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a  b  s  t  r  a  c  t

The  linguistic  preference  relation  (LPR)  is introduced  to efficiently  deal with  situations  in  which  the
decision  makers  (DMs)  provide  their  preference  information  by using  linguistic  labels  over  paired  com-
parisons  of alternatives.  However,  the  lack  of consistency  in  decision  making  with  LPRs  can  lead  to
inconsistent  conclusions.  In this  paper,  two  new  decision  making  methods  are developed  to improve  the
additive  consistency  of LPRs  until  they  are  acceptable,  and  eventually  obtain  the reliable  decision  making
results.  First,  the  new  concepts  of  order  consistency  and  additive  consistency  of  LPRs  are  introduced,  and
followed  by  a discussion  of the  characterization  about  additive  consistent  LPRs.  Then,  a  consistency  index
is  defined  to  measure  whether  an  LPR  is of  acceptable  additive  consistency.  For  an  unacceptable  additive
dditive consistency
utomatic iterative algorithms
ecision making

consistent  LPR,  two  automatic  iterative  algorithms  are  further  proposed  to help  DMs  improve  additive
consistency  level  until  it is acceptable.  In  addition,  the  proposed  algorithms  can  derive  the  priority  weight
vector  from  LPRs  and  obtain  the  ranking  of the alternatives.  Finally,  the  proposed  methods  are  applied
to  an  emergency  operating  center  (EOC)  selection  problem.  The  comparative  analysis  demonstrates  the
applicability  and  effectiveness  of  the  proposed  methods.

©  2016  Elsevier  B.V.  All  rights  reserved.
. Introduction

In a decision making situation, the DMs  are faced with the prob-
em of which one to be selected among a set of alternatives that
t with DMs’ desired goal. To model this problem, in the pro-
ess of decision making, DMs  are usually required to provide their
xact preference over a set of alternatives and construct prefer-
nce relation judgement matrices using their expressed pairwise
omparison information [1–3].

Preference relations are popular techniques used to model DMs’
nowledge and preferences regarding decision problems. However,

t may  be difficult for DMs  to express their preference informa-
ion with a crisp number in many situations due to that (1) the
M may  not possess a precise or sufficient level of knowledge of

he problem; (2) the DM is unable to discriminate explicitly the

egree to which one alternative are better than others [4,5,20]. In
hese situations, various types of preference relations have been
nvestigated in the existing literatures, including multiplicative

∗ Corresponding author at: School of Management, Hefei University of Technology,
efei, Anhui 230009, China.

E-mail address: shexian19880129@163.com (F. Jin).

ttp://dx.doi.org/10.1016/j.asoc.2016.07.045
568-4946/© 2016 Elsevier B.V. All rights reserved.
preference relation (MPR) [6–9], fuzzy preference relation (FPR)
[10–14], fuzzy interval preference relation (FIPR) [15,16], triangu-
lar fuzzy preference relation (TFPR) [17], trapezoid fuzzy preference
relation (TDFPR) [18], intuitionistic fuzzy preference relation (IFPR)
[19–21].

For the reason that in practice the preference relation for any
two alternatives given by an individual is the perception obtained
from an appropriate semantic scale, the pairwise comparison val-
ues are provided with qualitative description rather than numerical
values [22,23], and then the DMs  usually provide the linguistic
preference relations (LPRs) [24–27] in decision making. For exam-
ple, when evaluating the design of a house, the linguistic labels
like good, fair, poor can be used. During the recent decades, many
researchers pay attention to decision making using LPRs [28–37].
Xu [28] presented a comprehensive survey of LPRs, and briefly
discussed their properties and introduced some new preference
relations. Based on the ordered weighted averaging operator [29],
Herrera et al. [30] introduced the linguistic ordered weighted aver-
aging (LOWA) operator to aggregate LPRs. Xu [31] proposed the

linguistic ordered weighted geometric (LOWG) operator, and then
he developed an approach to group decision making (GDM). Xu
[32–34] also investigated some new linguistic aggregation opera-
tors, such as extended order weighted averaging (EOWA) operator,

dx.doi.org/10.1016/j.asoc.2016.07.045
http://www.sciencedirect.com/science/journal/15684946
www.elsevier.com/locate/asoc
http://crossmark.crossref.org/dialog/?doi=10.1016/j.asoc.2016.07.045&domain=pdf
mailto:shexian19880129@163.com
dx.doi.org/10.1016/j.asoc.2016.07.045
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xtended order weighted geometric (EOWG) operator, uncertain
OWA operator, uncertain LOWG operator, induced uncertain
OWA operator and induced uncertain LOWG operator. Under the
ncertain environment, Wang [35] proposed incomplete LPRs to
nsure comparison consistency. Based on the induced linguistic
rdered weighted geometric (ILOWG) operator [33] and the lin-
uistic continuous ordered weighted geometric (LCOWG) operator
36], Zhou and Chen [37] developed the induced linguistic contin-
ous ordered weighted geometric (ILCOWG) operator and studied
ome properties of the ILCOWG operator.

Due to an inconsistent preference relation may  lead to inconsis-
ent conclusions, then for various types of preference relations, an
mportant research topic is to check their consistency. Based on the
dditive consistency and the order consistency, Lee [38] presented

 method for GDM with incomplete FPRs, and then established the
onsistent matrix which satisfies the additive consistency and the
rder consistency. To overcome the drawbacks of Lee’s method
38], Chen et al. [39] constructed a modified consistent matrix,
nd proposed a new method for GDM using incomplete FPRs. Wu
t al. [40] developed a trust based estimation method and a visual
onsensus aggregation model for multi-criteria GDM with incom-
lete linguistic information. Ureña et al. [41] presented a review
f the foundations, developments and applications in estimating
issing preferences in GDM problems, and then outlined some of

he current trends and potential future research areas. In order to
eal with GDM problems with uncertain multiplicative LPRs, Zhou
nd Chen [42] developed an optimal model based on the criterion
f minimizing the compatibility index to determine the optimal
eights of DMs. Zhang et al. [43] studied the consistency and con-

ensus measures for GDM based on distribution LPRs. Chen et al.
44] developed a new approach for the uncertain additive LPRs
nd utilized it to determine the optimal weights of experts in the
DM. Cabrerizo et al. [45] proposed the additive transitivity for
nbalanced LPRs and introduced a consistency index to measure
he degree of consistency of unbalanced LPRs. Dong et al. [46] pre-
ented an optimization-based approach to improve the consistency
evel of unbalanced LPRs.

From above analysis, we can see that LPR, as a new tool used for
xpressing preference information in GDM with linguistic terms, is

 very useful tool to cope with uncertainty and vagueness. More and
ore decision making methods and theories have been developed

n the basis of LPRs. In GDM with LPRs, just as the numerical prefer-
nce relations, studying the additive consistency of LPRs, deriving
he priority weight vector from LPRs and exploring the ranking

ethods with LPRs are the important issues.
Inspired by the concept of deviation measure between two LPRs,

ong et al. [47] proposed two techniques to deal with the inconsis-
ency in LPRs and discussed the consistency properties of collective
PRs. However, due to the fact that the iterative algorithm pro-
osed by Dong et al. [47] is not based on LPRs directly, we need to
ransfer the original LPR into its corresponding LPR and FIPR, thus,
t seems to be an indirect computation process and the informa-
ion losing may  take place when the number of alternatives is too
arge. To circumvent this issue, it is natural and logical to expect
hat the decision results should be directly derived by the original
PRs. Moreover, it is necessary to develop new simple yet effective
odels for GDM with LPRs to improve the additive consistency of

PRs and derive the priority weight vector of the LPRs directly. At
resent, there are few techniques about these issues.

In this paper, we introduce the new concepts of LPRs, order
onsistent LPRs and additive consistent LPRs, and then the char-
cterization about the additive consistency of LPRs is discussed.
 consistency index of LPR is defined to measure whether a LPR
s of acceptable additive consistency. For the unacceptable additive
onsistent LPRs, two automatic iterative algorithms are proposed to
mprove additive consistency until they are acceptable. To do this,
uting 49 (2016) 71–80

the rest of the paper is organized as follows. In Section 2, we review
some related works of the linguistic term sets and LPRs. Section 3
introduces the new concepts of LPRs, order consistent LPRs and
additive consistent LPRs, and the characterization about the addi-
tive consistency of LPRs is discussed. In Section 4, two  automatic
iterative algorithms are established to improve additive consis-
tency until the adjusted LPRs are accepTable Section 5 presents a
numerical example to verify the proposed methods and provides
the comprehensive comparative analysis. Finally, some conclusions
and future research possibilities are given in Section 6.

2. Preliminaries

In this section, we  furnish a brief review on some basic concepts
of linguistic term sets.

Let S = {s0, s1, · · ·,  sg} be a finite and totally ordered discrete
linguistic term set [22], where si represents a possible value of a
linguistic variable, g is an even number. Note that a feasible cardi-
nality of the linguistic term set is the number among 7–9 [48]. The
linguistic term set S should satisfy the following characteristics:

(1) If  ̨ ≥ ˇ, then s˛ ≥ sˇ. Therefore, there exist a maximization
operator and a minimization operator;

(2) The negation operator: neg(s˛) = sg−˛, especially neg(sg/2) =
sg/2.

Example 1. A set of nine terms S can be defined as:

S =

⎛
⎜⎝
s0 : extremelypoor, s1 : verypoor, s2 : poor,

s3 : sightlypoor, s4 : fair, s5 : sightlygood,

s6 : good, s7 : verygood, s8 : extremelygood

⎞
⎟⎠ .

For convenience, let g = 2�, then S = {s0, s1, · · ·,  sg} can be
denoted by S = {s0, s1, · · ·,  s2� }.

In order to preserve all of the given information, Xu [31] further
extended the discrete linguistic term set S to a continuous linguistic
term set S̃ = {s˛|s0 ≤ s˛ ≤ s2�,  ̨ ∈ [0,  2�]}, where � is a sufficiently
large positive integer. If s˛ ∈ S, then we  call s˛ the original linguistic
term; otherwise, we call s˛ the virtual linguistic term. In general,
the original linguistic terms come from the DMs  when they evaluate
the considered alternatives, and the virtual linguistic terms only
appear in operations.

Suppose that s˛, sˇ ∈ S̃, � ∈ [0,  1], then the operational laws
are defined as follows [45]:

s˛ ⊕ sˇ = sˇ ⊕ s˛ = s˛+ˇ ; (1)

s˛ ⊗ sˇ = sˇ ⊗ s˛ = s˛ˇ ; (2)

�s˛ = s�˛ ; (3)

(s˛)� = s˛� . (4)

As can be seen from the operational laws, the virtual linguistic
term computes the lower indices of linguistic terms directly, then
we introduce a function I(·) : S̃ → [0,  2�] to obtain the lower index
of linguistic term s˛ ∈ S̃, such that I(s˛) = ˛. Obviously, there exists
an inverse function I−1(·) : [0,  2�] → S̃, such that I−1(˛) = s˛ for any

 ̨ ∈ [0,  2�].

3. Order consistency and additive consistency of LPRs
In this section, several new concepts are introduced, including
LPRs, order consistent LPRs and additive consistent LPRs, and then
some properties of additive consistent LPRs are discussed.
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.1. New definition of LPRs and order consistency of LPRs

Linguistic expressions are a natural way of human’s thinking
nd reasoning. For the convenience of the following discussions, we
ow develop a new concept of LPRs, which is based on the linguistic
erm set S = {s0, s1, · · ·,  s2� }.

Definition 1. A LPR A on X = {x1, x2, · · ·,  xn} is characterized by
 compassion matrix A = (aij)n×n, where aij ∈ S, and

ij + aji = s2�, aii = s�, ∀i, j ∈ N , (1)

here aij represents a linguistic preference degree of the alterna-
ive xi over xj . If aij = s� , then it denotes that there is no difference
etween alternative xi and xj; if aij > s� , then it denotes that alter-
ative xi is preferred to xj; the larger rij , the greater the preference
egree of the alternative xi over xj; if aij = s2� , then it denotes that
lternative xi is absolutely preferred to xj .

In what follows, we present the concept of order consistent
PR, it helps DMs  to distinguish the priority relations for a set of
lternatives.

Definition 2. A LPR A = (aij)n×n with aij ∈ S is called an order
onsistent LPR, if there exists a permutation � : N → N, such that
�(1),j ≥ a�(2),j ≥ · · · ≥ a�(n),j for all j ∈ N.

Definition 2 shows that �(i)-th row is greater than �(i + 1)-th
ow in an order consistent LPR, i = 1, 2, · · ·,  n − 1.

Example 2. Let X = {x1, x2, x3, x4} be a set of alternatives, sup-
ose that B = (bij)4×4 is a LPR on X , which is shown as follows:

 =

x1 x2 x3 x4

x1

x2

x3

x4

⎡
⎢⎢⎢⎢⎣
s4 s5 s6 s8

s3 s4 s5 s7

s2 s3 s4 s6

s0 s1 s2 s4

⎤
⎥⎥⎥⎥⎦ .

rom the LPR B = (bij)4×4, one can obtain that b1j ≥ b2j, b2j ≥ b3j and
3j ≥ b4j for all j ∈ {1, 2, 3, 4}, which denotes that the alternative
1 is preferred to x2, the alternative x2 is preferred to x3 and the
lternative x3 is preferred to x4. Therefore, the ranking order among
he alternatives x1, x2, x3 and x4 is that x1 
 x2 
 x3 
 x4.

.2. Additive consistency of LPRs

Inspired by the additive consistency of FPRs, we introduce the
efinitions of consistent LPRs as follows:

Definition 3. A LPR A = (aij)n×n is called an additive consistent
PR, if it satisfies the following additive transitivity:

(aij) + I(ajk) + I(aki) = I(aik) + I(akj) + I(aji), ∀i, j, k ∈ N . (2)

Remark 1. According to Eq. (2), we have

I(aij) + I(ajk) + I(aki)
I(s2�)

= I(aik) + I(akj) + I(aji)
I(s2�)

,

∀i, j, k ∈ Ni.e,
I(aij)
2�

+ I(ajk)
2�

+ I(aki)
2�

= I(aik)
2�

+ I(akj)
2�

+ I(aji)
2�

, ∀i, j, k ∈ N (3)
Let pij = I(aij)
2� , ∀i, j ∈ N, then Eq. (3) reduces to pij + pjk + pki =

ik + pkj + pji and pij ∈ [0,  1],  ∀i, j, k ∈ N, which is equivalent to the
ondition of additive transitivity of FPR proposed by Tanino [12].
uting 49 (2016) 71–80 73

Definition 4. For a LPR A = (aij)n×n, if there exists a normalized

crisp weight vector w = (w1, w2, · · ·, wn)T with
∑n

i=1wi = 1, wi ≥
0, i ∈ N, such that

I(aij) = �(wi − wj + 1),  ∀i, j ∈ N , (4)

then A = (aij)n×n is an additive consistent LPR.

I(aij)
I(s2�)

= �(wi − wj + 1)
I(s2�)

,  ∀i, j ∈ N ,

that is

I(aij)
2�

= 0.5(wi − wj + 1),  ∀i, j ∈ N . (5)

Let pij = I(aij)
2� , ∀i, j ∈ N, then Eq. (5) is reduced to pij = 0.5(wi −

wj + 1) and pij ∈ [0,  1], for all i, j ∈ N. In this case, Eq. (4) is able
to be transformed as Xu’s [13] transformation relation between
additive consistent FPR and normalized crisp priority weights.

Theorem 1. Let A = (aij)n×n be a LPR with aij ∈ S =
{s0, s1, · · ·, s2� }, ∀i, j ∈ N, then the following statements are
equivalent:

(i) A isadditive consistent;

I(aij) = I(aik) + I(akj) − �, ∀i, j, k ∈ N ; (ii)

I(aij) = 1
n

n∑
k=1

(
I(aik) + I(akj)

)
− �, ∀i, j ∈ N . (iii)

Proof. (i)⇔(ii) According Eq. (1), we have I(aij) + I(aji) =
2�, I(aii) = �, ∀i, j ∈ N. If A is additive consistent, by Definition 3,
it follows that

I(aij) + I(ajk) + I(aki) = I(aik) + I(akj) + I(aji), ∀i, j, k ∈ N

⇔ I(aij) + (2�  − I(akj)) + (2�  − I(aik))

= I(aik) + I(akj) + (2�  − I(aij)), ∀i, j, k ∈ N

⇔ 2I(aij) = 2I(aik) + 2I(akj) − 2�, ∀i, j, k ∈ N

⇔ I(aij) = I(aik) + I(akj) − �, ∀i, j, k ∈ N.

(i) ⇒ (iii) According to Definition 3, we have

I(aij) + I(ajk) + I(aki) = I(aik) + I(akj) + I(aji), ∀i, j, k ∈ N ,

then

I(aij) + I(aj1) + I(a1i) = I(ai1) + I(a1j) + I(aji), ∀i, j ∈ N , (6)

I(aij) + I(aj2) + I(a2i) = I(ai2) + I(a2j) + I(aji), ∀i, j ∈ N , (7)

...

I(aij) + I(ajn) + I(ani) = I(ain) + I(anj) + I(aji), ∀i, j ∈ N . (8)

Adding Eqs. (6)–(8), one can get

nI(aij) +
n∑
k=1

(
I(ajk) + I(aki)

)

=
n∑
k=1

(
I(aik) + I(akj)

)
+ nI(aji), ∀i, j ∈ N ,
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then we have

nI(aij) +
n∑
k=1

(
2� − I(akj) + 2� − I(aik)

)

=
n∑
k=1

(
I(aik) + I(akj)

)
+ n

(
2� − I(aij)

)
, ∀i, j ∈ N ,

it follows that

nI(aij) = 2
n∑
k=1

(
I(aik) + I(akj)

)
− 2n�, ∀i, j ∈ N ,

i.e.,

(aij) = 1
n

n∑
k=1

(
I(aik) + I(akj)

)
− �, ∀i, j ∈ N. (9)

(iii) ⇒ (i) Since I(aij) = 1
n

n∑
k=1

(
I(aik) + I(akj)

)
− �, ∀i, j ∈ N,

hen we can obtain that

I(aij) +
n∑
t=1

(
I(ajt) + I(ati)

)
=

n∑
t=1

(
I(ait) + I(atj)

)
+ nI(aji), ∀i, j ∈ N

(10)

Similarly, we have

nI(aik) +
n∑
t=1

(I(akt) + I(ati))

=
n∑
t=1

(I(ait) + I(atk)) + nI(aki), ∀i, k ∈ N, (11)

nI(akj) +
n∑
t=1

(
I(ajt) + I(atk)

)

=
n∑
t=1

(
I(akt) + I(atj)

)
+ nI(ajk), ∀k, j ∈ N. (12)

Adding Eqs. (11) and (12), we have

nI(aik) + nI(akj) +
n∑
t=1

(
I(ajt) + I(ati)

)

=
n∑
t=1

(
I(ait) + I(atj)

)
+ nI(aki) + nI(ajk), ∀i, j, k ∈ N . (13)

By subtracting Eq. (10) from Eq. (13), one can obtain

I(aik) + nI(akj) − nI(aij) = nI(aki) + nI(ajk) − nI(aji), ∀i, j, k ∈ N ,

i.e.,

I(aik) + nI(akj) + nI(aji) = nI(aij) + nI(aki) + nI(ajk), ∀i, j, k ∈ N .(14

Therefore, I(aik) + I(akj) + I(aji) = I(aij) + I(aki) + I(ajk),
i, j, k ∈ N, which indicates that A is additive consistent. �

Theorem 2. Suppose that A = (aij)n×n is a LPR with aij ∈ S =
s , s , · · ·, s }, ∀i, j ∈ N, let
0 1 2�

˜ ij = I−1

(
1
n

n∑
k=1

(
I(aik) + I(akj)

)
− �

)
, ∀i, j ∈ N , (15)
uting 49 (2016) 71–80

then Ã = (ãij)n×n is an additive consistent LPR.
Proof. According to Eq. (15), we  have

I(ãij) = 1
n

n∑
k=1

(
I(aik) + I(akj)

)
− �, ∀i, j ∈ N , (16)

I(ãik) = 1
n

n∑
t=1

(I(ait) + I(atk)) − �, ∀i, k ∈ N , (17)

I(ãkj) = 1
n

n∑
t=1

(
I(akt) + I(atj)

)
− �, ∀k, j ∈ N , (18)

then for all i, j ∈ N,

I(ãij) + I(ãji) = 1
n

n∑
k=1

(
I(aik) + I(akj)

)
− � + 1

n

n∑
k=1

(
I(ajk) + I(aki)

)
− �

= 1
n

n∑
k=1

(
I(aik) + I(aki) + I(akj) + I(ajk)

)
− 2� = 1

n

n∑
k=1

(2� + 2�) − 2� = 2�

(19)

On the other hand, for i, j, k ∈ N,

I(ãik) + I(ãkj) − � = 1
n

n∑
t=1

(I(ait) + I(atk)) − �

+ 1
n

n∑
t=1

(
I(akt) + I(atj)

)
− � − �

= 1
n

n∑
t=1

(
I(ait) + I(atk) + I(akt) + I(atj)

)
− 3�

= 1
n

n∑
t=1

(
I(ait) + 2� + I(atj)

)
− 3�

= 1
n

n∑
t=1

(
I(ait) + I(atj)

)
− �

= I(ãij).

By Definition 1 and Theorem 1, Ã = (ãij)n×n is an additive con-
sistent LPR, which completes the proof of Theorem 2. �

Example 3. LPRs are widely used for emergency management
evaluation. Emergency risk management (ERM) is a process which
involves dealing with risks to the community arising from emer-
gency events. Emergency management evaluation as one of the
important parts of ERM, aims evaluating and improving social pre-
paredness and organizational ability of an emergency operating
center (EOC) in analyzing, identifying and treating emergency risks.
Choosing a good EOC will protect people from the community risks
arising from emergency events [20,49,50]. Suppose that there are
four EOCs X = {x1, x2, x3, x4} to be evaluated, and the evaluator
employs the linguistic terms to express his/her assessments over
the four EOCs. When all the pairwise comparisons have been done,
a LPR A = (aij)4×4 can be constructed as follows:

⎛
⎜⎜⎜
s4 s6 s5 s5

s2 s4 s8 s6

⎞
⎟⎟⎟
A = ⎜⎝ s3 s0 s4 s8

s3 s2 s0 s4

⎟⎠ .



 Comp

(

A

{
(

m
c
e
b
a
t

{
(

t

C

b
c
c

4
L

s
a
s
b
r
t
t

4

t

t
r

w

a

C

I(ã(t)
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) = 1
n

∑
k=1

I(a(t)
ik

) + I(a(t)
kj

) − �, ∀i, j ∈ N ,
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Using Theorem 2, we obtain the additive consistent LPR Ã =
ãij)4×4:

˜
 =

⎛
⎜⎜⎜⎜⎝

s4 s4.00 s5.25 s6.75

s4.00 s4 s5.25 s6.75

s2.75 s2.75 s4 s5.50

s1.25 s1.25 s2.50 s4

⎞
⎟⎟⎟⎟⎠ .

Theorem 3. Suppose that A = (aij)n×n is a LPR with aij ∈ S =
s0, s1, · · ·,  s2� }, ∀i, j ∈ N, and its additive consistent LPR is Ã =
ãij)n×n, then A is additive consistent if and only if A = Ã.

Due to complexity and uncertainty involved in real decision
aking problems, it is difficult for the DMs  to provide the additive

onsistent LPR, and then Theorem 3 cannot hold. In such cases, there
xist i, j ∈ N, such that aij /= ãij , then the values of |I(aij)− I(ãij)| can
e used to measure the consistency level of the LPR A = (aij)n×n
nd should be kept as small as possible. Therefore, we introduce
he following definition:

Definition 5. Suppose that A = (aij)n×n is a LPR with aij ∈ S =
s0, s1, · · ·, s2� }, ∀i, j ∈ N, and its additive consistent LPR is Ã =
ãij)n×n, then the consistency index of A can be defined to measure

he deviation between A and Ã, which is denoted as

I(A) = 1
�n(n − 1)

∑
i<j

|I(aij) − I(ãij)|. (20)

Remark 3. It is obvious that CI(A) ∈ [0,  1]. Note that CI(A) should
e kept as small as possible, and if CI(A) = 0, then A is an additive
onsistent LPR. Given a threshold value ı0, if CI(A) ≤ ı0, then A is
alled a LPR with acceptable additive consistency.

. Decision making methods based on additive consistent
PRs

Usually, with complexity and uncertainty involved in real deci-
ion making problems, it is difficult for the DMs  to provide the
cceptable additive consistent LPR, i.e., CI(A) > ı0. Due to an incon-
istent LPR may  lead to unreasonable conclusions, then A needs to
e optimized to approximate its additive consistent LPR, until it
eaches the consistency threshold ı0. In what follows, we  develop
wo automatic iterative algorithms to improve the additive consis-
ency of LPR A.

.1. Automatic iterative Algorithm I

With the analysis in Section 3, we present Algorithm I to improve
he additive consistency of LPR A = (aij)n×n as follows:

Algorithm I
Step 1: Let A(t) = (a(t)

ij
)
n×n = A = (aij)n×n and t = 0, and give the

hreshold ı0 and the adjusted parameter �(0 ≤ � ≤ 1), which can
eflect the DMs’ pReferences

Step 2: Calculating the additive consistent LPR Ã(t) = (ã(t)
ij

)
n×n,

here

˜(t)
ij

= I−1

(
1
n

n∑
k=1

(
I(a(t)

ik
) + I(a(t)

kj
)
)

− �

)
, ∀i, j ∈ N. (21)

(t) (t)
Step 3: Computing the consistency index CI(A ) of A , where

I(A(t)) = 1
�n(n − 1)

∑
i<j

|I(a(t)
ij

) − I(ã(t)
ij

)|. (22)
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Step 4: Acceptable additive consistency of LPR A(t) is checked. If
CI(A(t)) ≤ ı0, then go to Step 6. Otherwise, continue with the next
step.

Step 5: Let

a(t+1)
ij

= I−1
(

(1 − �)I(a(t)
ij

) + �I(ã(t)
ij

)
)
, ∀i, j ∈ N, (23)

then we obtain the adjusted LPR A(t+1) = (a(t+1)
ij

)
n×n. Let t = t +

1and return to Step 2.
Step 6: Let A∗ = A(t). Output the adjusted LPR A∗, its additive

consistency index CI(A∗) and the number of the iteration t.
Step 7: Order consistency of A∗ is checked, i.e., if the adjusted

LPR A∗ satisfies the order consistency, then the ranking of the alter-
natives can be obtained. Otherwise, go to the next step.

Step 8: Utilizing the linguistic arithmetic averaging operator
[30]:

a∗
j = LAA(a∗

1j, a∗
2j, · · ·,  a∗

nj) = 1
n

n⊕
i=1
a∗
ij, j ∈ N, (24)

to aggregate all the linguistic information a∗
ij

(j ∈ N) in the jth
column of the A∗.

Step 9: Rank all the alternatives xj(j ∈ N)  and select the best
alternative(s) in accordance with the values of a∗

j
(j ∈ N). Since a∗

j
is

the averaged value of all of the alternatives over the jth alternative,
therefore, the smaller a∗

j
, the better alternative xj .

Step 10: End.
In the following, we will show that Algorithm I is convergent.
Theorem 4. Let A = (aij)n×n be a LPR with aij ∈ S =

{s0, s1, · · ·, s2� }, �(0 ≤ � ≤ 1) be the adjusted parameter, {Ã(t)}
be an additive consistent LPR sequence in Algorithm I, then
Ã(t+1) = Ã(t) for each t.

Proof.  According to Eqs. (21) and (23), for all i, j ∈ N, we have

I(a(t+1)
ij

) = (1 − �)I(a(t)
ij

) + �I(ã(t)
ij

), ∀i, j ∈ N ,

then

I(ã(t+1)
ij

) = 1
n

n∑
k=1

(
I(a(t+1)

ik
) + I(a(t+1)

kj
)
)

− �

= 1
n

n∑
k=1

(
(1 − �)I(a(t)

ik
) + �I(ã(t)

ik
) + (1 − �)I(a(t)

kj
) + �I(ã(t)

kj
)
)

− �

= 1
n

n∑
k=1

(
(1 − �)

(
I(a(t)

ik
) + I(a(t)

kj
) − �

)
+ �

(
I(ã(t)

ik
) + I(ã(t)

kj
) − �

))

= (1 − �) ·
(

1
n

n∑
k=1

(
I(a(t)

ik
) + I(a(t)

kj
)
)

− �

)

+ � · 1
n

n∑
k=1

(
I(ã(t)

ik
) + I(ã(t)

kj
) − �

)
(25)

Since Ã(t) is an additive consistent LPR for each t, by using The-
orems 1 and 2, one can obtain that

n ( )
I(ã(t)
ij

) = I(ã(t)
ik

) + I(ã(t)
kj

) − �, ∀i, j, k ∈ N .

Therefore, for all i, j ∈ N,
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Algorithm II
Step 1′: See Step 1 in Algorithm I.
Step 2′: Based on the model (M-2), we  determine the optimal

normalized crisp weight vector w̃(t) = (w̃(t)
1 , w̃

(t)
2 , · · ·, w̃(t)

n )
T

, and the

additive consistent LPR Ã(t) = (ã(t)
ij

)
n×n can be obtained, where

ã(t)
ij

= I−1
(
I(a(t)

ij
) + d̃(t)−

ij
− d̃(t)+

ij

)
, ∀i, j ∈ N .(34)

Step 3′–5′: See Step 3–5 in Algorithm I.
Step 6′: Let Ã = A(t), w∗ = w̃(t). Output the adjusted LPR Ã and
6 F. Jin et al. / Applied Soft

I(ã(t+1)
ij

) = (1 − �) · I(ã(t)
ij

) + � · 1
n

n∑
k=1

I(ã(t)
ij

)

= (1 − �) · I(ã(t)
ij

) + � · I(ã(t)
ij

) = I(ã(t)
ij

), (26)
then,

˜(t+1)
ij

= ã(t)
ij
, ∀i, j ∈ N , (27)

i.e. , Ã(t+1) = Ã(t) for each t, which completes the proof of Theo-
em 4. �

Theorem 5. Assume that A = (aij)n×n is a LPR with aij ∈ S =
s0, s1, · · ·, s2� }, �(0 ≤ � ≤ 1) is the adjusted parameter, {A(t)} is a LPR
equence in Algorithm I. Let CI(A(t)) be the consistency index of A(t),
hen CI(A(t+1)) ≤ CI(A(t)) for each t.

Proof.  From Eq. (22) and Theorem 4, for each t, we have

CI(A(t+1)) = 2
n(n − 1)

∑
i<j

|I(a(t+1)
ij

) − I(ã(t+1)
ij

)|

= 2
n(n − 1)

∑
i<j

|I(a(t+1)
ij

) − I(ã(t)
ij

)|

= 2
n(n − 1)

∑
i<j

|(1 − �)I(a(t)
ij

) + �I(ã(t)
ij

) − I(ã(t)
ij

)|

= 2
n(n − 1)

∑
i<j

|(1 − �) ·
(
I(a(t)

ij
) − I(ã(t)

ij
)
)

|

= (1 − �) · 2
n(n − 1)

∑
i<j

|I(a(t)
ij

) − I(ã(t)
ij

)

= (1 − �)CI(A(t)) ≤ CI(A(t))

(28)

This completes the proof of Theorem 5. �

.2. Automatic iterative Algorithm II

From the Definition 4, a LPR A = (aij)n×n with aij ∈ S =
s0, s1, · · ·, s2� } is additive consistent, if there exists a normalized
risp weight vector w = (w1, w2, · · ·,  wn)T with

∑n
i=1wi = 1, wi ≥

, i ∈ N, such that I(aij) can be expressed as Eq. (4).
In many real decision making problems, there usually exists

ncomplete and uncertain decision information, the LPR A = (aij)n×n
onstructed by DM is always with unacceptable additive consis-
ency, and then Eq. (4) cannot hold. In such cases, one can get
hat

(aij) /= �(wi − wj + 1) . (29)

Then, the non-negative deviation variables d−
ij

and d+
ij

,d−
ij

· d+
ij

=
, i, j ∈ N are introduced as follows:

(aij) + d−
ij

− d+
ij

= �(wi − wj + 1),  i, j ∈ N ,

i.e.,

−
ij

− d+
ij

= �(wi − wj + 1) − I(aij), i, j ∈ N . (30)

As the smaller the deviation variables d−
ij

and d+
ij

, the better the
dditive consistency of LPR. Therefore, in order to find the small-
st deviation variables, the following linear optimization model is
stablished to derive a normalized crisp weight vector:

(M − 1) min  J1 =
n∑
i=1

n∑
j=i

(d−
ij

+ d+
ij

)

⎧
d− − d+ = �(wi − wj + 1) − I(aij), i, j ∈ N, (31)
s.t.

⎪⎨
⎪⎩

ij ij

d−
ij

≥ 0, d+
ij

≥ 0, d−
ij

· d+
ij

= 0, i, j ∈ N,∑n
i=1wi = 1, wi ≥ 0, i ∈ N.

According to Definition 1 and Eq. (30), we have
uting 49 (2016) 71–80

d−
ij

− d+
ij

= �(wi − wj + 1) − I(aij) = �(wi − wj + 1) − (2�  − I(aji))
= −(�(wj − wi + 1) − I(aji)) = d−

ji
− d+

ji
,

then, d−
ij

+ d−
ji

= d+
ij

+ d+
ji

.

Since d−
ij
, d+
ij

≥ 0 and d−
ij

· d+
ij

= 0, i, j ∈ N, then d−
ij

= d+
ji
, d+
ij

=
d−
ji
, i, j ∈ N. Thus, the model (M-1) can be simplified by considering

only the upper diagonal elements as follows:

(M − 2) min  J2 =
n∑
i<j

(d−
ij

+ d+
ij

)

s.t.

⎧⎪⎨
⎪⎩
d−
ij

− d+
ij

= �(wi − wj + 1) − I(aij), i < j,

d−
ij

≥ 0, d+
ij

≥ 0, d−
ij

· d+
ij

= 0, i < j,∑n
i=1wi = 1, wi ≥ 0, i ∈ N.

(32)

Solving the model (M-2), we determine the optimal normalized
crisp weight vector w̃ = (w̃1, w̃2, · · ·, w̃n)T for LPR A = (aij)n×n, and

the optimal deviation values d̃−
ij

and d̃+
ij

are obtained. If J̃2 = 0, i.e.,

d̃−
ij

= d̃+
ij

= 0, for all i, j = 1, 2, · · ·, n, then LPR A = (aij)n×n is additive

consistent. If J̃2 > 0, by using the optimal nonzero deviation values
d̃−
ij

and d̃+
ij

, we construct an additive consistent LPR as follows:
Suppose that

O = {(i, j)|(i, j) ∈ n × n, d̃−
ij
> 0, d̃+

ij
= 0},

P = {(i, j)|(i, j) ∈ n × n, d̃−
ij

= 0, d̃+
ij

= 0},

Q = {(i, j)|(i, j) ∈ n × n, d̃−
ij

= 0, d̃+
ij
> 0} .

Let Ã = (ãij)n×n, where

ãij =

⎧⎪⎪⎪⎨
⎪⎪⎪⎩
I−1

(
I(aij) + d̃−

ij

)
, i, j ∈ O

aij, i, j ∈ P

I−1
(
I(aij) − d̃+

ij

)
, i, j ∈ Q

, (33)

then, according to Definition 4, one can obtain that Ã  = (ãij)n×n
is an additive consistent LPR.

With the above analysis, the Automatic Iterative Algorithm II
can be developed to improve the additive consistency of LPR A =
(aij)n×n as follows:
optimal weight vector w∗, its additive consistency index CI(Ã) and
the number of the iteration t.

Step 7′: Ranking all the priority weights w∗
i
(i ∈ N)  in descending

order.
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Step 8′: Rank the alternatives xi(i ∈ N) according to the ranking
f w∗

i
(i ∈ N), and then select the optimal one(s).

Step 9′: End.
The convergence of Algorithm II is shown by the following the-

rem.
Theorem 6. Assume that A = (aij)n×n is a LPR with aij ∈ S =

s0, s1, · · ·, s2� }, �(0 ≤ � ≤ 1) is the adjusted parameter, {A(t)} is a LPR
equence in Algorithm II. Let CI(A(t)) be the consistency index of A(t),
hen CI(A(t+1)) ≤ CI(A(t)) for each t.

Proof. According to Algorithm II, let d̃(t)−
ij
, d̃(t)+
ij

and w̃(t) =
w̃(t)

1 , w̃
(t)
2 , · · ·, w̃(t)

n )
T

be the optimal deviation values and the opti-

al  normalized crisp weight vector, respectively, such that d̃(t)−
ij

−
˜(t)+
ij

= �(w̃(t)
i

− w̃(t)
j

+ 1) − I(a(t)
ij

), ∀i, j ∈ N for each t.

Since d̃(t)−
ij

≥ 0, d̃(t)+
ij

≥ 0 and d̃(t)−
ij

· d̃(t)+
ij

= 0, ∀i, j ∈ N for each t,
hen

˜(t)−
ij

+ d̃(t)+
ij

= |d̃(t)−
ij

− d̃(t)+
ij

|, ∀i, j ∈ N .

From Eq. (34), we have

(ã(t)
ij

) − I(a(t)
ij

) = d̃(t)−
ij

− d̃(t)+
ij
, ∀i, j ∈ N for each t . (35)

Moreover, it follows from model (M-2) that

n∑
i<j

(
d̃(t+1)−
ij

+ d̃(t+1)+
ij

)
=

n∑
i<j

|d̃(t+1)−
ij

− d̃(t+1)+
ij

|

=
n∑
i<j

|�(w̃(t+1)
i

− w̃(t+1)
j

+ 1) − I(a(t+1)
ij

)| , (36)

while d̃(t+1)−
ij

and d̃(t+1)+
ij

, i, j ∈ N are the optimal objective val-
es in model (M-2), then we have

n∑
i<j

(
d̃(t+1)−
ij

+ d̃(t+1)+
ij

)
≤

n∑
i<j

(
d(t+1)−
ij

+ d(t+1)+
ij

)

=
n∑
i<j

|d(t+1)−
ij

− d(t+1)+
ij

|

=
n∑
i<j

|�(w(t+1)
i

− w(t+1)
j

+ 1) − I(a(t+1)
ij

)|,

Let w(t+1)
i

= w̃(t)
i
, i ∈ N, then
n

i<j

(
d̃(t+1)−
ij

+ d̃(t+1)+
ij

)
≤

n∑
i<j

|�(w̃(t)
i

− w̃(t)
j

+ 1) − I(a(t+1)
ij

)| . (37)
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By Eqs. (35)–(37), we can get

CI(A(t+1)) = 2
n(n − 1)

∑
i<j

|I(a(t+1)
ij

) − I(ã(t+1)
ij

)| = 2
n(n − 1)

n∑
i<j

|d̃(t+1)+
ij

− d̃(t+1)−
ij

|

= 2
n(n − 1)

n∑
i<j

|d̃(t+1)−
ij

− d̃(t+1)+
ij

| = 2
n(n − 1)

n∑
i<j

(
d̃(t+1)−
ij

+ d̃(t+1)+
ij

)
≤ 2
n(n − 1)

n∑
i<j

|�(w̃(t)
i

− w̃(t)
j

+ 1) − I(a(t+1)
ij

)|

2
n(n − 1)

n∑
i<j

|�(w̃(t)
i

− w̃(t)
j

+ 1) −
(

(1 − �)I(a(t)
ij

) + �I(ã(t)
ij

)
)

|

= 2
n(n − 1)

n∑
i<j

|
(
�(w̃(t)

i
− w̃(t)

j
+ 1) − I(a(t)

ij
)
)

− �
(
I(ã(t)

ij
) − I(a(t)

ij
)
)

|

= 2
n(n − 1)

n∑
i<j

|
(
d̃(t)−
ij

− d̃(t)+
ij

)
− �

(
d̃(t)−
ij

− d̃(t)+
ij

)
|

=  (1 − �) · 2
n(n − 1)

n∑
i<j

|d̃(t)−
ij

− d̃(t)+
ij

|

= (1 − �) · 2
n(n − 1)

n∑
i<j

|I(ã(t)
ij

) − I(a(t)
ij

)|

=  (1 − �) · 2
n(n − 1)

n∑
i<j

|I(a(t)
ij

) − I(ã(t)
ij

)|

=  (1 − �)CI(A(t)) ≤ CI(A(t))

(38)

This completes the proof of Theorem 6. �

5. Numerical example

Example 4. (Continued with Example 3). According to the DM’s
preference information and the decision making situation, the
threshold value of consistency index ı0 can be obtained. The feasi-
ble bounds for checking the additive consistency of A can be set
at ı0 = 0.1347[47]. In the following, in order to select the opti-
mal  EOC(s), we  utilize Algorithm I and Algorithm II to deal with
this decision making problem, respectively. The main steps are as
follows:

Algorithm I
Step 1–2: According to the results in Example 3, we have the

additive consistent LPR Ã.  Let A(0) = A, Ã(0) = Ã,  the adjusted param-
eter � = 0.5.

Step 3:
By using Eq. (22), we have CI(A(0)) = 0.4167.
Step 4:
Since CI(A(0)) > ı0, then continue with the next step.
Step 5: By Eq. (23), we can obtain the adjusted LPR A(1) =

(a(1)
ij

)
4×4

as follows:

A(1) =

⎛
⎜⎜⎜⎜

s4 s5.000 s5.125 s5.875

s3.000 s4 s6.625 s6.375

s s s s

⎞
⎟⎟⎟⎟ .
⎝ 2.875 1.375 4 6.750

s2.125 s1.625 s1.250 s4

⎠
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and the most desirable EOC is x1 or x2.
In what follows, we  utilize the iterative algorithm proposed by

Dong et al. [47] to cope with the aforementioned problem, and then
the following steps are involved:

Step 1.
Let A(0) = (a(0)

ij
)
4×4

= A = (aij)4×4 and t = 0.
8 F. Jin et al. / Applied Soft

According to Theorem 4, we have Ã(1) = Ã(0). By using Eq. (22),
e have CI(A(1)) = 0.2083. Since CI(A(1)) > ı0, then by Eq. (23), the

djusted LPR A(2) = (a(2)
ij

)
4×4

can be obtained as follows:

(2) =

⎛
⎜⎜⎜⎜⎝

s4 s4.500 s5.1875 s6.3125

s3.500 s4 s5.9375 s6.5625

s2.8125 s2.0625 s4 s6.1250

s2.6875 s1.4375 s1.8750 s4

⎞
⎟⎟⎟⎟⎠ .

According to Theorem 4, we have Ã(2) = Ã(1) = Ã(0). By using Eq.
22), we have CI(A(2)) = 0.1042 < ı0, then go to Step 6.

Step 6: Let A∗ = A(2). Output the acceptable additive consistent
PR A∗, its additive consistency index CI(A∗) = 0.1042 and the num-
er of the iteration t = 2.

Step 7: As a∗
11 > a∗

21 and a∗
13 < a∗

23, i.e., LPR A∗ is non-order con-
istent, then go to Step 8;

Step 8: By Eq. (24), we calculate the overall linguistic values
∗
j
(j = 1, 2, 3, 4) of all of the EOCs over the jth EOC:
a∗

1 = s3.25, a∗
2 = s3.00, a∗

3 = s4.25, a∗
4 = s5.75.

Step 9: Since a∗
2 < a∗

1 < a∗
3 < a∗

4, then we have x2 
 x1 
 x3 
 x4,
nd the most desirable EOC is x2.

In what follows, we utilize Algorithm II to improve the additive
onsistency of LPR A = (aij)n×n and select the optimal EOC.

Algorithm II
Step 1′: Let A(0) = (a(0)

ij
)
4×4

= A = (aij)4×4 and the adjusted

arameter � = 0.5.
Step 2′: Utilizing the model (M-2), we determine

he optimal normalized crisp weight vector w̃(0) =
0.2976, 0.4291, 0.1367, 0.1366)T , the optimal nonzero devi-
tion values d̃(0)+

12 = 2.6667, d̃(0)+
23 = 2.0000, d̃(0)+

34 = 4.0000, then

he additive consistent LPR Ã(0) = (ã(0)
ij

)
4×4

can be obtained by

sing Eq. (35) as follows:

˜ (0) =

⎛
⎜⎜⎜⎜⎝

s4 s3.3333 s5.0000 s5.0000

s4.6667 s4 s6.0000 s6.0000

s3.0000 s2.0000 s4 s4.0000

s3.0000 s2.0000 s4.0000 s4

⎞
⎟⎟⎟⎟⎠

Step 3′:
According to Eq. (22), we have CI(A(0)) = 0.3611.
Step 4′:
Since CI(A(0)) > ı0, then continue with the next step.
Step 5′: By Eq. (24), we can obtain the adjusted LPR A(1) =

a(1)
ij

)
4×4

as follows:

(1) =

⎛
⎜⎜⎜⎜⎝

s4 s4.6667 s5.0000 s5.0000

s3.3333 s4 s7.0000 s6.0000

s3.0000 s1.0000 s4 s6.0000

s3.0000 s2.0000 s2.0000 s4

⎞
⎟⎟⎟⎟⎠ .

Utilizing the model (M-2), we obtain the optimal nonzero devia-
ion values d̃(1)+

12 = 1.3334, d̃(1)+
23 = 1.0000, d̃(1)+

34 = 2.0000, and the
dditive consistent LPR Ã(1) as follows:

(1)

⎛
⎜⎜

s4 s3.3333 s5.0000 s5.0000

s4.6667 s4 s6.0000 s6.0000

⎞
⎟⎟
˜ = ⎜⎜⎝ s3.0000 s2.0000 s4 s4.0000

s3.0000 s2.0000 s4.0000 s4

⎟⎟⎠ ,
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then we  have CI(A(1)) = 0.1806 > ı0. By using Eq. (23), we
obtain the adjusted LPR A(2) = (a(2)

ij
)
4×4

as follows:

A(2) =

⎛
⎜⎜⎜⎜⎝

s4 s4.0000 s5.0000 s5.0000

s4.0000 s4 s6.5000 s6.0000

s3.0000 s1.5000 s4 s5.0000

s3.0000 s2.0000 s3.0000 s4

⎞
⎟⎟⎟⎟⎠ .

Utilizing the model (M-2), we obtain optimal normalized
crisp weight vector w̃(2) = (0.3016, 0.4107, 0.1942, 0.0935)T and
the optimal nonzero deviation values d̃(2)+

12 = 0.6667, d̃(2)+
23 =

0.5000, d̃(2)+
34 = 1.0000, and the additive consistent LPR Ã(2) as fol-

lows:

Ã(2) =

⎛
⎜⎜⎜⎜⎝

s4 s3.3333 s5.0000 s5.0000

s4.6667 s4 s6.0000 s6.0000

s3.0000 s2.0000 s4 s4.0000

s3.0000 s2.0000 s4.0000 s4

⎞
⎟⎟⎟⎟⎠ ,

then we have CI(A(2)) = 0.0903 < ı0, then go to Step 6′.
Step 6′: Let Ã = A(2), w∗ = w̃(2). Output the accept-

able additive consistent LPR Ã and optimal weight vector
w∗ = (0.3016, 0.4107, 0.1942, 0.0935)T , its additive consistency
index CI(Ã) = 0.0903 and the number of the iteration t = 2.

Step 7′: Since w∗
2 > w∗

1 > w∗
3 > w∗

4, then the ranking of the EOCs
is x2 
 x1 
 x3 
 x4, and the most desirable EOC is x2.

By extended linguistic arithmetical averaging (ELAA) operator,
Xu [32] developed a decision technique for addressing decision
making problems with linguistic information. If we utilize the
method in [32] to deal with the aforementioned problem, then main
steps are as follows.

Step 1. Based on LPR A = (aij)4×4 in Example 3, we utilize the
ELAA operator

ai = ELAA(ai1, ai2, ai3, ai4) = I−1

⎛
⎝1

4

4∑
j=1

I(aij)

⎞
⎠ , i = 1, 2, 3, 4 , (39)

to aggregate all the linguistic information aij(j = 1, 2, 3, 4) into
a collective linguistic information ai(i = 1, 2, 3, 4), then we have
a1 = s5.00, a2 = s5.00, a3 = s3.00, a4 = s2.25.

Step 2. Ranking all collective linguistic information ai(i =
1, 2, 3, 4) in descending order: a1 = a2 > a3 > a4.

Step 3. Rank all the EOCs xi(i = 1, 2, 3, 4) in accordance with the
ranking of a (i = 1, 2, 3, 4) as:
Step 2. Let P(0) = (p(0)
ij

)
4×4

, where p(t)
ij

= 1
4

4∑
k=1

(a(t)
ik

+ a(t)
kj

) − 4,

then we have
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Table 1
The decision making results with respect to different methods.

Method The ranking of the EOCs Most desirable EOC

Algorithm I in this paper x2 
 x1 
 x3 
 x4 x2

Algorithm II in this paper x 
 x 
 x 
 x x
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P(0) =

⎛
⎜⎜⎜⎜⎝

s4 s4 s5.25 s6.75

s4 s4 s5.25 s6.75

s2.75 s2.75 s4 s5.50

s1.25 s1.25 s2.50 s4

⎞
⎟⎟⎟⎟⎠ ,

V (0) =

⎛
⎜⎜⎜⎜⎝

s4 [s4, s6] [s5, s5.25] [s5, s6.75]

[s2, s4] s4 [s5.25, s8] [s6, s6.75]

[s2.75, s3] [s0, s2.75] s4 [s5.50, s8]

[s1.25, s3] [s1.25, s2] [s0, s2.50] s4

⎞
⎟⎟⎟⎟⎠ .

Step 3. Calculate the consistency index CI(A(0)) of A(0), and we
btain that CI(A(0)) = d(A(0), P(0)) = 0.2103 > ı0, then go to next
tep.

Step 4. For convenience, let V (t) = (v(t)
ij

)
4×4

, where v(t)
ij

=
min{a(t)

ij
, p(t)
ij

}, max{a(t)
ij
, p(t)
ij

}]. Return A(0) to the DM,  and the DM

onstructs a new LPR A(1) = (a(1)
ij

)
4×4

as follows (where a(1)
ij

∈ v(0)
ij

nd a(1)
ij

⊕ a(1)
ji

= s4):

(1) =

⎛
⎜⎜⎜⎜⎝
s4 s6 s5 s6

s2 s4 s7 s6

s3 s1 s4 s8

s2 s2 s0 s4

⎞
⎟⎟⎟⎟⎠ .

Calculate the P(1) = (p(1)
ij

)
4×4

as follows:

P(1) =

⎛
⎜⎜⎜⎜⎝

s4 s4.5 s5.25 s7.25

s3.5 s4 s4.75 s6.75

s2.75 s3.25 s4 s6

s0.75 s1.25 s2 s4

⎞
⎟⎟⎟⎟⎠ ,

V (1) =

⎛
⎜⎜⎜⎜⎝

s4 [s4.5, s6] [s5, s5.25] [s6, s7.25]

[s2, s3.5] s4 [s4.75, s7] [s6, s6.75]

[s2.75, s3] [s1, s3.25] s4 [s6, s8]

[s0.75, s2] [s1.25, s2] [s0, s2] s4

⎞
⎟⎟⎟⎟⎠ .

Since CI(A(1)) = d(A(1), P(1)) = 0.1667 > ı0, then we compute
(1) = (v(1)

ij
)
4×4

and return A(1) to the DM.  The DM constructs a new

PR A(2) = (a(2)
ij

)
4×4

as follows (where a(2)
ij

∈ v(1)
ij

and a(2)
ij

⊕ a(2)
ji

=
4):

A(2) =

⎛
⎜⎜⎜⎜⎝
s4 s5 s5 s6

s3 s4 s7 s6.5

s3 s1 s4 s7

s2 s1.5 s1 s4

⎞
⎟⎟⎟⎟⎠ ,

P(2) =

⎛
⎜⎜⎜⎜⎝

s4 s3.875 s5.250 s6.875

s4.125 s4 s5.375 s7.000

s2.750 s2.625 s4 s5.625

s1.125 s1.000 s2.375 s4

⎞
⎟⎟⎟⎟⎠ .

(2)
Calculating the P(2) = (p
ij

)
4×4

, then we have CI(A(2)) =
(A(2), P(2)) = 0.1189 < ı0.

Step 5. Let Ā = A(2). Output the acceptable consistent LPR Ā and
ts consistency index CI(Ā)  = 0.1189.
2 1 3 4 2

Xu [32]’ method x1∼x2 
 x3 
 x4 x1, x2

Dong et al. [47]’ method x2 
 x1 
 x3 
 x4 x2

Step 6. By Eq. (24), we  calculate the overall linguistic preference
values āj(j = 1, 2, 3, 4) of all of the EOCs over the jth EOC:

ā1 = s3.000, ā2 = s2.875, ā3 = s4.250, ā4 = s5.875 .

Step 7. Since ā2 < ā1 < ā3 < ā4, then the ranking of the four
EOCs is x2 
 x1 
 x3 
 x4, and the most desirable EOC is x2.

Based on the methods in this paper, Xu [32], and Dong et al.
[47], the ranking of the four EOCs and the most desirable EOC are
summarized in Table 1.

By observational analysis, we  find that different consistency
models lead to different decision results. Compared with the meth-
ods developed by Xu [32] and Dong et al. [47], our proposed
methods have many advantages. More details of advantages of our
models are analyzed in the following.

(1) Comparison with Xu [32]: Our methods are more reasonable
and reliable. In Algorithm I, we first use an iterative algorithm
to modify the consistency of original LPR into the adjusted LPR,
which satisfies the acceptable additive consistency. Then, the
Algorithm I in this paper uses the linguistic arithmetic aver-
aging operator to aggregate all of the linguistic preference
information in each column of the adjusted LPR and get the
ranking of all the EOCs. In Algorithm II, we  also use a new
iterative algorithm to obtain the adjusted LPR with acceptable
additive consistency. Then, based the adjusted LPR, we  calculate
optimal weight vector and get the ranking of all the EOCs. How-
ever, with the Xu [32]’s method, we directly utilize the ELAA
operator to aggregate all of the linguistic preference informa-
tion and does not check the acceptable additive consistency of
LPR. It is known that the lack of acceptable consistency can-
not ensure that the DMs  are being neither random nor illogical,
and it easily leads to inconsistent conclusions. Therefore, our
method is much more reasonable and reliable than Xu [32]’s
method.

(2) Comparison with Dong et al. [47]: Our approaches would be
more scientific and efficient. In the process of decision mak-
ing, our algorithms use the original LPR and all the calculations
directly using the linguistic preference information to produce
results, then it can reflect the original decision making infor-
mation of the DMs. This further makes the final results of our
proposed methods more trustworthy. However, the consis-
tency improvement process used in [47] need to transfer the
original LPR into its corresponding LPR P(t) and interval-valued
LPR V (t), which makes the computation process seem to be a lit-
tle bit indirect. Meanwhile, our approaches are also convenient
to implement in actual applications.

(3) Based on order consistency, this paper proposes a new approach
to derive the ranking among the alternatives from a LPR in some
cases. Example 2 shows that we  can directly get the ranking
among the alternatives x1, x2, x3 and x4 is that x1 
 x2 
 x3 

x4. Therefore, our methods are more simplified than the other
methods in some cases.
6. Conclusions

In this paper, we first introduce some new concepts, including
LPR, order consistent LPR and additive consistent LPR, and the char-
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cterization about the additive consistency of LPRs is proposed. A
onsistency index of LPR is defined to measure whether a LPR is
f acceptable additive consistency. Moreover, two automatic iter-
tive algorithms are developed to improve LPR with unacceptable
dditive consistency until the adjusted LPR is acceptably additive
onsistent. The corresponding automatic iterative algorithms can
elp the DMs  provide the acceptable consistent preferences so as
o guarantee the reasonable and identified decision results. In the
nd, a numerical example is supplied to illustrate the effectiveness
nd practicality of the developed methods. Comparative analysis
re also provided to discuss the performances of our approaches.
n the whole, the methodology and algorithm presented in this
aper are very important for the application of LPRs in decision
aking.

In terms of future work, we will focus on investigating the mul-
iplicative consistency and consensus reaching models of LPRs on
he basis of the results in this paper. Besides, we also intend to
pply our methods to the fields of decision making, such as pattern
ecognition and medical diagnosis, etc.
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