of more advanced adaptive local
earch techniques or using other explicitly, implicitly or automati-
ally local search intensity.
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ppendix A. Benchmark test functions

F1: Schwefel [27]

1(x, y) = 418.9828872 × 2 − x sin(
√
|x|) − y sin(

√
|y|)

F2: Levy5

2(x, y) =
5∑

i=1

i cos((i − 1)x  + i)

×
5∑

i=1

i cos((i + 1)y  + i) + (x + 1.42513)2 + (y + 0.80032)2

F3: Langermann [28]

6(x, y) = −
5∑

i=1

ci cos(�((x − ai)
2 + (y − bi)

2))

e
(x−ai)

2+(y−bi)
2

�

 = [3,  5, 2, 1, 7],  b = [5,  2, 1, 4, 9],  c = [1,  2, 5, 2, 3]

F4: Xin-She Yang [29]

3(�x) = e

−
D∑

i=1

(xi/ˇ)2m

− 2e

−
D∑

i=1

x2
i D∏

i=1

cos2(xi)

 = 15,  m = 3, D = 2

F5: Egg Holder [30]

4(x, y) = −x sin(
√
|x − y − 47|)  − (y + 47) × sin(

√
|0.5x + y + 42|)

F6: Damavandi [24]

5(x, y)=
(

1−| sin(�(x − 2)) sin(�(y − 2))
�2(x − 2)(y − 2)

|5)(2+(x−7)2+2(y−7)2
)

Functions 7–12 are composition problems selected from [25]

here the details of how to construct them are presented. The codes

f these functions with the orthogonal matrix M,  the shifted global
ptimum and controlling parameters are available at http://www.
tu.edu.sg/home/EPNSugan/.
ting 48 (2016) 230–239

F7: Composition function 1 (CF1)
f1, . . .,  f10: Sphere function

[ı1, . . .,  ı10] = [1,  . . .,  1]

[�1, . . .,  �10] = [0.05,  . . .,  0.05]

F8: Composition function 2 (CF2)
f1, . . .,  f10: Griewank’s function

[ı1, . . .,  ı10] = [1,  . . .,  1]

[�1, . . .,  �10] = [0.05,  . . .,  0.05]

F8: Composition function 3 (CF3)
f1, . . .,  f10: Griewank’s function

[ı1, . . .,  ı10] = [1,  . . .,  1]

[�1, . . .,  �10] = [1,  . . ., 1]

F10: Composition function 4 (CF4)
f1−2: Acklley’s function
f3−4: Rasrigin’s function
f5−6: Weierstrass function
f7−8: Griewank’s
f9−10: Sphere function

[ı1, . . .,  ı10] = [1,  . . .,  1]

[�1, . . .,  �10] = [5/32,  5/32, 1, 1, 10,  10,  0.05, 0.05, 0.05, 0.05]

F11: Composition function 5 (CF5)
f1−2: Rasrigin’s function
f3−4: Weierstrass function
f5−6: Griewank’s
f7−8: Acklley’s function
f9−10: Sphere function

[ı1, . . .,  ı10] = [1,  . . .,  1]

[�1, . . .,  �10] = [0.2, 0.2, 10,  10,  0.05, 0.05, 5/32, 5/32, 0.05, 0.05]

F12: Composition function 6 (CF6)
f1−2: Rasrigin’s function
f3−4: Weierstrass function
f5−6: Griewank’s
f7−8: Acklley’s function
f9−10: Sphere function

[ı1, . . .,  ı10] = [1,  . . .,  1]

[�1, . . .,  �10]

= [0.02,  0.04, 3, 4, 0.025, 0.03, 3.5/32, 0.125, 0.045, 0.05]

Functions 13–23 are composition problems, which are fully
detailed in [26]. We  will not describe them again.
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