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Fuzzy logic control of longitudinal motion of an aircraft based on Takagi-Sugeno modelling approach
is presented in this paper. Takagi-Sugeno model of the motion along the desired trajectory is used for
state-space parallel decomposition controller (PDC) design. The proposed control scheme guarantees
stability of closed loop and asymptotical step pitch angle reference signal tracking. Simulation results
on twin-engine short-range transport aircraft LET L410 indicate that the proposed control law can rep-
resent a feasible aircraft motion control technique and especially in presence of model inaccuracies and
disturbances it overcomes the most commonly used approaches.
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1. Introduction

In the last few years advanced control techniques capable to
deal with the nonlinear systems have gained growing popularity
within the aerospace community. One of the most popular method
is dynamic inversion [1] which is equivalent to exact feedback
linearization where a nonlinear state feedback cancels out the non-
linearity of the controlled system [2]. The main difficulty arising
with the use of dynamic inversion is its big sensitivity to model
inaccuracies such as parametric uncertainty or unmodeled dynam-
ics.

To overcome this difficulty different approaches are used. Under
some assumptions on the dynamics robust design methods may be
applied. In [3] a nonlinear H,, robust control is utilized, whereas
in [4] stochastic robust nonlinear control approach is presented.
Unfortunately, both solutions have significant drawbacks. The
former leads to solving of a complicated Hamilton-Jacobi partial
differential inequality, the latter guarantees control performance
only with some level of confidence. The easiest and most common
way how to compensate the inaccuracies arising during dynamic
inversion consists in using a PI controller. Such a configuration was
tested on F/A-18 airplane testbed [5].

Another option is to use adaptive dynamics inversion. Such a
technique is exploited either as Model Reference Adaptive Con-
trol (MRAC) scheme [6-8] where the goal is to minimize the error
between the actual output and the output of the suitably chosen
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reference model or via Lyapunov-based design that is used to guar-
antee asymptotic output tracking [9]. The common disadvantage
of those methods is that the bounds of nonlinear terms need to
be known apriori. In [10] dynamics inversion is supported by a
PID controller and Mamdani type fuzzy logic controller to control
aircraft landing. A combination of backstepping control approach
with dynamics inversion was introduced in [11]. In [12] dynamics
inversion supported by PID controller is used to develop different
nonlinear antiwindup schemes.

Among the on artificial intelligence based control methods arti-
ficial neural networks (ANN) play the dominantrole.In[13] they are
used to approximate dynamics inversion whereas in [14,15] they
are adapting to the errors caused by exact and linearized dynamics
inversion, respectively. Besides, ANN generate the adaptation law
in direct adaptive control systems [ 16], both identify the controlled
plant and produce the controller outputin an indirect adaptive con-
trol [17,18] and aid the conventional controller for compensating
the nonlinearity in Feedback Error learning Neural Control (FENC)
scheme [19].

Surprisingly, only few attempts have been made to employ
fuzzy logic. Moreover, most of them adopt heuristic approach to
generate the rules that cannot guarantee the fundamental require-
ments such as stability or control performance. In [20] the rules
for prescribed aircraft trajectory following are designed. Sequen-
tial adaptive fuzzy inference system that adds or removes the rules
according to input data is used to support the conventional con-
troller for an aircraft automatic landing under the failures of the
stuck control surfaces in [21]. In [22] adaptive fuzzy controller for
suppressing wing-rock motion was developed. Fuzzy system for the
longitudinal control of an F-14 airplane and DeHavilland Beaver
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Nomenclature

Cxy angle of attack derivative of drag coefficient (°)

Gy, elevator angle derivative of drag coefficient (°)

C, angle of attack derivative of lift coefficient (°)

Gz, elevator angle derivative of lift coefficient (°)

Cny angle of attack derivative of pitching moment coef-
ficient (°)

Cmyg pitch rate derivative of pitching moment coefficient
)

Dirim drag at trimmed conditions (N)

F; engine thrust (N)

acceleration due to gravity (ms2)
moment of inertia about x-axis (kg m?)
moment of inertia about y-axis (kg m?)
moment of inertia about z-axis (kg m?)
moment of inertia about xz-plane (kg m?)
lift at trimmed conditions (N)

mass of aircraft (kg)

pitching moment (Nm)

roll rate (1/s)

pitch rate (1/s)

dynamic pressure (=1/2pv?) (Pa)

yaw rate (1/s)

aircraft wing surface area (m?2)

aircraft velocity (m/s)

aircraft velocity in x direction (m/s)
aircraft velocity in y direction (m/s)
aircraft velocity in z direction (m/s)
aircraft lift force (N)

aircraft lift force (N)

angle of attack (°)

sideslip angle (°)

elevator deflection (°)

pitch angle (°)

roll angle (°)

density of air (kg/m?3)
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3

was designed in [23,24], respectively. Fuzzy logic based PID con-
trollers have been applied for a control of an automatic landing
[25] or a pitch control [26,27]. Neuro-fuzzy controllers have been
designed especially for automatic landing control systems [28-30].

The only exception where a systematic approach of creating a
nonlinear fuzzy model of the aircraft motion and fuzzy controller
design guaranteeing stability of the closed-loop system have been
used is the paper [31]. The presented approach is based on using
Takagi-Sugeno (T-S) fuzzy model and Parallel Distributed Com-
pensation (PDC) controller.

The main goal of the paper is to show that a fuzzy logic con-
troller based on rigorous design techniques using reliable and
effective computational algorithms that are successfully used in
many control applications belongs to the group of potential design
tools for solving flight control problems. In some situations it may
even achieve better results than the techniques based on dynam-
ics inversion that have been successfully tested on real aircrafts.
The presented approach based on T-S fuzzy model arising from
linearization guarantees closed-loop stability in presence of model
uncertainties together with asymptotic step reference signal track-
ing. The controller design conditions are expressed in the form of
relaxed linear matrix inequalities (LMIs) that are solved via convex
optimization and efficient semidefinite programming techniques.

The paper is organized as follows. In Section 2 a general descrip-
tion of T-S fuzzy modelling and the corresponding fuzzy controller
design are given. In Section 3 a nonlinear and a T-S fuzzy model of a

longitudinal motion of the twin-engine transport aircraft L410 are
derived. The fuzzy controller design for the affine T-S fuzzy model
guaranteeing stability and asymptotic step pitch angle reference
tracking is described in Section 4. Finally, the simulation results
and comparison with the method based on dynamics inversion are
shown in Section 5.

2. Takagi-Sugeno fuzzy modeling and control
2.1. Takagi-Sugeno fuzzy models

Over the past few decades Takagi-Sugeno (T-S) fuzzy systems
firstly introduced in [32] have become the dominant tool for mod-
elling and control of nonlinear systems using fuzzy logic. They
attract attention in both theoretical [33,34] and application [35-37]
area. Their main advantage over Mamdani fuzzy systems consists
in the possibility of using the well elaborated Lyapunov approach
to guarantee closed-loop stability and control performance. More-
over, since almost all the results are in the form of linear matrix
inequalities (LMIs) the widespread and numerically reliable con-
vex optimization algorithms and semi-definite programming [38]
make it possible to solve the control problems very efficiently.

In the case of T-S fuzzy systems the antecedents of the
rules express linguistic representation of the scheduling variables
whereas the consequents are in the form of the crisp functions of
the system inputs. If they are used to model dynamical systems
the rules consequents are usually represented by state space linear
submodels. In that case the set of the rules can be written as

Rule i: If z;(t) is Mj; and z(t) is Mj; and --- and zp(t) is M,
Then

i((t):A,-x(t)—i—Bm(t)
y(t)=Cx(t), i=1,2,...,1

where z(t), j=1, ..., p are the premise variables, Mj; are the fuzzy
sets, x(t) € |, u(t) € R™and y(t) € R is the state, input and out-
put vector, respectively, A;, B; and C; are matrices of appropriate
dimensions and r is the number of the rules.

If we use singleton fuzzifier, product inference engine and center
of gravity defuzzification the T-S fuzzy model (1) can be repre-
sented as

(1)

X(6) = > " hi(Z(D)AX(E) + Bu(L))
fzrl (2)

W)=Y h(2(D)Cx(2)
i=1

where [z(t)=2z(t), .. wi(z(t))

Do wilE)
[T Mij(z(0)).

There are two major approaches how to design the T-S fuzzy
model from the nonlinear state space equations describing the
original system. The first one consists in using sector nonlinear-
ity approach [39] that results in the exact representation by using
a systematic procedure. The nonlinearities are captured by the
nonlinear functions h;(z(t)) corresponding to the antecedent mem-
bership functions. Such a procedure results in a homogenous T-S
fuzzy model described by (1) and (2). The second approach is based
on local approximation of a nonlinear system in a set of operating
points using linearization. The local linear submodels are blended
by membership functions designed by the user. Unlike the former
approach such a procedure allows to describe the system in most
important operating conditions resulting in a simpler model. On
the other hand, due to bias caused by the operating points the final
T-S fuzzy model is in the affine from:

- 2p(0)], hi(z(t)) = » wilz(t)) =
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Rule i: If z(t) is M;; and z,(t) is M and --- and zy(t) is Mj,
Then
x(t) = Aix(t) + Biu(t) + a;
y(t):C,-x(t)-',-Ci, i=1,2,...r

resulting in

X(0) =Y hZO)AX(E) + Bu(t) + a;)

izr'l (3)
YO = hi(z(O))(Cix(t) + ¢:)

i=1

where g; € %" and ¢; € %' represent the affine terms.
By defining

PR EA S C vo | 4
"o o] " |ol ’_["CJ’X_[J @

the description (3) may be written as

56) =Y hOAXD) + Bu(t))
i=1

i ) (5)
YO = hi(z(O)GX().
i=1

Since the origin is supposed to be an equilibrium point the affine
terms a; =0 are supposed for those submodels operating at the ori-
gin.

The first results for analysis and synthesis of T-S fuzzy systems
were achieved via exploiting common quadratic Lyapunov func-
tion for all subsystems [40,41]. To relax the obtained LMI's further
research was concentrated on using different Lyapunov functions
that would mimic the structure of T-S fuzzy models: piecewise
quadratic [42] or multiple fuzzy ones [43].In the last few years poly-
nomial T-S fuzzy models have been introduced [44]. Such models
can be seen as a generalization of standard T-S fuzzy models. The
analysis and synthesis of polynomial T-S fuzzy models is performed
via polynomial Lyapunov functions and the resulted conditions are
expressed in terms of sum of squares (SOS) that rely on the SOS
decomposition of a multivariate polynomial and can be efficiently
computed using semidefinite programming.

2.2. Parallel distributed compensation control law

Even though there exist different strategies for control design
of T-S fuzzy models (e.g. [45,43]) the Parallel Distributed Com-
pensation (PDC) [46] is used most often. The procedure consists
in designing local state feedback controllers for each rule of the
fuzzy model and using the same rules for their scheduling. The ith
rule can be written as

Rule i: If z((t) is Mj; and zp(t) is Mj; and --- and zp(t) is M,
Then

u(t) = —Fx(t), i=1,2,...r

where F;,i=1,2,...,rare the state feedback matrices of the ith local
controller.
The overall output of the controller can be expressed as

u(t) = = _hi(z(O))Fx(0). (6)

i=1

In the case of affine T-S fuzzy model the PDC control law
becomes

3. Model of the longitudinal motion of L410

Fuzzy control design was performed on L410 aircraft which is
a twin-engine short-range transport aircraft manufactured by the
Czech aircraft manufacturer LET. The aircraft is a turbo-propeller
type with excellent latent stability. The cost of operation and main-
tenance is also very low compared to other aircrafts of similar size
and operational conditions.

In order to effectively apply Takagi-Sugeno (T-S) fuzzy mod-
elling techniques a reasonably simplified model of the aircraft
longitudinal motion should be used since the number of the sub-
models grows exponentially with the number of premise variables.
Hence the state vector was chosen as x = [vy, «, q, 0] with elements
corresponding to velocity, angle of attack, pitch rate and pitch
angle, respectively. Control action is the elevator angle §. Pitching
moment M, drag force X and lift force Z are considered for derivation
of the nonlinear model. The resultant components of total force and
moments on the rigid body are given by the following equations:

X =mq(vx — vy +qVv,)
Z = mg(vy — pv, +1Vx) (8)
M = I,q + (Ix — I)pr + Ix(p? — 1?).

The equations of the motion for longitudinal dynamics in the
trimmed conditions (Ly;y = Mag, Dyrim = Fr) are given as:

Uy = mi (Ft cos(a) cos(B) + mag(cos(er) cos(B) sin(8) + sin(B) sin(¢) cos(H) + sin(a) cos(B) cos(@)) + Drim — GS(Cey @ + Cx;, Oe)

a

& = q — tan(B)(p cos(a + rsin(a)) +

MqaVx

1 c
4=, (@SECm @ + Gy, = (= 1) = P =)

0=q cos(¢) — rsin(¢)

(=GS(Ceq @ + Cz5,8e)) — Lirim — Fe sin(@r) + mqg(cos(a) cos(6) + sin(a) sin(6))

(9)



272 P. HuSek, K. Narenathreyas / Applied Soft Computing 49 (2016) 269-278

Table 1

The values of the parameters for the aircraft L410.
mq Iy L Iz Gy Cxeig Gy CZ&e Cny
5000 6000 34000 2750 -2.001 0.0173 45627 0.305 -—0.4842
Cing S Vo Fe
—5.1703 34.86 150 5896.9

that corresponds to the form x = f(x) + B, with Bgivenin (11). The
numerical values are given in Table 1.

T-S submodels were obtained by linearization of the model (9)
in a set of operating points [xo;, 8oi],

. Of(x)
= Tox

that may be written as

loi(X — X0i) + B(8e — 8ep;) = Ai(X — X0;) + B(8e — Jey;)

X =Ax+ BSe +q; (10)

with a; = _AiXOi — B(Seoi'

Since for fixed B and ¢ the state-space equations (9) are nonlin-
ear in the variables « and 6 only, those variables were used in the
premise of the fuzzy rules. The parameters of the submodels (3) for
B=¢=0 are calculated as:

g(sin(org;) sin(fp;) + cos(ag;) cos(Bp;)) — 1.1794 sin(org;) + 116.5903 0

0.0654(sin(ctg;) cos(Bg;) — cos(ap;) sin(bp;))

0
0
0 —8.3928
0 0

—15.2534
0

Uxg;
Aoj
qoi
Ooi

a; = —A,' — B(Seol.

where vy, &g;, qo; and 8y; stand for the coordinates of the operating
points. Since as it was mentioned vy, q and §. enter to the original
nonlinear equations linearly, vx, = Vx,, qoi =qo and Je; = e, for all
i where vy,, qo and &, stand for the coordinates at the nominal
operating point.

In order to obtain a sufficiently accurate T-S model while pre-
serving its simplicity three values of the operating points of each
of the premise variables were chosen: minimum, maximum and
that lying on the desired reference trajectory. The trajectory was
chosen as the straight flight in the trimmed condition. The val-
ues of the operating points for the premise variables were chosen
as agj=—12°, 2.287°, 12° and 6y;=—-10°, 2.287°, 10°. The nomi-
nal operating pointxg = [vx,, @0, qo, QO]T =[150, 2.287, 0, 2.287]T,
8¢, = —0.7742° corresponds to the trimmed conditions.

Corresponding to the operating points three Gaussian shape
membership functions were designed for each premise variable,
see Fig. 1.

Consequently 9 rules of T-S fuzzy model are in the form:

If 0 is M; and « is N; Then
ivj = 15 25 37

X = Agx + Bée + ay, k=3({—-1)+j. (12)

1 )

% 0.8 ¥ Mz As
\ /
%o X
E o2 a\ I\
= \ AR
-10 -5 0 5 10
Pitch angle (6) [deg]
1
S o8 \N1 Az\ Na/
\ 7N
VN
3 T YA
-10 -5 0 5 10

Angle of attack (o) [deg]

Fig. 1. Membership functions for T-S model.

The coordinates were transformed so that the nominal operat-
ing point xq is an equilibrium point of the T-S fuzzy model. The
values of the matrices A, and qay, are given in the Appendix A.

—g(sin(erg;) sin(6p;)
1 0.065(sin(ag;) cos(8g;) — cos(ag;) sin(Hp;))

—0.6754 0
1 0

(11)

Let us emphasize that the presence of affine terms a; in (12)
is quite essential for the accuracy of the T-S model obtained by
linearization in a set of operating points. That fact is illustrated by
comparison of the responses of the nonlinear model (9) and T-S
fuzzy model with and without affine terms on unit step of the eleva-
tor deflection that is shown in Fig. 2. The responses confirm that T-S
fuzzy model (12) represents a good approximation of the nonlinear
model (9).

4. Fuzzy controller design

To design a stabilizing PDC controller the following theorem will
be used.

Theorem 1 ([41]). The fuzzy system (5) is stabilizable in the large via
PDC control law (7) if there exist positive definite matrix X > 0, positive
semi-definite matrix Y > 0 and regular matrices M;,i=1, 2, ..., rsuch
that the following LMI conditions hold:

XAT + AX —BiM; —M[Bl +(s—1)Y <0 (13)

2Y + XA +AX + XAT + AjX — BM; — M/ B] — B;M; - M[Bf <0
(14)
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Fig. 2. Comparison of nonlinear systems and T-S models.
hi(z(t)hi(z(t)) #0, O <ij<r (15)

where s is the maximum number of the rules that fire at once, 1<s <r,
(s =4 for the membership functions in Fig. 1). Then the state feedback
gains are computed as F;=M;X1.

Even though the computed PDC control law guarantees stability
ofthe closed loop it does not guarantee tracking of the reference sig-
nal that is a fundamental requirement on the designed controller.
To do that it is necessary to augment the plant by the model of the
reference signal:

Xc = AcXc + Bce

16
e=yr—y (16)

where x. and e are the states and the tracking error input for
reference model, respectively, y, is the reference signal and y
is the output of the system. The matrices A. and B, are cal-
culated from the characteristic equation of the reference signal
o(s)=s+ xi_15' 1+ -+ yo as

0 1 0 0

Ac= , Bc= (17)
o : 0 1 0
—Xo —X1 —Xi-1 1

The equation of the augmented T-S fuzzy system that is used for
determination of the PDC control law using theorem 1 is expressed
as

For a step reference and y=q that were considered in the
simulations, Ac=1, B.=1 and (;=[0100], i=1, ..., 9. The con-
troller gains F,; for the augmented system (18) are given in the
Appendix B.

5. Simulations

The proposed fuzzy logic controller will be compared with the
method based on dynamics inversion where the model uncertainty
is compensated by a PI controller [5] (PIDI).

At first the stabilizing PDC control gains are determined using
theorem 1. Since r=9 we obtain 9 LMIs in the form (13). If all 9
9
2
couples (i, j) satisfying (15) producing 36 LMIs in the form (14).
Since in compliance with the choice of membership functions
depicted in Fig. 1 not all couples may be fired simultaneously the
number of LMIs (14) is reduced to 20 creating 29 LMIs in total.
We are looking for matrices X>0, Y>0and M;,i=1, ..., 9 meeting
those 29 LMIs. The 9 state feedback gains for each submodel are
computed as F;=M;X~1,i=1, ..., 9. Numerical values of the gains
were computed using Matlab LMI Toolbox and are given in the
Appendix B.

Subsequently, the stabilizing PDC control gains were applied
on both nonlinear system (9) and T-S fuzzy model (12). The state
responses (deviations from the nominal operating point) for nom-
inal and maximum admissible mass of the aircraft are compared in
Figs.3 and 4, respectively. One can see that for nominal model (mass

submodels were active simultaneously there would be =36
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Fig. 3. Stabilizing PDC control - state responses, mg = 5000 kg.

of the aircraft) performance of fuzzy logic controller is slightly
worse but it is much better in comparison with PIDI in the pres-
ence of model uncertainty (maximum mass). The corresponding
control actions are depicted in Fig. 5. Next, the procedure described
above was applied to compute the augmented PDC control gains

6 ;i T
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Fig. 5. Stabilizing PDC control - control action, m, = 5000 kg.

guaranteeing step pitch angle reference signal asymptotic track-
ing. The control law is again applied on both nonlinear system (9)
and T-S fuzzy model (12) and the responses for two values of refer-
ence signal are compared with PIDI for both nominal and uncertain
model in Fig. 6 and 7, respectively. The angle of attack and pitch
rate responses on 0.2 s lasting impulse of vertical gust of amplitude
10m/s coming at time instant 3 s shown in Fig. 9 prove acceptable
behavior of the proposed control in presence of disturbances and
better robustness than dynamics inversion and fuzzy type-2 PDC

= 15 T T T
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Fig. 4. Stabilizing PDC control - state responses, m, = 6600 kg.
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controller that was designed using membership functions depicted
in Fig. 8 and the same gains as the original fuzzy type-1 controller.

6. Conclusion

A control of the longitudinal motion of an aircraft was pre-
sented. The Parallel Distributed Compensation control design is
based on Takagi-Sugeno model of the motion that was obtained
by linearization of the nonlinear equations in a suitably chosen set
of the operating points. The model was augmented by a model of
pitch angle step reference signal so that its asymptotical tracking is
achieved. The simulations on a model of a small transport aircraft
LET L410 confirm that the derived control law achieves satisfac-
tory control performance when applied on the nonlinear model as
well. Moreover, the simulations reveal that the proposed approach
is distinguished by higher robustness and better performance in
presence of disturbances in comparison with the methods based
on dynamics inversion.

fuzzy type-1

= = = nonlinear system
‘‘‘‘‘ dynamics inversion| |

N W s

fuzzy type-2

-5

Y
A

-10
0

5 6 7 8 9 10

Time [s]

Fig. 9. Responses on gust disturbance.
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Appendix A. T-S submodels
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A | O —1.7655 1 0.0146 0 | 0:3760
“~ |0 -83928 -0.6754 0 M7 1.6706
0 0 1 0 0 |
[0 126.3411 0 ~9.8100 | [ 7.0443 ]
A_ |0 —1.7802 1 0 o _ | 00224
5T 10 -83928 -0.6754 0 » 5T _0.2152
0 0 1 0 0
[0 126.1198 0 -9.7343 ] [22.7360 ]
A | O 17882 1 0.0081 o _ | —0-2441
5= |0 -83928 -0.6754 0 » 78T 1 _1.2585
0 0 1 0 0
0 126.0136 0 -9.2186 —22.8440 ]
A |0 -1.7577 1 -0.0224 oo | 03729
7T 10 -83928 -0.6754 0 77| 1.6706
0 0 1 0 0
[0 126.2654 0 -9.7343 ] [ 5.4802 ]
A |0 -17721 1 -0.0081 o _ | —0:0232
8= 10 -83928 -0.6754 0 © 8T _0.2152
0 0 1 0 0
[0 126.1955 0 ~9.8100 | [21.1780 ]
A |0 -1.7801 1 0 o _ | —0:2464
°T 10 -83928 -0.6754 0 » T9T | _1.2585
K 0 1 o | | o ]
Appendix B. PDC control gains
Stabilizing PDC control gains
Fr = [—1.5410 -190.7237 3.3990 232.3511 —25.4752]
2 [—1.5438 —191.1342 3.4044 232.7927 —19.2198 ]
D =
P [-1.5459 —191.4257 3.4081 233.1271 —17.7543 ]
=
3 [-1.5370 —190.1642 3.4081 233.1226 -23.4721]
Y =
3 [ -1.5388 —190.4257 3.3951 232.0354 —24.5798 |
S =
3 [-1.5404 —190.6482 3.3979 232.2741 —26.7419 ]
s =
3 [-1.5357 —189.9658 3.3893 231.5521 —22.8543 |
S =
; [-1.5369 —190.1413 3.3915 231.7428 —20.7541 ]
g =
2 [-1.5381 —190.3257 3.3938 231.9327 —18.5437 |
o =

PDC control gains for reference tracking

Fa = [70.9]89 —93.8442 2.2616 125.8743 -57.4852 —-104.6851 ]
Fo= [—0.9193 —93.9254 2.2547 126.4521 -52.4752 -104.7521 ]
Fs = [ —0.9192 -93.9089 2.2624 125.9872 -51.7962 -103.4752 ]
Fas = [—0.9189 —92.7432 2.1985 125.7453 -48.8544 -104.8621 ]
Fis = [—0.9]81 —93.6574 2.2147 126.8723 -49.7455 -105.7841 ]
Fag = [ —0.9191 -94.2471 2.2357 126.4172 -53.5544 —104.9927]
Fy= [ —0.9188 -93.6887 2.2457 125.7432 -52.3524 —105.0217]
Fis = [ —0.9197 -94.7824 2.2654 125.3652 -54.8853 —105.9854]
Fag = [ —0.9195 -93.5744 2.2524 126.1022 -55.5687 —104.2177]
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